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Preface 



When I wrote the first edition in the 1970s my goal was to present the state of 
the art of a century old discipline that had recently undergone a revolutionary 
transformation. After the book was reprinted in 1997 I started contemplating 
a revised edition. It has soon become clear to me that in order to describe 
the present day set theory I would have to write a more or less new book. 

As a result this edition differs substantially from the 1978 book. The major 
difference is that the three major areas (forcing, large cardinals and descrip- 
tive set theory) are no longer treated as separate subjects. The progress in 
past quarter century has blurred the distinction between these areas: forcing 
has become an indispensable tool of every set theorist, while descriptive set 
theory has practically evolved into the study of L(R) under large cardinal 
assumptions. Moreover, the theory of inner models has emerged as a major 
part of the large cardinal theory. 

The book has three parts. The first part contains material that every 
student of set theory should learn and all results contain a detailed proof. In 
the second part I present the topics and techniques that I believe every set 
theorist should master; most proofs are included, even if some are sketchy. 
For the third part I selected various results that in my opinion reflect the 
state of the art of set theory at the turn of the millennium. 

I wish to express my gratitude to the following institutions that made 
their facilities available to me while I was writing the book: Mathematical 
Institute of the Czech Academy of Sciences, The Center for Theoretical Study 
in Prague, CRM in Barcelona, and the Rockefeller Foundation's Bcllagio Cen- 
ter. I am also grateful to numerous set theorists who I consulted on various 
subjects, and particularly to those who made invaluable comments on prelim- 
inary versions of the manuscript. My special thanks are to Miroslav Repicky 
who converted the handwritten manuscript to F>TgX. He also compiled the 
three indexes that the reader will find extremely helpful. 

Finally, and above all, I would like to thank my wife for her patience and 
encouragement during the writing of this book. 



Prague, May 2002 



Thomas Jech 
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1. Axioms of Set Theory 



Axioms of Zermelo-Fraenkel 

1.1. Axiom of Extensionality. If X and Y have the same elements, then 
X = Y. 

1.2. Axiom of Pairing. For any a and b there exists a set {a, b} that 
contains exactly a and b. 

1.3. Axiom Schema of Separation. If P is a property (with parameter p) , 
then for any X and p there exists a set Y = {u e X : P(u,p)} that contains 
all those u G X that have property P. 

1.4. Axiom of Union. For any X there exists a set Y = [J X , the union 
of all elements of X. 

1.5. Axiom of Power Set. For any X there exists a set Y = P(X), the 
set of all subsets of X. 

1.6. Axiom of Infinity. There exists an infinite set. 

1.7. Axiom Schema of Replacement. If a class F is a function, then for 
any X there exists a setY = F(X) = {F(x) : x e X}. 

1.8. Axiom of Regularity. Every nonempty set has an ^-minimal element. 

1.9. Axiom of Choice. Every family of nonempty sets has a choice func- 
tion. 

The theory with axioms 1.1-1.8 is the Zermelo-Fraenkel axiomatic set 
theory ZF; ZFC denotes the theory ZF with the Axiom of Choice. 



Why Axiomatic Set Theory? 

Intuitively, a set is a collection of all elements that satisfy a certain given 
property. In other words, we might be tempted to postulate the following 
rule of formation for sets. 
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1.10. Axiom Schema of Comprehension (false). If P is a property, 
then there exists a set Y = {x : P(x)}. 

This principle, however, is false: 

1.11. Russell's Paradox. Consider the set S whose elements are all those 
(and only those) sets that are not members of themselves: S = {X : X ^ X}. 
Question: Does S belong to S? If S belongs to S, then S is not a member of 
itself, and so S ^ S. On the other hand, if S £ S, then £ belongs to S. In 
either case, we have a contradiction. 

Thus we must conclude that 

{X : X <£ X} 

is not a set, and we must revise the intuitive notion of a set. 

The safe way to eliminate paradoxes of this type is to abandon the Schema 
of Comprehension and keep its weak version, the Schema of Separation: 

If P is a property, then for any X there exists a set Y = {x G X : P(x)}. 

Once we give up the full Comprehension Schema, Russell's Paradox is no 
longer a threat; moreover, it provides this useful information: The set of all 
sets does not exist. (Otherwise, apply the Separation Schema to the property 

x $L x.) 

In other words, it is the concept of the set of all sets that is paradoxical, 
not the idea of comprehension itself. 

Replacing full Comprehension by Separation presents us with a new prob- 
lem. The Separation Axioms are too weak to develop set theory with its 
usual operations and constructions. Notably, these axioms are not sufficient 
to prove that, e.g., the union X U Y of two sets exists, or to define the notion 
of a real number. 

Thus we have to add further construction principles that postulate the 
existence of sets obtained from other sets by means of certain operations. 

The axioms of ZFC are generally accepted as a correct formalization of 
those principles that mathematicians apply when dealing with sets. 



Language of Set Theory, Formulas 

The Axiom Schema of Separation as formulated above uses the vague notion 
of a property. To give the axioms a precise form, we develop axiomatic set 
theory in the framework of the first order predicate calculus. Apart from 
the equality predicate =, the language of set theory consists of the binary 
predicate e, the membership relation. 
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The formulas of set theory are built up from the atomic formulas 

x £ y, x = y 

by means of connectives 

<p A ip, p V ip, -up, ip — > ip, ip <-> ip 
(conjunction, disjunction, negation, implication, equivalence), and quantifiers 

Vx ip, 3x p. 

In practice, we shall use in formulas other symbols, namely defined pred- 
icates, operations, and constants, and even use formulas informally; but it 
will be tacitly understood that each such formula can be written in a form 
that only involves € and = as nonlogical symbols. 

Concerning formulas with free variables, we adopt the notational conven- 
tion that all free variables of a formula 

<p(ui, . . . ,u n ) 

are among u\, . . . , u n (possibly some m arc not free, or even do not occur, 
in ip). A formula without free variables is called a sentence. 

Classes 

Although we work in ZFC which, unlike alternative axiomatic set theories, 
has only one type of object, namely sets, we introduce the informal notion 
of a class. We do this for practical reasons: It is easier to manipulate classes 
than formulas. 

If p(x,pi, . . . } p n ) is a formula, we call 

C = {x : tp(x, Pl , . . . ,p n )} 

a class. Members of the class C are all those sets x that satisfy <p(x, p\ , . . . , p n ) ■ 

x G C if and only if ip(x,pi, . . . ,p n ). 

We say that C is definable from p\, . . . , p n ; if p(x) has no parameters pi 
then the class C is definable. 

Two classes are considered equal if they have the same elements: If 

C = {x : ip{x,p!, . . . ,p n )}, D — {x : ip(x, qi , . . .,q m )}, 

then C — D if and only if for all x 

ip{x,pt, . . . ,p n ) <-> ip(x,q!, . . .,q m ). 
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The universal class, or universe, is the class of all sets: 

V = {x:x = x}. 
We define inclusion of classes (C is a subclass of D) 

C C D if and only if for all x, x G C implies x G D, 
and the following operations on classes: 

C C\D = {x:x eC and x G D}, 
C U L> = {a; : x € C or x G D}, 
C - D = {x : x G C and x ^ D}, 

U C = {x : x G S 1 for some S G C} = UiS 1 : S G C}. 

Every set can be considered a class. If S is a set, consider the formula x G 5 
and the class 

{x : x G S}. 

That the set S is uniquely determined by its elements follows from the Axiom 
of Extcnsionality. 

A class that is not a set is a proper class. 

Extensionality 

If X and Y have the same elements, then X = Y: 

Vu(ueJf ^ueY) -» X = Y. 

The converse, namely, if X = Y then u E X ^ u E Y, is an axiom of 
predicate calculus. Thus we have 

X = Y if and only if Vu (u G X <-> u G F). 

The axiom expresses the basic idea of a set: A set is determined by its ele- 
ments. 



Pairing 

For any a and b there exists a set {a, b} that contains exactly a and b: 
VaV63cVx (x G c <-> x = a V x = 6). 
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By Extensionality, the set c is unique, and we can define the pair 
{a, b} = the unique c such that Vx (x e c <-> x = a V .t = 6). 
The singleton {a} is the set 

{a} = {a, a}. 

Since {a, 6} = {6, a}, we further define an ordered pair 

(a,6) 

so as to satisfy the following condition: 

(1.1) (a, b) — (c, d) if and only if a = c and b = d. 
For the formal definition of an ordered pair, we take 

(a,b) = {{a},{a,b}}. 

We leave the verification of (1.1) to the reader (Exercise 1.1). 
We further define ordered triples, quadruples, etc., as follows: 

(a,b,c) = ((a,b),c), 
(a,b,c,d) = ((a,b,c),d), 

(ai, . . . , a n+ i) = ((oi, • • • , a n ), a n+ i). 

It follows that two ordered n-tuples (oi, . . . , a n ) and (bi,..., b n ) are equal if 
and only if a\ = b\, . . . , a n = b n . 

Separation Schema 

Let if(u,p) be a formula. For any X and p, there exists a set Y = {u G X : 

<p(u,p)Y- 

(1.2) VXVp3YVu(ueY ^ue X A(p(u,p)). 

For each formula tp(u,p), the formula (1.2) is an Axiom (of Separation). 
The set Y in (1.2) is unique by Extensionality. 

Note that a more general version of Separation Axioms can be proved 
using ordered n-tuples: Let ij)(u,pi, . . . ,p n ) be a formula. Then 

(1.3) yxy Pl ... Vp n 3YVu(u eY ^ueX Atp(u,p 1 ,...,p n )). 
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Simply let p(u,p) be the formula 

3pi, ... 3p n (p = (pi, ...,p n ) and ip(u,pi, . . . ,p n )) 

and then, given X and pi, . . . , p n , let 

Y = {u E X : <p(u, (pi, . . . ,p n ))}- 

We can give the Separation Axioms the following form: Consider the class 
C = {u: <p{u,p!, . . . ,p n )}\ then by (1.3) 

VX3Y(Cr\X = Y). 

Thus the intersection of a class C with any set is a set; or, we can say even 
more informally 

a subclass of a set is a set. 

One consequence of the Separation Axioms is that the intersection and the 
difference of two sets is a set, and so we can define the operations 

X n Y = {u E X : u E Y} and X - Y = {u E X : u £ Y}. 

Similarly, it follows that the empty class 

0 = {u : u ^ u} 

is a set — the empty set; this, of course, only under the assumption that at 
least one set X exists (because 0 c X): 

(1.4) 3X(X = X). 

We have not included (1.4) among the axioms, because it follows from the 
Axiom of Infinity. 

Two sets X, Y are called disjoint if X n Y = 0. 

If C is a nonempty class of sets, we let 

p| C = f){X : X e C} = {u : u E X for every X E C}. 

Note that f| C is a set (it is a subset of any X EC). Also, XnY = f]{X,Y}. 

Another consequence of the Separation Axioms is that the universal 
class V is a proper class; otherwise, 

S = {x E V : x i x} 

would be a set. 
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Union 

For any X there exists a set Y = [J X: 
(1.5) yX3YVu(ueY ^3z(z e X Aue z)). 

Let us introduce the abbreviations 

(3zeX)ip for 3z(z e X Aip), 

and 

(VzeX)ip for Vz(z £ X -> tp). 

By (1.5), for every X there is a unique set 

Y = {u : (3z e X) u e z} = \J{z : z e X} = [J X, 

the union of X. 

Now we can define 

XUY = {J{X,Y}, XUYU Z = {XUY)U Z, etc., 

and also 

{a,b,c} = {a,b} U {c}, 

and in general 

{ai, • • -,a n } = {ai} U . . . U {a n }. 

We also let 

X AY = (X -Y) U (Y - X), 
the symmetric difference of X and Y. 

Power Set 

For any X there exists a setY = P{X): 

VX 3YVu{u eY ^ucX). 

A set U is a subset of X, U C X, if 

Vz(z eU ^ z E X). 

If U C X and U ^ X, then U is a proper subset of A". 
The set of all subsets of X, 

P{X) = {u : u C X}, 

is called the power set of X. 
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Using the Power Set Axiom we can define other basic notions of set theory. 
The product of X and Y is the set of all pairs (x, y) such that x € X and 
yeY: 

(1.6) X x Y = {(x,y) : x <E X and y e Y}. 

The notation {(x, y) : . . . } in (1.6) is justified because 

{{x, y) : ip(x, y)} = {u : 3x 3y (u = (x, y) and ip{x, y))}. 
The product X x Y is a set because 

X x Y C PP(XUY). 

Further, we define 

X x Y x Z = (X x Y) x Z, 

and in general 

X\ x ... x = (Xi_ x ... x X n ) x X n+1 . 

Thus 

Xi x .. . x X„ = {(zi,.. .,i„):i 1 el 1 A...Ai„e X n }. 
We also let 

X" = X x . . . x X . 

n times 

An n-ary relation R is a set of n-tuples. i? is a relation on X if i? C X n . 
It is customary to write R{x\, ... ,x n ) instead of 

{xi, ...,x n )eR, 

and in case that R is binary, then we also use 

x R y 

for (x, y) G R. 

If R is a binary relation, then the domain of R is the set 
dom(i?) = {u : 3v (u, v) € R}, 
and the range of i? is the set 

ran(i?) = {v : 3u (u, v) € R}. 
Note that dom(i?) and ran(7?) are sets because 

dom(R) C\J\JR, ran(i?) C U U R- 
The field of a relation R is the set field (i?) = dom(i?) U ran(i?). 
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In general, we call a class R an n-ary relation if all its elements are n- 
tuplcs; in other words, if 

R c V" = the class of all n-tuples, 

where C™ (and C x D) is defined in the obvious way. 

A binary relation / is a function if (x, y) e / and (x, z) e / implies y = z. 
The unique y such that (x, y) € / is the value of / at x; we use the standard 
notation 

V = f(x) 

or its variations / : x i— > y, y — f x , etc. for (a;, y) € /. 

/ is a function on A if A" = dom(/). If dom(/) = A™, then / is an n-ary 
function on A. 

/ is a function /rora A to Y, 

if dom(/) = A and ran(/) C y. The set of all functions from A to Y is 
denoted by Y x . Note that Y x is a set: 

y x c P{x x y). 

If Y = ran(/), then / is a function onto Y. A function / is one-to-one if 

fix) = f(y) implies x = y. 

An n-ary operation on A is a function / : A™ — > A. 

The restriction of a function / to a set A (usually a subset of dom(/)) is 
the function 

f\X = {(x,y)ef:xeX}. 

A function g is an extension of a function f ii g D f, i.e., dom(/) C dom(g) 
and £f(x) = f{x) for all a; G dom(/). 

If / and g arc functions such that ran(g) C dom(/), then the composition 
of / and g is the function fog with domain dom(/ o g) = dom(<7) such that 
(/ ° g)( x ) = f(d(x)) for all x e dom(.g). 

We denote the image of X by / either /"A or /(A): 

fX = /(I) = { r (ia)!/ = /(x)}, 

and the inverse image by 

/_x(A) = {x : /(a;) € A}. 

If / is one-to-one, then f^ 1 denotes the inverse of /: 

f~ 1 (x)=y if and only if x = f(y). 

The previous definitions can also be applied to classes instead of sets. 
A class F is a function if it is a relation such that (x, y) e F and (x, z) e F 
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implies y = z. For example, F U C or F(C) denotes the image of the class C 
by the function F. 

It should be noted that a function is often called a mapping or a corre- 
spondence (and similarly, a set is called a family or a collection). 

An equivalence relation on a set X is a binary relation = which is reflexive, 
symmetric, and transitive: For all i,j/,z€ X, 

x = x, 
x = y implies y = x, 
if x = y and y = z then a; = z. 

A family of sets is disjoint if any two of its members are disjoint. A par- 
tition of a set A is a disjoint family P of nonempty sets such that 

X = \J{Y :Y £P}. 
Let = be an equivalence relation on A. For every x E X, let 

[or] = {y e A : y = x} 
(the equivalence class of x). The set 

X/= = {[x] :xEX} 

is a partition of A (the quotient of A by =). Conversely, each partition P 
of A defines an equivalence relation on A: 

x = y if and only if (3Y E P)(x E Y and y e Y). 

If an equivalence relation is a class, then its equivalence classes may be 
proper classes. In Chapter 6 we shall introduce a trick that enables us to 
handle equivalence classes as if they were sets. 

Infinity 

There exists an infinite set. 

To give a precise formulation of the Axiom of Infinity, we have to define 
first the notion of finiteness. The most obvious definition of finitcness uses the 
notion of a natural number, which is as yet undefined. We shall define natural 
numbers (as finite ordinals) in Chapter 2 and give only a quick treatment of 
natural numbers and finiteness in the exercises below. 

In principle, it is possible to give a definition of finiteness that does not 
mention numbers, but such definitions necessarily look artificial. 

We therefore formulate the Axiom of Infinity differently: 

3S (0 e S A (Vx e S)x U {x} e S). 
We call a set S with the above property inductive. Thus we have: 
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Axiom of Infinity. There exists an inductive set. 

The axiom provides for the existence of infinite sets. In Chapter 2 we 
show that an inductive set is infinite (and that an inductive set exists if there 
exists an infinite set). 

We shall introduce natural numbers and finite sets in Chapter 2, as a part 
of the introduction of ordinal numbers. In Exercises 1.3-1.9 we show an al- 
ternative approach. 



Replacement Schema 

If a class F is a function, then for every set X, F(X) is a set. 

For each formula tp(x,y,p), the formula (1.7) is an Axiom (of Replace- 
ment): 

(1.7) VxVyVz(ip(x,y,p) Aip(x,z,p) -> y = z) 

-> VA3F Vy (y e Y <- (3x e X)ip(x,y,p)). 

As in the case of Separation Axioms, we can prove the version of Replace- 
ment Axioms with several parameters: Replace p by p\, . . . ,p n . 

If F = {(x,y) : ip(x,y,p)}, then the premise of (1.7) says that F is 
a function, and we get the formulation above. We can also formulate the 
axioms in the following ways: 

If a class F is a function and dom(_F) is a set, then ran(i^) is a set. 
If a class F is a function, then VX 3f (F\X = /). 

The remaining two axioms, Choice and Regularity, will by introduced in 
Chapters 5 and 6. 

Exercises 

1.1. Verify (1.1). 

1.2. There is no set X such that P(X) C X. 
Let 

N = H{^" : X is inductive}. 
N is the smallest inductive set. Let us use the following notation: 

0 = 0, 1 = {0}, 2 = {0,1}, 3 = {0,1, 2}, 

If n € N , let n + 1 = n U {n}. Let us define < (on N) by n < m if and only if 
n G m. 

A set T is transitive if x £ T implies x C T. 
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1.3. If X is inductive, then the set {x G X : x C X} is inductive. Hence N is 
transitive, and for each n, n = {m G N : m < n}. 

1.4. If X is inductive, then the set {x G X : x is transitive} is inductive. Hence 
every n G N is transitive. 

1.5. If X is inductive, then the set {x G X : x is transitive and x £ x} is inductive. 
Hence n ^ n and n/n + 1 for each n G AT. 

1.6. If X is inductive, then {x £ X : x is transitive and every nonempty z C x has 
an G-minimal element} is inductive (t is ^-minimal in z if there is no s G z such 
that s£t). 

1.7. Every nonempty X C N has an G-minimal element. 
[Pick n£l and look at X n n.] 

1.8. If X is inductive then so is {x € X : x = 0 or x = y U {y} for some y}. Hence 
each n / 0 is m + 1 for some m. 

1.9 (Induction). Let A be a subset of N such that 0 G A, and if n G A then 
n + le A. Then A = AT. 

A set X ftas n elements (where n G JV) if there is a one-to-one mapping of n 
onto X. A set is finite if it has n elements for some n G N, and infinite if it is not 
finite. 

A set S is T-finite if every nonempty X C P(S) has a C-maximal element, i.e., 
u G X such that there is no w G X with m C v and m / v. S is T-infinite if it is not 
T-finite. (T is for Tarski.) 

1.10. Each n G N is T-finite. 

1.11. N is T-infinite; the set N C P{N) has no C-maximal element. 

1.12. Every finite set is T-finite. 

1.13. Every infinite set is T-infinite. 

[If S is infinite, consider X = {u C S : u is finite}.] 

1.14. The Separation Axioms follow from the Replacement Schema. 

[Given tp, let F = {(a;, a;) : <p{x)}. Then {x G X : <p(x)} = F(X), for every X.] 

1.15. Instead of Union, Power Set, and Replacement Axioms consider the following 
weaker versions: 

(1.8) \/X3Y{JXcY, i.e., VX3K (Va; G X)(Vw G x)u G Y, 

(1.9) VX3rP(X)cy, i.e., VX3YVu(u C X -» w G Y), 

(1.10) If a class F is a function, then VX 3K F(X) C F. 

Then axioms 1.4, 1.5, and 1.7 can be proved from (1.8), (1.9), and (1.10), using the 
Separation Schema (1.3). 
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Historical Notes 

Set theory was invented by Georg Cantor. The first attempt to consider infinite sets 
is attributed to Bolzano (who introduced the term Menge). It was however Cantor 
who realized the significance of one-to-one functions between sets and introduced 
the notion of cardinality of a set. Cantor originated the theory of cardinal and 
ordinal numbers as well as the investigations of the topology of the real line. Much of 
the development in the first four chapters follows Cantor's work. The main reference 
to Cantor's work is his collected works, Cantor [1932]. Another source of references 
to the early research in set theory is Hausdorff's book [1914]. 

Cantor started his investigations in [1874], where he proved that the set of 
all real numbers is uncountable, while the set of all algebraic reals is countable. 
In [1878] he gave the first formulation of the celebrated Continuum Hypothesis. 

The axioms for set theory (except Replacement and Regularity) are due to 
Zermelo [1908]. The Replacement Schema is due to Fraenkel [1922a] and Skolem 
(see [1970], pp. 137-152). 

Exercises 1.12 and 1.13: Tarski [1925a]. 



This page intentionally left blank 



2. Ordinal Numbers 



In this chapter we introduce ordinal numbers and prove the Transfinite Re- 
cursion Theorem. 



Linear and Partial Ordering 

Definition 2.1. A binary relation < on a set P is a partial ordering of P if: 

(i) p ft p for any p G P; 

(ii) if p < q and q < r, then p < r. 

(P, <) is called a partially ordered set. A partial ordering < of P is a linear 
ordering if moreover 

(iii) p < q or p = <j or q < p for all p, q G -P. 

If < is a partial (linear) ordering, then the relation < (where p < q if cither 
p < q or p — q) is also called a partial (linear) ordering (and < is sometimes 
called a strict ordering). 

Definition 2.2. If (P, <) is a partially ordered set, A is a nonempty subset 
of P, and a G P, then: 

a is a maximal clement of A if a G A and (Vx G A) a -ft x; 
a is a minimal element of A if a G A and (Vx G A) a: ^ a; 
a is the greatest element of A if a G A and (Vx G A) x < a; 
a is the least element of A if a G A and (Vx G A) a < x; 
a is an upper bound of A if (Vx G X) x < a; 
a is a tower bound of A if (Vx G A) a < x; 
a is the supremum of A if a is the least upper bound of A; 
a is the infimum of A if a is the greatest lower bound of A. 

The supremum (infimum) of A (if it exists) is denoted sup A (inf A). 
Note that if A is linearly ordered by <, then a maximal element of A is its 
greatest element (similarly for a minimal element). 

If (P, <) and (Q, <) are partially ordered sets and / : P — > Q, then / is 
order-preserving if x < y implies f(x) < f(y). If P and Q arc linearly ordered, 
then an order-preserving function is also called increasing. 
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A one-to-one function of P onto Q is an isomorphism of P and Q if 
both / and / _1 are order-preserving; (P, <) is then isomorphic to (Q,<). 
An isomorphism of P onto itself is an automorphism of (P, <). 



Well-Ordering 

Definition 2.3. A linear ordering < of a set P is a well- ordering if every 
nonempty subset of P has a least clement. 

The concept of well-ordering is of fundamental importance. It is shown be- 
low that well-ordered sets can be compared by their lengths; ordinal numbers 
will be introduced as order-types of well-ordered sets. 

Lemma 2.4. // (W, <) is a well-ordered set and f : W — > W is an increasing 
function, then f(x) > x for each x <E W. 

Proof. Assume that the set X = {x e W : f(x) < x} is nonempty and let z 
be the least element of X. If w — f(z), then f(w) < w, a contradiction. □ 

Corollary 2.5. The only automorphism of a well-ordered set is the identity. 

Proof. By Lemma 2.4, f(x) > x for all x, and f~ 1 (x) > x for all x. □ 

Corollary 2.6. If two well-ordered sets W\, W2 are isomorphic, then the 
isomorphism ofW\ onto W 2 is unique. □ 

If W is a well-ordered set and u € W, then {x e W : x < u} is an initial 
segment of W (given by u). 

Lemma 2.7. No well-ordered set is isomorphic to an initial segment of itself . 

Proof. If ran(/) — {x : x < u}, then f(u) < u, contrary to Lemma 2.4. □ 

Theorem 2.8. If W\ and W2 are well-ordered sets, then exactly one of the 
following three cases holds: 

(i) Wi is isomorphic to W<i\ 

(ii) Wi is isomorphic to an initial segment 0/W2; 

(iii) W2 is isomorphic to an initial segment ofW\. 

Proof. For u £ Wi, (i = 1, 2), let Wi(u) denote the initial segment of W, 
given by u. Let 

/ = {(x, y) e Wi x W2 : W\{x) is isomorphic to W^iy)}- 

Using Lemma 2.7, it is easy to see that / is a one-to-one function. If h is 
an isomorphism between W\{x) and W^iy), and x' < x, then Wi(x') and 
W2(h(x')) are isomorphic. It follows that / is order-preserving. 
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If dom(/) = Wi and ran(/) = W2, then case (i) holds. 

If yi < y2 and j/2 € ran(/), then yi e ran(/). Thus if ran(/) ^ W2 and 
y 0 is the least element of W2 — ran(/), we have ran(/) = 14^2 (yo)- Necessarily, 
dom(/) = W\, for otherwise we would have (xo, yo) & f, where xo = the least 
element of Wi — dom(/). Thus case (ii) holds. 

Similarly, if dom(/) ^ W\, then case (iii) holds. 

In view of Lemma 2.7, the three cases are mutually exclusive. □ 

If W\ and W2 are isomorphic, we say that they have the same order-type. 
Informally, an ordinal number is the order- type of a well-ordered set. 
We shall now give a formal definition of ordinal numbers. 



Ordinal Numbers 

The idea is to define ordinal numbers so that 

a < (3 if and only if a € (3, and a — {(3 : [3 < a}. 

Definition 2.9. A set T is transitive if every element of T is a subset of T. 
(Equivalcntly, \JT cT, or T C P(T).) 

Definition 2.10. A set is an ordinal number (an ordinal) if it is transitive 
and well-ordered by G. 

We shall denote ordinals by lowercase Greek letters a, (3, 7, The class 

of all ordinals is denoted by Ord. 
We define 

a < (3 if and only if a <E (3. 

Lemma 2.11. 

(i) 0 = 0 is an ordinal. 

(ii) If a is an ordinal and (3 € a, then (3 is an ordinal. 

(iii) If (3 are ordinals and aCft then a e [3. 

(iv) If a, (3 are ordinals, then either a C (3 or (3 C a. 

Proof, (i), (ii) by definition. 

(iii) If a C ft let 7 be the least element of the set (3 — a. Since a is 
transitive, it follows that a is the initial segment of (3 given by 7. Thus 
a = {£ S (3 : £ < 7} — 7, and so a <G (3. 

(iv) Clearly, a n (3 is an ordinal, a n (3 = 7. We have 7 = a or 7 = /3, 
for otherwise 7 <5 a, and 7 e /?, by (iii). Then 767, which contradicts the 
definition of an ordinal (namely that £ is a strict ordering of a). □ 
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Using Lemma 2.11 one gets the following facts about ordinal numbers 
(the proofs are routine): 

(2.1) < is a linear ordering of the class Ord. 

(2.2) For each a, a = {f3 : (3 < a}. 

(2.3) If C is a nonempty class of ordinals, then |~| C is an ordinal, f|Ce C 
and f| C = inf C. 

(2.4) If X is a nonempty set of ordinals, then U X is an ordinal, and \JX = 
sup X. 

(2.5) For every a, a U {a} is an ordinal and a U {a} = inf{/3 : (3 > a}. 

We thus define a + 1 = a U {a} (the successor of a). In view of (2.4), the 
class Ord is a proper class; otherwise, consider sup Ord + 1. 

We can now prove that the above definition of ordinals provides us with 
order- types of well-ordered sets. 

Theorem 2.12. Every well-ordered set is isomorphic to a unique ordinal 
number. 

Proof. The uniqueness follows from Lemma 2.7. Given a well-ordered set W, 
we find an isomorphic ordinal as follows: Define F(x) = a if a is isomorphic 
to the initial segment of W given by x. If such an a exists, then it is unique. 
By the Replacement Axioms, F(W) is a set. For each x G W, such an a 
exists (otherwise consider the least x for which such an a does not exist). If 
7 is the least 7 ^ F(W), then F(W) — 7 and we have an isomorphism of W 
onto 7. □ 

If a = (3 + 1, then a is a successor ordinal. If a is not a successor ordinal, 
then a = sup{/3 : (3 < a} — [J a; a is called a limit ordinal. We also consider 0 
a limit ordinal and define sup0 = 0. 

The existence of limit ordinals other than 0 follows from the Axiom of 
Infinity; see Exercise 2.3. 

Definition 2.13 (Natural Numbers). We denote the least nonzero limit 
ordinal u (or TV) . The ordinals less than lu (elements of TV) are called finite 
ordinals, or natural numbers. Specifically, 

0 = 0, 1 = 0+1, 2=1 + 1, 3 = 2 + 1, etc. 

A set X is finite if there is a one-to-one mapping of X onto some n € TV. 
X is infinite if it is not finite. 

We use letters n, m, I, k, j, i (most of the time) to denote natural numbers. 
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Induction and Recursion 

Theorem 2.14 (Transflnite Induction). Let C be a class of ordinals and 
assume that: 

(i) 0 e C; 

(ii) if a € C, i/ien a + 1 G C; 

(iii) zf a is a nonzero limit ordinal and (3 € C for all (3 < a, then a € C. 
Then C is the class of all ordinals. 

Proof. Otherwise, let a be the least ordinal a £ C and apply (i), (ii), or (iii). 

□ 

A function whose domain is the set N is called an {infinite) sequence 
(A sequence in X is a function / : N — > X.) The standard notation for 
a sequence is 

(a n : n < lu) 

or variants thereof. A finite sequence is a function s such dom(s) — {i : i < n} 
for some n £ TV; then s is a sequence of length n. 

A transfinite sequence is a function whose domain is an ordinal: 

(a ( : £ < a). 

It is also called an a-sequence or a sequence of length a. We also say that 
a sequence (aj : £ < a) is an enumeration of its range {a^ : £ < a}. If 
s is a sequence of length a, then s"a; or simply sx denotes the sequence of 
length a + 1 that extends s and whose ath term is x: 

s"~'x = sx = s U {(a, x)}. 

Sometimes we shall call a "sequence" 

(a Q : a <G Ord) 

a function (a proper class) on Ord. 

"Definition by transfinite recursion" usually takes the following form: 
Given a function G (on the class of transfinite sequences), then for every 8 
there exists a unique 0-sequence 

(a a : a < 0) 

such that 

a a = G({a£ : £ < a)) 

for every a < 9. 

We shall give a general version of this theorem, so that we can also con- 
struct sequences (a a : a e Ord). 
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Theorem 2.15 (Transfinite Recursion). Let G be a function (on V), 
then (2.6) below defines a unique function F on Ord such that 

F(a) = G(F\a) 

for each a. 

In other words, if we let a a = F(a), then for each a, 

a a = G((a 5 : £ < a)). 

(Note that we tacitly use Replacement: F\a is a set for each a.) 

Corollary 2.16. Let X be a set and 9 an ordinal number. For every func- 
tion G on the set of all transfinite sequences in X of length < 0 such that 
ran(G) C X there exists a unique 8-sequence (a a : a < 9) in X such that 
a a = G((a^ : £ < a)) for every a < 9. □ 

Proof. Let 

(2.6) F( a ) = x ^ there is a sequence (a^ : £ < a) such that: 

(i) (V£<a)a c = G(K : r? < £»; 

(ii) x = G((a e : £ < a)). 

For every a, if there is an a-sequence that satisfies (i), then such a sequence is 
unique: If (a^ : £ < a) and (b% : £ < a) are two a-sequences satisfying (i), one 
shows — b^ by induction on £. Thus F(a) is determined uniquely by (ii), 
and therefore F is a function. It follows, again by induction, that for each a 
there is an a-sequence that satisfies (i) (at limit steps, we use Replacement 
to get the a-sequence as the union of all the ^-sequences, £ < a). Thus F is 
defined for all a e Ord. It obviously satisfies 

F(a) = G(F\a). 

If F' is any function on Ord that satisfies 

F'(a) = G(F'\a) 

then it follows by induction that F'(a) = F(a) for all a. □ 

Definition 2.17. Let a > 0 be a limit ordinal and let (7^ : £ < a) be 

a nondecreasing sequence of ordinals (i.e., £ < rj implies 7^ < 7^). We define 
the limit of the sequence by 

lim c ^ Q 7^ = sup{7 4 :£<«}. 

A sequence of ordinals (7^ : a G Ord) is normal if it is increasing and 
continuous, i.e., for every limit a, j a = lim£_ Q 7£. 
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Ordinal Arithmetic 

We shall now define addition, multiplication and exponentiation of ordinal 
numbers, using Transfinite Recursion. 

Definition 2.18 (Addition). For all ordinal numbers a 

(i) a + 0 = a, 

(ii) a + (0+l) = {a + 0) + l, for all 0, 

(iii) a + 0 = lim^^a + £) for all limit 0 > 0. 

Definition 2.19 (Multiplication). For all ordinal numbers a 

(i) a ■ 0 = 0, 

(ii) a-(0+l) = a- 0 + a for all 0, 

(iii) a ■ 0 — lim^—,^ a ■ £ for all limit 0 > 0. 

Definition 2.20 (Exponentiation). For all ordinal numbers a 

(i) a 0 = 1, 

(ii) a f3+1 = a< 3 -a for all 0, 

(iii) a' 3 = lim^^ ofi for all limit 0 > 0. 

As defined, the operations a + fi, a- 0 and a' 3 are normal functions in the 
second variable /?. Their properties can be proved by transfinite induction. 
For instance, + and • are associative: 

Lemma 2.21. For all ordinals a, 0 and 7, 

(i) a + (0 + 1 ) = (a + 0)+ 1 , 

(ii) a ■ (0 ■ 7) = (a ■ 0) ■ 7. 

Proof. By induction on 7. □ 

Neither + nor • are commutative: 

1 + uo = u 7^ uu + 1, 2 • uo = uo 7^ u ■ 2 = ui + u). 

Ordinal sums and products can be also defined geometrically, as can sums 
and products of arbitrary linear orders: 

Definition 2.22. Let (A, <a) and (B, <g) be disjoint linearly ordered sets. 
The sum of these linear orders is the set A U B with the ordering defined as 
follows: x < y if and only if 

(i) x,y e A and x <a y, or 

(ii) x,y G B and x <b y, or 

(iii) x G A and y G B. 
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Definition 2.23. Let (A, <) and (B, <) be linearly ordered sets. The product 
of these linear orders is the set Ax B with the ordering defined by 

(oi, b\) < (a 2 , 62) if and only if either 61 < b 2 or (61 = 6 2 and a\ < a 2 ). 

Lemma 2.24. For all ordinals a and (3, a + (3 and a ■ (3 are, respectively, 
isomorphic to the sum and to the product of a and [3. 

Proof. By induction on (3. □ 

Ordinal sums and products have some properties of ordinary addition and 
multiplication of integers. For instance: 

Lemma 2.25. 

(i) If (3 < 7 then a + (3 < a + 7. 

(ii) If a < (3 then there exists a unique 5 such that a + 5 = (3. 

(iii) If (3 < 7 and a > 0, then a ■ /3 < a ■ 7. 

(iv) If a > 0 and 7 is arbitrary, then there exist a unique [3 and a unique 
p < a such that 7 = a ■ (3 + p. 

(v) If [3 < 7 and a > 1, then a 13 < a 7 . 

Proof, (i), (iii) and (v) are proved by induction on 7. 

(ii) Let 5 be the order-type of the set {£ : a < £ < f3}; 8 is unique by (i). 
(iv) Let (3 be the greatest ordinal such that a ■ (3 < 7. □ 

For more, see Exercises 2.10 and 2.11. 

Theorem 2.26 (Cantor's Normal Form Theorem). Every ordinal a > 
0 can be represented uniquely in the form 

a = uj Pl ■k 1 + ... + cj 0n -k n , 

where n > 1, a > (3\ > . . . > (3 n , and k%, k n are nonzero natural 
numbers. 

Proof. By induction on a. For a = 1 we have 1 = uj° ■ 1; for arbitrary a > 0 
let (3 be the greatest ordinal such that u 13 < a. By Lemma 2.25(iv) there 
exists a unique 5 and a unique p < uj 13 such that a — lu 13 ■ S + p; this S 
must necessarily be finite. The uniqueness of the normal form is proved by 
induction. □ 

In the normal form it is possible to have a — uj a ; see Exercise 2.12. The 
least ordinal with this property is called e 0 - 
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Weil-Founded Relations 

Now we shall define an important generalization of well-ordered sets. 

A binary relation Bona set P is well-founded if every nonempty X <Z P 
has an E-minimal element, that is a <G X such that there is no x € X with 
x E a. 

Clearly, a well-ordering of P is a well-founded relation. 
Given a well-founded relation E on a set P, we can define the height of P, 
and assign to each xePan ordinal number, the rank of .t in E. 

Theorem 2.27. If E is a well-founded relation on P, then there exists 
a unique function p from P into the ordinals such that for all x e P, 

(2.7) p(x) = sup{p(y) + 1 : y E x}. 

The range of p is an initial segment of the ordinals, thus an ordinal num- 
ber. This ordinal is called the height of E. 

Proof. We shall define a function p satisfying (2.7) and then prove its unique- 
ness. By induction, let 

P 0 = 0, P a +i = {xeP:Vy(yEx^ye P a )}, 
Pa = \J P% if a is a limit ordinal. 

?<ct 

Let 9 be the least ordinal such that Pg+\ = P$ (such 9 exists by Replacement). 
First, it should be easy to see that P a C P a +i for each a (by induction). 
Thus P 0 C Pi C . . . C Pq. We claim that P e = P. Otherwise, let a be 
an P-minimal clement of P — Pq. It follows that each x E a is in Pq, and 
so a G Pe+i, a contradiction. Now we define p(x) as the least a such that 
x e P a +i- It is obvious that if x E y, then p(x) < p(y), and (2.7) is easily 
verified. The ordinal 9 is the height of E. 

The uniqueness of p is established as follows: Let p' be another function 
satisfying (2.7) and consider an P-minimal element of the set {x £ P : p(x) ^ 



Exercises 

2.1. The relation "(P, <) is isomorphic to (Q, <)" is an equivalence relation (on 
the class of all partially ordered sets). 

2.2. a is a limit ordinal if and only if j3 < a implies /? + 1 < a, for every f3. 

2.3. If a set X is inductive, then X n Ord is inductive. The set N — f]{X : X is 
inductive} is the least limit ordinal 7^ 0. 
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2.4. (Without the Axiom of Infinity). Let u> = least limit a 7^ 0 if it exists, u> = Ord 
otherwise. Prove that the following statements are equivalent: 

(i) There exists an inductive set. 

(ii) There exists an infinite set. 
(iii) w is a set. 

[For (ii) — > (iii), apply Replacement to the set of all finite subsets of X] 

2.5. If W is a well-ordered set, then there exists no sequence (a n : n G N) in W 
such that ao > ai > 0,2 > . . .. 

2.6. There are arbitrarily large limit ordinals; i.e., Vq3/3 > a (/3 is a limit). 
[Consider lmin^^ a n , where a„ + i — a n + 1.] 

2.7. Every normal sequence {-y a '■ a G Ord) has arbitrarily large fixed points, i.e., 
a such that 7 a = a. 

[Let a„+i = 7c n , and a = lim„^u a„.] 

2.8. For all a, (3 and 7, 

(i) a • (/? + 7) = a • /? + a • 7, 



2.9. (i) Show that (w + 1) • 2 ^ w • 2 + 1 • 2. 
(ii) Show that (w • 2) 2 / ■ 2 2 . 

2.10. If a < /3 then a + 7 < /3 + 7, a • 7 < P ■ 7, and a 1 < /3 7 , 

2.11. Find a, /?, 7 such that 

(i) a < f3 and a + 7 = /3 + 7, 

(ii) a < (3 and a ■ 7 = /3 • 7, 

(iii) a < /3 and a 7 = /3 7 . 

2.12. Let £0 = lim„^„ a n where a 0 — lu and a n+1 = cj"" for all n. Show that 
eo is the least ordinal e such that oj £ = e. 

A limit ordinal 7 > 0 is called indecomposable if there exist no a < 7 and /3 < 7 
such that a + /3 = 7. 

2.13. A limit ordinal 7 > 0 is indecomposable if and only if a + 7 = 7 for all a < 7 
if and only if 7 = w" for some a. 

2.14. If £ is a well-founded relation on P, then there is no sequence (a n : n G N) 
in P such that ai E ao, (12 E ai, 0,3 E 0,2, ■ ■ ■ ■ 

2.15 (Well-Founded Recursion). Let £ be a well-founded relation on a set P, 
and let G be a function. Then there exists a function F such that for all x G P, 



(ii) 
(iii) 




,7 



(a* 3 ) 7 = 



F(x) = G(x,F\{y€P:yEx}). 



Historical Notes 



The theory of well-ordered sets was developed by Cantor, who also introduced 
transfinite induction. The idea of identifying an ordinal number with the set of 
smaller ordinals is due to Zermelo and von Neumann. 
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Cardinality 

Two sets X, Y have the same cardinality (cardinal number, cardinal), 



if there exists a one-to-one mapping of X onto Y. 

The relation (3.1) is an equivalence relation. We assume that we can 
assign to each set X its cardinal number \X\ so that two sets are assigned 
the same cardinal just in case they satisfy condition (3.1). Cardinal numbers 
can be defined cither using the Axiom of Regularity (via equivalence classes 
of (3.1)), or using the Axiom of Choice. In this chapter we define cardinal 
numbers of well-orderable sets; as it follows from the Axiom of Choice that 
every set can be well-ordered, this defines cardinals in ZFC. 

We recall that a set X is finite if \X\ = \n\ for some n e N; then X is 
said to have n elements. Clearly, \n\ — \m\ if and only if n = m, and so we 
define finite cardinals as natural numbers, i.e., \n\ — n for all n e TV. 

The ordering of cardinal numbers is defined as follows: 



if there exists a one-to-one mapping of X into Y . We also define the strict 
ordering \X\ < \Y\ to mean that \X\ < \Y\ while \X\ ^ \Y\. The relation < 
in (3.2) is clearly transitive. Theorem 3.2 below shows that it is indeed a par- 
tial ordering, and it follows from the Axiom of Choice that the ordering is 
linear — any two sets are comparable in this ordering. 

The concept of cardinality is central to the study of infinite sets. The 
following theorem tells us that this concept is not trivial: 

Theorem 3.1 (Cantor). For every set X, \X\ < \P(X)\. 

Proof. Let / be a function from X into P{X). The set 



(3.1) 



\X\ = \Y 



(3.2) 



1*1 < \y 



Y = {x e X : x £ /(:r)} 



is not in the range of /: If z € X were such that f(z) = Y, then z G Y if 
and only if z £ Y, a contradiction. Thus / is not a function of X onto P{X). 
Hence \P(X)\ ^ \X\. 
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The function f(x) = {x} is a onc-to-onc function of X into P(X) and so 
\X\ < \P(X)\. It follows that \X\ < \P(X)\. □ 

In view of the following theorem, < is a partial ordering of cardinal num- 
bers. 

Theorem 3.2 (Cantor-Bernstein). If \A\ < \B\ and \B\ < \A\, then 
\A\ = \B\. 

Proof. If f\ : A — > B and fi : B — > A are one-to-one, then if we let B' = 
f 2 (B) and A t = f 2 (fi(A)), we have A 1 C B' C A and \Ai\ = \A\. Thus 
we may assume that A\ C B C A and that / is a one-to-one function of A 
onto Ai; we will show that |^4| = 

We define (by induction) for all n £ N: 

A Q = A, A n+1 = /(An), 
Bq = B, B n+ i = f(B n ). 

Let g be the function on A defined as follows: 

f fix) if x £ A n — B n for some n, 
9{X) = \x otherwise. 

Then g is a one-to-one mapping of A onto B, as the reader will easily verify. 
Thus \A\ = \B\. □ 

The arithmetic operations on cardinals are defined as follows: 

(3.3) k + A = \ A U B\ where \A\ = n, \B\ = A, and A, B are disjoint, 
k ■ A = \A x B\ where \A\ = k, \B\ = A, 
k x = \A B \ where \A\ = k, \B\ = A. 

Naturally, the definitions in (3.3) are meaningful only if they are independent 
of the choice of A and B. Thus one has to check that, e.g., if \A\ = \A'\ and 
\B\ = \B'\, then \A x B\ = \A' x B'\. 

Lemma 3.3. // \A\ = n, then \P(A)\ = 2 K . 

Proof. For every X C A, let \x be the function 



Xx (x) 



l if x e x, 

0 if x e A - X. 



The mapping / : X — > xx is a one-to-one correspondence between P(^4) and 
{0,1}*. □ 
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Thus Cantor's Theorem 3.1 can be formulated as follows: 

re < 2 K for every cardinal re. 
A few simple facts about cardinal arithmetic: 

(3.4) + and • are associative, commutative and distributive. 

(3.5) (« • \y = re^ ■ \». 

(3.6) re A +^ = re A ■ «/*. 

(3.7) (re A )^ = re A '^. 

(3.8) If re < A, then < A**. 

(3.9) If 0 < A < (i, then re A < 

(3.10) k° = 1; 1 K = 1; 0 K = 0 if re > 0. 

To prove (3.4)-(3.10), one has only to find the appropriate one-to-one func- 
tions. 

Alephs 

An ordinal a is called a cardinal number (a cardinal) if |a| ^ \(3\ for all [3 < a. 
We shall use re, A, /x, . . . to denote cardinal numbers. 

If is a well-ordered set, then there exists an ordinal a such that \W\ = 
\a\. Thus we let 

\W\ — the least ordinal such that \W\ — \a\. 

Clearly, \W\ is a cardinal number. 

Every natural number is a cardinal (a finite cardinal); and if S is a finite 
set, then IS*! — n for some n. 

The ordinal u> is the least infinite cardinal. Note that all infinite cardinals 
are limit ordinals. The infinite ordinal numbers that are cardinals are called 
alephs. 

Lemma 3.4. 

(i) For every a there is a cardinal number greater than a. 

(ii) If X is a set of cardinals, then sup X is a cardinal. 

For every a, let a + be the least cardinal number greater than a, the 
cardinal successor of a. 

Proof, (i) For any set X, let 

(3.11) h(X) = the least a such that there is no one-to-one 

function of a into X. 

There is only a set of possible well-orderings of subsets of X. Hence there 
is only a set of ordinals for which a one-to-one function of a into X exists. 
Thus h(X) exists. 
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If a is an ordinal, then \a\ < \h(a)\ by (3.11). That proves (i). 

(ii) Let a = sup A. If / is a one-to-one mapping of a onto some (3 < a, 
let k e X be such that (3 < k < a. Then \k\ = |{/(£) : £ < k}\ < (3, 
a contradiction. Thus a is a cardinal. □ 

Using Lemma 3.4, we define the increasing enumeration of all alcphs. We 
usually use K a when referring to the cardinal number, and uj a to denote the 
order- type: 

H 0 = w 0 = w, H Q+ i = uj a+1 = N+, 

H Q = u a = sup{w ( 3 : (3 < a} if a is a limit ordinal. 

Sets whose cardinality is H 0 are called countable; a set is at most countable 
if it is cither finite or countable. Infinite sets that are not countable are 
uncountable. 

A cardinal H Q+ i is a successor cardinal. A cardinal H a whose index is 
a limit ordinal is a limit cardinal. 

Addition and multiplication of alephs is a trivial matter, due to the fol- 
lowing fact: 

Theorem 3.5. H Q • H Q = H Q . 

To prove Theorem 3.5 we use a pairing function for ordinal numbers: 



The Canonical Well-Ordering of a. x a 

We define a well-ordering of the class Ord x Ord of ordinal pairs. Under 
this well-ordering, each a x a is an initial segment of Ord 2 ; the induced 
well-ordering of a 2 is called the canonical well- ordering of a 2 . Moreover, the 
well-ordered class Ord 2 is isomorphic to the class Ord, and we have a one- 
to-one function T of Ord 2 onto Ord. For many a's the order-type of a x a 
is a; in particular for those a that are alephs. 
We define: 

(3.12) (a, (3) < (7, 5) <-> cither maxfct, /?} < max{7, <5}, 

or max{a, (3} — max{7, 8} and a < 7, 

or max{a, /?} = max{7, <*>}, a = 7 and (3 < 5. 

The relation < defined in (3.12) is a linear ordering of the class Ord x Ord. 
Moreover, if X C Ord x Orrf is nonempty, then X has a least element. Also, 
for each a, a x a is the initial segment given by (0, a). If we let 



r(a, (3) = the order-type of the set {(£, 77) : (£, 77) < (a, (3)}, 
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then T is a one-to-one mapping of Ord 2 onto Ord, and 

(3.13) {a, P) < ( 7 , S) if and only if T(a, 0) < T( 7 , S). 

Note that T(ujxuj) = u and since 7(a) = T(axa) is an increasing function 
of a, we have 7(a) > a for every a. However, 7 (a) is also continuous, and so 
T(a x a) = a for arbitrarily large a. 

Proof of Theorem 3.5. Consider the canonical one-to-one mapping T of Ord x 
Ord onto Ord. We shall show that T(cu a x u a ) = u> a . This is true for a = 0. 
Thus let a be the least ordinal such that T(uj a x u> a ) 7^ u> a . Let (3, 7 < w a be 
such that T(/3, 7) = u a . Pick (5 < w a such that 5 > (3 and (5 > 7. Since S x (5 is 
an initial segment of Ord x Ord in the canonical well-ordering and contains 
(/?, 7), we have r(5 x <5) D u a , and so |5 x S\ > H Q . However, |5 x 5\ = \8\ ■ \S\, 
and by the minimality of a, \S\ ■ \S\ = \S\ < H Q . A contradiction. □ 

As a corollary we have 

(3.14) N a + N / j = N a -N / j = max{N a ,N /J }. 

Exponentiation of cardinals will be dealt with in Chapter 5. Without the 
Axiom of Choice, one cannot prove that 2 Na is an aleph (or that P(w a ) can 
be well-ordered), and there is very little one can prove about 2 N ° or 



Cofinality 

Let a > 0 be a limit ordinal. We say that an increasing /3-sequence (ct£ : 
£ < 13), (3 a limit ordinal, is cofinal in a if lim^^ = a. Similarly, A C a is 
cofinal in a if sup A = a. If a is an infinite limit ordinal, the cofinality of a 
is 

cf a = the least limit ordinal (3 such that there is an increasing 
/3-sequence (a^ : £ < (3) with lim^^ — a. 

Obviously, cf a is a limit ordinal, and cf a < a. Examples: cf(w + uj) = 
cf H w = w. 

Lemma 3.6. cf (cf a) = cf a. 

Proof. If (a£ : £ < /3) is cofinal in a and : v < 7) is cofinal in /3, then 

(a^(j,) : z/ < 7) is cofinal in a. □ 

Two useful facts about cofinality: 

Lemma 3.7. Let a > 0 be a limit ordinal. 

(i) If A C a and sup A = a, then the order-type of A is at least cf a. 
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(ii) If (3o < Pi < • ■ • < Pi. < • • ■ > £ < 7, * s a nondecreasing ^-sequence of 
ordinals in a and lim£_ 7 — a, then cf 7 = cf a. 

Proof, (i) The order-type of A is the length of the increasing enumeration 
of A which is an increasing sequence with limit a. 

(ii) If 7 = lim„_, c f 7 then a — lim„_^ c f 7 P^( v ), and the nondecreasing 
sequence (/%„) : v < cf 7) has an increasing subsequence of length < cf7, 
with the same limit. Thus cf a < cf 7. 

To show that cf7 < cf a, let a = lim„^ c f a a v . For each v < cfa, let 
£(z/) be the least £ greater than all 1 < v, such that P^ > a u . Since 
lim„_, c f a P%( v ) = ol, it follows that lim„_> c f a £(1/) = 7, and so cf 7 < cf a. □ 

An infinite cardinal H Q is regular if cf uo a = u a . It is singular if cf uo a < oj a . 

Lemma 3.8. For every limit ordinal a, cf a is a regular cardinal. 

Proof. It is easy to see that if a is not a cardinal, then using a mapping 
of \a\ onto a, one can construct a cofinal sequence in a of length < \a\, and 
therefore cf a < a. 

Since cf(cf a) — cfa, it follows that cf a is a cardinal and is regular. □ 

Let k be a limit ordinal. A subset X C k is bounded if sup X < n, and 
unbounded if sup X = k. 

Lemma 3.9. Let n be an aleph. 

(i) If X C k and \X\ < cf k then X is bounded. 

(ii) // A < cf k and f : A — > k then the range of f is bounded. 

It follows from (i) that every unbounded subset of a regular cardinal has 
cardinality n. 

Proof, (i) Lemma 3.7(i). 

(ii) If X = ran(/) then \X\ < A, and use (i). □ 

There are arbitrarily large singular cardinals. For each a, H a+W is a sin- 
gular cardinal of cofinality lo. 

Using the Axiom of Choice, we shall show in Chapter 5 that every 
is regular. (The Axiom of Choice is necessary.) 

Lemma 3.10. An infinite cardinal n is singular if and only if there exists 
a cardinal A < k and a family {S^ : £ < A} of subsets of n such that \S%\ < k 
for each £ < A, and n = Uf<A'-'£- The least cardinal A that satisfies the 
condition is cf k. 

Proof. If k is singular, then there is an increasing sequence (a^ : £ < cf k) 
with lim^ — k. Let A — cf k, and S% — for all £ < A. 

If the condition holds, let A < n be the least cardinal for which there is 
a family {S^ : £ < A} such that k = Uf<A an( ^ < K f° r eacn £ < A. F° r 
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every £ < A, let [3^ be the order-type of \J V< £ S v . The sequence (/3j : £ < A) 
is nondecreasing, and by the minimality of A, (3^ < n for all £ < A. We shall 
show that limj — thus proving that cf k < A. 

Let (3 = lim^ A (3^. There is a one-to-one mapping / of k = 1J^<a ^ m *° 
A x (3: If a e k, let /(a) = (£, 7), where £ is the least £ such that a £ and 
7 is the order- type of S^Ha. Since A < k and |Ax/3| = A- |/3|,it follows that 

13 = k. a 

One cannot prove without the Axiom of Choice that lo\ is not a countable 
union of countable sets. Compare this with Exercise 3.13 

The only cardinal inequality we have proved so far is Cantor's Theorem 
k < 2 K . It follows that k < A K for every A > 1, and in particular k < n K 
(for k ^ 1). The following theorem gives a better inequality. This and other 
cardinal inequalities will also follow from Konig's Theorem 5.10, to be proved 
in Chapter 5. 

Theorem 3.11. If k is an infinite cardinal, then n < n ci K . 

Proof. Let F be a collection of k functions from cf k to k: F = {f a : a < n}. 
It is enough to find / : cf k — > k that is different from all the f a . Let n = 
lim^^ c f K a^. For £ < cf n, let 

/(£) = least 7 such that 7 ^ /„(() for all a < a^. 

Such 7 exists since |{/ Q (£) ■ a < a^}\ < \a^\ < n. Obviously, / =^ f a for all 
a < k. □ 

Consequently, n x > n whenever A > cf n. 

An uncountable cardinal k is weakly inaccessible if it is a limit cardinal 
and is regular. There will be more about inaccessible cardinals later, but let 
me mention at this point that existence of (weakly) inaccessible cardinals is 
not provable in ZFC. 

To get an idea of the size of an inaccessible cardinal, note that if H Q > H 0 
is limit and regular, then H Q — cf H Q = cf a < a, and so H Q = a. 

Since the sequence of alephs is a normal sequence, it has arbitrarily large 
fixed points; the problem is whether some of them are regular cardinals. For 
instance, the least fixed point H a — a has cofinality to: 

k = lim(o), uju, lu Uij ,...)= lining n n 
where kq = lo, k„+i = w Kn . 
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Exercises 

3.1. (i) A subset of a finite set is finite. 

(ii) The union of a finite set of finite sets is finite. 

(iii) The power set of a finite set is finite. 

(iv) The image of a finite set (under a mapping) is finite. 

3.2. (i) A subset of a countable set is at most countable. 

(ii) The union of a finite set of countable sets is countable. 

(iii) The image of a countable set (under a mapping) is at most countable. 

3.3. N x N is countable. 
[f(m,n) = 2 m (2n + l)-l.] 

3.4. (i) The set of all finite sequences in N is countable. 

(ii) The set of all finite subsets of a countable set is countable. 

3.5. Show that T(a x a) < uj a . 

3.6. There is a well-ordering of the class of all finite sequences of ordinals such 
that for each a, the set of all finite sequences in uj a is an initial segment and its 
order- type is u> a . 

We say that a set B is a projection of a set A if there is a mapping of A onto B. 
Note that B is a projection of A if and only if there is a partition P of A such 
that \P\ = \B\. If \A\ > \B\ > 0, then B is a projection of A. Conversely, using the 
Axiom of Choice, one shows that if B is a projection of A, then \A\ > \B\. This, 
however, cannot be proved without the Axiom of Choice. 

3.7. If B is a projection of u) a , then |S| < N a . 

3.8. The set of all finite subsets of co a has cardinality K a . 
[The set is a projection of the set of finite sequences.] 

3.9. If B is a projection of A, then \P(B) \ < \P(A)\. 
[Consider g(X) = f-i(X), where / maps A onto B] 

3.10. uj a+ \ is a projection of P(oj a ). 

[Use \uj a x L0 a \ = u a and project P(io a x LU a ): If R C io a x uj a is a well-ordering, 
let f{R) be its order-type.] 

3.11. N Q+ i < 2 2N °. 

[Use Exercises 3.10 and 3.9.] 

3.12. If K a is an uncountable limit cardinal, then cf u) a = cf a; u) a is the limit of 
a cofinal sequence (u>£ : £ < cf a) of cardinals. 

3.13 (ZF). Show that u)2 is not a countable union of countable sets. 

[Assume that u)2 = U n<LJ S n with S n countable and let a n be the order-type 
of S n . Then a — sup„ ct n < u>i and there is a mapping oi lu x a onto wz.] 

A set S is Dedekind- finite (D-finite) if there is no one-to-one mapping of S 
onto a proper subset of S. Every finite set is D-finite. Using the Axiom of Choice, 
one proves that every infinite set is D-infinite, and so D-finiteness is the same as 
finiteness. Without the Axiom of Choice, however, one cannot prove that every 
D-finitc set is finite. 

The set N of all natural numbers is D-infinite and hence every S such that 
\S\ > N 0 , is D-infinite. 
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3.14. S is D-infinite if and only if S has a countable subset. 

[If S is D-infinite, let / : S — > X C S be one-to-one. Let xo € S — X and 
x n +i = f(x n )- Then S D {x n : n < cu}.] 

3.15. (i) If A and B are D-finite, then Au B and Ax B are D-finite. 

(ii) The set of all finite one-to-one sequences in a D-finite set is D-finite. 

(iii) The union of a disjoint D-finite family of D-finite sets is D-finite. 

On the other hand, one cannot prove without the Axiom of Choice that a pro- 
jection, power set, or the set of all finite subsets of a D-finite set is D-finite, or that 
the union of a D-finite family of D-finite sets is D-finite. 

3.16. If A is an infinite set, then PP(A) is D-infinite. 
[Consider the set {{X C A : \X\ = n} : n < u>}.] 



Historical Notes 

Cardinal numbers and alephs were introduced by Cantor. The proof of the Cantor- 
Bernstein Theorem is Bernstein's; see Borel [1898], p. 103. (There is an earlier proof 
by Dedekind.) The first proof of H a -K a = K a appeared in Hessenberg [1906], p. 593. 
Regularity of cardinals was investigated by Hausdorff, who also raised the question 
of existence of regular limit cardinals. D-finiteness was formulated by Dedekind. 
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4. Real Numbers 



The set of all real numbers R (the real line or the continuum) is the unique 
ordered field in which every nonempty bounded set has a least upper bound. 
The proof of the following theorem marks the beginning of Cantor's theory 
of sets. 

Theorem 4.1 (Cantor). The set of all real numbers is uncountable. 

Proof. Let us assume that the set R of all reals is countable, and let cq, 
c\ , . . . , c n , . . . , n £ N, be an enumeration of R. We shall find a real number 
different from each c n . 

Let a 0 = c 0 and b 0 = Ck 0 where fco is the least k such that a 0 < Ck- 
For each n, let a n+ i — c in where i n is the least i such that a n < Ci < b n , 
and b n+ i = Ck n where fc„ is the least k such that a n +i < Ck < b n . If we let 
a = sup{a„ : n £ N}, then a ^ Ck for all k. □ 



The Cardinality of the Continuum 

Let c denote the cardinality of R. As the set Q of all rational numbers is 
dense in R, every real number r is equal to sup{g £ Q : q < r} and because 
Q is countable, it follows that c < \P(Q)\ = 2 N °. 

Let C (the Cantor set) be the set of all reals of the form Y^i=i a n/3 n , 
where each a n = 0 or 2. C is obtained by removing from the closed interval 
[0, 1], the open intervals (|, |), (|, |), (|, |), etc. (the middle-third intervals). 
C is in a one-to-one correspondence with the set of all w-sequences of 0's 
and 2's and so \C\ = 2 H °. 

Therefore c > 2 N ° , and so by the Cantor-Bernstein Theorem we have 

(4.1) c = 2 No . 

By Cantor's Theorem 4.1 (or by Theorem 3.1), c > H 0 . Cantor conjectured 
that every set of reals is either at most countable or has cardinality of the 
continuum. In ZFC, every infinite cardinal is an aleph, and so 2 N ° > H x . 
Cantor's conjecture then becomes the statement 

2 No = Hi 

known as the Continuum Hypothesis (CH). 
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Among sets of cardinality c are the set of all sequences of natural numbers, 
the set of all sequences of real numbers, the set of all complex numbers. This 
is because H* 0 = (2 N °) N ° = 2 N °, 2 N ° • 2 N ° = 2 N °. 

Cantor's proof of Theorem 4.1 yielded more than uncountability of R; it 
showed that the set of all transcendental numbers has cardinality c (cf. Ex- 
ercise 4.5). 



The Ordering of R 

A linear ordering (P, <) is complete if every nonempty bounded subset of P 
has a least upper bound. We stated above that R is the unique complete 
ordered field. We shall generally disregard the field properties of R and will 
concern ourselves more with the order properties. 

One consequence of being a complete ordered field is that R contains the 
set Q of all rational numbers as a dense subset. The set Q is countable and 
its ordering is dense. 

Definition 4.2. A linear ordering (P, <) is dense if for all a < b there exists 
a c such that a < c < b. 

A set D C P is a dense subset if for all a < b in P there exists a d e D 
such that a < d < b. 

The following theorem proves the uniqueness of the ordered set (R, <). 
We say that an ordered set is unbounded if it has neither a least nor a greatest 
clement. 

Theorem 4.3 (Cantor). 

(i) Any two countable unbounded dense linearly ordered sets are isomor- 
phic. 

(ii) (R, <) is the unique complete linear ordering that has a countable 
dense subset isomorphic to (Q, <). 

Proof, (i) Let P 1 = {a n : n e N} and let P 2 = {b n : n E N} be two 
such linearly ordered sets. We construct an isomorphism f : P\ —* Pi in the 
following way: We first define f(ao), then / _1 (6o), then /(ai), then / _1 (6i), 
etc., so as to keep / order-preserving. For example, to define /(a n ), if it is not 
yet defined, we let f(a n ) = b k where k is the least index such that / remains 
order-preserving (such a k always exists because / has been defined for only 
finitely many a e Pi, and because P 2 is dense and unbounded). 

(ii) To prove the uniqueness of R, let C and C be two complete dense 
unbounded linearly ordered sets, let P and P' be dense in C and C , re- 
spectively, and let / be an isomorphism of P onto P' . Then / can be 
extended (uniquely) to an isomorphism /* of C and C: For x € C, let 
f*(x) — sup{/(p) : p G P and p < x}. □ 
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The existence of (R, <) is proved by means of Dedekind cuts in (Q, <). 
The following theorem is a general version of this construction: 

Theorem 4.4. Let (P,<) be a dense unbounded linearly ordered set. Then 
there is a complete unbounded linearly ordered set (C,~<) such that: 

(i) P C C, and < and -< agree on P; 

(ii) P is dense in C. 

Proof. A Dedekind cut in P is a pair (A, B) of disjoint nonempty subsets 
of P such that 

(i) AUB = P; 

(ii) a < b for any a E A and b E B; 

(iii) A does not have a greatest element. 

Let C be the set of all Dedekind cuts in P and let (A\,B\) =<: (^2,-82) if 
Ai C A 2 (and Bi D B 2 ). The set C is complete: If {{A i: Bi) : i e 1} is 
a nonempty bounded subset of C, then (\J ieI Ai, f] ieI Bi) is its supremum. 
For pe P, let 

A p = {x E P : x < p}, Bp = {x E P : x > p}. 
Then P' = {(A p , B p ) : p <G P} is isomorphic to P and is dense in C. □ 



Suslin's Problem 

The real line is, up to isomorphism, the unique linearly ordered set that is 
dense, unbounded, complete and contains a countable dense subset. 

Since Q is dense in R, every nonempty open interval of R contains a ra- 
tional number. Hence if S is a disjoint collection of open intervals, S is at 
most countable. (Let (r n : n <G TV) be an enumeration of the rationals. To 
each J G S assign r n <G J with the least possible index n.) 

Let P be a dense linearly ordered set. If every disjoint collection of open 
intervals in P is at most countable, then we say that P satisfies the countable 
chain condition. 

Suslin's Problem. Let P be a complete dense unbounded linearly ordered 
set that satisfies the countable chain condition. Ls P isomorphic to the real 
line? 

This question cannot be decided in ZFC; we shall return to the problem 
in Chapter 9. 



40 Part I. Basic Set Theory 



The Topology of the Real Line 

The real line is a metric space with the metric d(a,b) = \a — b\. Its metric 
topology coincides with the order topology of (R,<). Since Q is a dense 
set in R and since every Cauchy sequence of real numbers converges, R is 
a separable complete metric space. (A metric space is separable if it has 
a countable dense set; it is complete if every Cauchy sequence converges.) 

Open sets are unions of open intervals, and in fact, every open set is the 
union of open intervals with rational endpoints. This implies that the number 
of all open sets in R is the continuum and so is the number of all closed sets 
in R (Exercise 4.6). 

Every open interval has cardinality c, therefore every nonempty open 
set has cardinality c. We show below that every uncountable closed set has 
cardinality c. Proving this was Cantor's first step in the search for the proof of 
the Continuum Hypothesis. In Chapter 11 we show that CH holds for Borcl 
and analytic sets as well. 

A nonempty closed set is perfect if it has no isolated points. Theorems 4.5 
and 4.6 below show that every uncountable closed set contains a perfect set. 

Theorem 4.5. Every perfect set has cardinality c. 

Proof. Given a perfect set P, we want to find a one-to-one function F from 
{0, 1}^ into P. Let S be the set of all finite sequences of 0's and l's. By 
induction on the length of s e S one can find closed intervals I s such that 
for each n and all s g S of length n, 

(i) I 8 n P is perfect, 

(ii) the diameter of I s is < 1/n, 

(iii) I s - 0 C / s , I s -\ C I s and I s ~ 0 n 7 s -i = 0. 

For each / <G {0, 1}", the set P n H^Lo ^/t™ nas exactly one element, and we 
let F(f) to be this element of P. □ 

The same proof gives a more general result: Every perfect set in a sepa- 
rable complete metric space contains a closed copy of the Cantor set (Exer- 
cise 4.19). 

Theorem 4.6 (Cantor-Bendixson). If F is an uncountable closed set, 
then F = P U S, where P is perfect and S is at most countable. 

Corollary 4.7. If F is a closed set, then either \F\ < H 0 or \F\ = 2 N °. □ 

Proof. For every A C R, let 



It is easy to see that A' is closed, and if A is closed then A' c A. Thus we let 



A' = 



the set of all limit points of A 



F 0 = F, 
F a = { 



F , 1 — F' 

i q+1 'ai 

f] F 7 if a > 0 is a limit ordinal. 



7<Q 
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Since F 0 D Fi D . . . D F a D . . ., there exists an ordinal 9 such that F a = Fg 
for all a > 9. (In fact, the least 9 with this property must be countable, by 
the argument below.) We let P — Fg. 

If P is nonempty, then P' = P and so it is perfect. Thus the proof is 
completed by showing that F — P is at most countable. 

Let (Jk : k £ N) be an enumeration of rational intervals. We have F — P = 
{J a< g(F a — F^); hence if a £ F — P, then there is a unique a such that a is 
an isolated point of F a . We let A; (a) be the least k such that a is the only 
point of F a in the interval Jk- Note that if a < (3, b ^ a and b £ Fp ~~ F'p, 
then b ^ Jk( a ), an d hence k(b) ^ k(a). Thus the correspondence a \— > k(a) is 
one-to-one, and it follows that F — P is at most countable. □ 

A set of reals is called nowhere dense if its closure has empty interior. The 
following theorem shows that R is not the union of countably many nowhere 
dense sets (R is not of the first category). 

Theorem 4.8 (The Baire Category Theorem). If Do, D\, . . . , D n , . . . , 

n £ N, are dense open sets of reals, then the intersection D = H^Lo is 
dense in R. 

Proof. We show that D intersects every nonempty open interval /. First 
note that for each n, Do (1 ... (1 D n is dense and open. Let (Jk : k £ N) 
be an enumeration of rational intervals. Let Iq = I, and let, for each n, 
I n +i = Jk = (Qk,i"k), where k is the least k such that the closed interval 
[qk, rk] is included in /„ n D n . Then a £ D (1 1, where a = linifc^oo qk- □ 

Borel Sets 

Definition 4.9. An algebra of sets is a collection S of subsets of a given 
set S such that 

(4.2) (i) S£S, 

(ii) if X £ S and Y £ S then X U Y £ S, 

(iii) if X £ S then S -X £S. 

(Note that S is also closed under intersections.) 

A a-algebra is additionally closed under countable unions (and intersec- 
tions) : 

(iv) If X n £ S for all n, then U~ =0 X n £ S. 

For any collection X of subsets of S there is a smallest algebra (cr-alge- 
bra) S such that S D X; namely the intersection of all algebras (cr-algebras) S 
of subsets of S for which X C «S. 

Definition 4.10. A set of reals B is Borel if it belongs to the smallest a- 
algebra B of sets of reals that contains all open sets. 
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In Chapter 11 we investigate Borel sets in more detail. In particular, we 
shall classify Borel sets by defining a hierarchy of u>\ levels. For that we need 
however a weak version of the Axiom of Choice that is not provable in ZF 
alone. At this point we mention the lowest level of the hierarchy (beyond 
open sets and closed sets): The intersections of countably many open sets 
are called G$ sets, and the unions of countably many closed sets are called 
F a sets. 

Lebesgue Measure 

We assume that the reader is familiar with the basic theory of Lebesgue 
measure. As we shall return to the subject in Chapter 11 we do not define 
the concept of measure at this point. We also caution the reader that some 
of the basic theorems on Lebesgue measure require the Countable Axiom of 
Choice (to be discussed in Chapter 5). 

Lebesgue measurable sets form a cr-algebra and contain all open intervals 
(the measure of an interval is its length). Thus all Borel sets are Lebesgue 
measurable. 

The Baire Space 

The Baire space is the space N = uf of all infinite sequences of natural 
numbers, (a n : n G N), with the following topology: For every finite sequence 
s = (ak ■ k < n), let 

(4.3) 0(a) = {/ € M : s C /} = {(c k :keN) :(Vk<n)c k = a k }. 

The sets (4.3) form a basis for the topology of Af. Note that each O(s) is also 
closed. 

The Baire space is separable and is metrizablc: consider the metric 
d(f,g) — l/2 n+1 where n is the least number such that f(n) ^ g(n). The 
countable set of all eventually constant sequences is dense in N. This sepa- 
rable metric space is complete, as every Cauchy sequence converges. 

Every infinite sequence (a n : n e N) of positive integers defines a con- 
tinued fraction l/(a 0 + l/(ai + l/(»2 + • • •))), an irrational number between 
0 and 1. Conversely, every irrational number in the interval (0,1) can be 
so represented, and the one-to-one correspondence is a homeomorphism. It 
follows that the Baire space is homeomorphic to the space of all irrational 
numbers. 

For various reasons, modern descriptive set theory uses the Baire space 
rather than the real line. Often the functions in lo^ are called reals. 

Clearly, the space M satisfies the Baire Category Theorem; the proof is 
similar to the proof of Theorem 4.8 above. The Cantor-Bendixson Theorem 
holds as well. For completeness we give a description of perfect sets in M . 
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Let Seq denote the set of all finite sequences of natural numbers. A (se- 
quential) tree is a set T C Seq that satisfies 

(4.4) if t e T and s = t\n for some n, then s eT. 

If T C Seg is a tree, let [T] be the set of all infinite paths through T: 

(4.5) [T] = {f eAf : f\neT for all n e JV}. 

The set [T] is a closed set in the Baire space: Let / £ Af be such that / ^ [T] . 
Then there is n € TV such that / fn = s is not in T. In other words, the open 
set O(s) = {g & Af : g D s}, a neighborhood of /, is disjoint from [T]. Hence 
[T] is closed. 

Conversely, if F is a closed set in Af, then the set 

(4.6) Tp = Seq : s C / for some / e F} 

is a tree, and it is easy to verify that [Tp] = F: If / e Af is such that f\n GT 
for all n e AT, then for each n there is some g e F such that = /fra; and 
since F is closed, it follows that / € F. 

If / is an isolated point of a closed set F in A/", then there isne/V such 
that there is no g G F, g ^ f, such that g\n — f\n. Thus the following 
definition: 

A nonempty sequential tree T is perfect if for every t £ T there exist 
si D t and s 2 D i, both in T, that are incomparable, i.e., neither si D s 2 nor 
s 2 D Si. 

Lemma 4.11. A closed set F C N is perfect if and only if the tree Tp is 
a perfect tree. □ 

The Cantor-Bendixson analysis for closed sets in the Baire space is carried 
out as follows: For each tree T C Seq, we let 

(4.7) T 1 = {t e T : there exist incomparable s\ D t and s 2 D t in T}. 

(Thus T is perfect if and only if 0 ^ T = V.) 

The set [T] - [T'\ is at most countable: For each / e [T] such that / <^ [T 1 ] , 
let Sf = f\n where n is the least number such that f\n ^ T". If /, g G 
[T] — [T'], then sy 7^ s g , by (4.7). Hence the mapping / is one-to-one 

and [T] — [T'] is at most countable. 

Now we let 

(4.8) T 0 = T, T a+1 = T' a , 

T a = P| Tp if a > 0 is a limit ordinal. 

(i<a 

Since T 0 D Ti D . . . D T a D . . ., and T 0 is at most countable, there is an 
ordinal 9 < uox such that Tg+i = Tg. If Te ^ 0, then it is perfect. 
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Now it is easy to see that [Pl^a ^/?] = ri/3< a [^/s] > an d so 
(4-9) [T]-[T e ]= U ([rj-O; 

hence (4.9) is at most countable. Thus if [T] is an uncountable closed set 
in TV, the sets [T e ] and [T] — [T#] constitute the decomposition of [T] into 
a perfect and an at most countable set. 

In modern descriptive set theory one often speaks about the Lebesgue 
measure on Af. This measure is the extension of the product measure m on 
Borcl sets in the Baire space induced by the probability measure on N that 
gives the singleton {n} measure l/2 n+1 . Thus for every sequence s G Seq of 
length n > 1 we have 

(4.10) m(0(s)) = n Y\l/2 s ^ +1 . 

k=0 

Polish Spaces 

Definition 4.12. A Polish space is a topological space that is homeomorphic 
to a separable complete metric space. 

Examples of Polish spaces include R, Af, the Cantor space, the unit in- 
terval [0, 1], the unit circle T, the Hilbert cube [0, l] w , etc. 

Every Polish space is a continuous image of the Baire space. In Chapter 11 
we prove a somewhat more general statement. 



Exercises 

4.1. The set of all continuous functions / : R — > R has cardinality c (while the set 
of all functions has cardinality 2 C ). 

[A continuous function on R is determined by its values at rational points.] 

4.2. There are at least c countable order-types of linearly ordered sets. 

[For every sequence a — (a n ■ n £ N) of natural numbers consider the order- 
type 

T a — a 0 + ^ + ai + £ + a 2 + . . . 
where £ is the order- type of the integers. Show that if a ^ b, then r a =fc rt,.] 

A real number is algebraic if it is a root of a polynomial whose coefficients are 
integers. Otherwise, it is transcendental. 

4.3. The set of all algebraic reals is countable. 

4.4. If S is a countable set of reals, then \R — S\ = c. 
[Use R x R rather than R (because \R x R\ = 2 N °).] 
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4.5. (i) The set of all irrational numbers has cardinality 
(ii) The set of all transcendental numbers has cardinality c. 

4.6. The set of all open sets of reals has cardinality c. 

4.7. The Cantor set is perfect. 

4.8. If P is a perfect set and (a, b) is an open interval such that P CI (a, b) / 0, 
then |Pn (a, 6)| = c. 

4.9. If P 2 <£. Pi are perfect sets, then |P 2 — Pi\ = c. 
[Use Exercise 4.8.] 

If A is a set of reals, a real number a is called a condensation point of A if every 
neighborhood of a contains uncountably many elements of A. Let A* denote the 
set of all condensation points of A. 

4.10. If P is perfect then P* = P. 
[Use Exercise 4.8.] 

4.11. If F is closed and PcFis perfect, then P C F* . 
[P = P* C F* .] 

4.12. If F is an uncountable closed set and P is the perfect set constructed in 
Theorem 4.6, then F* C P; thus F* = P. 

[Every a G F* is a limit point of P since |P - P| < No-] 

4.13. If P is an uncountable closed set, then F = P* U (P — P*) is the unique 
partition of P into a perfect set and an at most countable set. 

[Use Exercise 4.9.] 

4.14. Q is not the intersection of a countable collection of open sets. 
[Use the Baire Category Theorem.] 

4.15. If B is Borel and / is a continuous function then f-i(B) is Borel. 

4. 16. Let / : R — > R. Show that the set of all x at which / is continuous is a Gs set. 

4.17. (i) A/" x A/" is homeomorphic to A/", 
(ii) A/"" is homeomorphic to M ■ 

4.18. The tree 7> in (4.6) has no maximal node, i.e., s G T such that there is no 
t G T with set. The map P i—> Tf is a one-to-one correspondence between closed 
sets in A r and sequential trees without maximal nodes. 

4.19. Every perfect Polish space has a closed subset homeomorphic to the Cantor 
space. 

4.20. Every Polish space is homeomorphic to a Gs subspace of the Hilbert cube. 
[Let {x n : n G N} be a dense set, and define f(x) = (d(x,x n ) : n G AT).] 



Historical Notes 

Theorems 4.1, 4.3 and 4.5 are due to Cantor. The construction of real numbers by 
completion of the rationals is due to Dedekind [1872]. 

Suslin's Problem: Suslin [1920]. 

Theorem 4.6: Cantor, Bendixson [1883]. 

Theorem 4.8: Baire [1899]. 

Exercise 4.5: Cantor. 
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5. The Axiom of Choice and Cardinal 
Arithmetic 



The Axiom of Choice 

Axiom of Choice (AC). Every family of nonempty sets has a choice func- 
tion. 

If S is a family of sets and 0^5, then a choice function for S is a func- 
tion / on S such that 

(5.1) f(X) e X 

for every leS. 

The Axiom of Choice postulates that for every S such that 0 ^ S there 
exists a function / on S that satisfies (5.1). 

The Axiom of Choice differs from other axioms of ZF by postulating 
the existence of a set (i.e., a choice function) without defining it (unlike, 
for instance, the Axiom of Pairing or the Axiom of Power Set). Thus it is 
often interesting to know whether a mathematical statement can be proved 
without using the Axiom of Choice. It turns out that the Axiom of Choice is 
independent of the other axioms of set theory and that many mathematical 
theorems are unprovable in ZF without AC. 

In some trivial cases, the existence of a choice function can be proved 
outright in ZF: 

(i) when every X e S is a singleton X = {x}; 

(ii) when S is finite; the existence of a choice function for S is proved by 
induction on the size of S; 

(iii) when every X e 5* is a finite set of real numbers; let f(X) = the least 
element of X. 

On the other hand, one cannot prove existence of a choice function (in ZF) 
just from the assumption that the sets in S are finite; even when every leS 
has just two elements (e.g., sets of reals), we cannot necessarily prove that 
S has a choice function. 

Using the Axiom of Choice, one proves that every set can be well-ordered, 
and therefore every infinite set has cardinality equal to some H Q . In particular, 
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any two sets have comparable cardinals, and the ordering 

\X\<\Y\ 

is a well-ordering of the class of all cardinals. 

Theorem 5.1 (Zermelo's Well-Ordering Theorem). Every set can be 
well-ordered. 

Proof. Let A be a set. To well-order A, it suffices to construct a transfinitc 
one-to-one sequence (a a : a < 9) that enumerates A. That we can do by 
induction, using a choice function / for the family S of all nonempty subsets 
of A. We let for every a 

a a = f(A - {a ? : £ < a}) 

if A — {a^ : £ < a} is nonempty. Let 9 be the least ordinal such that A = 
{a,£ : £ < 9}. Clearly, (a a : a < 9) enumerates A. □ 

In fact, Zermelo's Theorem 5.1 is equivalent to the Axiom of Choice: 
If every set can be well-ordered, then every family S of nonempty sets has 
a choice function. To see this, well-order (J S and let f(X) be the least element 
of X for every X e S. 

Of particular importance is the fact that the set of all real numbers can 
be well-ordered. It follows that 2 N ° is an aleph and so 2 N ° > Hi. 

The existence of a well-ordering of R yields some interesting counterex- 
amples. Well known is Vitali's construction of a nonmeasurable set (Exer- 
cise 10.1); another example is an uncountable set of reals without a perfect 
subset (Exercise 5.1). 

If every set can be well-ordered, then every infinite set has a countable 
subset: Well-order the set and take the first w elements. Thus every infinite 
set is Dedekind-infinite, and so finiteness and Dedekind finiteness coincide. 

Dealing with cardinalities of sets is much easier when we have the Axiom 
of Choice. In the first place, any two sets have comparable cardinals. Another 
consequence is: 

(5.2) iff maps A onto B then \B\ < \A\. 

To show (5.2), we have to find a one-to-one function from B to A. This is 
done by choosing one element from ,/-i({6}) for each b E B. 
Another consequence of the Axiom of Choice is: 

(5.3) The union of a countable family of countable sets is countable. 

(By the way, this often used fact cannot be proved in ZF alone.) To prove (5.3) 
let A n be a countable set for each n e N. For each n, let us choose an 
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enumeration {a n ^ : k e N) of A n . That gives us a projection of N x N onto 
Un=o 

(n,fc) i ► a n>k . 

Thus U^Lo A n is countable. 

In a similar fashion, one can prove a more general statement. 

Lemma 5.2. | |J S\ < \S\ ■ sup{|Af| : X e S}. 

Proof. Let k = \S\ and A = sup{|A:| : X e S}. We have S = {X a : a < n} 
and for each a < n, we choose an enumeration X a = {a a jj : [3 < X a }, where 
A a < A. Again we have a projection 

(a,f3) i ^ a a;/3 

of k x A onto |J S, and so | |J S\ < k ■ A. □ 

In particular, the union of H a sets, each of cardinality H Q , has cardinal- 
ity H a . 

Corollary 5.3. Every is a regular cardinal. 

Proof. This is because otherwise uj u +i would be the union of at most H Q sets 
of cardinality at most H a . □ 



Using the Axiom of Choice in Mathematics 

In algebra and point set topology, one often uses the following version of 
the Axiom of Choice. We recall that if (P, <) is a partially ordered set, then 
s £ P is called maximal in P if there is no x G P such that a < x. If X is 
a nonempty subset of P, then c e P is an upper bound of X if x < c for every 

xex. 

We say that a nonempty C C P is a ckm in P if C is linearly ordered 
by <• 

Theorem 5.4 (Zorn's Lemma). // (P, <) is a nonempty partially ordered 
set such that every chain in P has an upper bound, then P has a maximal 
element. 

Proof. We construct (using a choice function for nonempty subsets of P), 
a chain in P that leads to a maximal element of P. We let, by induction, 

a a = an element of P such that a a > for every £ < a if there is one. 

Clearly, if a > 0 is a limit ordinal, then C a = {a^ : £ < a} is a chain in P 
and a Q exists by the assumption. Eventually, there is 0 such that there is no 
ag + i G P, <20 + i > ci0. Thus a# is a maximal clement of P. □ 
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Like Zermelo's Theorem 5.1, Zorn's Lemma 5.4 is equivalent to the Axiom 
of Choice (in ZF); see Exercise 5.5. 

There are numerous examples of proofs using Zorn's Lemma. To mention 
only of few: 

Every vector space has a basis. 
Every field has a unique algebraic closure. 
The Hahn-Banach Extension Theorem. 
Tikhonov's Product Theorem for compact spaces. 

The Countable Axiom of Choice 

Many important consequences of the Axiom of Choice, particularly many 
concerning the real numbers, can be proved from a weaker version of the 
Axiom of Choice. 

The Countable Axiom of Choice. Every countable family of nonempty 
sets has a choice function. 

For instance, the countable AC implies that the union of countably many 
countable sets is countable. In particular, the real line is not a countable 
union of countable sets. Similarly, it follows that Hi is a regular cardinal. On 
the other hand, the countable AC does not imply that the set of all reals can 
be well-ordered. 

Several basic theorems about Borel sets and Lebesgue measure use the 
countable AC; for instance, one needs it to show that the union of count- 
ably many F a sets is F a . In modern descriptive set theory one often works 
without the Axiom of Choice and uses the countable AC instead. In some 
instances, descriptive set theorists use a somewhat stronger principle (that 
follows from AC): 

The Principle of Dependent Choices (DC). If E is a binary relation 
on a nonempty set A, and if for every a <G A there exists b G A such that 
b E a, then there is a sequence do, ai, . . . , a n , . . . in A such that 

(5.4) a n+ \ E a n for all n e N . 

The Principle of Dependent Choices is stronger than the Countable Axiom 
of Choice; see Exercise 5.7. 

As an application of DC we have the following characterization of well- 
founded relations and well-orderings: 

Lemma 5.5. 

(i) A linear ordering < of a set P is a well- ordering of P if and only if 
there is no infinite descending sequence 

ao > a\ > . . . > a n > . . . 



in A. 
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(ii) A relation E on P is well-founded if and only if there is no infinite 
sequence (a n : n G N) in P such that 

(5.5) a n+ i E a n for all n € N. 

Proof. Note that (i) is a special case of (ii) since a well-ordering is a well- 
founded linear ordering. 

If ao, a\, . . . , a n , . . . is a sequence that satisfies (5.5), then the set {a n : 
n e N} has no ^minimal clement and hence E is not well-founded. 

Conversely, if E is not well-founded, then there is a nonempty set A C P 
with no E- minimal clement. Using the Principle of Dependent Choices we 
construct a sequence do, ai, • • • , a n , . . . that satisfies (5.5). □ 



Cardinal Arithmetic 

In the presence of the Axiom of Choice, every set can be well-ordered and so 
every infinite set has the cardinality of some H Q . Thus addition and multipli- 
cation of infinite cardinal numbers is simple: If n and A are infinite cardinals 
then 

k + A = k ■ A = max{«, A}. 

The exponentiation of cardinals is more interesting. The rest of Chapter 5 is 
devoted to the operations 2 K and k a , for infinite cardinals k and A. 

Lemma 5.6. // 2 < n < A and A is infinite, then k x = 2 a . 

Proof. 

(5.6) 2 A < k x < (2 K ) A = 2 K ' A = 2 A . □ 

If k and A arc infinite cardinals and A < k then the evaluation of k a 
is more complicated. First, if 2 A > k then we have k a = 2 A (because k a < 
(2 A ) A — 2 A ), but if 2 A < n then (because k a < n K = 2 K ) we can only conclude 

(5.7) k < k a < 2 K . 

Not much more can be claimed at this point, except that by Theorem 3.11 
in Chapter 3 (n ct K > k) we have 

(5.8) k<k x ifA>cf«. 
If A is a cardinal and \A\ > A, let 

(5.9) [A] x = {X c A : \X\ = A}. 

Lemma 5.7. If \A\ = k > A, then the set [A] x has cardinality n x . 



52 



Part I. Basic Set Theory 



Proof. On the one hand, every / : A — > A is a subset of A x A, and |/| = A. 
Thus k x < | [A x ^]| A = \[A] X \. On the other hand, we construct a one-to-one 
function F : [A] x — ► A A as follows: Iflci and |X| = A, let be some 

function / on A whose range is X. Clearly, F is one-to-one. □ 

If A is a limit cardinal, let 

(5.10) k <x = supj/t'' : n is a cardinal and fj, < A}. 

For the sake of completeness, we also define k <x+ = k x for infinite successor 
cardinals A+. 

If k is an infinite cardinal and \A\ > n, let 

(5.11) [A] <K = P K {A) = {X c A : \X\ < «}. 

It follows from Lemma 5.7 and Lemma 5.8 below that the cardinality of 
P K (A) is \A\<\ 



Infinite Sums and Products 

Let {Ki : i <G /} be an indexed set of cardinal numbers. We define 
(5.12) X)«<= 



iei 



iei 



where {Xi : i e /} is a disjoint family of sets such that \Xi\ = Ki for each 
i g /. 

This definition does not depend on the choice of {Xi}i; this follows from 
the Axiom of Choice (see Exercise 5.9). 

Note that if k and A are cardinals and for each i < A, then 

Y^, Hi = A • k. 

i<\ 

In general, we have the following 

Lemma 5.8. If X is an infinite cardinal and Ki > 0 for each i < A, then 

(5.13) K i = A ' SU Pi<A K i- 

i<\ 

Proof. Let k = sup i<A Ki and a = X)i<A Ki - ® n ^ ne one hand, since Ki < k 
for all i, we have X)i<A k < A - k. On the other hand, since Ki > 1 for all i, we 
have A = X)i<A 1 — an d since a > Ki for all i, we have ct > sup i<A Ki = k. 
Therefore a > A • k. □ 
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In particular, if A < sup i<A m, we have 

£ «» = SU Pj<A Ki. 

Thus we can characterize singular cardinals as follows: An infinite cardinal k 
is singular just in case 

K = ^2 Ki 

i<\ 

where A < k and for each i, Ki < k. 

An infinite product of cardinals is defined using infinite products of sets. 
If {Xi : i £ 1} is a family of sets, then the product is defined as follows: 

(5.14) U Xi = {/ : / is a function on I and f(i) £ Xi for each i £ /}. 
iei 

Note that if some Xi is empty, then the product is empty. If all the Xi are 
nonempty, then AC implies that the product is nonempty. 
If {Ki : i £ /} is a family of cardinal numbers, we define 

(5.15) n«<= 



iei 



iei 



where {Xi : i e 1} is a family of sets such that \Xi\ = Ki for each i £ I. 
(We abuse the notation by using Y\ both for the product of sets and for the 
product of cardinals.) 

Again, it follows from AC that the definition does not depend on the 
choice of the sets Xi (Exercise 5.10). 

If Ki = k for each i £ I, and |/| = A, then Yliei K * ~ K> ~ ■ Also, infinite sums 
and products satisfy some of the rules satisfied by finite sums and products. 
For instance, \\ i k^ — (Y\ i «i) A , or f\ i K Xi = k^* Ai . Or if I is a disjoint union 

I = i) je j A h thcn 

(5.16) n«i=n(n«i)- 

iei je,J y ieAj > 
If Ki > 2 for each i £ I, then 

(5.17) £ ^ < n 

iei iei 

(The assumption Ki > 2 is necessary: 1 + 1 > 1 • 1.) If I is finite, then (5.17) is 
certainly true; thus assume that / is infinite. Since Yl ieI Ki > Yl ieI 2 = 2^1 > 
\I\, it suffices to show that £i K « ^ l-^l ' ^ : i G /} is a disjoint 

family, we assign to each x e \J i Xi a pair (i, /) such that x G Xi, f £ f\ i Xi 
and f(i) = x. Thus we have (5.17). 

Infinite product of cardinals can be evaluated using the following lemma: 
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Lemma 5.9. If A is an infinite cardinal and (Ki : i < A) is a nondecreasing 
sequence of nonzero cardinals, then 

J] Ki = (SUP,K 1 ) A . 

i<\ 

Proof. Let k — sup^ Ki . Since Ki < k for each i < A, we have 

n K i < n « = « A - 

To prove that k x < rii<A K i' we consider a partition of A into A disjoint 
sets Aj, each of cardinality A: 

(5.18) A= 1J Aj. 

(To get a partition (5.18), we can, e.g., use the canonical pairing function 
r : A x A — > A and let Aj = T(X x {j}).) Since a product of nonzero cardinals 
is greater than or equal to each factor, we have Y\ ieA . Ki > sup ieA . Ki = k, 
for each j < A. Thus, by (5.16), 

n «i = n ( n «*) > n «= « A - □ 

i<\ j<\ HeAj ' j<\ 

The strict inequalities in cardinal arithmetic that we proved in Chapter 3 
can be obtained as special cases of the following general theorem. 

Theorem 5.10 (Konig). If Ki < Aj for every i£ I, then 

j2 ^ < n \- 

iei iei 

Proof. We shall show that ^ Ki ^ Yl i Aj. Let T, h i £ I, be such that |Tj| = Aj 
for each i G I. It suffices to show that if Zi, i e /, are subsets of T = n»ei ^> 
and \Zi\ < Ki for each iei, then lj ie7 7^ T. 

For every i £ I, let be the projection of Zi into the ith coordinate: 

Si = {/(i) : / G Zi}. 

Since |Z 4 | < |Tj|, we have Sj C T 4 and Si^Ti. Now let / g T be a function 
such that /(i) <^ Si for every iei. Obviously, / does not belong to any Zi, 
i e /, and so (J i£j Zi^T. □ 

Corollary 5.11. k < 2 K for every k. 

Proof. 1 + 1 + ... < 2 ■ 2 • . . . . □ 

k times k times 

Corollary 5.12. cf(2 N °) > N Q . 
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Proof. It suffices to show that if Ki < 2 Nq for i < w a , then J2 i<UJa Ki < 
Let Xi = 2 N °. 

E «i < II x i = (2 N ") N ° = 2 N °. □ 
Corollary 5.13. cf(H^) > Hp. 

Proof. We show that if Ki < K^ 3 for i < cop, then J2i<Lup K i < Let 

e«,< n A i = (^")^ = ^. □ 

Corollary 5.14. K cf K > k for every infinite cardinal k. 
Proof. Let Ki < k, i < cf k, be such that k = Ei<cf K Ki. Then 

K= Y. K i< II K=K° lK . □ 

The Continuum Function 

Cantor's Theorem 3.1 states that 2^° > K Q , and therefore 2 H< * > N a +i, for 
all a. The Generalized Continuum Hypothesis (GCH) is the statement 

2 N ° - N Q+1 

for all a. GCH is independent of the axioms of ZFC Under the assumption 
of GCH, cardinal exponentiation is evaluated as follows: 

Theorem 5.15. If GCH holds and k and A are infinite cardinals then: 

(i) If k<\ then k x = A+. 

(ii) If cf k < A < k, then k x = k + . 
(hi) If A < cf k, then k x — k. 

Proof, (i) Lemma 5.6. 

(ii) This follows from (5.7) and (5.8). 

(iii) By Lemma 3.9(h), the set k x is the union of the sets a x , a < k, and 
| a A| < 2 H-A = (| a | . x)+ < K . a 

The beth function is defined by induction: 

n 0 = N 0 , n Q+ i = 2 n =, 

D a = sup{D/3 : /3 < a} if a is a limit ordinal. 

Thus GCH is equivalent to the statement 3 a = N Q for all a. 

We shall now investigate the general behavior of the continuum func- 
tion 2 K , without assuming GCH. 
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Theorem 5.16. 

(i) If k < X then 2 K < 2 A . 

(ii) cf2 K > k. 

(iii) If k is a limit cardinal then 2 K = (2 <K ) cfft . 

Proof, (ii) By Corollary 5.12, 

(iii) Let k — ^2 i<cfK Ki, where m < n for each i. We have 

2" = 2^i Ki = Y\2 Ki < n 2<K = (2 <K ) cfK < (2 K ) cfK < 2 K . □ 

i i 

For regular cardinals, the only conditions Theorem 5.16 places on the 
continuum function are 2 K > k and 2 K < 2 A if n < A. We shall see that these 
are the only restrictions on 2 K for regular n that are provable in ZFC. 

Corollary 5.17. If k is a singular cardinal and if the continuum function is 
eventually constant below n, with value A, then 2 K = A. 

Proof. If k is a singular cardinal that satisfies the assumption of the theorem, 
then there is \i such that cf k < \i < n and that 2 <K = A = 2 M . Thus 

The gimel function is the function 

(5.19) 3(/s) = k c{k . 

If k is a limit cardinal and if the continuum function below k is not 
eventually constant, then the cardinal A = 2 <K is a limit of a nondecreasing 
sequence 

A = 2 <K =lim«^ K 2l a l 
of length k. By Lemma 3.7(h), we have 

cf A = cf K. 

Using Theorem 5. 16 (iii), we get 

(5.20) 2 K = (2 <K ) cfK = A cfA . 

If k is a regular cardinal, then k = cf n; and since 2 K — k k , we have 

(5.21) 2 K = K cfK . 

Thus (5.20) and (5.21) show that the continuum function can be defined in 
terms of the gimel function: 

Corollary 5.18. 

(i) If k is a successor cardinal, then 2 K = 2(k). 

(ii) If k is a limit cardinal and if the continuum function below k is even- 
tually constant, then 2 K = 2 <K ■ 1{n). 

(iii) If k is a limit cardinal and if the continuum function below k is not 
eventually constant, then 2 K =H(2 <K ). □ 
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Cardinal Exponentiation 

We shall now investigate the function k x for infinite cardinal numbers k 
and A. 

We start with the following observation: If k is a regular cardinal and 
A < k, then every function / : A — > n is bounded (i.e., sup{/(£) : £ < A} < k). 
Thus 

n x = [J a A . 

and so 

In particular, if is a successor cardinal, we obtain the H aus dor ff formula 
(5.22) = i# ■ N Q+ i. 

(Note that (5.22) holds for all a and /?.) 

In general, we can compute n x using the following lemma. If k is a limit 
cardinal, we use the notation lim Q _> K a x to abbreviate sup{,u A : [i is a cardinal 
and < «}. 

Lemma 5.19. If k is a limit cardinal, and A > cf n, then 

n x = (lim Q ^ K a x ) ciK . 

Proof. Let k — Ei<cfre K *' wnere K i < K f° r cacn i- We have k a < 
(1W * = Ui 4 < Uii^a^n a X ) = (lim Q _ a x Y^ < ( K A ) cf K = k a . 

□ 

Theorem 5.20. Let A be an infinite cardinal. Then for all infinite cardi- 
nals K, the value of n x is computed as follows, by induction on n: 

(i) If K<\ then k x = 2 X . 

(ii) If there exists some \i < k such that /i A > n, then n x = /i A . 

(iii) If k > A and if /i x < k for all /j, < k, then: 

(a) if cf k > A then k x = k, 

(b) if cf k < A then n x = n ci K . 

Proof, (i) Lemma 5.6 

(ii) ^ A < k x < (^ A ) A = //. 

(iii) If k is a successor cardinal, we use the Hausdorff formula. If k is 
a limit cardinal, we have lim Q ^ K a x = k. If cf k > A then every / : A — > k is 
bounded and we have k a = lim Q ^ K a x = k. If cf k < A then by Lemma 5.19, 
k a = (lim a ^ K a x ) ctK = K ctK . □ 

Theorem 5.20 shows that all cardinal exponentiation can be defined in 
terms of the gimel function: 
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Corollary 5.21. For every k and A, the value of k x is either 2 A , or k, or 2(h) 
for some a such that cf fi < A < fi. 

Proof. If n x > 2 A • k, let \x be the least cardinal such that [i X — k X , an d by 
Theorem 5.20 (for fi and A), // = fi cft "- □ 

In the Exercises, we list some properties of the gimel function. 
A cardinal k is a strong limit cardinal if 

2 A < k for every A < k. 

Obviously, every strong limit cardinal is a limit cardinal. If the GCH holds, 
then every limit cardinal is a strong limit. 

It is easy to see that if k is a strong limit cardinal, then 

A" < k for all A, v < n. 

An example of a strong limit cardinal is Ho- Actually, the strong limit cardi- 
nals form a proper class: If a is an arbitrary cardinal, then the cardinal 

K = sup{a,2 Q ,2 2Q ,...} 

(of cofinality uj) is a strong limit cardinal. 
Another fact worth mentioning is: 

(5.23) If k is a strong limit cardinal, then 2 K — K cfft . 

We recall that n is weakly inaccessible if it is uncountable, regular, and 
limit. We say that a cardinal k is inaccessible (strongly) if k > H 0 , k is 
regular, and k is strong limit. 

Every inaccessible cardinal is weakly inaccessible. If the GCH holds, then 
every weakly inaccessible cardinal k is inaccessible. 

The inaccessible cardinals owe their name to the fact that they cannot be 
obtained from smaller cardinals by the usual set-theoretical operations. 

If k is inaccessible and \X\ < k, then |P(A)| < n. If \S\ < k and if \X\ < k 
for every X e S, then | \J S\ < n. 

In fact, H 0 has this property too. Thus we can say that in a sense an 
inaccessible cardinal is to smaller cardinals what H 0 is to finite cardinals. 
This is one of the main themes of the theory of large cardinals. 



The Singular Cardinal Hypothesis 

The Singular Cardinal Hypothesis (SCH) is the statement: For every singular 
cardinal n, if 2 cfft < n, then k c{k = n + . 

Obviously, the Singular Cardinals Hypothesis follows from GCH. If 2 cf K > 
k then k c!k — 2 cfK . If 2 cf K < k, then k+ is the least possible value of n ciK . 
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We shall prove later in the book that if SCH fails then a large cardinal 
axiom holds. In fact, the failure of SCH is cquiconsistent with the existence 
of a certain large cardinal. 

Under the assumption of SCH, cardinal exponentiation is determined by 
the continuum function on regular cardinals: 

Theorem 5.22. Assume that SCH holds. 

(i) If K is a singular cardinal then 

(a) 2 K = 2 <K if the continuum function is eventually constant below k, 

(b) 2 K = (2 <K ) + otherwise. 

(ii) If k and A are infinite cardinals, then: 

(a) If n<2 x then n x = 2 X . 

(b) If 2 X < k and A < cf k then k x = n. 

(c) If 2 X < n and cf n < A then k x = k + . 

Proof, (i) If k is a singular cardinal, then by Theorem 5.16, 2 K is either A 
or A cfK where A = 2 <K . The latter occurs if 2 a is not eventually constant 
below k. Then cf A = cf k, and since 2 cf K < 2 <K = A, we have A cf x = A+ by 
the Singular Cardinals Hypothesis. 

(ii) We proceed by induction on k, for a fixed A. Let n > 2 X . If k is 
a successor cardinal, n = v + , then v x < k (by the induction hypothesis), and 
k x = (i' + ) x = v + ■ v x = k, by the Hausdorff formula. 

If k is a limit cardinal, then v x < n for all v < k. By Theorem 5.20, k x = n 
if A < cf k, and n x = k c{ k if A > cf n, In the latter case, 2 cf K < 2 A < k, and 
by the Singular Cardinals Hypothesis, K cf K = k + . □ 



Exercises 

5.1. There exists a set of reals of cardinality 2 N ° without a perfect subset. 

[Let (P a : a < 2 N °) be an enumeration of all perfect sets of reals. Construct 
disjoint A = {a a : a < 2 N °} and B = {b a : a < 2 N °} as follows: Pick a a such that 
a a £ {a$ : £ < a} U {b^ : £ < a}, and b a such that b a G P a — {a^ : £ < a}. Then 
A is the set.] 

5.2. If X is an infinite set and S is the set of all finite subsets of X, then |5| = \X\. 
[Use \X\ — N a .] 

5.3. Let (P, <) be a linear ordering and let k be a cardinal. If every initial segment 
of P has cardinality < k, then |P| < k. 

5.4. If A can be well-ordered then P(A) can be linearly ordered. 
[Let X < Y if the least element of X A Y belongs to X] 

5.5. Prove the Axiom of Choice from Zorn's Lemma. 

[Let S be a family of nonempty sets. To find a choice function on S, let P = {/ : 
/ is a choice function on some Z C S}, and apply Zorn's Lemma to the partially 
ordered set (P, c).] 
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5.6. The countable AC implies that every infinite set has a countable subset. 

[If A is infinite, let A n = {s : s is a one-to-one sequence in A of length n} for 
each n. Use a choice function for S = {A n : n G N} to obtain a countable subset 
of A.] 

5.7. Use DC to prove the countable AC. 

[Given S — {A n : n £ N}, consider the set A of all choice functions on some 
S n — {Ai : i < n}, with the binary relation D.] 

5.8 (The Milner-Rado Paradox). For every ordinal a < k + there are sets 
X n C a (n G N) such that a = [j X n , and for each n the order-type of X n 

lS<K n . 

[By induction on a, choosing a sequence cofinal in a.] 

5.9. If {Xi : i € 7} and {Yi : i £ 1} are two disjoint families such that = |Yi| 
for each i G 7, then |U ieJ X t \ = |U ieJ 

[Use AC] 

5.10. If {Xi : i € 7} and {F; : i G 7} are such that = for each i G 7, then 

irw^i = irw^i- 

[Use AC] 

5-n- n 0 <„<^ = 2 No . 

5.12. Un<^n = < 0 - 
5-13- na< w+w Na=C+u,- 

5.14. If GCH holds then 

(i) 2 <K = k for all k, and 

(ii) k <k = k for all regular k. 

5.15. If (3 is such that 2 Na = V, a +/3 for every a, then (3 < lu. 

[Let /3 > u. Let a be least such that a + [3 > (3. We have 0 < a < f3, and 
a is limit. Let k = K a + a ; since cf k — cf a < a < k, k is singular. For each 
£ < a, £ + /3 = (3, and so 2 K -+« = N«-k+/3 = ^c+/3- By Corollary 5.17, T = K Q+ /3, 
a contradiction, since < Na+a+p-] 

5-i6. n«< wl+ ^« = 
Ki +U < (n~=o*w»)" 1 = oXi+„ = n n («Si •«<-!+») = <-n„Nu,i+» = 



5.17. If k is a limit cardinal and A < cf k, then k x = ^2 a<K \ct\ x . 

5.18. K* 1 = • 2* 1 . 

5.19. If a < wi, then N^ 1 = ■ 2 Kl . 

5.20. If a < w 2 , then N^ 2 = N^ 1 • 2 N2 . 

5.21. If k is regular and limit, then k <k — 2 <K . If k is regular and strong limit 
then k <k = k. 

5.22. If k is singular and is not strong limit, then k <k = 2 <K > k. 
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5.23. If k is singular and strong limit, then 2 <K = k and k <k = n ctK . 

5.24. If 2 N ° > N w , then = 2 K °. 

5.25. If 2 Nl = K 2 and > N W1 , then = 

5.26. If 2 N ° > N Wl , then = 2 N ° and 3(K U>1 ) = 2* 1 . 

5.27. If 2 Nl = N 2 , then / 

5.28. If k is a singular cardinal and if k < 3(A) for some A < k such that cf k < cf A 
then 3(k) < 3(A). 

5.29. If /t is a singular cardinal such that 2 cf K < k < X clri for some A < k, then 
3(k) = 3(A) where A is the least A such that k < A cf K . 



Historical Notes 

The Axiom of Choice was formulated by Zermelo, who used it to prove the Well- 
Ordering Theorem in [1904]. Zorn's Lemma is as in Zorn [1935]; for a related prin- 
ciple, see Kuratowski [1922]. (Hausdorff in [1914], pp. 140-141, proved that every 
partially ordered set has a maximal linearly ordered subset.) The Principle of De- 
pendent Choices was formulated by Bernays in [1942]. 

Konig's Theorem 5.10 appeared in J. Konig [1905]. Corollary 5.17 was found 
independently by Bukovsky [1965] and Hechler. The discovery that cardinal expo- 
nentiation is determined by the gimel function was made by Bukovsky; cf. [1965]. 
The inductive computation of k a in Theorem 5.20 is as in Jech [1973a]. 

The Hausdorff formula (5.22): Hausdorff [1904]. 

Inaccessible cardinals were introduced in the paper by Sierpihski and Tar- 
ski [1930]; see Tarski [1938] for more details. 
Exercise 5.1: Felix Bernstein. 
Exercise 5.8: Milner and Rado [1965]. 
Exercise 5.15: L. Patai. 
Exercise 5.17: Tarski [1925b]. 
Exercises 5.28-5.29: Jech [1973a]. 
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6. The Axiom of Regularity 



The Axiom of Regularity states that the relation G on any family of sets is 
well-founded: 

Axiom of Regularity. Every nonempty set has an ^-minimal element: 
VS(S^Q)^(3xES)Sr\x = 0). 
As a consequence, there is no infinite sequence 

x Q 3 x x 3 x 2 3 . . . . 

(Consider the set S = {x 0 ,xi,x 2 , ■ ■ .} and apply the axiom.) In particular, 
there is no set x such that 

x G x 

and there are no "cycles" 

x Q e xi e . . . e x n e x 0 . 

Thus the Axiom of Regularity postulates that sets of certain type do no 
exist. This restriction on the universe of sets is not contradictory (i.e., the 
axiom is consistent with the other axioms) and is irrelevant for the devel- 
opment of ordinal and cardinal numbers, natural and real numbers, and in 
fact of all ordinary mathematics. However, it is extremely useful in the meta- 
mathcmatics of set theory, in construction of models. In particular, all sets 
can be assigned ranks and can be arranged in a cumulative hierarchy. 

We recall that a set T is transitive if x e T implies x C T. 

Lemma 6.1. For every set S there exists a transitive set T D S. 
Proof. We define by induction 

So = S, S n +i = U s n 

and 

oo 

(6.1) T= U Sn. 

n=0 



Clearly, T is transitive and T D S. 



□ 
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Since every transitive set must satisfy (JT C T, it follows that the set 
in (6.1) is the smallest transitive T D S; it is called transitive closure of S: 

TG(S) = f]{T : T D S and T is transitive}. 

Lemma 6.2. Every nonempty class C has an ^-minimal element. 

Proof. Let S € C be arbitrary. If 5 n C = 0, then S is a minimal element 
of C; if S n C ^ 0, we let X = T n C where T = TC(S). X is & nonempty 
set and by the Axiom of Regularity, there is x <G X such that x P\ X = 0. 
It follows that x n C = 0; otherwise, if y e x and y € C, then y £ T since 
T is transitive, and so ye inmC^ifll. Hence a; is a minimal element 
of C. □ 



The Cumulative Hierarchy of Sets 

We define, by transfinitc induction, 

V 0 = 0, V a+1 = P(V a ), 

V a = U V/3 if a is a limit ordinal. 

fi<a 

The sets V a have the following properties (by induction): 

(i) Each V a is transitive. 

(ii) If a < 13, then V a cVp. 

(iii) a C\V a . 

The Axiom of Regularity implies that every set is in some V a : 
Lemma 6.3. For every x there is a such that x £ V a : 

(6.2) U V a = V. 

a£ Ord 

Proof. Let C be the class of all x that are not in any V a . If C is nonempty, 
then C has an G-minimal clement x. That is, x £ C , and z G (J V Q for every 
z G x. Hence x C LLeord -^y Replacement, there exists an ordinal 7 such 
that x C U Q < 7 Va- Hence x C V 1 and so x e V 1+ \. Thus C is empty and we 
have (6.2). □ 

Since every x is in some V a , we may define the rank of x: 

(6.3) rank(x) = the least a such that x G 

Thus each is the collection of all sets of rank less than a, and we have 
(i) If x € y, then rank(x) < rank(y). 
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(ii) rank(a) = a. 

One of the uses of the rank function is a definition of equivalence classes 
for equivalence relations on a proper class. The basic trick is the following: 
Given a class C, let 

(6.4) C = {x e C : (Vz e C) rankx < rankz}. 

C is always a set, and if C is nonempty, then C is nonempty. Moreover, 

(6.4) can be applied uniformly. 

Thus, for example, if = is an equivalence on a proper class C, we ap- 
ply (6.4) to each equivalence class of =, and define 

[x] = {y £ C : y = x and Vz G C (z = x — > rank y < rank z)} 

and 

C/= = {[x] :xeC}. 

In particular, this trick enables us to define isomorphism types for a given 
isomorphism. For instance, one can define order-types of linearly ordered sets, 
or cardinal numbers (even without AC). 

We use the same argument to prove the following. 

Collection Principle. 

(6.5) VX3Y(Vu e X)[3v(p(u,v,p) -» (3v e Y)ip(u,v,p)] 

(p is a parameter). 

The Collection Principle is a schema of formulas. We can formulate it as 
follows: 

Given a "collection of classes" C„,«el(l isa set), then there is a set Y 
such that for every u e X, 

if C u ^ 0, then C u n Y ^ 0. 

To prove (6.5), we let 

Y= U Cu 

uex 

where C u — {v : ip(u,v,p)}, i.e., 

tefn (3u G X)((p(u, v,p) and Vz (<p(u, z,p) — > ranku < rankz)). 

That y is a set follows from the Replacement Schema. 

Note that the Collection Principle implies the Replacement Schema: 
Given a function F, then for every set X we let Y be a set such that 

(VueX)(3veY)F(u)=v. 

Then 

F\X = Fn(X x y) 
is a set by the Separation Schema. 



66 



Part I. Basic Set Theory 



6-Induction 

The method of transfinitc induction can be extended to an arbitrary transitive 
class (instead of Ord), both for the proof and for the definition by induction: 

Theorem 6.4 (<E-Induction). Let T be a transitive class, let $ be a prop- 
erty. Assume that 

(i) $(0); 

(ii) if x eT and ${z) holds for every z G x, then Q(x). 
Then every x G T has property <I>. 

Proof. Let C be the class of all x G T that do not have the property <J>. If 
C is nonempty, then it has an G-minimal element x; apply (i) or (ii). □ 

Theorem 6.5 (G-Recursion). Let T be a transitive class and let G be 
a function {defined for all x). Then there is a function F on T such that 

(6.6) F(x) = G(F\x) 

for every x G T. 

Moreover, F is the unique function that satisfies (6.6). 

Proof. We let, for every x G T, 

F(x) = y <-» there exists a function / such that 

dom(/) is a transitive subset of T and: 

(i) (Vsedom(/))/(z) = G(/r*), 

(ii) f(x) = V- 

That F is a (unique) function on T satisfying (6.6) is proved by G-induction. 

□ 

Corollary 6.6. Let A be a class. There is a unique class B such that 

(6.7) B = {x G A : x C B}. 
Proof. Let 

f 1 if x G A and F(z) = 1 for all z G x, 
iO otherwise. 

Let B — {x : F(x) — 1}. The uniqueness of B is proved by G-induction. □ 
We say that each x G B is hereditarily in A. 

One consequence of the Axiom of Regularity is that the universe does not 
admit nontrivial G-automorphisms. More generally: 
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Theorem 6.7. LetT\, T 2 be transitive classes and letir be an ^-isomorphism 
o/Ti onto T 2 ; i.e., tt is one-to-one and 



Then I\ = T 2 and ttu — u for every u&T\. 

Proof. We show, by G-induction, that 7rx = x for every x G T\. Assume that 
7rz = z for each z G x and let y — ttx. 

We have x C y because if z G x, then z = irz G ttx = y. 

We also have y C x: Let t E y. Since y C T 2 , there is z G I\ such that 
7tz = t. Since 7rz G y, we have z € x, and so t = nz = z. Thus t G .x. 

Therefore ttx = x for all x G T 1; and T 2 = Ti. □ 



Weil-Founded Relations 

The notion of well-founded relations that was introduced in Chapter 2 can 
be generalized to relations on proper classes, and one can extend the method 
of induction to well-founded relations. 

Let E be a binary relation on a class P. For each x G P, we let 



the extension of x. 

Definition 6.8. A relation E on P is well-founded, if: 

(6.9) (i) every nonempty set x C P has an S-minimal element; 
(ii) extE(x) is a set, for every x e P. 

(Condition (ii) is vacuous if P is a set.) Note that the relation G is well- 
founded on any class, by the Axiom of Regularity. 

Lemma 6.9. If E is a well-founded relation on P, then every nonempty class 
C C P has an E-minimal element. 

Proof. We follow the proof of Lemma 6.2; we arc looking for x G C such that 
ext_g;(a;) n C = 0. Let SeCbe arbitrary and assume that ext^S 1 ) (IC^O. 
We let X = T n C where 



(6.8) 



U G V <-> 7TU G 7T1>. 



ext£i(a;) = {zeP:z£i} 



T= U S, 



n 



n=0 



and 



So = cx t e S, 



S«+i = U{ext B (z) : z G S„}. 



As in Lemma 6.2, it follows that an i?-minimal element x of X is _E-minimal 
in C. 0 
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Theorem 6.10 (Weil-Founded Induction). Let E be a well-founded re- 
lation on P. Let $ be a property. Assume that: 

(i) every E-minimal element x has property $; 

(ii) if x G P and if ${z) holds for every z such that z E x, then <I>(x). 
Then every x G P has property 

Proof. A modification of the proof of Theorem 6.4. □ 

Theorem 6.11 (Weil-Founded Recursion). Let E be a well-founded rela- 
tion on P. Let G be a function (onVxV). Then there is a unique function F 
on P such that 

(6.10) F(x) = G(x,F\ext E (x)) 
for every x G P. 

Proof. A modification of the proof of Theorem 6.5. □ 

(Note that if F(x) = G(F\ext(x)) for some G, then F(x) = F(y) when- 
ever ext(x) = ext(y); in particular, F(x) is the same for all minimal elements.) 

Example 6.12 (The Rank Function). We define, by induction, for all 
x G P: 

p(x) = sup{p(z) + 1 : z E x} 

(compare with (2.7)). The range of p is cither an ordinal or the class Ord. 
For all x, y G P, 

x E y —> p{x) < p{y). □ 
Example 6.13 (The Transitive Collapse). By induction, let 

7r(x) = {ir(z) : z E x) 
for every x G P. The range of 7r is a transitive class, and for all x, y G P, 

x E y — > 7r(x) G n(y). □ 

The transitive collapse of a well-founded relation is not necessarily a one- 
to-one function. It is one-to-one if E satisfies an additional condition, exten- 
sionality. 

Definition 6.14. A well-founded relation E on a class P is extensional if 

(6.11) ext E (X) ^ ext E (Y) 

whenever X and Y are distinct elements of P. 

A class M is extensional if the relation G on M is extensional, i.e., if for 
any distinct X and Y G M, X n M ^ Y n M. 
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The following theorem shows that the transitive collapse of an extensional 
well-founded relation is one-to-one, and that every extensional class is G- 
isomorphic to a transitive class. 

Theorem 6.15 (Mostowski's Collapsing Theorem). 

(i) If E is a well-founded and extensional relation on a class P, then there 
is a transitive class M and an isomorphism tt between (P, E) and 
(M, g). The transitive class M and the isomorphism tt are unique. 

(ii) In particular, every extensional class P is isomorphic to a transitive 
class M . The transitive class M and the isomorphism tt are unique. 

(iii) In case (ii), if T C P is transitive, then ttx — x for every x E T. 

Proof. Since (ii) is a special case of (i) (E = G in case (ii)), we shall prove 
the existence of an isomorphism in the general case. 

Since E is a well-founded relation, we can define tt by well-founded induc- 
tion (Theorem 6.11), i.e., tt(x) can be defined in terms of the 7r(z)'s, where 
z E x. We let, for each x E P 

(6.12) tt{x) = {tt(z) : z E x). 
In particular, in the case E — E, (6.12) becomes 

(6.13) tt(x) = {tt(z) : z E xHP}. 

The function tt maps P onto a class M = tt{P), and it is immediate from the 
definition (6.12) that M is transitive. 

We use the extensionality of E to show that tt is one-to-one. Let z E M 
be of least rank such that z = tt{x) = n(y) for some x ^ y. Then ext^x) ^ 
ext_E(y) and there is, e.g., some u € ext^a;) such that u ext^(y). Let 
t = tt(u). Since (6z = 7r(j/), there is v <G exte(y) such that t = tt(v). Thus 
we have t = tt(u) = tt{v), u ^ v, and t is of lesser rank than z (since t G z). 
A contradiction. 

Now it follows easily that 

(6.14) x E y <-> tt(x) e ir{y). 

If x E y, then tt(x) G Tr(y) by definition (6.12). On the other hand, if tt(x) e 
Tr{y), then by (6.12), tt{x) — tt{z) for some z E y. Since tt is one-to-one, we 
have x — z and so x E y. 

The uniqueness of the isomorphism tt, and the transitive class M = tt{P), 
follows from Theorem 6.7. If tt\ and tt-i are two isomorphisms of P and Mi, 
M 2 , respectively, then ^tt^ 1 is an isomorphism between Mi and M 2 , and 
therefore the identity mapping. Hence tt\ — tt2- 

It remains to prove (iii). If T C P is transitive, then we first observe that 
x C P for every x € T and so x fl P = x, and we have 

tt(x) — {tt(z) : z e x} 

for all x ET.lt follows easily by G-induction that tt(x) = x for all x E T. □ 
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The Bernays-Godel Axiomatic Set Theory 

There is an alternative axiomatization of set theory. We consider two types 
of objects: sets (for which we use lower case letters) and classes (denoted by 
capital letters). 

A. 1. Extensionality: Vu (u e X <-> y e Y) — » X = Y. 

2. Every set is a class. 

3. If X <= Y, then X is a set. 

4. Pairing: For any sets x and y there is a set {x, y}. 

B. Comprehension: 

VXx ...VX n 3yy={i:^ 1 X 1 X„)} 

where </? is a formula in which only set variables are quantified. 

C. 1. Infinity: There is an infinite set. 

2. Union: For every set x the set (J x exists. 

3. Power Set: For every set x the power set P(x) of x exists. 

4. Replacement: If a class F is a function and a; is a set, then {F(z) : 
z € a;} is a set. 

D. Regularity. 

E. Choice: There is a function _F such that F(x) £ x for every nonempty 
set x. 

Let BG denote the axiomatic theory A-D and let BGC denote BG + 
Choice. 

If a set-theoretical statement is provable in ZF (ZFC), then it is provable 
in BG (BGC). 

On the other hand, a theorem of Shocnficld (using proof-theoretic meth- 
ods) states that if a sentence involving only set variables is provable in BG, 
then it is provable in ZF. This result can be extended to BGC/ZFC using 
the method of forcing. 

Exercises 

6.1. rank(x) = sup{rank(.z) + 1 : z G x}. 

6.2. |VL,|=N 0 , \V*+ a \=3a. 

6.3. If k is inaccessible, then |V K | = k. 

6.4. If x and y have rank < a then {x,y}, {x,y), x U y, [Jx, P(x), and x v have 
rank < a + w 

6.5. The sets Z ', Q, R are in V u + U . 

6.6. Let B be the class of all x that are hereditarily in the class A. Show that 

(i) x € B if and only if TC(a;) C A, 

(ii) B is the largest transitive class B C A. 
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Historical Notes 

The Axiom of Regularity was introduced by von Neumann in [1925] , although a sim- 
ilar principle had been considered previously by Skolem (see [1970], pp. 137-152). 
The concept of rank appears first in Mirimanov [1917]. The transitive collapse is 
defined in Mostowski [1949]. Induction on well-founded relations (Theorems 6.10, 
6.11) was formulated by Montague in [1955]. 

The axiomatic system BG was introduced by Bernays in [1937]. Shoenfield's 
result was published in [1954]. 

For more references on the history of axioms of set theory consult Fraenkel et 
al. [1973]. 
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Filters and Ultrafilters 

Filters and ideals play an important role in several mathematical disciplines 
(algebra, topology, logic, measure theory). In this chapter we introduce the 
notion of filter (and ideal) on a given set. The notion of ideal extrapolates 
the notion of small sets: Given an ideal 7 on S, a set X C S is considered 
small if it belongs to 7. 

Definition 7.1. A filter on a nonempty set S is a collection F of subsets 
of £ such that 

(7.1) (i) S e F and 0 £ F, 

(ii) if X g F and Y g F, then X n Y € F, 

(iii) If X, Y C S, X g F, and X cY, then Y € F. 

An ideal on a nonempty set S is a collection 7 of subsets of S such that: 

(7.2) (i) 0 g I and S I, 

(ii) if X g J and Y g 7, then XUY e I, 

(iii) if X, Y C 5, X e I, and Fcl, then F e 7. 

If F is a filter on S, then the set I = {S — X : X g F} is an ideal on 5; and 
conversely, if I is an ideal, then F ~ {S — 1 : 1 e /} is a filter. If this is the 
case we say that F and 7 are dwaZ to each other. 

Examples. 1. A trivial filter: F = {S}. 

2. A principal filter. Let X 0 be a nonempty subset of S. The filter F = 
{X C S : X D X 0 } is a, principal filter. Note that every filter on a finite set 
is principal. 

The dual notions are a trivial ideal and a principal ideal. 

3. The Frechet filter. Let 5 be an infinite set, and let 7 be the ideal of all 
finite subsets of S. The dual filter F = {X C S : S — X is finite} is called 
the Frechet filter on S. Note that the Frechet filter is not principal. 

4. Let A be an infinite set and let S = [A] <ul be the set of all finite subsets 
of A. For each P g S, let P = {Q g S : P C Q}. Let F be the set of all 
X C S such that A D P for some P G S. Then 7 is a nonprincipal filter 
onS. 
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5. A set A C N has density 0 if lim^oo \ A n n\/n = 0. The set of all A 
of density 0 is an ideal on N. 

A family G of sets has the finite intersection property if every finite H = 
{Xi, . . . , X n } C G has a nonempty intersection X\ (~l . . . fl A„ 7^ 0. Every 
filter has the finite intersection property. 

Lemma 7.2. 

(i) If T is a nonempty family of filters on S, then C\T is a filter on S. 

(ii) If C is a (Z-chain of filters on S, then (JC is a filter on S. 

(iii) IfG C P(S) has the finite intersection property, then there is a filter F 
on S such that G C F. 

Proof, (i) and (ii) are easy to verify. 

(iii) Let F be the set of all X C S such that there is a finite H = {X\, . . . , 
X n } C G with X x n . . . ("1 X n C X. Then F is a filter and F D G. □ 

Since every filter F D G must contain all finite intersections of sets in G, 
it follows that the filter F constructed in the proof of Lemma 7.2(iii) is the 
smallest filter on S that extends G: 

F = f]{D : D is a filter on S and G C D}. 

We say that the filter F is generated by G. 

Definition 7.3. A filter [Zona set S is an ultrafilter if 

(7.3) for every X <zS, either Ae?7 or S-XeU. 

The dual notion is a prime ideal: For every IcS, cither X € / or 5— X e /. 
Note that I = P(S) - U. 

A filter F on 5 is maximal if there is no filter F' on 5 such that F C F' 
and F ^ F'. 

Lemma 7.4. ^4 filter F on S is an ultrafilter if and only if it is maximal. 

Proof, (a) An ultrafilter U is clearly a maximal filter: Assume that U C F 
and X e F - U. Then S - X e U, and so both # - X e F and X e F, 
a contradiction. 

(b) Let F be a filter that is not an ultrafilter. We will show that F is not 
maximal. Let Y C S be such that neither Y nor S* — Y is in F. Consider the 
family G = F U {F}; we claim that G has the finite intersection property. 
If X e F, then X n F 7^ 0, for otherwise we would have S — Y D X and 
# - Y e F. Thus, if X 1 , . . . ,X n € F, we have Ai n . . . n X n e F and so 
Y fl Xi n . . . fl A„ 7^ 0. Hence G has the finite intersection property, and by 
Lemma 7.2 (iii) there is a filter F' D G. Since Y e F' — F, F is not maximal. 

□ 



7. Filters, Ultrafilters and Boolean Algebras 



75 



Theorem 7.5 (Tarski). Every filter can be extended to an ultrafilter. 

Proof. Let P 0 be a filter on S. Let P be the set of all filters F on S such 
that F D P 0 and consider the partially ordered set (P, c). If C is a chain 
in P, then by Lemma 7.2 (ii), (JC is a filter and hence an upper bound of C 
in P. By Zorn's Lemma there exists a maximal element U in P. This U is an 
ultrafilter by Lemma 7.4. □ 

For every a G S, the principal filter {X C 5 : a G X} is an ultrafilter. If 
S is finite, then every ultrafilter on S is principal. 

If S is infinite, then there is a nonprincipal ultrafilter on S: If U extends 
the Frechet filter, then U is nonprincipal. 

The proof of Theorem 7.5 uses the Axiom of Choice. We shall see later 
that the existence of nonprincipal ultrafilters cannot be proved without AC. 

If S is an infinite set of cardinality k, then because every ultrafilter on S 
is a subset of P(S), there are at most 2 2 ultrafilters on S. The next theorem 
shows that the number of ultrafilters on n is exactly 2 2 . To get a slightly 
stronger result, let us call an ultrafilter D on k uniform if \X\ = k for all 

x eD. 

Theorem 7.6 (Pospfsil). For every infinite cardinal n, there exist 2 2 " uni- 
form ultrafilters on k. 

We prove first the following lemma. Let us call a family A of subsets 
of k independent if for any distinct sets Xi, . . . , X n , Yj, . . . , Y m in A, the 
intersection 

(7.4) x 1 n...nx n n(K-Y 1 )n...n(K-Y m ) 

has cardinality k. 

Lemma 7.7. There exists an independent family of subsets of n of cardinal- 
ity 2 K . 

Proof. Let us consider the set P of all pairs (F, T) where F is a finite subset 
of k and J 7 is a finite set of finite subsets of K. Since |P| = k, it suffices to 
find an independent family A of subsets of P, of size 2 K . 
For each u C k, let 

X u = {{F,F) e P ■■ FC\u e T] 

and let A — {X u : u C n}. If u and v are distinct subsets of n, then X u ^ X v : 
For example, if a e u but a ^ v, then let P = {a}, P = {P}, and (P, P) G X u 
while (P,P) ^ X„. Hence \A\ = 2 K . 

To show that A is independent, let u\, . . . , u„, ui, . . . , v m be distinct 
subsets of k. For each i < n and each j < m, let a^j be some element of k 
such that either ctij G m, — Uj or a^j G Uj — ttj. Now let P be any finite 
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subset of k such that F D '■ i < n, j < m} (note that there are k many 
such finite sets). Clearly, we have F n u% ^ F n Vj for any i < n and j < m. 
Thus if we let T — {F n : i < n}, we have (F, F) G X Ui for all z < n and 
(F, F) $l X Vj for all j < m. Consequently, the intersection 

x Ul n . . . n x Un n (P — x vi ) n . . . n (F — x Vm ) 

has cardinality k. □ 

Proof of Theorem 7.6. Let A be an independent family of subsets of k. For 
every function / : A — > {0, 1}, consider this family of subsets of k: 

(7.5) G f = {X:\k- X\<k}U{X: f(X) = 1} U {k - X : f(X) = 0}. 

By (7.4), the family Gf has the finite intersection property, and so there 
exists an ultrafiltcr Df such that Df D Gf. If follows from (7.5) that Df is 
uniform. If / ^ g, then for some X £ A, f(X) ^ g(X); e.g., f(X) — 1 and 
g(X) = 0 and then X € Df, while n — X e D g . Thus we obtain 2 2 distinct 
uniform ultrafiltcrs on k. □ 



Ultrafilters on u> 

We present two properties of ultrafilters on lo that are frequently used in 
set-theoretic topology. 

Let D be a nonprincipal ultrafiltcr on lo. D is called a p-point if for every 
partition {A n : n e w} of w into H 0 pieces such that A n ^ D for all n, there 
exists lefl such that X n A„ is finite, for all n € w. 

First we notice that it is easy to find a nonprincipal ultrafiltcr that is not 
a p-point: Let {A n : n <G to} be any partition of w into Ho infinite pieces, and 
let F be the following filter on to: 

(7.6) X € F if and only if except for finitely many n, X n A„ contains all 
but finitely many elements of A„. 

If £> is any ultrafiltcr extending F, then D is not a p-point. 

Theorem 7.8 below shows that existence of p-points follows from the Con- 
tinuum Hypothesis. By a result of Shclah there exists a model of ZFC in which 
there are no p-points. 

A nonprincipal ultrafiltcr D on lo is a Ramsey ultrafiltcr if for every 
partition {A n : n e lo} of lo into H 0 pieces such that A n £ D for all n, there 
exists X € D such that X C\ A n has one clement for all n e w. 

Every Ramsey ultrafilter is a p-point. 

Theorem 7.8. // 2 N ° = Hi, then a Ramsey ultrafilter exists. 
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Proof. Let A a , a < lui, enumerate all partitions of ui and let us construct 
an wi-sequence of infinite subsets of u> as follows: Given X a , let X a+1 C X a 
be such that either X a+ i C A for some A e A a , or that |X Q+1 n A\ < 1 
for all A e _4 Q . If a is a limit ordinal, let A" Q be such that X a — Xp is 
finite for all (3 < a. (Such a set X a exists because a is countable.) Then 
D = {X : X D X a for some a < lo{\ is a Ramsey ultrafilter. □ 



K-Complete Filters and Ideals 

A filter F on S is countably complete (a- complete) if whenever {X n : n € N} 
is a countable family of subsets of S and X n e F for every n, then 

oo 

(7.7) n g F. 

n=0 

A countably complete ideal (a a-ideal) is such that if X„ e / for every n, 
then 

n=0 

More generally, if n is a regular uncountable cardinal, and F is a filter on S, 
then F is called k- complete if F is closed under intersection of less than k 
sets, i.e., if whenever {X a : a < 7} is a family of subsets of S, 7 < k, and 
X Q e F for every a < 7, then 

(7.8) H X a e F. 

a<~t 

The dual notion is a /{-complete ideal. 

An example of a K-complete ideal is / = {X C S : \X\ < k}, on any set S 
such that |5| > k. 

A (7-complctc filter is the same as an Hi-complete filter. 

There is no nonprincipal cr-complctc filter on a countable set S. If S is 
uncountable, then 

{X C S : \X\ < H 0 } 

is a cr-ideal on S. 

Similarly, if k > v is regular and \S\ > k, then 

{AT C S : \X\ < k} 

is the smallest K-complete ideal on S containing all singletons {o}. 

The question whether a nonprincipal ultrafilter on a set can be c-complctc 
gives rise to deep investigations of the foundations of set theory. In particular, 
if such ultrafilters exist, then there exist large cardinals (inaccessible, etc.). 
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Boolean Algebras 

An algebra of sets (see Definition 4.9) is a collection of subsets of a given 
nonempty set that is closed under unions, intersections and complements. 
These properties of algebras of sets are abstracted in the notion of Boolean 
algebra: 

Definition 7.9. A Boolean algebra is a set B with at least two elements, 0 
and 1, endowed with binary operations + and • and a unary operation — . 
The Boolean operations satisfy the following axioms: 



(7.9) u + v = v + u, 

u + (v + w) = (u + v) + w, 
u ■ (v + w) = U ■ V + u ■ w, 

u ■ (u + v) = u, 
u + (-it) = 1, 



u ■ v — v ■ u, (commutativity) 

u ■ (v ■ w) — (u ■ v) ■ w, (associativity) 

u + (v ■ w) = (u + v) ■ (u + w), 

(distributivity) 

u+ (u ■ v) = u, (absorption) 

u ■ (—u) = 0. (complementation) 



An algebra of sets S, with (J S = S, is a Boolean algebra, with Boolean 
operations XUY, XC\Y and S — X, and with 0 and S being 0 and 1. If follows 
from Stone's Representation Theorem below that every Boolean algebra is 
isomorphic to an algebra of sets. 

From the axioms (7.9) one can derive additional Boolean algebraic rules 
that correspond to rules for the set operations U, n and — . Among others, 
we have 

u + u = u, u-u = u, u + 0 = u, u ■ 0 = 0, u+l = l, u-l = u 
and the De Morgan laws 

— (u + v) = —u ■ —v, —(u ■ v) = —u H — v. 
Two elements u,v G B arc disjoint if u ■ v = 0. Let us define 

u — v = u ■ (— v ), 

and 

(7.10) u < v if and only if u — v = 0. 

It is easy to see that < is a partial ordering of B and that 

u < v if and only if u + v = v if and only if u ■ v = u. 

Moreover, 1 is the greatest element of B and 0 is the least element. Also, for 
any it, v e B, u + v is the least upper bound of {u, v} and u ■ v is the greatest 
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lower bound of {u,v}. Since — u is the unique v such that u + v = 1 and 
u ■ v = 0, it follows that all Boolean-algebraic operations can be defined in 
terms of the partial ordering of B. 

We shall now give an example showing the relation between Boolean al- 
gebras and logic: 

Let £ be a first order language and let S be the set of all sentences of C. We 
consider the equivalence relation h ip <-> ip on S. The set B of all equivalence 
classes [<p] is a Boolean algebra under the following operations: 



This algebra is called the Lindenbaum algebra. 

A subset A of a Boolean algebra B is a subalgebra if it contains 0 and 1 
and is closed under the Boolean operations: 

(7.11) (i) 0 e A, 1 e A; 

(ii) if u, v e A, then u + weA, a-»ei, — u e A. 

If X C B, then there is a smallest subalgebra A of B that contains X; A can 
be described either as f]{A : X C A C B and A is a subalgebra}, or as the 
set of all Boolean combinations in B of elements of X. The subalgebra A is 
generated by X. If X is infinite, then \A\ = \X\. See Exercises 7.18-7.20. 

If B is a Boolean algebra, let £> + = B — {0} denote the set of all nonzero 
elements of B. If a e £> + , the set i?|"a = {u € £? : u < a} with the partial 
order inherited from B, is a Boolean algebra; its + and • are the same as in B, 
and the complement of u is a — u. An clement aeBis called an a£om if it is 
a minimal clement of B + ; cquivalcntly, if there is no x such that 0 < x < a. 
A Boolean algebra is atomic if for every u £ B + there is an atom a < u; B is 
atomless if it has no atoms. 

Let B and C be two Boolean algebras. A mapping h : B — > C is a homo- 
morphism if it preserves the operations: 

(7.12) (i) h(0)=0, h(l) = l, 

(ii) h(u + v) = h(u) + h(v), h(u ■ v) = h(u) ■ h(v), h(—u) = —h(u). 

Note that the range of a homomorphism is a subalgebra of C and that 
h(u) < h(v) whenever u < v. A one-to-one homomorphism of B onto C 
is called an isomorphism. An embedding of B in C is an isomorphism of £> 
onto a subalgebra of C. Note that if h : B — > C is a one-to-one mapping 
such that w < u if and only if /i(w) < /i(w), then h is an isomorphism. An 
isomorphism of a Boolean algebra onto itself is called an automorphism. 
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Ideals and Filters on Boolean Algebras 

The definition of filter (and ideal) given earlier in this chapter generalizes to 
arbitrary Boolean algebras. Let B be a Boolean algebra. An ideal on B is 
a subset / of B such that: 

(7.13) (i) 0 e /, 1 i /; 

(ii) if u e / and v £ I, then it + n e /; 

(iii) if u,v £ B, u £ I and w < it, then v £ I. 

A /iZier on F is a subset F of B such that: 

(7.14) (i) 1 e F, 0 £ F; 

(ii) if u e F and v e F, then u ■ v e F; 

(iii) if u, u e F, w e F and u < v, then u e F. 

The trivial ideal is the ideal {0}; an ideal is principal if I — {u E B : 
u < u 0 } for some m 0 ^ 1. Similarly for filters. 

A subset G of B — {0} has the finite intersection property if for every 
finite {ui, . . . ,u n } C G, u\ ■ . . . ■ u n ^ 0. Every G C F> that has the finite 
intersection property generates a filter on F; this and the other two clauses 
of Lemma 7.2 hold also for Boolean algebras. 

There is a relation between ideals and homomorphisms. If h : B — > C is 
a homomorphism, then 

(7.15) /={u£B:/i(u) = 0} 

is an ideal on B (the kernel of the homomorphism). On the other hand, let 
/ be an ideal on B. Let us consider the following equivalence relation on B: 

(7.16) u^v if and only if mAdeJ 
where 

u A v = (u — v) + (v — u). 

Let C be the set of all equivalence classes, C = B/~, and endow C with the 
following operations: 

(7.17) [u] + [v] = [u + v], 0 = [0], 

[u] • H = [u-v], 1 = [1]. 

-M = [-«]. 

Then C is a Boolean algebra, the quotient of F mod /, and is a homomorphic 
image of B under the homomorphism 

(7.18) h(u) = [it]. 



The quotient algebra is denoted Bjl. 
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An ideal I on B is a prime ideal if 



(7.19) 



for every u £ B, either u £ / or — u £ /. 



The dual of a prime ideal is an ultrafilter. 

Lemma 7.4 holds in general: An ideal is a prime ideal (and a filter is an 
ultrafilter) if and only if it is maximal. Also, an ideal / on B is prime if and 
only if the quotient of B mod / is the trivial algebra {0, 1}. 

Tarski's Theorem 7.5 easily generalizes to Boolean algebras: 

Theorem 7.10 (The Prime Ideal Theorem). Every ideal on B can be 
extended to a prime ideal. □ 

The proof of the Prime Ideal Theorem uses the Axiom of Choice. It is 
known that the theorem cannot be proved without using the Axiom of Choice. 
However, it is also known that the Prime Ideal Theorem is weaker than the 
Axiom of Choice. 

Theorem 7.11 (Stone's Representation Theorem). Every Boolean al- 
gebra is isomorphic to an algebra of sets. 

Proof. Let B be a Boolean algebra. We let 

(7.20) S = {p : p is an ultrafilter on B}. 

For every u £ B, let X u be the set of all p £ S such that u £ p. Let 



Let us consider the mapping tt(u) = X u from B onto S. Clearly, 7r(l) = S 
and 7r(0) = 0. It follows from the definition of ultrafilter that 

7r(u • v) = ir(u) n n(v), ir(u + v) = ir(u) U tt(v), n(—u) = S — n(u). 

Thus 7r is a homomorphism of B onto the algebra of sets S. It remains to 
show that 7r is one-to-one. 

If u 7^ v, then using the Prime Ideal Theorem, one can find an ultrafilter p 
on B containing one of these two elements but not the other. Thus n is an 
isomorphism. □ 



Complete Boolean Algebras 

The partial ordering < of a Boolean algebra can be used to define infinitary 
operations on B, generalizing + and • . Let us recall that u + v = sup{u,v} 



(7.21) 



S = {X u : u £ B}. 
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and u ■ v — inf{u,v} in the partial ordering of B. Thus for any nonempty 
X c B, we define 

(7.22) J2i u u G X ) = SU P X and U.i u :ueX} = mfX, 

provided that the least upper bound (the greatest lower bound) exists. We 
also define £ 0 = 0 and n 0 = 1- 

If the infinitary sum and product is defined for all X C B, the Boolean al- 
gebra is called complete. Similarly, we call B n-complete (where n is a regular 
uncountable cardinal) if sums and products exist for all X of cardinality < n. 
An Hi-complete Boolean algebra is called a-complete or countably complete. 

An algebra of sets S is n-complete if it is closed under unions and inter- 
sections of < n sets. A K-complete algebra of sets is a /{-complete Boolean 
algebra and for every X C S such that \X\ < n, ^ x — U x - 

An ideal Zona K-complctc Boolean algebra is n-complete if 

Y / {u:ueX}eI 

whenever X <Z I and |X| < k. A n-complete filter is the dual notion. 

If / is a K-complete ideal on a K-complctc Boolean algebra B, then B/I is 
K-complete, and 

£{[«] :ueX} = [Y,{u :ueX}\ 

for every X C B, \X\ < n. Similarly for products. 
An Hi-complete ideal is called a a -ideal. 

There are two important examples of cr-ideals on the Boolean algebra of 
all Borel sets of reals: the cr-idcal of Borel sets of Lebesgue measure 0, and 
the cr-ideal of meager Borel sets. (Exercises 7.14 and 7.15.) 

Let A be a subalgebra of a Boolean algebra B. A is a dense subalgebra 
of B if for every u E B + there is a v E A + such that v < u. 

A completion of a Boolean algebra B is a complete Boolean algebra C 
such that B is a dense subalgebra of C. 

Lemma 7.12. The completion of a Boolean algebra B is unique up to iso- 
morphism. 

Proof. Let C and D be completions of B. We define an isomorphism ir : C — > 
D by 

(7.23) tt(c) = J2°{ u e B:u<c}. 

To verify that 7r is an isomorphism, one uses the fact that B is a dense 
subalgebra of both C and D. For example, to show that ir(c) ^ 0 whenever 
c 7^ 0: There is u E B such that 0 < u < c, and we have 0 < u < ir(c). □ 

Theorem 7.13. Every Boolean algebra has a completion. 
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Proof. We use a construction similar to the method of Dedekind cuts. Let A 
be a Boolean algebra. Let us call a set U C A + a cut if 

(7.24) p < q and q E U implies p E U. 

For every p E A + , let U p denote the cut {x : x < p}. 
A cut U is regular if 

(7.25) whenever p £ U, then there exists q < p such that U q n U = 0. 

Note that every U p is regular, and that every cut includes some U p . 

We let B be the set of all regular cuts in A + . We claim that B, under the 
partial ordering by inclusion, is a complete Boolean algebra. Note that the 
intersection of any collection of regular cuts is a regular cut, and hence each 
cut U is included in a least regular cut U. In fact, 

U = {p: (Vq<p)Ur\U q ^(t)}. 
Thus for u, v E B we have 

u-v — uHv, u + v = wU v. 

The complement of u E B is the regular cut 

-u = {p : U p n u = 0}. 

And, of course, 0 and A + are the zero and the unit of B. It is not difficult to 
verify that B is a complete Boolean algebra, and we leave the verification to 
the reader. 

Furthermore, for all p, q E A + we have U p + U q = U p+q , U p ■ U q = U p . q 
and —U p = U-p. Thus A embeds in B as a dense subalgebra. □ 

Complete and Regular Subalgebras 

Let B be a complete Boolean algebra. A subalgebra A of B is a complete 
subalgebra if^XE A and Yl X E A for all X C A. (Caution: A subalgebra A 
of B that is itself complete is not necessarily a complete subalgebra of B.) 
Similarly, a complete homomorphism is a homomorphism h of B into C such 
that for all X E\ B, 

(7.26) ME*) = h(YlX) = l\h(X). 

A complete embedding is an embedding that satisfies (7.26). Note that every 
isomorphism is complete. 

Since the intersection of any collection of complete subalgebras of B is 
a complete subalgebra, every X C B is included in a smallest complete sub- 
algebra of B. This algebra is called the complete subalgebra of B completely 
generated by X. 
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Definition 7.14. A set W C B + is an antichain in a Boolean algebra B if 
u ■ v = 0 for all distinct u, v € 

If W is an antichain and ii^W — u then we say that W is a partition 
of u. A partition of 1 is just a partition, or a maximal antichain. 

If i? is a Boolean algebra and A is a subalgebra of B then an antichain 
in A that is maximal in A need not be maximal in B. If every maximal 
antichain in A is also maximal in B, then A is called a regular subalgebra 
of B. 

If A is a complete subalgebra of a complete Boolean algebra B then A is 
a regular subalgebra of _B. Also, if A is a dense subalgebra of B then A is 
a regular subalgebra. See also Exercise 7.31. 

Saturation 

Let k be an infinite cardinal. A Boolean algebra B is K-saturated if there is 
no partition W of B such that \W\ = k, and 

(7.27) sat(-B) = the least k such that B is K-saturated. 

B is also said to satisfy the n-chain condition; this is because if B is complete, 
B is K-saturated if and only if there exists no descending K-sequence u 0 > 
u\ > . . . > u a > . . ., a < k, of elements of B. The Hi-chain condition is 
called the countable chain condition (c.c.c). 

Theorem 7.15. If B is an infinite complete Boolean algebra, then sat(-B) is 
a regular uncountable cardinal. 

Proof. Let k — sat(S). It is clear that n is uncountable. Let us assume that 
k is singular; we shall obtain a contradiction by constructing a partition of 
size k. 

For u e B, u 7^ 0, let sat(u) denote s&t(B M ). Let us call u e B stable if 
sat(w) = sat(u) for every nonzero v < u. The set S of stable elements is dense 
in B; otherwise, there would be a descending sequence uq > u\ > U2 > ■ ■ ■ 
with decreasing cardinals sat(tio) > sat(wi) > . . .. Let T be a maximal set of 
pairwise disjoint elements of S. Thus T is a partition of B, and \T\ < n. 

First we show that sup{sat(u) : u € T} = n. For every regular A < n such 
that A > \T\, consider a partition W of B of size A. Then at least one u e T 
is partitioned by W into A pieces. 

Thus we consider two cases: 

Case I. There is u e T such that sat(u) = k. Since cf n < n, there is a par- 
tition W of u of size cf n: W = {u a : a < cf k}. Let k q , a < cf n, be an 
increasing sequence with limit k. For each a, sat(it a ) = sat(u) = k and so let 
W a be a partition of u a of Then \J a<c { K W a is a partition of u of 

size k. 



7. Filters, Ultrafilters and Boolean Algebras 



85 



Case II. For all «eT, sat(u) < k, but sup{sat(u) : u £ T} = n. Again, let 
n a — > k, a < cf k. For each a < cf k (by induction), we find u Q € T, distinct 
from all w^, /3 < a, which admits a partition W a of size K a . Then U a < c f « W<* 
is an antichain in £? of size k. □ 



Distributivity of Complete Boolean Algebras 

The following distributive law holds for every complete Boolean algebra: 

E uo,i ■ E u hj = E u o,i ■ u i,j- 
iei ueJ (i,j)eixJ 

To formulate a general distributive law, let k be a cardinal, and let us 
call B k- distributive if 

(7-28) I] E ««,<= E EI «a,/(a)- 

(Every complete algebra of sets satisfies (7.28).) We shall see later that dis- 
tributivity plays an important role in generic models. For now, let us give 
two equivalent formulations of K-distributivity. 

If W and Z are partitions of B, then W is a refinement of Z if for every 
w £ W there is z £ Z such that w < z. A set D C B is open dense if it is 
dense in B and 0 ^ u < v £ D implies u £ D. 

Lemma 7.16. The following are equivalent, for any complete Boolean alge- 
bra B: 

(i) B is k- distributive. 

(ii) The intersection of k open dense subsets of B is open dense. 

(iii) Every collection of n partitions of B has a common refinement. 

Proof, (i) — > (ii). Let D a , a < n, be open dense, D = f] a<K Da- D is 
certainly open; thus let u ^ 0. If we let {u a ^ : i £ I a } = {u ■ v : v £ D a }, 
then ^ = M for every a and the left-hand side of (7.28) is u. For each 
/ £ FJq ^a, let n,/ = rj Q u aj(a)\ clearly, each nonzero Uf is in D. However, 
Uf — u, by (7.28), and so some Uf is nonzero. 

(ii) — > (iii). Let W Q , a < k be partions of -B. For each a, let D Q = {u : 
u < v for some v £ IFq,}; each Z? Q is open dense. Let D = C\ a<K D a , and 
let W be a maximal set of pairwisc disjoint elements of D. Since D is dense, 
IF is a partition of B, and clearly, IF is a refinement of each W a . 

(iii) — > (i). Let {it Q ^ : a < k, i £ I a } be a collection of elements of B. 
First we show that the right-hand side of (7.28) is always < the left-hand 
side. For each / £ Il Q < K / a, let u f = U a<K u a,f( a ); we have u f < u aJ(a) 
and so Uf < Ei£j Q u a,i f° r eacu a - Thus, for each a, 



E u / < E u ".i 
/ 
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and so 

E II U a,/(a) = E U f < II E 
/ ct / a i 

To prove (7.28), assume that (iii) holds, and let u — ri Q Ei u <Mi we want 
to show that Yi a M «-/(«) = u - Without loss of generality, we can assume 
that u = 1 (otherwise we argue in the algebra B\u). For each a, let us 
replace {u a ^i : i £ I a } by pairwise disjoint : i £ 4} = VFa such that 

t>a,i < an d Ei = Ei u ct,« ( some of the v a ^ may be 0). Clearly 
E/ Eta — E/ Ela u a,f{a)- Each Wq is a partition of -B and so there 

is a partition W that is a refinement of each W a . Now for each w £ W there 
exists / such that w <]J a «„,/(„), and so ^/ EL = L n 

Exercises 

7.1. If F is a filter and X £ F, then P(X) n F is a filter on X. 

7.2. The filter in Example 4 is generated by the sets {a} A , a G A. 

7.3. If [/ is an ultrafilter and X U Y £ U, then either X £ U or Y £ U. 

7.4. Let [/ be an ultrafilter on S. Then the set of all X C S x S such that {a £ S : 
{b £ S : (a,b) £ X} £ U} £ U is an ultrafilter on S x S. 

7.5. Let U be an ultrafilter on S and let / : S -» T. Then the set /» ({/) = {X C T : 
f-i(X) £ U} is an ultrafilter on T. 

7.6. Let [/ be an ultrafilter on N and let (a n )%L 0 be a bounded sequence of real 
numbers. Prove that there exists a unique U -limit a = lime/ a n such that for every 
e > 0, {n : \a„ - a\ < e} £ U. 

7.7. A nonprincipal ultrafilter D on w is a p-point if and only if it satisfies the 
following: If Aq D A\ D . . . D A n D ... is a decreasing sequence of elements of D, 
then there exists X £ D such that for each n, X — A„ is finite. 

7.8. If (P, <) is a countable linearly ordered set and if D is a p-point on P, then 
there exists X £ D such that the order-type of X is either lu or cj*. (X has order- 
type cj* if and only if X = {;c„}£Lo and xo > xi . . . > x n > ) 

7.9. An ultrafilter D on lu is Ramsey if and only if every function / : u> — > to is 
either one-to-one on a set in D, or constant on a set in D. 

If D and E are ultrafilters on w, then D < E means that for some function 
/ : uj — > lu, D = ft(E) (the Rudin-Keisler ordering, see Exercise 7.5). 

D = E means that there is a one-to-one function of lu onto such that E — 
f*(D). 

7.10. If D = f»{D), then {n : f(n) = n} £ D. 

[Let X = {n : /(n) < n}, V = {n : f(n) > n}. For each n £ X, let l(n) 
be the length of the maximal sequence such that n > f(n) > f(f(n)) > . . .. Let 
Xo — {n £ X : l(n) is even} and X\ = {n £ X : l(n) is odd}. Neither Xo nor 
X\ can be in D since, e.g., Xq n f-i(Xo) = 0. The set F is handled similarly, 
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except that it remains to show that the set Z of all n such that the sequence 
n < f(n) < f 2 (n) < f 3 (n) < ... is infinite cannot be in D. For x,y £ Z let 
x = y if f k (x) = / m (y) for some k and m. For each x € Z, let a x be a fixed 
representative of the class {y : y = x}; let l(x) be the least fc + m such that 
f k (x) = / m K). Let Z 0 = {x & Z : l(x) is even} and Zi = {a; £ Z : l(x) is odd}. 
Clearly /-i(Zi) H Z = Z 0 .] 

7.11. li D < E and E < D, then D = E. 
[Use Exercise 7.10.] 

Thus < is a partial ordering of ultrafilters on w. A nonprincipal ultrafilter D is 
minimal if there is no nonprincipal _E such that E < D and E ^ D. 

7.12. An ultrafilter D on is minimal if and only if it is Ramsey. 

[If D is Ramsey and E = f*(D) is nonprincipal, then / is unbounded mod D, 
hence one-to-one mod D and consequently, E = D. If D is minimal and / is 
unbounded mod D, then D < f*(D) and hence D — g,(f*(D)) for some g. It 
follows, by Exercise 7.10, that / is one-to-one mod D.\ 

7.13. If uj a is singular, then there is no nonprincipal tj a -complete ideal on co a . 

7.14. The set of all sets X C R that have Lebesgue measure 0 is a cr-ideal. 

A set X C R is meager if it is the union of a countable collection of nowhere 
dense sets. 

7.15. The set of all meager sets X C R is a cr-ideal. 
[By the Baire Category Theorem, R is not meager.] 

7.16. Let k be a regular uncountable cardinal, let \A\ > k and let S = P K {A). Let 
F be the set of all X C S such that X 3 P for some P e S, where P = {Q G S : 
P C Q}. Then F is a K-complete filter on S. 

7.17. Let B be a Boolean algebra and define 

u(B v = (u — v) + (v — u). 
Then B with operations © and • is a ring (with zero 0 and unit 1). 

7.18. Every element of the subalgebra generated by X is equal to u\ + . . . + u n 
where each u s is of the form u s = ±x\ ■ ±X2 ■ . . . • ±x k with Xi £ X. 

7.19. If A is a subalgebra of B and u € B, then the subalgebra generated by 
A U {tt} is equal to {a • u + (b — u) : a, b e A}. 

7.20. A finitely generated Boolean algebra is finite. If A has k generators, then 
\A\ <2 2 \ 

7.21. Every finite Boolean algebra is atomic. If A = {cii, . . . ,a n } are the atoms 
of B, then B is isomorphic to the field of sets P(A). Hence B has 2™ elements. 

7.22. Any two countable atomless Boolean algebras are isomorphic. 

7.23. B\a is isomorphic to B/I where I is the principal ideal {u : u < —a}. 
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7.24. Let A be a subalgebra of a Boolean algebra B and let u G B — A. Then there 
exist ultrafilters F, G on B such that u G F, u g G, and F C\ A = G C\ A. 

7.25. Let B be an infinite Boolean algebra, |B| = k. There are at least k ultrafilters 
on B. 

[Assume otherwise. For each pair (F,G) € SxS pick u G F—G, and let these u's 
generate a subalgebra A. Since | A\ < \S\ < k, let u G B — A. Use Exercise 7.24 to 
get a contradiction.] 

7.26. For B to be complete it is sufficient that all the sums X exist. 
[l\X = J2{u:u<xfor allxeX}.] 

7.27. Let B be a complete Boolean algebra. 

(i) Verify the distributive laws: 

a ■ ~}2{u : u G X} — 12{a ■ u : u G X}, 
a + Y[{ u -ue X} = Y\{a + u: u£ X}. 

(ii) Verify the De Morgan laws: 

- £{u : u G X} = H{-u : u G X}, 

- l\{u : u G X} = : u G X}. 

7.28. Let A and B be a-complete Boolean algebras. If A is isomorphic to B\b and 
B is isomorphic to A \a, then A and B are isomorphic. 

[Follow the proof of the Cantor-Bernstein Theorem.] 

7.29. Let A be a subalgebra of a Boolean algebra B, let u G B and let A(u) be 
the algebra generated by A U {w}. If h is a homomorphism from A into a complete 
Boolean algebra C then extends to a homomorphism from ^4(u) into C. 

[Let v G C be such that XXM a ) ■ a € A, a < u} < v < J2{K b ) ■ b G A, u < b}. 
Define h(a ■ u + b ■ (-«)) = h(a) ■ v + h(b) ■ (-«).] 

7.30 (Sikorski's Extension Theorem). Let A be a subalgebra of a Boolean 
algebra £? and let /ibea homomorphism from A into a complete Boolean algebra C. 
Then h can be extended to a homomorphism from B into C . 
[Use Exercise 7.29 and Zorn's Lemma.] 

7.31. If B is a Boolean algebra and A is a regular subalgebra of B then the inclusion 
mapping extends to a (unique) complete embedding of the completion of A into 
the completion of B. 

[Use Sikorski's Extension Theorem.] 

7.32. If B is an infinite complete Boolean algebra, then \B\^° — \B\. 

[First consider the case when \B\a\ = \B\ for all There is a partition W 

such that \W\ = tt 0 , and |BJ = n{l B f a l : a G W} = |B| N °. In general, call a ^ 0 
stable if |B[a;| = |-B[a| for all a; < a, x 7^ 0. The set of all stable a £ Bis dense, and 
\B\a\ = 2 or j£>[a) N ° = |B|"a| if a is stable. Let W be a partition of B such that 
each a G IV is stable; we have \B\ — n{l^f a l : a G W} and the theorem follows.] 

7.33. If B is a K-complete, K-saturated Boolean algebra, then B is complete. 

[It suffices to show that ~}2X exists for every open X (i.e., u < v G X implies 
u G X). If X C B is open, show that X] — 12 W where W is a maximal subset 
of X that is an antichain.] 
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Historical Notes 

The notion of filter is, according to Kuratowski's book [1966], due to H. Cartan. 
Theorem 7.5 was first proved by Tarski in [1930]. 

Theorem 7.6 is due to Pospfsil [1937]; the present proof uses independent sets 
(Lemma 7.7); cf. Fichtenholz and Kantorovich [1935] (k = to) and Hausdorff [1936b]. 

W. Rudin [1956] proved that p-points exist if 2 H ° = Ki, a recent result of Shelah 
shows that existence of p-points is unprovable in ZFC. Galvin showed that 2 N ° = 
implies the existence of Ramsey ultrafilters. 

Facts about Boolean algebras can be found in Handbook of Boolean alge- 
bras [1989] which also contains an extensive bibliography. The Representation The- 
orem for Boolean algebras as well as the existence of the completion (Theorems 7.11 
and 7.13) are due to Stone [1936]. Theorem 7.15 on saturation was proved by Erdos 
and Tarski [1943]. 

Exercise 7.8: Booth [1970/71]. 

Exercise 7.10: Frolfk [1968], M. E. Rudin [1971]. 

The Rudin-Keisler equivalence was first studied by W. Rudin in [1956]; the 
study of the Rudin-Keisler ordering was initiated by M. E. Rudin [1966] . 
Exercise 7.25: Makinson [1969]. 
Exercises 7.29 and 7.30: Sikorski [1964]. 

Exercise 7.32: Pierce [1958]. The assumption can be weakened to "cr-complete," 
see Comfort and Hager [1972]. 
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8. Stationary Sets 



In this chapter we develop the theory of closed unbounded and stationary 
subsets of a regular uncountable cardinal, and its generalizations. 



Closed Unbounded Sets 

If X is a set of ordinals and a > 0 is a limit ordinal then a is a limit point 
of X if sup(X n a) = a. 

Definition 8.1. Let k be a regular uncountable cardinal. A set C C n is 
a closed unbounded subset of k if C is unbounded in n and if it contains all 
its limit points less than n. 

A set S C k is stationary if SC\C ^ 0 for every closed unbounded subset C 
of K. 

An unbounded set C C k is closed if and only if for every sequence 
a 0 < ct\ < . . . < < . . . (£ < 7) of elements of C, of length 7 < k, we have 
lim^^ 7 e C. 

Lemma 8.2. // C and D are closed unbounded, then C C\ D is closed un- 
bounded. 

Proof. It is immediate that CC\D is closed. To show that C(lD is unbounded, 
let a < k. Since C is unbounded, there exists an ct\ > a with a\ G C. 
Similarly there exists an a 2 > a\ with a 2 € D. In this fashion, we construct 
an increasing sequence 

(8.1) a < 011 < ai < ■ ■ ■ < a n < ■ ■ ■ 

such that «i, Q!3, ct!5, . . . <E C, 02, 0:4, a>6, . . . € L>. If we let (3 be the limit of 
the sequence (8.1), then j3 < n, and (3 G C and [3 £ D. □ 

The collection of all closed unbounded subsets of k has the finite inter- 
section property. The filter generated by the closed unbounded sets consists 
of all X C k that contain a closed unbounded subset. We call this filter the 
closed unbounded filter on n. 
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The set of all limit ordinals a < n is closed unbounded in k. If A is an 
unbounded subset of k, then the set of all limit points a < n of A is closed 
unbounded. 

A function / : k — > n is normal if it is increasing and continuous (/(a) = 
limj^ a /(£) for every nonzero limit a < k). The range of a normal function 
is a closed unbounded set. Conversely, if C is closed unbounded, there is 
a unique normal function that enumerates C. 

The closed unbounded filter on k is K-complete: 

Theorem 8.3. The intersection of fewer than n closed unbounded subsets 
of k is closed unbounded. 

Proof. We prove, by induction on 7 < k, that the intersection of a sequence 
(C a : a < 7) of closed unbounded subsets of k is closed unbounded. The 
induction step works at successor ordinals because of Lemma 8.2. If 7 is 
a limit ordinal, we assume that the assertion is true for every a < 7; then we 
can replace each C a by f]^ <a Q an d obtain a decreasing sequence with the 
same intersection. Thus assume that 

Co D C x D . . . D C a D . . . (a < 7) 

arc closed unbounded, and let C — C\ a<1 C a . 

It is easy to see that C is closed. To show that C is unbounded, let a < n. 
We construct a 7-sequence 

(8.2) A) < /?i <■■■&<■■■ (£<7) 

as follows: We let flo € Co be such that (3q > a, and for each £ < 7, let 
/% G Q be such that /3g > sup{/3„ : 1/ < £}. Since k is regular and 7 < k, 
such a sequence (8.2) exists and its limit (3 is less than n. For each n < 7, 
/3 is the limit of a sequence : ?y < C < 7) m C,,, and so /3 e C I( . Hence 

f3eC. ' ' □ 

Let (X a : a < k) be a sequence of subsets of k. The diagonal intersection 
of X a , a < k, is defined as follows: 

(8.3) AI a = {(< K: ?e n 

Note that A X a = A Y a where F Q = e X a : £ > a}. Note also that 
AI a = n a (X a U{e:e<4 

Lemma 8.4. T/ie diagonal intersection of a n-sequence of closed unbounded 
sets is closed unbounded. 

Proof. Let (C a : a < k) be a sequence of closed unbounded sets. It is clear 
from the definition that if we replace each C a by Hf<aQ' tne diagonal 
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intersection is the same. In view of Theorem 8.3 we may thus assume that 



Let C = A Q<re C a . To show that C is closed, let a be a limit point of C. 
We want to show that a G C, or that aeQ for all £ < a. If £ < a, let 
X = {i/ e C : £ < < a}. Every z/ G X is in C 6 by (8.3). Hence X C C e 
and a = supX G C%. Therefore a G C and C is closed. 

To show that C is unbounded, let a < n. We construct a sequence (/?„ : 
n < ui) as follows: Let /3o > a be such that (3o G Co, and for each n, let 
Pn+i > /^n be such that G C/3 n . Let us show that /3 = lim„ [3 n is in C: If 
£ < /?, let us show that /3 <G Q. Since £ < /3, there is an n such that £ < /3„. 
Each /3fe, fc > n, belongs to and so /3 e C^ n . Therefore /3 e Q. Thus 
/3 £ C, and C is unbounded. □ 

Corollary 8.5. T/ie closed unbounded filter on n is closed under diagonal 
intersections. □ 

The dual of the closed unbounded filter is the ideal of nonstationary sets, 
the nonstationary ideal Jns- Ins 1S K-complete and is closed under diagonal 
unions: 



The quotient algebra B = P(/c)//ns is a ^-complete Boolean algebra, 
where the Boolean operations X) Q < 7 an d Ila<7 for 7 < k are induced by 
U Q <7 an d ria<7- ^ s a consequence of Lemma 8.4, B is K+-complete: If 
{X a : a < k} is a collection of subsets of k then the equivalence classes of 
A a<K X a and X) Q < K ^ a are ' respectively, the greatest lower bound and the 
least upper bound of the equivalence classes [X a ] in B. It also follows that if 
(X a : a < k) and (Y a : a < k) are two enumerations of the same collection, 
then A a<K X a and A Q<K Y a differ only by a nonstationary set. 

Definition 8.6. An ordinal function / on a set S is regressive if /(a) < a 
for every a G 5, a > 0. 

Theorem 8.7 (Fodor). If f is a regressive function on a stationary set 
S C K, then there is a stationary set T C S and some 7 < K such that 
f( a ) = 7 f or al1 a eT. 

Proof. Let us assume that for each 7 < k, the set {a G S : f(a) — 7} is 
nonstationary, and choose a closed unbounded set C 7 such that f(a) ^ 7 
for each a G S 0 C 7 . Let C — A 7<re C 7 . The set S n C is stationary and if 
aeSflC, we have /(a) 7^ 7 for every 7 < a; in other words, /(a) > a. This 
is a contradiction. □ 



C 0 Z> Ci D . . . D C a D . . . 



(a < k). 



£ X a -{£<«:£ G U Xa}- 
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For a regular uncountable cardinal k and a regular A < k, let 

(8.4) E% = {a < k : da = A}. 

It is easy to see that each E% is a stationary subset of n. 

The closed unbounded filter on n is not an ultrafiltcr. This is because 
there is a stationary subset of k whose complement is stationary. If k > cji, 
this is clear: The sets and E* 1 are disjoint. If n = u\, the decomposition 
of lji into disjoint stationary sets uses the Axiom of Choice. 

The use of AC is necessary: It is consistent (relative to large cardinals) 
that the closed unbounded filter on u>\ is an ultrafiltcr. 

In Theorem 8.10 below we show that every stationary subset of n is the 
union of k disjoint stationary sets. In the following lemma we prove a weaker 
result that illustrates a typical use of Fodor's Theorem. 

Lemma 8.8. Every stationary subset of E^ is the union of k disjoint sta- 
tionary sets. 

Proof. Let W C {a < n : cf a = oj} be stationary. For every a £ W, we 
choose an increasing sequence (a" : n <G N) such that lim„ a" = a. First we 
show that there is an n such that for all r\ < k, the set 

(8.5) {a G W : < > V } 

is stationary. Otherwise there is f] n and a closed unbounded set C n such that 
a n < Vn for all a G C n H W, for every n. If we let rj be the suprcmum 
of the r] n and C the intersection of the C n , we have a" < V for all n and 
all a e Cfl T4 7 . This is a contradiction. Now let n be such that (8.5) is 
stationary for every rj < k. Let / be the following function on W: f(a) = a". 
The function / is regressive; and so for every r/ < k, we find by Fodor's 
Theorem a stationary subset of (8.5) and -f v > rj such that f(a) = 7^ 
on S v . If "fn 7^ Itj', then S, fl S,' = 0, and since k is regular, we have 
\{S V : 77 < k}\ = \{ lv :ti<k}\ = k. □ 

The proof easily generalizes to the case when A > u>: Every stationary 
subset of E 1 ^ the union of k stationary sets. From that it follows that every 
stationary subset W of the set {a < n : cf a < a} admits such a decompo- 
sition: By Fodor's Theorem, there exists some A < n such that W fl E% is 
stationary. The remaining case in Theorem 8.10 is when the set {a < n : a is 
a regular cardinal} is stationary and the following lemma plays the key role. 

Lemma 8.9. Let S be a stationary subset of k and assume that every a e S 
is a regular uncountable cardinal. Then the set T = {a G S : S fl a is not 
a stationary subset of a} is stationary. 

Proof. We prove that T intersects every closed unbounded subset of n. Let 
C be closed unbounded. The set C of all limit points of C is also closed 
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unbounded, and hence SCi C ^ 0. Let a be the least element of SC\ C . Since 
a is regular and a limit point of C, C n a is a closed unbounded subset of a, 
and so is C fl a. As a is the least element of S ("1 C", C" n a is disjoint from 
Sna and so £ n a is a nonstationary subset of a. Hence aeTflC. □ 

Theorem 8.10 (Solovay). Let n be a regular uncountable cardinal. Then 
every stationary subset of K is the disjoint union of k stationary subsets. 

Proof. We follow the proof of Lemma 8.8 as much as possible. Let A be 
a stationary subset of n. By Lemma 8.8, by the subsequent discussion and 
by Lemma 8.9, we may assume that the set W of all a e A such that a is 
a regular cardinal and A n a is not stationary, is stationary. There exists for 
each a € W a continuous increasing sequence (a^ : £ < a) such that W, 
for all a and £, and a = lim£_> Q a^. 

First we show that there is £ such that for all i] < k, the set 

(8.6) {a e IF : a£ > 77} 

is stationary. Otherwise, there is for each £ some r](^) and a closed unbounded 
set such that < f?(£) for all a e n W if a| is defined. Let C be 
the diagonal intersection of the C$. Thus if a G C fl W, then < r/(£) for 
all £ < a. Now let _D be the closed unbounded set of all 7 € C such that 
7y(£) < 7 for all £ < 7. Since IF is stationary, IF n Z? is also stationary; let 
7 < a be two ordinals in W n D. Now if £ < 7, then < ??(£) < 7 and it 
follows that a" = 7. This is a contradiction since 7 € IF and a" ^ W. 

Once we have found £ such that (8.6) is stationary for all r\ < n, we 
proceed as in Lemma 8.8. Let / be the function on W defined by f(a) = a^. 
The function / is regressive; and so for every 77 < k, we find by Fodor's 
Theorem a stationary subset S n of (8.6) and -f v > n such that f(a) = j v 
on S n . If 7,, 7^ 7,,', then S, fl S,' = 0; and since n is regular, we have 
\{S V : n < k}\ = |{7^ : V < «}| = K. □ 



Mahlo Cardinals 

Let k be an inaccessible cardinal. The set of all cardinals below k is a closed 
unbounded subset of n, and so is the set of its limit points, the set of all 
limit cardinals. In fact, the set of all strong limit cardinals below k is closed 
unbounded. 

If k is the least inaccessible cardinal, then all strong limit cardinals below k 
are singular, and so the set of all singular strong limit cardinals below n is 
closed unbounded. If k is the ath inaccessible, where a < k, then still the set 
of all regular cardinals below k is nonstationary. 

An inaccessible cardinal k is called a Mahlo cardinal if the set of all regular 
cardinals below n is stationary. 
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(Then the set of all inaccessibles below k is stationary, and k is the nth 
inaccessible cardinal.) 

Similarly, we define a weakly Mahlo cardinal as a cardinal k that is weakly 
inaccessible and the set of all regular cardinals bellow n is stationary (then 
the set of all weakly inaccessibles is stationary in n) . 



Normal Filters 

Let F be a filter on a cardinal n; F is normal if it is closed under diagonal 
intersections: 

(8.7) if X a G F for all a < k, then A a<K X a e F. 

An ideal / on k is normal if the dual filter is normal. 
The closed unbounded filter is K-complete and normal, and contains all 
complements of bounded sets. It is the smallest such filter on k: 

Lemma 8.11. If n is regular and uncountable and if F is a normal filter 
on n that contains all final segments {a : a 0 < a < k}, then F contains all 
closed unbounded sets. 

Proof. First we note that the set Co of all limit ordinals is in F: Co is the 
diagonal intersection of the sets X a = {£:o: + 1<£<k}. Now let C 
be a closed unbounded set, and let C = {a a : a < k} be its increasing 
enumeration. We let X a = {£ : a a < £ < k}. Then C D Co n A Q<K X a . □ 



Silver's Theorem 

We shall now apply the techniques using ultrafilters and stationary sets to 
prove the following theorems. 

Theorem 8.12 (Silver). Let k be a singular cardinal such that cf k > oj. If 
2" = a + for all cardinals a < k, then 2 K = k + . 

Theorem 8.13 (Silver). If the Singular Cardinals Hypothesis holds for all 
singular cardinals of cofinality ui, then it holds for all singular cardinals. 

The proofs of both theorems use the following lemma: 

Lemma 8.14. Let n be a singular cardinal, let cf n > u, and assume that 
< k for all A < k. If (K a : a < cf n) is a normal sequence of cardinals 
such that limK Q = k, and if the set {a < cf n : n c ^ K °' — k+} is stationary 
in cf k, then n cl K = k + . 
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If GCH holds below k then the assumptions of Lemma 8.14 are satisfied, 
and 2 K = n ct K . Thus Theorem 8.12 follows from Lemma 8.14. 

Proof of Theorem 8.13. We prove by induction on the cofinality of k that 
2 < k implies n = k + . The assumption of the theorem is that this 
holds for each n of cofinality u>. Thus let n be of uncountable cofinality and 
let 2 cf K < k. Using the induction hypothesis and the proof of Theorem 5.22(h) 
one verifies, by induction on A, that A < k for all A < n. 

Let (k q : a < cf k) be any normal sequence of cardinals such that lim n a = 
k. The set S = {a < cf n : cf K a — cu and 2 N ° < n a } is clearly stationary 
in cf k, and for every a € S, k^ k " = k+ by the assumption. Hence k c! k = n + . 

□ 

We now proceed toward a proof of Lemma 8.14. To simplify the notation, 
we shall consider the special case when 

k = H Wl . 

The general case is proved in a similar way. 

Let / and g be two functions on u>\. We say that / and g are almost 
disjoint if there is cxq < u>i such that f(a) ^ g(a) for all a > olq. A family F 
of functions on uj\ is an almost disjoint family if any two distinct f,g £ F 
are almost disjoint. 

Lemma 8.14 follows from 

Lemma 8.15. Assume that H^ 1 < H Wl for all a < uj\. Let F be an almost 
disjoint family of functions 

fc n ^ 

such that the set 

(8.8) {a<wx : \A a \ < 

is stationary. Then \F\ < 

[In the general case, we consider almost disjoint functions on cf k.] 

Proof of Lemma 8 .14 from Lemma 8.15. We assume that H^ 1 < H Wl and 
that K^ fH ° = for a stationary set of a's; we want to show that 

H^J = For every h : w\ — * we let fh — (h a ■ a < u>i), where 

dom h a = oji and 

(h(Q ifft(0<«a, 

[0 otherwise, 



and let F = {fh ■ h € If h ^ g, then fh and f g are almost disjoint. 

Moreover, 

fc n 



q<o;i 



98 



Part I. Basic Set Theory 



Since for a stationary set of a's, H^ 1 = H Q+ i (namely for all a such that 
H Q > 2*i and = N Q+1 ), we have \F\ < and so = 

[In the general case of Lemma 8.14 we have to show that 

{a < cf k : k^ Kq = k+} 

is stationary. Note that the set 

C = {a : a is a limit ordinal and (VA < K a ) A < n a } 

is closed unbounded in cf k; if a e C, then cf k q < cf n and we have k c * k — 
K c J a .} □ 

The first step in the proof of Lemma 8.15 is 

Lemma 8.16. Assume that H^ 1 < K Wl for all a < w\. Let F be an almost 
disjoint family of functions 



fc n A a 

a<uJi 

such that the set 

(8.9) {a. < u>i : \A a \ < H Q } 

is stationary. Then \F\ < 

(The assumption (8.8) is replaced by (8.9) and the bound for |F| is H W1 
rather than 

Proof. We may as well assume that each A a is a set of ordinals and that 
A a C uj a for all a in some stationary subset of Hi. Let 

So = {a < lo\ : a is a limit ordinal and A a (Z ui a }. 

Thus if / e F, then /(a) < uj a for all a e So- Given / e F, we can find for 
each a > 0 in So some [3 < a such that /(a) < W/j; call this (3 = g(a). The 
function g is regressive on S, and by Fodor's Theorem there is a stationary 
ScSo such that g is constant on S. In other words, the function / is bounded 
on S, by some w 7 < w ui . 

We assign to each / a pair (S, f\S) where S C So is a stationary set and 
f\S is a bounded function. For any S, if f\S = g\S, then / = g since any 
two distinct functions in F are almost disjoint. Thus the correspondence 

f»(S,f\S) 

is one-to-one. 

For a given S, the number of bounded functions on S is at most 
E ^ S| = S u P7<Wi ^=K Wl . 

Since |P(wi)| = 2 Nl < the number of pairs (S,f\S) is at most 
Hence |F| < □ 
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Proof of Lemma 8.15. Let U be an ultrafilter on uii that extends the closed 
unbounded filter. Every S £ U is stationary. 

We may assume that each A a is a subset of w a+1 . For every /, g £ F, let 

(8.10) / < g if and only if {a < uj x : /(a) < ff(a)} G f7. 

Since [/ is a filter, the relation / < g is transitive. Since £/ is an ultrafilter, 
and {a : f(a) — g(ot)} ^ U for distinict f,g £ F, the relation / < 5 is a linear 
ordering of F. For every / £ F, let F/ = {g £ F : for some stationary set T, 
g(a) < f(a) for all a £ T}. By Lemma 8.16, \F f \ < If 5 < /, then 
5 e F /; and so |{# <= F : g < f}\ < It follows that |F| < □ 

A Hierarchy of Stationary Sets 

If a is a limit ordinal of uncountable cofinality, it still makes sense to 
talk about closed unbounded and stationary subsets of a. Since cf a > u), 
Lemma 8.2 holds, and the closed unbounded sets generate a filter on a. The 
closed unbounded filter is cf a-complete. A set S C a is stationary if and only 
if for some (or for any) normal function / : cf a — > a, f-i(S) is a stationary 
subset of cf a. 

Let k be a regular uncountable cardinal, and let us consider the following 
operation (the Mahlo operation) on stationary sets: 

Definition 8.17. If S C k is stationary, the trace of S is the set 

Tr(S) = {a < k : cf a > uj and S n a is stationary}. 

The Mahlo operation is invariant under equivalence mod Ins an d can 
thus be considered as an operation on the Boolean algebra P(k)/Jns (see 
Exercise 8.11). 

In the context of closed unbounded and stationary sets we use the phrase 
for almost all a £ S to mean that the set of all contrary a £ S is nonsta- 
tionary. 

Definition 8.18. Let S and T be stationary subsets of k. 

S <T if and only if S n a is stationary for almost all a £T. 

(It is implicit in the definition that almost all a £ T have uncountable cofi- 
nality.) 

As an example, if A < fi are regular, then < E*. The following prop- 
erties are easily verified: 

Lemma 8.19. 



(i) A < Tr(A), 
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(ii) if A < B and B <C then A <C, 

(iii) if A < B, A ~ A' mod 7 NS and B ~ B' mod 7 NS tfien A' < B' . □ 

Thus < is a transitive relation on P(k)/Ins- The next theorem shows that 
it is a well-founded partial ordering: 

Theorem 8.20 (Jech). The relation < is well-founded. 

Proof. Assume to the contrary that there exist stationary sets such that 

Ax > A 2 > A 3 Therefore there exist closed unbounded sets C n such that 

An n C n C Tr(A n+ i) for n = 1, 2, 3, For each n, let 

B n = A n nC n n Lim(C„+i) n Lim(Lim(C„ +2 )) n . . . 

where Lim(C) is the set of all limit points of C. 

Each B n is stationary, and for every n, B n C Tr(_B n+ i). Let a n = mini? n . 
Since B n+ i P\a n is stationary we have a n +i < a„ and therefore, a decreasing 
sequence a\ > a 2 > ■ ■ ■■ A contradiction. □ 

The rank of a stationary set A C k in the well-founded relation < is called 
the order of the set A, and the height of < is the order of the cardinal k: 

o(A) = sup{o(A) + 1 : X < A}, 

o(k) — sup{o(A) + 1 : A C k is stationary}. 

We also define o(H 0 ) = 0, and o(a) = o(cf a) for every limit ordinal a. Note 
that o(££) = 0, o(E^) = 1, o(Hi) = 1, o(H 2 ) = 2, etc. See Exercises 8.13 
and 8.14. 



The Closed Unbounded Filter on P K (\) 

We shall now consider a generalization of closed unbounded and stationary 
sets, to the space P K (A). This generalization replaces (k, <) with the structure 

Let k be a regular uncountable cardinal and let A be a set of cardinality 
at least k. 

Definition 8.21. A set 1 C Pn(A) is unbounded if for every x € P K (A) 
there exists a, y D x such that y E X. 

A set X C P K (A) is closed if for any chain io C Xi C ... C if C 
£ < a, of sets in X, with a < k, the union U^<« i s m X. 

A set C C P re (^4) is closed unbounded if it is closed and unbounded. 

A set 5 C P K {A) is stationary if 5 fl C 7^ 0 for every closed unbounded 
CcP K (A). 

The closed unbounded filter on P K (^4) is the filter generated by the closed 
unbounded sets. 
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When | A \ = \B\ then P K {A) and P K (B) are isomorphic, with closed un- 
bounded and stationary sets corresponding to closed unbounded and sta- 
tionary sets, and so it often suffices to consider such sets in -P K (A) where A is 
a cardinal > k. 

When \A\ = k, then the set k C P k (k) is closed unbounded, and the 
closed unbounded filter on k is the restriction to k of the closed unbounded 
filter on P K {n). 

Theorem 8.22 (Jech). The closed unbounded filter on P K (A) is k- complete. 

Proof. This is a generalization of Theorem 8.3. First we proceed as in 
Lemma 8.2 and show that if C and D are closed unbounded then C n D 
is closed unbounded. Both proofs have straightforward generalizations from 
(«,<) to (P K (A),C). □ 

Fodor's Theorem also generalizes to P K (A); with regressive functions re- 
placed by choice functions. The diagonal intersection of subsets of P K (A) is 
defined as follows 

A X a = {x e P K (A) : x e 0 X a }. 

Lemma 8.23. If {C a : a £ A} is a collection of closed unbounded subsets 
of P K {A) then its diagonal intersection is closed unbounded. 

Proof. Let C = A aeA C a - First we show that C is closed. Let x 0 C x\ C 
.. . C if C .. ., ( < a, be a chain in C, with a < n, and let x be its union. To 
show that x € C, let a e x and let us show that x £ C a . There is some n < a 
such that a £ x% for all ^ > n; hence x^ £ C a for all ^ > 77, and so x £ C a - 

Now we show that C is unbounded. Let xq £ P K (A), we shall find an 
x £ C such that x D x 0 . By induction, we find xq C x\ C . . . C x n C . . ., 
n £ N, such that x n+ \ £ f] aex C a ; this is possible because each f] aex C a 
is closed unbounded. Then we let x = Ui^Lo Xn an( ^ snow that a; <E C a for 
all a £ x. But if a £ x then a £ x k for some fc, and then x„ £ C a for all 
n > k + 1 . Hence x £ C a . □ 

Theorem 8.24 (Jech). If f is a function on a stationary set S C -P K (A) 
and if f(x) £ x for every nonempty x £ S, then there exist a stationary set 
T C S and some a £ A such that f(x) = a for all a £T. 

Proof. The proof uses Lemma 8.23 and generalizes the proof of Theorem 8.7. 

□ 

Let us call a set D C P K (A) directed if for all x and y in D there is a z £ D 
such that xU y £ z. 

Lemma 8.25. If C is a closed subset of P K (A) then for every directed set 
D £ C with \D\ < n, \JD £ C. 
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Proof. By induction on \D\. Let \D\ = 7, D = {x a : a < 7}, and assume 
the lemma holds for every directed set of cardinality < 7. By induction on 
a < 7, let D a be a smallest directed subset of D such that x a £ D a and 
D a D U/3< Q -C ) /3- Letting y a = \jD a , we have y a £ C for all a < 7, and 
y/3 C y a if /3 < a. It follows that (J D = U Q<7 J«eC □ 

Consider a function / : [A] <u} — > P K (A) ; a set x € P K (A) is a closure point 
of / if /(e) C a; whenever e C x. The set C/ of all closure points x £ P K (A) is 
a closed unbounded set. Moreover, the sets Cf generate the closed unbounded 
filter: 

Lemma 8.26. For every closed unbounded set C in P K (A) there exists 
a function f : [A] <UJ -> P K {A) such that C f C C. 

Proof. By induction on |e| we find for each e € [j4] <w an infinite set /(e) £ C 
such that e C /(e) and that /(ei) C /(e2) whenever ei C e2- We will show 
that Cf c C. Let 1 be a closure point of /. As x = U{/( e ) : e <= [ a; ] <w } 1S 
the union of a directed subset of C (of cardinality < k), by Lemma 8.25 we 
have x £ C. □ 

Let i C 5 (and |A| > k). For X £ P K (B), the projection of X to A is 
the set 

XfA= {x(l A : x £ X}. 
For y £ P K (A), the lifting of F to B is the set 

y s = {a;£P K (B) :xDAeY}. 

Theorem 8.27 (Menas). Let Ac B. 

(i) If S is stationary in P K {B), then S\A is stationary in P K (A). 

(ii) If S is stationary in P K (A), then S B is stationary in P K (B). 

Proof, (i) holds because if C is a closed unbounded set in P K (A), then C B 
is closed unbounded in P K (B). For (ii), it suffices to prove that if C is closed 
unbounded in P K (B), then C\A contains a closed unbounded set. 

If C £ P K {B) is closed unbounded, then by Lemma 8.26, C D Cf for 
some / : [B] <UJ -» P K (B). Let g : [A]<" -» P K (jl) be the following function: 
For e £ [^4] <w , let x be the smallest closure point of / such that x D e, and 
let g{e) = x C\ A. Then Cf\A = C g (where C/ is defined in P K (B) and C g 
in P K (A)), and we have C g £ CfA □ 

When /t = wi, Lemma 8.26 can be improved to give the following basis 
theorem for [A] u = {x £ A : \x\ = H 0 }. An operation on A is a function 
F : [A] <u} — » A. A set a; is c/osed ttnrfer F if /(e) £ a; for all e £ [a;] <w . 

Theorem 8.28 (Kueker). For every closed unbounded set C £ [A]^ there 
is an operation F on A such that C D Cf = {x £ [A] u : x is closed under F}. 
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Proof. We may assume that A = A is an infinite cardinal, and let C be 
a closed unbounded subset of [A] w . As in the proof of Lemma 8.26 there 
exists a function / : [A] <w — > C such that e C /(e) and /(ei) C /(e 2 ) if 
ei C e 2 . As each /(e) is countable, there exist functions fk, k £ N, such that 
/(e) = {/fc(e) : fc € iV} for all e. Let n <— > (k ni m n ) be a pairing function. 

Now we define an operation F on A as follows: Let F({a}) = a + 1, and 
if ai < .. . < a n , let F({ai, . . .,«„}) = /fc„({ai, . . . ,a m „}). It is enough to 
show that if x e [A]" is closed under F then x is a closure point of /, and so 
C F cCfdC. 

Let x be closed under F, let k e iV and let e € [x] <w ; we want to show 
that /fc(e) € x. If e = {cui, . . . , cn m } with cui < . . . < a m , let n > to be such 
that k = k n and to = m„. As x does not have a greatest element (because 
F ({ a }) = £* + !)) there are a m+ i, . . . ,a„ € x such that fk{{ai, ■ ■ ■ ,a m }) = 
F({ai,...,a n }) ex. □ 

Theorem 8.28 does not generalize outright to P K (A) for /c > lo\ (see 
Exercise 8.18); we shall return to the subject in Part III. 



Exercises 

8.1. The set of all fixed points (i.e., f(a) = a) of a normal function is closed 
unbounded. 

8.2. If / : k — > k, then the set of all a < k such that /(£) < a for all £ < a is 
closed unbounded. 

8.3. If S is stationary and C is closed unbounded, then S H C is stationary. 

8.4. If X C k is nonstationary, then there exists a regressive function / on X such 
that {a : f(a) < 7} is bounded, for every 7 < k. 

[Let C n X = 0, and let /(a) = sup(C n a).] 

8.5. For every stationary S C ui and every a < a>i there is a closed set of ordinals A 
of length a such that A C S. 

[By induction on a: V7 Bclosed A C 5 of length a such that 7 < minA The 
nontrivial step: If true for a limit a, find a closed A C S of length a such that 
supA G S. Let j4.£, £ < wi, be closed subsets of S, of length a, such that = 
su pU„<£^ < niinA 5 . There is £ such that G S. Let £ = lim„£ n . Pick initial 
segments B in C A in of length a n + 1 where lim n a„ = a. Let A = U^o B £ n -} 

Exercise 8.5 does not generalize to closed sets of uncountable length. It is not 
provable in ZFC that given X C lu2, either X or LU2 — X contains a closed set 
of length On the other hand, this statement is consistent, relative to large 
cardinals. 

8.6. Let k be the least inaccessible cardinal such that k is the Kth inaccessible 
cardinal. Then k is not Mahlo. 

[Use /(A) = a where A is the ath inaccessible.] 
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8.7. If k is a limit (weakly inaccessible, weakly Mahlo) cardinal and the set of 
all strong limit cardinals below n is unbounded in k, then k is a strong limit 
(inaccessible, Mahlo) cardinal. 

8.8. A K-complete ideal / on k is normal if and only if for every So ^ I and any 
regressive / on So there is S C So, S I, such that / is constant on S. 

[One direction is like Fodor's Theorem. For the other direction, let X a £ F for 
each a < k. If A X a F, let So = ft — A X a and let f(a) = some £ < a such that 
a £ X%. If f(a) = 7 for all a £ S, then X 7 n S = 0, a contradiction.] 

8.9. There is no normal nonprincipal filter on w. 
[Use the regressive function f(n + 1) = n.] 

8.10. If k is singular, then there is no normal ideal on n that contains all bounded 
subsets of k. 

8.11. (i) If S C T then Tr(S) C Tr(T), 

(ii) Tr(S U T) = Tr(5) U Tr(T), 

(iii) Tr(Tr(5)) C Tr(5), 

(iv) if S ~ T mod J NS then Tr(5) ~ Tr(T) mod J NS . 

8.12. Show that Tr(££) = {a < k : cf a > A+}. 

8.13. If A < k is the ath regular cardinal cardinal, then o(E%) = a. 

8.14. o(/t) > k if and only if k is weakly inaccessible; o(k) > k + 1 if and only if 
k is weakly Mahlo. 

8.15. For each a £ P K (A), the set {x £ Pk{A) : x D a} is closed unbounded. 

A K-complete filter F on P K (A) is normal if for every a £ A, {x £ ^(-4) : 
a £ x} € F, and if F is closed under diagonal intersections. A set X C P K (A) is 
F-positive if its complement is not in F. 

8.16. Let F be a normal ^-complete filter on P K (A). If g is a function on an F- 
positive set such that g(x) £ [a;] < " for all x, then g is constant on an F-positive 
set. 

8.17. If F is a normal K-complete filter on P K (A) then F contains all closed un- 
bounded sets. 

[Use Lemma 8.26 and Exercise 8.16.] 

8.18. If k > cdi then the set {x £ Pk{A) : \x\ > Ki} is closed unbounded. 

Contrast this with the fact that for every F : [A] <UJ — > A there exists a count- 
able x closed under A. 

8.19. The set {x £ P K (X) : x n k £ k} is closed unbounded. 
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Historical Notes 

The definition of stationary set is due to Bloch [1953], and the fundamental theo- 
rem (Theorem 8.7) was proved by Fodor [1956]. (A precursor of Fodor's Theorem 
appeared in Aleksandrov-Urysohn [1929].) The concept of stationary sets is implicit 
in Mahlo [1911]. 

Theorem 8.10 was proved by Solovay [1971] using the technique of saturated 
ideals. 

Mahlo cardinals are named after P. Mahlo, who in 1911-1913 investigated what 
is now called weakly Mahlo cardinals. Theorems 8.12 and 8.13 are due to Sil- 
ver [1975]. Silver's proof uses generic ultrapowers; the elementary proof given here 
is as in Baumgartner-Prikry [1976, 1977]. Lemma 8.16: Erdos, Hajnal, and Mil- 
ner [1968]. 

Definition 8.18 and Theorem 8.20 are due to Jech [1984]. The generalization of 
closed unbounded and stationary sets (Definition 8.21 and Theorems 8.22 and 8.24) 
was given by Jech [1971b] and [1972/73]; Kueker [1972, 1977] also formulated 
these concepts for k — uji and proved Theorem 8.28. Theorem 8.27 is due to 
Menas [1974/75]. 

Exercise 8.5: Friedman [1974]. 

Exercise 8.17: Carr [1982]. 
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9. Combinatorial Set Theory 



In this chapter we discuss topics in infinitary combinatorics such as trees and 
partition properties. 



Partition Properties 

Let us consider the following argument (the pigeonhole principle): If seven 
pigeons occupy three pigeonholes, then at least one pigcnholc is occupied by 
three pigeons. More generally: If an infinite set is partitioned into finitely 
many pieces, then at least one piece is infinite. 

Recall that a partition of a set S is a pairwise disjoint family P — {Xi : 
i £ 1} such that U»e/ = With the partition P we can associate a func- 
tion F : S — > I such that F(x) = F(y) if and only if x and y are in the same 
X E P. Conversely, any function F : S — > I determines a partition of S. (We 
shall sometimes say that F is a partition of S.) 

For any set A and any natural number n > 0, 

(9.1) [A] n = {X cA:\X\=n} 

is the set of all subsets of A that have exactly n elements. It is sometimes 
convenient, when A is a set of ordinals, to identify [A] n with the set of all 
sequences (oii,...,a n ) in A such that a\ < ... < a n . We shall consider 
partitions of sets [A] n for various infinite sets A and natural numbers n. Our 
starting point is the theorem of Ramsey dealing with finite partitions of [uj] n . 

If {Xi : i G 1} is a partition of [A] n , then a set H C A is homogeneous for 
the partition if for some i, [H] n is included in Xi; that is, if all the n-element 
subsets of H are in the same piece of the partition. 

Theorem 9.1 (Ramsey). Let n and k be natural numbers. Every partition 
{Xi, . . . ,X k } of [u] n into k pieces has an infinite homogeneous set. 

Equivalently, for every F : [u)] n — > {1, . . . , k} there exists an infinite H C 
u> such that F is constant on [H] n . 

Proof. By induction on n. If n = 1, the theorem is trivial, so we assume 
that it holds for n and prove for n + 1. Let F be a function from into 
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{1, . . . , k}. For each a £ to, let F a be the function on [to — {a}] n denned as 
follows: 

F a (X) = F({a}UX). 

By the induction hypothesis, there exists for each sew and each infinite 
Scwan infinite set C S — {a} such that F a is constant on [H^] n . We 
construct an infinite sequence (dj : i = 0, 1, 2, . . .): We let S 0 — co and a 0 = 0, 
and 

Si+i = iff.S Oj+i = the least clement of Si+i greater than a,. 

It is clear that for each i £ u), the function F ai is constant on [{a m : m > i}]"; 
let G(ai) be its value. Now there is an infinite subset ff C {a* : z £ 
such that G is constant on ff. It follows that F is constant on [fi] n+1 ; 
this is because for x\ < ... < x„ +1 in ff we have F({xi, . . . , x n+1 }) = 
F xi ({x 2 ,...,x n+1 }). a 

The following lemma explains the terminology introduced in Chapter 7 
where Ramsey ultrafilters were defined: 

Lemma 9.2. Let D be a nonprincipal ultrafilter on lo. D is Ramsey if and 
only if for all natural numbers n and k, every partition F : [uS\ n — > {1, . . . , k} 
has a homogeneous set H € D. 

Proof. First assume that D has the partition property stated in the lemma. 
Let A be a partition of u such that A ^ D for all A e A; we shall find 
X e D such that \X (1 A\ < 1 for all A £ A. Let F : [lo] 2 -» {0, 1} be as 
follows: F(x, y) = 1 if x and y are in different members of A. If if € D is 
homogeneous for F, then clearly if has at most one clement common with 
each A £ A. 

Now let us assume that D is a Ramsey ultrafilter. We shall first prove 
that D has the following property: 

(9.2) if X n D X\ D X 2 D ■ ■ ■ are sets in D, then there is a sequence 
a 0 < ai < a 2 < ■ ■ ■ such that {a n }%> =0 £ D, a 0 £ X 0 and a n+ i £ X an 
for all n. 

Thus let Xo D Xi D . . . be sets in D. Since D is a p-point, there exists Y £ D 
such that each Y — X n is finite. Let us define a sequence y 0 < yi < . . . in Y 
as follows: 

i/o = the least j/o € F such that {y £ Y : y > y 0 } C Xo, 

yi = the least yi £ Y such that y\ > yo and {y £ Y : y > yi} C X yo , 

y n = the least y n £ Y such that y n > y n _i and {y £ Y : y > y„} C ^ y „_!. 

For each n, let A„ = {y £ Y : y n < y < y n +i}- Since D is Ramsey there 
exists a set {z n }%L 0 £ D such that z n £ A n for all n. 
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We observe that for each n, z n+2 € X Zn : Since z„ +2 > y n +2, we have 
z n +2 € -^3/ n+1 , and since y n+1 > z n , we have X Vri+1 C X Zn and hence 

Thus if we let a n — Zi n and b n = z 2n +i, for all n, then cither {a„}^L 0 E D 
or {^n}5^Lo *= -D; and in either case we get a sequence that satisfies (9.2). 

Now we use the property (9.2) to prove the partition property; we proceed 
by induction on n and follow closely the proof of Ramsey's Theorem. Let F 
be a function from into {l,...,fc}. For each a E u>, let F a be the 

function on [ui — {a}] n defined by F a (x) — F(x U {a}). By the induction 
hypothesis, there exists for each a E w a set H a E D such that F a is constant 
on [H a ] n . There exists X E D such that the constant value of F a is the same 
for all a E X; say F a (x) = r for all a E X and all x E [H a ] n . 

For each n, let X n = XtlHoDHitl. . .f\H n . By (9.2) there exists a sequence 
clq < a\ < ai < . . . such that ao E Xq and On+i E X an for each n, and that 
{a n }^ =0 E D. Let H = {a n }^ =a . It is clear that for each i E u, di E X and 
{a m ■ m > i} C H ai . Hence F ai (x) = r for all x E [{a m ■ m > i}] n , and it 
follows that F is constant on [H] n+1 . □ 

To facilitate our investigation of generalizations of Ramsey's Theorem, 
we shall now introduce the arrow notation. Let k and A be infinite cardinal 
numbers, let n be a natural number and let m be a (finite or infinite) cardinal. 
The symbol 

(9.3) k - (A)™ 

(read: k arrows A) denotes the following partition property: Every partition 
of [n] n into m pieces has a homogeneous set of size A. In other words, every 
F : [n] n — > m is constant on [i?]™ for some H C k such that |if| = A. Using 
the arrow notation, Ramsey's Theorem is expressed as follows: 

(9.4) tt 0 ^(K 0 )£ (n,fcew). 

The subscript m in (9.3) is usually deleted when m = 2, and so 

is the same as n — > (A)5- 

The relation k — > (A)J^ remains true if re is made larger or if A or m are 
made smaller. A moment's reflection is sufficient to see that the relation also 
remains true when n is made smaller. 

Obviously, the relation (9.3) makes sense only if n > X and n > m; if 
m = k, then it is clearly false. Thus we always assume 2 < m < k and A < k. 
If n = 1, then (9.3) holds just in case either k > A, or k — A and cf k > m. 
We shall concentrate on the nontrivial case: n > 2. 

We start with two negative partition relations. 
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Lemma 9.3. For all re, 

2 K -h 

In other words, there is a partition of 2 K into re pieces that does not have an 
infinite homogeneous set. 

Proof. In fact, we find a partition that has no homogeneous set of size 3. Let 
S = {0, 1} K and let F : [S] 2 -> re be defined by F({f,g}) = the least a < re 
such that f(a) ^ g(a). If f, g, h are distinct elements of S, it is impossible 
to have F({f, g}) = F({f, h}) = F({g, h}). □ 

Lemma 9.4. For every re, 

2 K ■/* ( k +) 2 . 

(Thus the obvious generalization of Ramsey's Theorem, namely Hi — > 
(^1)2, is false.) 

To construct a partition of [2 K ] 2 that violates the partition property, let 
us consider the linearly ordered set (P, <) where P = {0, 1} K , and / < g if 
and only if f(a) < g(a) where a is the least a such that f(a) ^ g(a) (the 
lexicographic ordering of P). 

Lemma 9.5. The lexicographically ordered set {0, 1} K has no increasing or 
decreasing k + -sequence. 

Proof. Assume that W — {f a : a < k + } C {0,1} k is such that f a < fp 
whenever a < [3 (the decreasing case is similar). Let 7 < re be the least 7 
such that the set {f a \l ■ ol < n + } has size re + , and let Z <zW be such that 
\Z\ = k + and /I7 ^ g\f for f,g G Z. We may as well assume that Z = W, 
so let us do so. 

For each a < k + , let £ Q be such that f a \^a = fa+i\£,a and / Q (£ Q ) = 0, 
fa+i(S,a) = 1; clearly £ Q < 7. Hence there exists £ < 7 such that £ = £ Q 
for k + elements / Q of 14^. However, if £ = £ a = £p and / a f£ = fp\£,, then 
//3 < /a+i and f a < fp +1 ; hence /„ = fp. Thus the set {f a \£ : a < k + } has 
size re + , contrary to the minimality assumption on 7. □ 

Proof of Lemma 9.4. Let 2 K = A and let {/ a : a < A} be an enumeration 
of the set P = {0, 1} K . Let -< be a linear ordering of A induced by the 
lexicographic ordering of P: a -< (3 if f a < f@. 

Now we define a partition F : [A] 2 {0,1} by letting F({a,j3}) = 1 
when the ordering -< of {a, 0} agrees with the natural ordering; and letting 
F({a,[3}) — 0 otherwise. If H C A is a homogeneous set of order- type k + , 
then {f a : a £ H} constitutes an increasing or decreasing re+-sequence 
in (P, <); a contradiction. □ 

By Lemma 9.4, the relation re — > (Hi) 2 is false if re < 2 N °. On the other 
hand, if re > 2 N °, then re — > (Hi) 2 is true, as follows from this more general 
theorem: 
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Theorem 9.6 (Erdos-Rado). 




(Hi) 



n+l 
No 



In particular, (2 No )+ -» (Ni)£ 0 . 

Proof. We shall first prove the case n = 1 since the induction step parallels 
closely this case. Thus let k = (2 N °) + and let F : [k] 2 — > o> be a partition 
of [«] 2 into H 0 pieces. We want to find a homogeneous i? C k of size Hi. 

For each a G re, let F a be a function on k — {a} defined by F a (x) = 
F({a,x}). We shall first prove the following claim: There exists a set A C k 
such that | A \ = 2 No and such that for every countable C C A and every 
mU-C there exists uei-C such that F v agrees with F u on C. 

To prove the claim, we construct an wi-sequence A 0 C A 1 C . . . C ^4 Q C 
. . ., a < Wi, of subsets of k, each of size 2^°, as follows: Let A 0 be arbitrary, 
and for each limit a, let A a = lj^ <a Ap. Given A a , there exists a set A a+ i D 
A a of size 2 N ° such that for each countable G C A a and every u E k — C 
there exists v e A a+ i — C such that F v agrees with F u on C (because the 
number of such functions is < 2 No ). Then we let A = {J a<LUl A a , and clearly 
A has the required property. 

Next we choose some a £ n — A, and construct a sequence (x a : a < u\) 
in A as follows: Let xq be arbitrary, and given {xp : f3 < a} = C, let x a be 
some v e A — C such that F v agrees with F a on C. Let X = {x a : a < u)i}. 

Now we consider the function G : X — > w defined by G(x) — F a (x). It is 
clear that if a < f3, then F({x a ,xp}) — F X/3 (x a ) — F a (x a ) — G(x a ). Since 
the range of G is countable, there exists H C X of size Hi such that G is 
constant on H . It follows that F is constant on [H] 2 . 

Thus we have proved the theorem for n = 1. The general case is proved 
by induction. Let us assume that H^-i ~~ * (^i)S 0 an< ^ ^ : M" +1 ~~ * w i 
where k = D+. For each a € k, let F a : [k — {a}]™ — > w be defined by 
-Fa (a;) = -F(a; U {a}). As in the case n = 1, there exists a set A C Kof size D„ 
such that for every C C A of size |C| < 3„_i and every u e k — C there 
exists u G A — C such that F,, agrees with F u on [C]". 

Next we choose and construct a set X = {x a : a < H^-i} c ^ 

such that for each a, F Xa agrees with F a on [{xp : (5 < a}] n . 

Then we consider G : [X] n — > w where G(x) = F a (a;). As before, if 
ai < ... < a„+i, then F({x Ql , . . .,x an+1 }) = G({x ai ,. . -,x an }). By the 
induction hypothesis, there exists H C X of size Hi such that G is constant 
on [H] n . It follows that F is constant on [H] n+1 . □ 

Erdos and Rado proved that for each n, the partition property — > 
(^i)ko^ 1 ^ s ^ es ^ P oss ible. The property also generalizes easily to larger cardi- 
nals. 

A natural generalization of the partition property (9.3) is when we allow A 
to be a limit ordinal, not just a cardinal. Let k, n and m be as in (9.3) and 
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let a > 0 be a limit ordinal. The symbol 

(9.5) k - (a)™ 

stands for: For every F : [n] n — > m there exists an if C k of order- type a 
such that F is constant on [if]™. 

There are various results about the partition relation (9.5). For instance, 
Baumgartner and Hajnal proved in [1973] that Hi — > (a) 2 for all a < lo\. 
The analogous case for H 2 is different: If 2 N ° = Hi, then H2 — > (wi) 2 (by 
Erd6s-Rado), but it is consistent (with 2 Ho = Hi) that H 2 ■/* (wi + w) 2 . 

Among other generalizations of (9.3), we mention the following: 

(9.6) K^(a,0) n 

means that for every F : [n] n — > {0, 1}, either there exists an ifi C k of order- 
type a such that F = 0 on [ffi] n or there exists and if 2 C k of order-type /3 
such that f 1 = 1 on [if 2 ] n . 

Theorem 9.7 (Dushnik-Miller). For every infinite cardinal k, 

K — » (k, Cj) 2 . 

Proof. Let {^4, f?} be a partition of [k] 2 . For every x e k, let f^ = {y e k : 
x < y and {x, y} £ B}. First let us assume that in every set X C n of 
cardinality k there exists aniel such that |B X fl X| = k. In this case, we 
construct an infinite if with [if] 2 C B as follows: 

Let Xo = k and xo € such that lif^ n Afo| = /c. For each n, let X n+ i = 
B Xn nX n and let x n+ i € be such that x n+ i > x„ and |i? a;n+1 nX„ +i | = 

k. Then let if = {x„}£° =0 ; it is clear that [if] 2 C B. 

Thus let us assume, for the rest of the proof, that there exists a set Sck 
of cardinality k such that 

(9.7) for every x e S, \B X C\S\<k. 

If k is regular, then we construct (by induction) an increasing K-sequence 
(x a : a < k) in S such that {x a ,xp} e A for all a < (3; this is possible 
by (9.7). 

Thus let us assume that k is singular, let A = cf k and let : £ < A) be 
an increasing sequence of regular cardinals > A with limit k. Furthermore, 
we assume that there is no infinite if with [if] 2 C B, and that — > (k^,o>) 2 
holds for every £ < A. We shall find a set if C k of cardinality k such that 
[ff] 2 c A. 

Let {S% : £ < A} be a partition of 5 1 into disjoint sets such that — k^. 
It follows from our assumptions that there exist sets fQ C S|, |^| = k^, 
such that [K(.] 2 C A. 

For every ir S fQ there exists, by (9.7), some a < A such that |B X fl S\ < 
n a ; since A < kj, there exists an a(£) such that the set = {x e fQ : 
|S X n S 1 ! < k q (£)} has cardinality kj. 
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Let (£„ : v < A) be an increasing sequence of ordinals < A such that if 
v\ < v 2 then a(£ vi ) < £ V2 . We define, by induction on v, 

H v = Z^ v) - \J{B X : x e \J n<v 

Clearly, \H V \ = «£(„), and [£f„] 2 C A. 

Finally, we let £T = Ui/<a ^ follows from the construction of H that 
[H] 2 c A'. ' □ 



Weakly Compact Cardinals 

In the positive results given by the Erdos-Rado Theorem, the size of the ho- 
mogeneous set is smaller than the size of the set being partitioned. A natural 
question arises, whether the relation k — > (k) 2 can hold for cardinals other 
than k = u). 

Definition 9.8. A cardinal k is weakly compact if it is uncountable and 
satisfies the partition property k — > (k) 2 . 

The reason for the name "weakly compact" is that these cardinals satisfy 
a certain compactness theorem for infinitary languages; we shall investigate 
weakly compact cardinals further in Part II. 

Lemma 9.9. Every weakly compact cardinal is inaccessible. 

Proof. Let k be a weakly compact cardinal. To show that n is regular, let 
us assume that k is the disjoint union lJ{Ay : 7 < A} such that A < k 
and I Ay I < n for each 7 < A. We define a partition F : [k] 2 — > {0,1} as 
follows: F({a,(3}) — 0 just in case a and (3 are in the same A 1 . Obviously, 
this partition does not have a homogeneous set H C k of size k. 

That k is a strong limit cardinal follows from Lemma 9.4: If n < 2 A 
for some A < n, then because 2 A -f^ (A+) 2 , we have k -f^ (A + ) 2 and hence 

k-^(k) 2 . a 

We shall prove in Chapter 17 that every weakly compact cardinal k is the 
«th inaccessible cardinal. 



Trees 

Many problems in combinatorial set theory can be formulated as problems 
about trees. 

In this chapter we discuss Suslin's Problem as well as the use of trees in 
partition calculus and large cardinals. 
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Definition 9.10. A tree is a partially ordered set (T, <) with the property 
that for each ieT, the set {y : y < x} of all predecessors of x is well-ordered 
by <. 

The ath level of T consists of all x e T such that {y : y < x} has order- 
type a. The height of T is the least a such that the ath level of T is empty; 
in other words, it is the height of the well-founded relation <: 

(9.8) o(x) = the order-type of {y : y < x}, 
ath level = {x : o(x) = a}, 

height(T) = sup{o(» + 1 : x e T}. 

A branch in T is a maximal linearly ordered subset of T. The length of 
a branch b is the order-type of b. An a-branch is a branch of length a. 

We shall now turn our attention to Suslin's Problem introduced in Chap- 
ter 4. In Lemma 9.14 below we show that the problem can be restated as 
a question about the existence of certain trees of height u>\ . 

Suslin's Problem asks whether the real line is the only complete dense 
unbounded linearly ordered set that satisfies the countable chain condition. 
An equivalent question is whether every dense linear ordering that satisfies 
the countable chain condition is separable, i.e., has a countable dense subset. 

Definition 9.11. A Suslin line is a dense linearly ordered set that satisfies 
the countable chain condition and is not separable. 

Thus Suslin's Problem asks whether a Suslin line exists. We shall show 
that the existence of a Suslin line is equivalent to the existence of a Suslin 
tree. 

Let T be a tree. An antichain in T is a set A C T such that any two 
distinct elements x, y of A are incomparable, i.e., neither x < y nor y < x. 

Definition 9.12. A tree T is a Suslin tree if 

(i) the height of T is u\; 

(ii) every branch in T is at most countable; 

(iii) every antichain in T is at most countable. 

For the formulation of Suslin's Problem in terms of trees it is useful to 
consider Suslin trees that are called normal. 

Let a be an ordinal number, a < to\. A normal a-tree is a tree T with 
the following properties: 

(9.9) (i) hcight(T) = a; 

(ii) T has a unique least point (the root); 

(iii) each level of T is at most countable; 

(iv) if x is not maximal in T, then there are infinitely many y > x at 
the next level (immediate successors of x) ; 
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(v) for each x € T there is some y > x at each higher level less 
than a; 

(vi) if (3 < a is a limit ordinal and x, y are both at level /3 and if 
{z : z < x} = {z : z < y}, then x = y. 

See Exercise 9.6 for a representation of normal trees. 

Lemma 9.13. If there exists a Suslin tree then there exists a normal Suslin 
tree. 

Proof. Let T be a Suslin tree. T has height wi, and each level of T is count- 
able. We first discard all points x G T such that Ta; = {y e T : y > x} is at 
most countable, and let T\ = {x e T : is uncountable}. Note that if x G 7\ 
and a > o(x), then |T y | = Ni for some y > x at level a. Hence T\ satisfies 
condition (v). Next, we satisfy property (vi): For every chain C = {z : z < y} 
in Ti of limit length we add an extra node etc and stipulate that z < ac for 
all z e C, and a c < x for every x such that x > z for all zeC. The resulting 
tree T-i satisfies (iii), (v) and (vi). For each x <E T2 there are uncountably 
many branching points z > x, i.e., points that have at least two immediate 
successors (because there is no uncountable chain and T 2 satisfies (v)). The 
tree T3 = {the branching points of T2} satisfies (iii), (v) and (vi) and each 
x e T 3 is a branching point. To get property (iv), let T4 consists of all z e T3 
at limit levels of T 3 . The tree T 4 satisfies (i), (iii), (iv), and (v); and then 
T 5 C T4 satisfying (ii) as well is easily obtained. □ 

Lemma 9.14. There exists a Suslin line if and only if there exists a Suslin 
tree. 

Proof, (a) Let S be a Suslin line. We shall construct a Suslin tree. The tree 
will consist of closed (nondegenerate) intervals on the Suslin line S. The 
partial ordering of T is by inverse inclusion: If /, J e T, then / < J if and 
only if / D J. 

The collection T of intervals is constructed by induction on a < uj\. We 
let I 0 = [ao,&o] be arbitrary (such that a 0 < b 0 ). Having constructed Ip, 
[3 < a, we consider the countable set C = {ap : (3 < a} U {bp : (3 < a} of 
endpoints of the intervals Ip, [3 < a. Since S is a Suslin line, C is not dense 
in S and so there exists an interval [a, b] disjoint from C; we pick some such 
[a a , b a ] — I a . The set T = {I a : a < ui\) is uncountable and partially ordered 
by D. If a < (3, then cither I a D Ip or I a is disjoint from Ip. It follows that 
for each a, {I € T : I D I a } is well-ordered by Z> and thus T is a tree. 

We shall show that T has no uncountable branches and no uncountable 
antichains. Then it is immediate that the height of T is at most u>\\ and since 
every level is an antichain and T is uncountable, we have hcight(T) = u>\. 

If I, J € T are incomparable, then they are disjoint intervals of S; and 
since S satisfies the countable chain condition, every antichain in T is at most 
countable. To show that T has no uncountable branch, we note first that if 
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b is a branch of length u>i, then the left endpoints of the intervals I E B 
form an increasing sequence {x a : a < uii} of points of S. It is clear that the 
intervals (x a ,x a+ i), a < u>\, form a disjoint uncountable collection of open 
intervals in S, contrary to the assumption that S satisfies the countable chain 
condition. 

(b) Let T be a normal Suslin tree. The line S will consist of all branches 
of T (which are all countable). Each x € T has countably many immediate 
successors, and we order these successors as rational numbers. Then we order 
the elements of S lexicographically: If a is the least level where two branches 
a,b e S differ, then a is a successor ordinal and the points a a € a and b a e b 
are both successors of the same point at level a — 1; we let a < b or b < a 
according to whether a a < b a or b a < a a . 

It is easy to see that S is linearly ordered and dense. If (a, b) is an open 
interval in S, then one can find x € T such that I x C (a, b), where I x is the 
interval I x = {c G S : x e c}. And if I x and I y are disjoint, then x and y are 
incomparable points of T. Thus every disjoint collection of open intervals of S 
must be at most countable, and so S satisfies the countable chain condition. 

The line S is not separable: If C is a countable set of branches of T, let a 
be a countable ordinal bigger than the length of any branches b € C. Then if 
x is any point at level a, the interval I x does not contain any b £ C, and so 
C is not dense in S. □ 

Lemma 9.14 reduces Suslin's Problem to a purely combinatorial problem. 
In Part II we shall return to it and show that the problem is independent of 
the axioms of set theory. 

We now turn our attention to the following problem, related to Suslin 
trees. 

Definition 9.15. An Aronszajn tree is a tree of height ivi all of whose levels 
are at most countable and which has no uncountable branches. 

Theorem 9.16 (Aronszajn). There exists an Aronszajn tree. 

Proof. We construct a tree T whose elements arc some bounded increasing 
transfinite sequences of rational numbers. If x, y € T are two such sequences, 
then we let x < y just in case y extends x, i.e., x C y. Also, if y € T and x is 
an initial segment of y, then we let x € T; thus the ath level of T will consist 
of all those x e T whose length is a. 

It is clear that an uncountable branch in T would yield an increasing 
Wi-sequence of rational numbers, which is impossible. Thus T will be an 
Aronszajn tree, provided we arrange that T has Hi levels, all of them at 
most countable. We construct T by induction on levels. For each a < oj\ 
we construct a set U a of increasing a-sequences of rationals; U a will be the 
ath level of T. We construct the U a so that for each a, \U a \ < K 0 , and that: 

(9.10) For each (3 < a, each x e Up and each q > supx there is y <G U a such 
that x C y and q > supy. 
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Condition (9.10) enables us to continue the construction at limit steps. 

To start, we let Uq = {0}. The successor steps of the construction are also 
fairly easy. Given U a , we let U a +i be the set of all extensions x^r of sequences 
in U a such that r > supx. It is clear that since U a satisfies condition (9.10), 
U a +i satisfies it also (for a + 1), and it is equally clear that U a +i is at most 
countable. 

Thus let a be a limit ordinal (a < loi) and assume that we have con- 
structed all levels i/ 7 , 7 < a, of T below a, and that all the JJ 1 satisfy (9.10); 
we shall construct U a . The points x G T below level a form a (normal) tree T a 
of length a. We claim that T a has the following property: 

(9.11) For each x G T a and each q > sup x there is an increasing a-sequence 
of rationals y such that x C y and q > sup y and that y\/3 e T a for 
all (3 < a. 

The last condition means that {y\/3 : (3 < a} is a branch in T a . To prove the 
claim, we let a n , n = 0, 1, . . . , be an increasing sequence of ordinals such 
that x G U ao and lim„ a n = a, and let {q n }^Lo be an increasing sequence 
of rational numbers such that qo > supx and lim„ q n < q. Using repeatedly 
condition (9.10), for all a n (n = 0, 1, ...), we can construct a sequence 
Uo C 1/1 C ... C t/„... such that y 0 = x, y n G U an , and supy„ < g„ for 
each n. Then we let y = U^Lo2/«' clearly, y satisfies (9.11). 

Now we construct U a as follows: For each x G T a and each rational 
number q such that q > sup x, we choose a branch y in T a that satisfies (9.11), 
and let U a consists of all these y : a — > Q. The set J7 Q so constructed is 
countable and satisfies condition (9.10). 

Then T = U a<UJl U a is an Aronszajn tree. □ 

The Aronszajn tree constructed in Theorem 9.16 has the property that 
there exists a function / : T — > R such that f(x) < f(y) whenever x < y 
(Exercise 9.8). With a little more care, one can construct T so that there is 
a function / : T — > Q such that f(x) < f(y) if x < y. Such trees are called 
special Aronszajn trees. In Part II we'll show that it is consistent that all 
Aronszajn trees are special. 



Almost Disjoint Sets and Functions 

In combinatorial set theory one often consider families of sets that are as 
much different as possible; a typical example is an almost disjoint family of 
infinite sets any two intersect in a finite set. Here we present a sample of 
results and problems of this kind. 

Definition 9.17. A collection of finite sets Z is called a A-system if there 
exists a finite set S such that X n Y = S for any two distinct sets X, Y G Z. 
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The following theorem is often referred to as the A- Lemma: 

Theorem 9.18 (Shanin). Let W be an uncountable collection of finite sets. 
Then there exists an uncountable Z C W that is a A-system. 

Proof. Since W is uncountable, it is clear that uncountably many X e W 
have the same size; thus we may assume that for some n, \X\ = n for all 
X e W. We prove the theorem by induction on n. If n = 1, the theorem is 
trivial. Thus assume that the theorem holds for n, and let W be such that 
\X\=n + l for allXe W. 

If there is some clement a that belongs to uncountably many X e W, 
we apply the induction hypothesis to the collection {X — {a} : X e W and 
a e X}, and obtain Z C W with the required properties. 

Otherwise, each a belongs to at most countably many X £ W, and we 
construct a disjoint collection Z = {X a : a < uj{\ as follows, by induction 
on a. Given X%, £ < a, we find X = X a e W that is disjoint from all Xj, 
£ < a. □ 

For an alternative proof, using Fodor's Theorem, see Exercise 9.10. The- 
orem 9.18 generalizes to greater cardinals, under the assumption of GCH: 

Theorem 9.19. Assume n <K — n. Let W be a collection of sets of cardi- 
nality less than k such that \W\ = k + . Then there exist a collection Z CW 
such that \Z\ = k + and a set A such that X n Y = A for any two distinct 
elements X,Y e Z. □ 

Definition 9.20. If X and Y arc infinite subsets of uj then X and Y are 
almost disjoint if X n Y is finite. 

Let k be a regular cardinal. If X n Y are subsets of k of cardinality k then 
X and Y are almost disjoint if \X (~l Y\ < k. 

An almost disjoint family of sets is a family of pairwise almost disjoint 
sets. 

Lemma 9.21. There exists an almost disjoint family of 2 N ° subsets of w. 

Proof. Let S be the set of all finite 0-1 sequences: S = U^Loi^' F° r every 
/ : lu -> {0, 1}, let A f C S be the set A f = {s e S : s C /} = {f\n : n e uj}. 
Clearly, Af n A g is finite if / ^ g; thus {Af : f e {0, 1}"} is a family of 
2^° almost disjoint subsets of the countable set S, and the lemma follows. 

□ 

A generalization from oj to arbitrary regular k is not provable in ZFC (al- 
though under GCH the generalization is straightforward; see Exercise 9.11). 
Without assuming the GCH, the best one can do is to find an almost disjoint 
family of n + subsets of k; this follows from Lemma 9.23 below. 

Definition 9.22. Let k be a regular cardinal. Two functions / and g on k 
are almost disjoint if \{a : f(a) = g(a)}\ < k. 
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Lemma 9.23. For every regular cardinal k, there exists an almost disjoint 
family of n + functions from k to n. 

Proof. It suffices to show that given k almost disjoint functions {/„ : v < k}, 
then there exists / : n — > k almost disjoint from all f v , v < k; this we do by 
diagonalization: Let f(a) ^ f v {ct) for all v < a. □ 

Let us consider the special case when k — vi . 

Definition 9.24. A tree (T, <) is a Kurepa tree if: 

(i) height(T) =wi; 

(ii) each level of T is at most countable; 

(iii) T has at least K 2 uncountable branches. 

If T is a Kurepa tree, then the family of all a^-branches is an almost 
disjoint family of uncountable subsets of T. In fact, since the levels of T are 
countable, we can identify the wi-branches with the functions from lo\ into w 
and get the following result: There exists an almost disjoint family of K 2 
functions f : uj\ — > u). 

Lemma 9.25. A Kurepa tree exists if and only if there exists a family T of 
subsets of u>i such that: 

(9.12) (i) |^| > H 2 ; 

(ii) for each a < Wi, \{X n a : X £ T}\ < H 0 . 

Proof, (a) Let (T, <t) be a Kurepa tree. Since T has size Hi, we may assume 
that T = u>i, and moreover that a < (3 whenever a <t (3- If we let T be the 
family of all a^-branches of T, then T satisfies (9.12). 

(b) Let T be a family of subsets of u\ such that (9.12) holds. For each 
X £ T, let fx be the functions on w\ defined by 

fx(ct)~Xr\a (a < ui). 

For each a < Wi, let U a = {fx\a : X £ T} and let T = [j a<UJi U a . Then 
(T, c) is a tree, the U a arc the levels of T and the functions fx correspond 
to branches of T. By (9.12)(ii), every U a is countable, and it follows that T is 
a Kurepa tree. □ 

The existence of a Kurepa tree is independent of the axioms of set theory. 
In fact, the nonexistence of Kurepa trees is equiconsistent with an inaccessible 
cardinal. 
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The Tree Property and Weakly Compact Cardinals 

Generalizing the concept of Aronszajn tree to cardinals > u>i we say that 
a regular uncountable cardinal re has the tree property if every tree of height re 
whose levels have cardinality < re has a branch of cardinality re. 

Lemma 9.26. 

(i) If re is weakly compact, then re has the tree property. 

(ii) If re is inaccessible and has the tree property, then re is weakly compact, 
and in fact re — > (re) 2 ^ for every m < re. 

Proof, (i) Let re be weakly compact and let (T, <t) be a tree of height re such 
that each level of T has size < re. Since re is inaccessible, |T| = re and we 
may assume that T = re. We extend the partial ordering <x of re to a linear 
ordering -<: If a <t (3, then we let a -< (3; if a and (3 are incomparable and if 
£ is the first level where the predecessors aj, of a and /3 are distinct, we 
let a -< f3 if and only if < /3f . 

Let F : [re] 2 — > {0,1} be the partition defined by F({a,(3}) = 1 if and 
only if -< agrees with < on {a, By weak compactness, let 77 C re be 
homogeneous for F, \H\ = re. 

We now consider the set B C re of all x e re such that {a e 77 : x <t a} 
has size re. Since every level has size < re, it is clear that at each level there 
is at least one x in B. Thus if we show that any two elements of B are 
<r-comparable, we shall have proved that B is a branch in T of size re. 

Thus assume that x, y are incomparable elements of B; let x ~< y. Since 
both x and y have re successors in H, there exist a < j3 < 7 in H such that 
a; <t ol, y <t 0, and x <t 7- By the definition of -<, we have a ~< f3 and 
7^/3. Thus F({a,/3}) = 1 and F({j,/3}) — 0, contrary to the homogeneity 
ofH. 

(ii) Let re be an inaccessible cardinal with the tree property, and let F : 
[re] 2 — > 7 be a partition such that |7| < re. We shall find a homogeneous 77 C re 
of size re. 

We construct a tree (T, c) whose elements are some functions t : 7 — > 7, 
7 < re. We construct T by induction: At step a < re, we put into T one more 
clement t, calling it t a . Let to — 0- Having constructed to, . . . , tp, . . . , [3 < a, 
let us construct t a as follows, by induction on £. Having constructed t a \^, we 
look first whether t a \^ is among the tp, (3 < a (note that for £ = 0 we have 
t a f0 = to). If not, then we consider t a constructed: t a = t a \£. If t a \^ = tp 
for some (3 < a, then we let t a (£) = i where i = F({(3, a}). 

(T, c) is a tree of size re; and since re is inaccessible, each level of T has 
size < re and the height of T is re. It follows from the construction that if 
tp C t a , then (3 < a and F({/3, a}) — i a (length^)). By the assumption, 
T has a branch B of size re. If we now let, for each i e 7, 



(9.13) 



Hi = {a : t a e B and i^Ti € 7?}, 
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then each Hi is homogeneous for the partition F, and at least one Hi has 
size k. □ 

It should be mentioned that an argument similar to the one above, only 
more complicated, shows that if k is inaccessible and has the tree property, 
then k — > {n) r 7 l n for all n € u>, m < n. 

Ramsey Cardinals 

Let us consider one more generalization of Ramsey's Theorem. Let n be an 
infinite cardinal, let a be an infinite limit ordinal, a < k, and let m be 
a cardinal, 2 < m < n. The symbol 

(9.i4) «-w<r 

denotes the property that for every partition F of the set [n] <u> — U^LoM™ 
into m pieces, there exists a set H C k of order-type a such that for each 
n € cu, F is constant on [H] n . (Again, the subscript m is deleted when m = 2.) 

It is not difficult to see that the partition property uj — > (uj) <u> is false 
(see Exercise 9.13). 

A cardinal n is a Ramsey cardinal if k — » (k) <w . Clearly, every Ram- 
sey cardinal is weakly compact. We shall investigate Ramsey cardinals and 
property (9.14) in general in Part II. 



Exercises 

9.1. (i) Every infinite partially ordered set either has an infinite chain or has 
an infinite set of mutually incomparable elements. 

(ii) Every infinite linearly ordered set either has an infinite increasing sequence 

of elements or has an infinite decreasing sequence of elements. 
[Use Ramsey's Theorem.] 

For each k, let exp 0 (fv) = n and exp n+1 (fi) = 2 exp "' K - ) . 

9.2. For every k, (exp n («:)) + — > (k + )™ +1 . In particular, we have (2 K ) + — » (k + ) 2 . 

9.3. wi -> (ui,u + l) 2 . 

[Let {A, B} be a partition of \loi] 2 ■ For every limit ordinal a let -ff a be a maximal 
subset of a such that [iT a U{a}] 2 C B. If is finite for each a, use Fodor's Theorem 
to find a stationary set S such that all K a , a £ S, are the same. Then [S] 2 C A.] 

If A is an infinite set of ordinals and a an ordinal, let [A] a denote the set of all 
increasing a-sequences in A. The symbol 

k - w a 

stands for: For every partition F : [n] a — > {0, 1} of [k]" into two pieces, there exists 
a set H of order- type A such that F is constant on [H] a . 
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9.4. For all infinite cardinals k, k (w)". 

[For s,t G [kY let s s t if and only if {n : s(n) ^ t(n)} is finite. Pick a repre- 
sentative in each equivalence class. Let F(s) = 0 if s differs from the representative 
of its class at an even number of places; let F(s) = 1 otherwise. F has no infinite 
homogeneous set.] 

9.5 (Konig's Lemma). If T is a tree of height ui such that each level of T is 
finite, then T has an infinite branch. 

[To construct a branch {a;o, xi, . . . ,x n , ■ ■ ■} in T, pick xq at level 0 such that 
{y : y > xq} is infinite. Then pick xi, X2, ■ ■ ■ similarly.] 

9.6. If T is a normal a-tree, then T is isomorphic to a tree T whose elements are 
/3-sequences (/3 < a), ordered by extension; if t C s and s £ T, then t G T, and the 
/3th level of T is the set {t G T : domt = /?}. 

9.7. If T is a normal wi-tree and if T has uncountable branch, then T has an 
uncountable antichain. 

[For each x in the branch B pick a successor z x of x such that z x </ B. Let 
A = {z x : x G B}.] 

9.8. Show that if T is the tree in Theorem 9.16 then there exists some / : T — > R 
such that f(x) < f(y) whenever x < y. 

9.9. An Aronszajn tree is special if and only if T is the union of u) antichains. 

[If T = wnere each A n is an antichain, define 7r : T — > Q by induction 

on n, constructing iv\A n at stage n, so that the range of ir remains finite.] 

9.10. Prove Theorem 9.18 using Fodor's Theorem. 

[Let W = {X a : a < LJi} with X a C Wi. For each a, let /(a) = A a n a. 
By Fodor's Theorem, / is constant on a stationary set S; by induction construct 
a A-system W C {X a : a e S}.] 

9.11. If 2 <K — n, then there exists an almost disjoint family of 2 K subsets of k. 
[As in Lemma 9.21, let S = U Q <J°> !}"; I 5 ! = K -] 

9.12. Given a family of H 2 almost disjoint functions / : cdi — » w, there exists 
a collection 5 of pairwise disjoint stationary subsets of wi. 

[Each / G JF is constant on a stationary set 5/ with value n/. There is C/ C T 
of size such that n/ is the same for all / G Q. Let 5 = {5 1 / : / G Q}.] 

9.13. uj -h (^) < "- 

[For a; G M^, let F(a) = 1 if \x\ G x, and F(x) = 0 otherwise. If H C is 
infinite, pick n £ H and show that F is not constant on [H] n .] 



Historical Notes 

Theorem 9.1 is due to Ramsey [1929/30]. Ramsey ultrafilters are investigated in 
Booth [1970/71]. The theory of partition relations has been developed by Erdos, 
who has written a number of papers on the subject, some coauthored by Rado, 
Hajnal, and others. The arrow notation is introduced in Erdos and Rado [1956]. 
Other major comprehensive articles on partition relations are Erdos, Hajnal, and 
Rado [1965] and Erdos and Hajnal [1971]. 
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Theorem 9.6 appears in Erdos and Rado [1956]. Lemma 9.4 is due to Sierpih- 
ski [1933]. Theorem 9.7 is in Dushnik- Miller [1941]. 

Weakly compact cardinals (as in Definition 9.8 as well as the tree property) 
were introduced by Erdos and Tarski in [1961]. 

The equivalence of Suslin's Problem with the tree formulation (Lemma 9.14) is 
due to Kurepa [1935]; this paper also presents Aronszajn's construction and Kurepa 
trees, with Lemma 9.25. 

Theorems 9.18 and 9.19: Shanin [1946] and Erdos-Rado [I960]. 

Ramsey cardinals were first studied by Erdos and Hajnal in [1962]. 

Exercise 9.2: Erd6s-Rado [1956], Exercises 9.4 and 9.13: Erd6s-Rado [1952]. 

Exercise 9.5: D. Konig [1927]. 

Exercise 9.9: Galvin. 



This page intentionally left blank 



10. Measurable Cardinals 



The theory of large cardinals owes its origin to the basic problem of measure 
theory, the Measure Problem of H. Lebesgue. 



The Measure Problem 

Let S be an infinite set. A (nontrivial a-additive probabilistic) measure on S 
is a real-valued function \x on P(S) such that: 



It follows from (ii) that n(X), the measure of X, is nonnegativc for every 
X C S; in a special case of (iv) we get /j,(X UV) = f-(X) + n{Y) whenever 
X n Y = 0 (finite additivity). 

More generally, let A be a cr-complctc algebra of sets. A measure on A 
is a real- valued function \i on A satisfying (i)-(iv). Thus a measure on S is 
a measure on P(S). 

An example of a measure on a cr-complete algebra of sets is the Lebesgue 
measure on the algebra of all Lebesgue measurable subsets of the unit in- 
terval [0, 1]. The Lebesgue measure has, in addition to (i)-(iv), the following 
property: 

(10.2) If X is congruent by translation to a measurable set Y, then X is 
measurable and fi(X) = /jl(Y). 

It is well known that there exist sets of reals that are not Lebesgue mea- 
surable, and in fact that there is no measure on [0, 1] with the property (10.2) 
(translation invariant measure); see Exercise 10.1. 

The natural question to ask is whether the Lebesgue measure can be 
extended to some measure (not translation invariant) such that all subsets 



(10.1) (i) /z(0) = 0 and fj,(S) = 1; 

(ii) if X C Y, then fi(X) < n(Y); 

(iii) n({a}) = 0 for all a € S (nontriviality) ; 

(iv) if X n , n = 0, 1,2, . . . , are pairwise disjoint, then 



Ml U X n ) = K x n) (cr-additivity). 
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of [0,1] arc measurable, or whether there exists any measure on [0,1]. Or, 
whether there exists a measure on some set S. 

The investigation of this problem has lead to important discoveries in set 
theory, opening up a new field, the theory of large cardinal numbers, which 
has far-reaching consequences both in pure set theory and in descriptive set 
theory. 

A measure n on S is two-valued if /i(A) is either 0 or 1 for all X C S. If 
[i is a two- valued measure on S, let 

(10.3) U={XcS:fi(X) = l}. 

It is easy to verify that U is an ultrafiltcr on S. (For instance, if X € U and 

Y e U, thcnXny e U.lffi(X) = fx(Y) = 1, then A = (X-Y)U(XnY) and 

Y = (Y-X)U(XnY). If^(XnY) were not 1, then n{X-Y) = /J,{Y-X) = 1, 
and we would have fi(X U Y) = 2.) 

Next we note that the ultrafilter U is er-complete. This is so because \i is 
cr-additive, and an ultrafilter U on S is cr-complete if and only if there is no 
partition of S into countably many disjoint parts S — U^Lo ^ n sucn * na * 
X n $ U, for all n. 

Thus if (i is a two- valued measure on S, U is a cr-complctc ultrafiltcr on S. 
Conversely, if U is a cr-complete ultrafiltcr on S, then the following function 
is a two- valued measure on S: 



(10.4) 




ifxeu, 

if X £ U. 



Let fj, be a measure on S. A set A C 5 is an a£om of /j if /Lt(A) > 0 and if 
for every X C A, we have either yu(X) = 0 or /li(X) = /u(A). 
If fj, has an atom A, then 

(10.5) [/ = {IcS:/i(lnA) = /i(A)} 

is again a cr-complete ultrafiltcr on S. 

A measure /U on S is atomless if it has no atoms. Then every set X C S 1 
of positive measure can be split into two disjoint sets of positive measure: 
X = Y U Z, and /x(y) > 0, fi{Z) > 0. 

We shall eventually prove various strong consequences of the existence of 
a nontrivial cr-additive measure and establish the relationship between the 
Measure Problem and large cardinals. Our starting point is the following 
theorem which shows that if a measure exists, then there exists at least 
a weakly inaccessible cardinal. 

Theorem 10.1 (Ulam). If there is a a-additive nontrivial measure on S, 
then either there exists a two-valued measure on S and \S\ is greater than 
or equal to the least inaccessible cardinal, or there exists an atomless mea- 
sure on 2 N ° and 2 N ° is greater than or equal to the least weakly inaccessible 
cardinal. 
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Theorem 10.1 will be proved in a sequence of lemmas, which will also 
provide additional information on the Measure Problem and introduce ba- 
sic notions and methods of the theory of large cardinals. First we make the 
following observation. Let n be the least cardinal that carries a nontrivial 
cr-additive two- valued measure. Clearly, k is uncountable and is also the least 
cardinal that has a nonprincipal countably complete ultrafiltcr. And we ob- 
serve that such an ultrafiltcr is in fact K-complete: 

Lemma 10.2. Let n be the least cardinal with the property that there is 
a nonprincipal cr-complete ultrafilter on k, and let U be such an ultrafilter. 
Then U is n-complete. 

Proof. Let U be a er-complctc ultrafiltcr on k, and let us assume that U is 
not re-complete. Then there exists a partition {X a : a < 7} of re such that 
7 < re, and X a ^ U for all a < 7. We shall now use this partition to construct 
a nonprincipal cr-complete ultrafiltcr on 7, thus contradicting the choice of re 
as the least cardinal that carries such an ultrafilter. 
Let / be the mapping of re onto 7 defined as follows: 

f(x) — a if and only if x € X a {x G re). 

The mapping / induces a cr-complete ultrafiltcr on 7: we define D C P (7) by 

(10.6) Z e D if and only if f-i(Z) G U. 

The ultrafiltcr D is nonprincipal: Assume that {a} E D for some a < 7. Then 
X a e U, contrary to our assumption on X a . Thus 7 carries a cr-complete 
nonprincipal ultrafilter. □ 



Measurable and Real- Valued Measurable Cardinals 

We are now ready to define the central notion of this chapter. 

Definition 10.3. An uncountable cardinal k is measurable if there exists 
a K-complete nonprincipal ultrafiltcr U on n. 

By Lemma 10.2, the least cardinal that carries a nontrivial two-valued cr- 
additive measure is measurable. Note that if U is a re-complete nonprincipal 
ultrafiltcr on k, then every set X € U has cardinality k because every set of 
smaller size is the union of fewer than k singletons. For similar reasons, k is 
a regular cardinal because if k is singular, then it is the union of fewer than 
k small sets. The next lemma gives a first link of the Measure Problem with 
large cardinals. 

Lemma 10.4. Every measurable cardinal is inaccessible. 
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Proof. We have just given an argument why a measurable cardinal is regular. 
Let us show that measurable cardinals are strong limit cardinals. Let k be 
measurable, and let us assume that there exists A < n such that 2 A > k; we 
shall reach a contradiction. 

Let S be a set of functions / : A — > {0, 1} such that 15*1 = k, and let U be 
a K-complete nonprincipal ultrafiltcr on S. For each a < A, let X a be that 
one of the two sets {/eS: f(a) = 0}, {/ £ S : /(a) = 1} which is in U, and 
let e a be 0 or 1 accordingly. Since U is K-complctc, the set X = f] a<x X a is 
in U. However, X has at most one element, namely the function / that has 
the values f(a) — e a . A contradiction. □ 

Let us now turn our attention to measures that are not necessarily two- 
valued. Let /i be a nontrivial cr-additivc measure on a set S. In analogy 
with (10.3) we consider the ideal of all null sets: 



1^ is a nonprincipal cr-complete ideal on S. Moreover, it has these properties: 

(10.8) (i) {x} e / for every x e S; 

(ii) every family of pairwise disjoint sets X a S that are not in / is 



To see that (ii) holds, note that if W is a disjoint family of set of positive 
measure, then for each integer n > 0, there are only finitely many sets X e W 
of measure > 1/n. 

A cr-complete nonprincipal ideal I on S is called a-saturated if it satis- 
fies (10.8). 

The following lemma is an analog of Lemma 10.2: 
Lemma 10.5. 

(i) Let k be the least cardinal that carries a nontrivial cr-additive measure 
and let /j, be such a measure on k. Then the ideal 1^ of null sets is 
K-complete. 

(ii) Let k be the least cardinal with the property that there is a a-complete 
a-saturated ideal on k, and let L be such an ideal. Then I is K-complete. 

Proof, (i) Let us assume that 1^ is not K-complcte. There exists a collection 
of null sets {X a : a < 7} such that 7 < k and that their union X has positive 
measure. We may assume without loss of generality that the sets X a , a < 7, 
are pairwise disjoint; let m = n(X). 

Let / be the following mapping of X onto 7: 



(10.7) 



J„ = {X C S : n(X) - 0}. 



at most countable. 



f(x)=a if and only if x e X, 



ct 



(x e X). 



The mapping / induces a measure v on 7: 



(10.9) v{Z) = -- l i{f_ 1 {Z)). 
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The measure v is cr-additivc and is nontrivial since v({a}) = fi(X a ) = 0 for 
each a e 7. This contradicts the choice of k as the least cardinal that carries 
a measure. 

(ii) The proof is similar. We define an ideal J on 7 by: Z e J if and only 
if f-\{Z) G /. The induced ideal J is cr-complete and cr-saturated. □ 

Let {ri : i € /} be a collection of nonnegative real numbers. We define 

(10.10) E r i = su Pi E r i '■ E is a finite subset of / >. 
iei ^iee > 

Note that if the sum (10.10) is not 00, then at most countably many 77 are 
not equal to 0. 

Let n be an uncountable cardinal. A measure [i on S is called n-additive 
if for every 7 < k and for every disjoint collection X a , a < 7, of subsets of S, 

(10.11) J U X a ) = £ n(X a ). 

If [i is a K-additive measure, then the ideal 1^ of null sets is ft-complctc. 
The converse is also true and we get a better analog of Lemma 10.2 for 
real- valued measures : 

Lemma 10.6. Let /i be a measure on S, and let 1^ be the ideal of null sets. 
If Ifi is K-complete, then [i is n-additive. 

Proof. Let 7 < n, and let X a , a < 7, be disjoint subsets of S. Since the X a 
are disjoint, at most countably many of them have positive measure. Thus 
let us write 

{X a : a < 7} = {Y n : n = 0, 1, 2, . . .} U {Z a : a < 7}, 
where each Z a has measure 0. Then we have 

m( U x a ) = M (u Y n ) +J U z a ). 

Now first [i is tr-additive, and we have 



and secondly is K-complete and 



J U Z a ) = 0 = E M(^a). 
ThuS M (U a ^a) = E«M(^a)- □ 
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Corollary 10.7. Let k be the least cardinal that carries a nontrivial a-addi- 
tive measure and let fi be such a measure. Then \i is n-additive. □ 

Definition 10.8. An uncountable cardinal k is real-valued measurable if 
there exists a nontrivial K-additive measure fx on k. 

By Corollary 10.7, the least cardinal that carries a nontrivial c-additive 
measure is real- valued measurable. We shall show that if a real- valued mea- 
surable cardinal n is not measurable, then n < 2 N °. Note that if /i is a non- 
trivial k additive measure on k, then every set of size < k has measure 0, 
and moreover k cannot be the union of fewer than k sets of size < k. Thus 
a real-valued measurable cardinal is regular. We shall show that it is weakly 
inaccessible. 

We shall first prove the first claim made in the preceding paragraph. 
Lemma 10.9. 

(i) If there exists an atomless nontrivial a-additive measure, then there 
exists a nontrivial a-additive measure on some k < 2 N ° . 

(ii) If I is a a-complete a-saturated ideal on S, then either there exists 
Z C S, such that I\Z = {X C Z : X e 1} is a prime ideal, or there 
exists a a-complete a-saturated ideal on some n < 2 N °. 

Proof, (i) Let /j, be such a measure on S. We construct a tree T of subsets 
of S, partially ordered by reverse inclusion. The Oth level of T is {S}. Each 
level of T consists of pairwise disjoint subsets of S of positive measure. Each 
X e T has two immediate successors: We choose two sets Y, Z of positive 
measure such that Y U Z = X and Y P\ Z = ®. If a is a limit ordinal, then 
the ath level consists of all intersections X = n^< a such that each X^ is 
on the £th level of T and such that X has positive measure. 

We observe that every branch of T has countable length: If {X^ : £ < a} is 
a branch in T, then the set {Y^ : £ < a}, where Y^ = X^ — X^+i, is a disjoint 
collection of sets of positive measure. Consequently, T has height at most 
Similarly, each level of T is at most countable, and it follows that T has at 
most 2 N ° branches. 

Let {b a : a < k}, k < 2 N °, be an enumeration of all branches b = {X^ : 
£ < 7} such that n^< 7 i s nonempty; for each a < k, let Z a = f]{X : X e 
b a }. The collection {Z a : a < k} is a partition of S into k sets of measure 0. 

We induce a measure v on k as follows: Let / be the mapping of S onto k 
defined by 

f(x) = a if and only if x G Z a (x e S), 

and let 

v(Z) = „(f_ 1 (Z)) 

for all Z C k. It follows that v is a nontrivial er-additivc measure on k. 

(ii) The proof is similar. We define a tree T as above and then induce an 
ideal J on k by letting Z e J if and only if f_ 1 (Z) G I. □ 
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The proof of Lemma 10.9 shows that if \x is atomless, then there is a par- 
tition of S into at most 2^° null sets; in other words, \i is not (2^°) + -additive. 
Hence if k carries an atomless K-additive measure, then k < 2^° and we have: 

Corollary 10.10. If k is a real-valued measurable cardinal, then either k is 
measurable or n < 2 N ° . 

More generally, if k carries a n-complete a-saturated ideal, then either 
K is measurable or n < 2 N ° . □ 

The measure v obtained in Lemma 10.9(i) is atomless; this follows from 
the fact that n < 2 N ° and Lemma 10.4. If there exists an atomless a-additivc 
measure, then there is one on some k < 2 N °. Clearly, such a measure can 
be extended to a measure on 2 No : For X C 2 No , we let n(X) = fj,(X n k). 
Thus we conclude that there exists an atomless cr-additive measure on the 
set R of all reals. It turns out that using the same assumption, we can obtain 
a cr-additive measure on R that extends Lebesgue measure. This can be done 
by a slight modification of the proof of Lemma 10.9: 

Using Exercise 10.3, we construct for each finite 0-1 sequence s, a set 
X s C S such that X$ — S, and for every s € Seq, A s ~ 0 U X s — i = X s , 
X s ~ 0 n X s ~ i = 0, and [i(X s ~ 0 ) = (j,(X s —i) = \ ■ fj,(X s — 0 ). Then we define 
a measure v x on 2" by 

MZ) = f,(\J{X f : f G Z}), 

where X f = f)n=o X f\n for cach / e 2 "- Usin § thc mapping F : 2" -» [0, 1] 
defined by 

oo 

F(f) - E fH/2 n+1 

n=0 

we obtain a nontrivial cr-additive measure v on [0,1]. This measure agrees 
with the Lebesgue measure on all intervals [k/2 n ,(k + l)/2™], and hence on 
all Borel sets. Every set of Lebesgue measure 0 is included in a Borcl (in fact, 
Gs) set of Lebesgue measure 0 and hence has ^-measure 0. Every Lebesgue 
measurable set X can be written as X = (B— 7V 1 )UA^ 2 , where N± and N 2 have 
Lebesgue measure 0, and hence the Lebesgue measure of X is equal to v(X). 
Thus v agrees with the Lebesgue measure on all Lebesgue measurable subsets 
of [0,1]. 

We shall now show that a real- valued measurable cardinal is weakly in- 
accessible. The proof is by a combinatorial argument, using matrices of sets. 

DefinitionlO.il. An Ulam matrix (more precisely, an Ulam (Hi,Ho)- 
matrix) is a collection {A a ^ n : a < u>\, n < uj} of subsets of oj% such that: 

(10.12) (i) if a ^ (3, then A a . n n A p , n = 0 for every n < u>; 

(ii) for each a, the set W\ — U^Lo A a , n is at most countable. 

An Ulam matrix has Hi rows and Ho columns. Each column consists of 
pairwise disjoint sets, and the union of each row contains all but countably 
many elements of u\ . 
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Lemma 10.12. An Ulam matrix exists. 

Proof. For each £ < uj\, let be a function on u such that £ C ran(/^). Let 
us define A a ^ n for a < ivi and n < u) by 

(10.13) £ G if an d only if /{(n) = a. 

If n < lu, then for each £ E wi there is only one a such that £ G A a;n , namely 
a = /|(n); and we have property (i) of (10.12). If a < wi, then for each £ > a 
there is an n such that f^(n) — a and hence (uji — {J^ =0 A a ^ n ) C a + 1; that 
verifies property (ii). □ 

Using an Ulam matrix, we can show that there is no measure on w\: 

Lemma 10.13. There is no nontrivial a -additive measure on lo\. More gen- 
erally, there is no a -complete o -saturated ideal on u)\. 

Proof. Let {A aiTl : a < u>i, n < lo} be an Ulam matrix. Assuming that we 
have a measure on ui, there is for each a some n — n a such that A a ^ n has 
positive measure (because of (10.12) (ii) ) . Hence there exist an uncountable 
set W C Wi and some n < u such that n a = n for all a e W. Then 
{A a , n : a e W} is an uncountable, pairwise disjoint (by (10. 12) (i)) family of 
sets of positive measure; a contradiction. □ 

A straightforward generalization of Lemmas 10.12 and 10.13 gives the 
result mentioned above: 

Lemma 10.14. If k = A + , then there is no n-complete a -saturated ideal 
on k. 

Proof. For each £ < A+, we let be a function on A such that £ C ran(/^), 
and let 

£ € A aiV if and only if f^(rj) = a. 

Then {A a ^ : a < A + , rj < A} is an Ulam (A+, A)-matrix, that is a collection 
of subsets of A + such that: 

(10.14) (i) A aiV n Ap. n = 0 whenever a ^ /3 < X + , and 77 < A; 
(ii) |A+ - \Jr,<\ A <x,v\ ^ A for cacn a < A+ - 

The proof of Lemma 10.13 generalizes to show that there is no K-complete 
CT-saturated ideal on k. □ 



Corollary 10.15. Every real-valued measurable cardinal is weakly inacces- 
sible. □ 
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Lemma 10.14 completes the proof of Theorem 10.1: If there is a er-additivc 
nontrivial measure on S, then either the measure has an atom A and we can 
construct a two- valued measure on S via a cr-complcte nonprincipal ultrafiltcr 
on A, and then \S\ > the least measurable cardinal, which is inaccessible; or 
the measure on S is atomlcss and we construct, as in Lemma 10.9, an atomless 
measure on 2 N °, and then 2 N ° > the least real- valued measurable cardinal, 
which is weakly inaccessible. □ 

Prior to Ulam's work, Banach and Kuratowski proved that if the Con- 
tinuum Hypothesis holds then there exists no cr-additive measure on R. We 
present their proof below; in fact, Lemma 10.16 gives a slightly more general 
result. 

If / and g are functions from oj to uj, let / < g mean that f(n) < g(n) for 
all but finitely many n G u>. A k- sequence of functions (f a : a < k) is called 
a K-scale if f a < fp whenever a < /3, and if for every g : w — > w there exists 
an a such that g < f a . 

Lemma 10.16. If there exists a K-scale, then k is not a real-valued measur- 
able cardinal. 

Proof. Let f a , a < k, be a K-scale. We define an (H 0 , K 0 )-matrix of subsets 
of k as follows: For n, k < ui, let 

(10.15) a e A n ^ k if and only if / Q (n) = k (a e n). 

Since for each n and each a there is k such that a € A n ^, we have 

oo 

U A n _k = K 

k=0 

for every n = 0, 1, 2, . . . . 

Now assume that fi is a nontrivial K-additive measure on k. For each n, 
let k n be such that 

M(A n , 0 U A„,i U . . . U ^„ ifc J > 1 - (l/2"+ 2 ), 

and let B n = A n $ U . . . U A„ fe„ • If we let B = H^Lo tnen we c l ear b/ have 
M(-B) > 1/2- 

Let 5 : a; w be the function g(n) = !:„. If a G B, then by the definition 
of B and by (10.15), we have 

U(n) < g{n) 

for all n = 0, 1,2, . . . ; hence <? f a . However, since B has positive measure, 
B has size k, and therefore we have g ■ft f a for cofinally many a < k. This 
contradicts the assumption that the f a form a scale. □ 

Corollary 10.17. If there is a measure on 2 N °, then 2 N ° > Hi. 
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Proof. If 2 N ° = Hi, then there exists an wi-scale; a scale (f a : a < u>i) is 
constructed by transfinite induction to u>i: 

Let {g a : a < u>i} enumerate all functions from uj to u>. At stage a, we 
construct, by diagonalization, a function f a such that for all j3 < a, f a > fp 
and f a > gp. Then (f a : a < ui) is an wi-scale. □ 



Measurable Cardinals 

By Lemma 10.4, every measurable cardinal is inaccessible. While we shall 
investigate measurable cardinals extensively in Part II, we now present a few 
basic results that establish the relationship of measurable cardinals and the 
large cardinals introduced in Chapter 9. 

We recall that by Lemma 9.26, a cardinal n is weakly compact if and only 
if it is inaccessible and has the tree property. 

Lemma 10.18. Every measurable cardinal is weakly compact. 

Proof. Let n be a measurable cardinal. To show that k is weakly compact, 
it suffices to prove the tree property. Let (T, <) be a tree of height n with 
levels of size < k. We consider a nonprincipal K-complcte ultrafiltcr U on T. 
Let B be the set of all x e T such that the set of all successors of a; is in U. 
It is clear that B is a branch in T and it is easy to verify that each level of T 
has one element in B; thus B is a branch of size k. □ 



Normal Measures 

In Chapter 8 we defined the notion of a normal K-complete filter, namely 
a filter closed under diagonal intersections (8.7). 

Thus we call a normal K-complctc nonprincipal ultrafiltcr a normal mea- 
sure on k. Note that by Exercise 8.8, a measure is normal if and only if every 
regressive function on a set of measure one is constant on a set of measure 
one. 

Lemma 10.19. If D is a normal measure on k, then every set in D is sta- 
tionary. 

Proof. By Lemma 8.11, every closed unbounded set is in D, and the lemma 
follows. □ 

Theorem 10.20 below shows that if k is measurable cardinal then a normal 
measure exists. 

Theorem 10.20. Every measurable cardinal carries a normal measure. If 
U is a nonprincipal K-complete uUrafiUer on k then there exists a function 
f '. k — ► k such that f*(U) = {X C n : f-i(X) e U} is a normal measure. 
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Proof. Let U be a nonprincipal K-complctc ultrafiltcr on k. For / and g in k k , 
let 

/ = g if and only if {a < n : f(ct) = g(a)} g U. 

It is easily seen that = is an equivalence relation on n K . Let [/] denote the 
equivalence class of / G k k . Furthermore, if we let 

/ < g if and only if {a < n : f(a) < g(a)} G {/, 

then < is a linear ordering of (the equivalence classes of) k k . 

There exists no infinite descending sequence f 0 > f\ >...>/„>.. .: 
Otherwise, let X n — {a : f n (a) > f n +\(a)}, and let X = C\^ =0 X n . 1S 
nonempty, and if a g X, we would have fo(a) > fi(a) > . . . > f n {ct) > ■ • •, 
a contradiction. 

Thus < is a well-ordering of k k /=. 

Now let f '. k — > k be the least function (in this well-ordering) with the 
property that for all 7 < k, {a : f(a) > 7} e U. Such functions exist: for 
instance, the diagonal function d(a) = a has this property. 

Let D = /*(£/) = {X C k : f-i(X) g U}. We claim that D is a normal 
measure. 

It is easy to verify that D is a K-complete ultrafiltcr. For every 7 < k, we 
have ^ J7, and so {7} ^ D, and so D is nonprincipal. 

In order to show that D is normal, let h be a regressive function on a set 
X E D. We shall show that ft. is constant on a set in ZX Let g be the function 
defined by g(a) = h(f(a)). As g(a) < f(a) for all a G /_i(X), we have 
g < f, and it follows by the minimality of / that g is constant on some 
Y eU. Hence /i is constant on f(Y) and f(Y) e D. □ 

As an application of normal measures we show that every measurable 
cardinal is a Mahlo cardinal, and improve Lemma 10.18 by showing that 
every measurable cardinal is a Ramsey cardinal. 

Lemma 10.21. Every measurable cardinal is a Mahlo cardinal. 

Proof. Let n be a measurable cardinal. We shall show that the set of all 
inaccessible cardinals a < n is stationary. As n is strong limit, the set of all 
strong limit cardinals a < k is closed unbounded, and it suffices to show that 
the set of all regular cardinals a < n is stationary. 

Let D be a normal measure on n. We claim that {a < k : a is regu- 
lar} G D; this will complete the proof, since every set in D is stationary, by 
Lemma 10.19. 

Toward a contradiction, assume that {a : cf a < a} g D. By normality, 
there is some A < k such that E\ = {a : cf a = A} G D. For each a e E\, 
let (x a £ : £ < A) be an increasing sequence with limit a. For each £ < A 
there exist and G L> such that x a .^ = for all a G ^4^. Let ^4 = 
f\<A Then A ^ D, but A contains only one clement, namely lim^A y^; 
a contradiction. □ 
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Theorem 10.22. Let k be a measurable cardinal, let D be a normal measure 
on k, and let F be a partition of [k] <u1 into less than k pieces. Then there 
exists a set H g D homogeneous for F. Hence every measurable cardinal is 
a Ramsey cardinal. 

Proof. Let D be a normal measure on k, and let F be a partition of [k\ <oj 
into fewer than k pieces. It suffices to show that for each n = 1, 2, . . . , 
there is H n e D such that F is constant on then H = H^Li H n is 

homogeneous for F. 

We prove, by induction on n, that every partition of [«;]" into fewer than k 
pieces is constant on [H] n for some H £ D. The assertion is trivial for n = 1, 
so we assume that it is true for n and prove that it holds also for n + 1. Let 
F : [n] n+1 — > I, where \I\ < n. For each a < k, we define F a on [k — {a}] n 
by F a {x) = F{{a}Ux). 

By the induction hypothesis, there exists for each a < n a set X a e £> 
such that F a is constant on [X Q ] n ; let i a be its constant value. Let X be the 
diagonal intersection X = {a < k : a e n 7 < Q ^7}- We have X e since 
is normal; also, if 7 < a\ < . . . < a n are in X, then {ai, . . . , a n } <G [^ 7 ] n 
and so ({7, a\, . . . , ctn}) = F^({ai, . . . , a n }) = i 7 . Now, there exist i € I 
and iJ C X in D such that i 1 = i for all 7 € -ff. It follows that F{x) = i for 
all x e [H] n+1 . □ 



Strongly Compact and Supercompact Cardinals 

Among the various large cardinals that we shall investigate in more detail 
in Part II there are two that are immediate generalizations of measurable 
cardinals. 

Definition 10.23. An uncountable cardinal k is strongly compact if for any 
set S, every K-complctc filter on S can be extended to a K-complctc ultrafiltcr 
on S. 

Clearly, every strongly compact cardinal is measurable. 

Let A be a set of size at least k, and let us consider the filter F on P K (A) 
generated by the sets P = {Q G P K {A) : P C Q}. F is a K-complete filter and 
if k is strongly compact, F can be extended to a K-complete ultrafilter U . 
A K-complete ultrafiltcr U on P K (A) that extends F is called a fine measure. 
In Part II we prove that if a fine measure on P K (A) exists for every A, then 
k is strongly compact. 

A fine measure U on P <K (A) is normal if whenever / : P K (A) A is 
such that f(P) G P for all P in a set in U, then / is constant on a set 
in U. Equivalcntly, U is normal if it is closed under diagonal intersections 
A aeA X a = {xe P K {A) ■■ * e n ae , ^}. 

Definition 10.24. An uncountable cardinal k is supercompact if for every A 
such that I A I > k there exists a normal measure on P K (A). 
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We return to the subject of strongly compact and supercompact cardinals 
in Part II. 



Exercises 

10.1 (Vitali). Let M be maximal (under c) subset of [0, 1] with the property that 
x — y is not a rational number, for any pair of distinct x,y € M. Show that M is 
not Lebesgue measurable. 

[Consider the sets M q = {x + q : x G M} where q is rational. They are pairwise 
disjoint and [0, 1] C \J{M q : q G Q n [-1, 1]} C [-1, 2].] 

10.2. Prove directly that the measure v defined in the proof of Lemma 10.9(i) is 
atomless. 

[Assume that Z is an atom of v, and let Y — f-i(Z). If X G T is such that 
fj,(Y Pi X) 7^ 0 and if X\, X2 are the two immediate successors of X, then either 
fj,(Y nXi) = 0or fi(Y PI X2) = 0. Prove by induction that on each level of T there 
is a unique X such that ^(YnX) 7^ 0, and that these X's constitute a branch in T 
of length wi ; a contradiction.] 

10.3. If n is an atomless measure on S, there exists Z C S such that fi(Z) = 1/2. 
More generally, given Zo C S, there exists Z C Zo such that (i(Z) = (1/2) • fi(Zo). 

[Construct a sequence S = So D Si D ■ ■ ■ D S a D . . ., a < wi, such that 
At(S a ) > 1/2, and if /i(5 a ) > 1/2, then 1/2 < n(S a+1 ) < ^(S a ); if a is a limit 
ordinal, let S a = f] f3<a Sp. There exists a < ui such that fi(S a ) = 1/2.] 

10.4. Let fi be a two-valued measure and U the ultrafilter of all sets of measure 
one. Then /1 is K-additive if and only if U is K-complete. 

10.5. A measure U on k is normal if and only if the diagonal function d(a) = a is 
the least function / with the property that for all 7 < k, {a : f(a) > 7} G U. 

10.6. Let D be a normal measure on k and let / : [n] <bJ — > k be such that f(x) = 0 
or f(x) < minx for all x G [k] < ". Then there is H G D such that for each n, f is 
constant on [H] n . 

[By induction, as in Theorem 10.22. Given / on [k]™ +1 , let f a (s) = /({a} U s) 
for a < mins; / a is constant on [X a ] n with value 7^ < a. Let X be the diagonal 
intersection of X a , a < n, and let 7 and C X be such that H G D and 7 a = 7 
for all a G H] 

10.7. If k is measurable then there exists a normal measure on P k (k). 



Historical Notes 

The study of measurable cardinals originated around 1930 with the work of Banach, 
Kuratowski, Tarski, and Ulam. Ulam showed in [1930] that measurable cardinals are 
large, that the least measurable cardinal is at least as large as the least inaccessible 
cardinal. 

The main result on measurable and real-valued measurable cardinals (Theo- 
rem 10.1) is due to Ulam [1930]. The fact that a measurable cardinal is inaccessible 
(Lemma 10.4) was discovered by Ulam and Tarski (cf. Ulam [1930]). Prior to Ulam, 
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Banach and Kuratowski proved in [1929] that if 2 N ° = Ki, then there is no mea- 
sure on the continuum; their proof is as in Lemma 10.16. Real- valued measurable 
cardinals were introduced by Banach in [1930]. 

Lemma 10.18: Erdos and Tarski [1943]. Hanf [1963/64a] proved that the least 
inaccessible cardinal is not measurable. That every measurable cardinal is a Ram- 
sey cardinal was proved by Erdos and Hajnal [1962]; the stronger version (Theo- 
rem 10.22) is due to Rowbottom [1971]. 

Strongly compact cardinals were introduced by Keisler and Tarski in [1963/64]; 
supercompact cardinals were defined by Reinhardt and Solovay, cf. Solovay et 
al. [1978]. 

Exercise 10.1: Vitali [1905]. 



11. Borel and Analytic Sets 



Descriptive set theory deals with sets of reals that are described in some 
simple way: sets that have a simple topological structure (e.g., continuous 
images of closed sets) or are definable in a simple way. The main theme is 
that questions that are difficult to answer if asked for arbitrary sets of reals, 
become much easier when asked for sets that have a simple description. An 
example of that is the Cantor-Bendixson Theorem (Theorem 4.6): Every 
closed set of reals is either at most countable or has size 2 N °. 

Since properties of definable sets can usually be established effectively, 
without use of the Axiom of Choice, we shall work in set theory ZF without 
the Axiom of Choice. When some statement depends on the Axiom of Choice, 
we shall explicitly say so. However, we shall assume a weak form of the Axiom 
of Choice. The reason is that in descriptive set theory one frequently considers 
unions and intersections of countably many sets of reals, and we shall often 
use facts like "the union of countably many countable sets is countable." Thus 
we shall work, throughout this chapter, in set theory ZF + the Countable 
Axiom of Choice. 

In this chapter we develop the basic theory of Borel and analytic sets in 
Polish spaces. A Polish space is a topological space that is homeomorphic to 
a complete separable metric space (Definition 4.12). 

A canonical example of a Polish space is the Baire space Af. The following 
lemma shows that every Polish space is a continuous image of Af: 

Lemma 11.1. Let X be a Polish space. Then there exists a continuous map- 
ping from Af onto X . 

Proof. Let X be a complete separable metric space; we construct a mapping / 
of Af onto X as follows: It is easy to construct, by induction on the length of 
s e Seq, a collection {C s : s G Seq} of closed balls such that Cg = X and 

(11.1) (i) diameter(C s ) < 1/n where n = lcngth(s), 

(ii) C s c\JZo °s~k (all se Seq), 

(iii) if s C t then center(C t ) <E C s . 



For each a e Af, let /(a) be the unique point in P){^s : s C a}; it is easily 
checked that / is continuous and that X = f(Af). □ 
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Borel Sets 

Let X be a Polish space. A set A C A is a Borel set if it belongs to the 
smallest a-algebra of subsets of X containing all closed sets. We shall now 
give a more explicit description of Borel sets. For each a < u>i, let us define 
the collections £° and 11° of subsets of X: 

the collection of all open sets; 
the collection of all closed sets; 

the collection of all sets A = U^Lo ^™ > where eacn A n 
belongs to 11° for some (3 < a; 

the collection of all complements of sets in £° 

the collection of all sets A — H^Lo ^™ > where each A n 
belongs to £jg for some [3 < a. 

It is clear (by induction on a) that the elements of each £° and each 11° are 
Borel sets. Since every open set is the union of countably many closed sets, 
we have C S°i an d consequently, if a < (3, then 

V° r V° V° r TT° TT° r TT° TT° r v° 

Hence 

(ii-3) U s°= u n° 

and it is easy to verify that the collection (11.3) is a cr-algebra (here we 
use the Countable Axiom of Choice). Hence every Borel set is in some 

a < 

Note that each S° (and each 11°) is closed under finite unions, finite 
intersections, and inverse images by continuous functions (i.e., if A <G S° 
in Y, then f-i(A) e S° in X whenever / : X — > Y is a continuous function). 

If the Polish space X is countable, then of course every A e A is a Borel 
set, in fact an F a set. Uncountable Polish spaces are more interesting: Not 
all sets are Borel, and the collections S° form a hierarchy. We show below 
that for each a, S° (jt 11°, and hence S° ^ S° +1 for all a <uj 1 . 

While we prove the next lemma for the special case when A is the Baire 
space, the proof can be modified to prove the same result for any uncountable 
Polish space. 

Lemma 11.2. For each a > 1 there exists a set U C N 2 such that U is S° 
(in N 2 ), and that for every S° set A in N there exists some a £ Af such 
that 



(11.2) £° = 

n? = 

K = 



(11.4) 



A = {x : (x,a) e U}. 
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U is a universal £° set. 

Proof. By induction on a. To construct a universal open set in Af 2 , let Gi, . . . , 
Gfe, . . . be an enumeration of all basic open sets in Af, and let Go = 0. Let 

(11.5) (x, y) £ U if and only if a; € Gw„) for some n. 

Since £/ = U^Lo where each H n — {(x,y) : x G G y ( n )} is an open set 
in A/" 2 , we see that U is open. Now if G is an open set in Af, we let a £ Af be 
such that G = U^Lo ^a(n)> then G = {i:(i,d)e[/}. 

Next let 17 be a universal £° set, and let us construct a universal 
set V. Let us consider some continuous mapping of Af onto the product 
space Af u ; for each a £ Af and each n, let ai n \ be the nth coordinate of the 
image of a. [For instance, let us define d(„) as follows: a(„)(fe) = a(r(n, /c)), 
where L is the canonical one-to-one pairing function L : N x AT — > N.] Now 
let 

(11.6) (a;, y) £ V if and only if for some n, (x, ?/(„)) ^ [/. 

Since V = \J^=o H n where each H n = {(x,y) : (x,y (n )) f U} is a 11° set, 
we see that V is If A is a £° +1 set in A/", then ^4 = U^Lo ^™ where 

each A„ is 11°. For each n, let a n be such that Af — A n = {x : (x, a n ) £ U}, 
and let a be such that a( ra ) = a„ for all n. Then A = {x : (x, a) e V}. 

Finally, let a be a limit ordinal, and let Up, 1 < (3 < a, be universal 
£° sets. Let 1 < ao < ai < ... < a n < ... be an increasing sequence of 
ordinals such that lim„^oo a„ = a. Let 

(11.7) (x, y) e [/ if and only if for some n, (x, £/(„)) ^ J7 a „ 

(where 0(„) has the same meaning as above). The set U is £° . If A is a £° set 
in A/" then A = U^Lo ^™ where each A n is 11° . For each n, let a„ be such 
that Af — A n — {x : (x,a n ) £ t/ Q „}, and let a be such that a(„) = a n for 
all n. Then A = {x : (x, a) £ U}. □ 

Corollary 11.3. For every a > 1, i/iere is a set A C Af that is S° 

not n°. 

Proof. Let {/ C A/" 2 be a universal S° set. Let us consider the set 

(11.8) A= {x : (x,x) £ U}. 

Clearly, A is a E° set. If A were 11° , then its complement would be S° and 
there would be some a such that 

A = {x : (x, a) £ U}. 



But this contradicts (11.8): Simply let x = a. 



□ 
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Analytic Sets 

While the collection of Borcl sets of reals is closed under Boolean operations, 
and countable unions and intersections, it is not closed under continuous 
images: As we shall learn presently, the image of a Borel set by a continuous 
function need not be a Borel set. We shall now investigate the continuous 
images of Borel sets. 

Definition 11.4. A subset of A of a Polish space X is analytic if there exists 
a continuous function / : A" — > X such that A = f(Af). 

Definition 11.5. The projection of a set S C X x Y (into X) is the set 
P= {xeX: 3y(x,y) e S}. 

The following lemma gives equivalent definitions of analytic sets. 

Lemma 11.6. The following are equivalent, for any set A in a Polish 
space X: 

(i) A is the continuous image of M. 

(ii) A is the continuous image of a Borel set B {in some Polish space Y). 

(iii) A is the projection of a Borel set in X xY, for some Polish space Y. 

(iv) A is the projection of a closed set in X x N ' ■ 

Proof. We shall prove that every closed set (in any Polish space) is analytic 
and that every Borel set is the projection of a closed set in X x J\f. Then 
the lemma follows: Since the projection map tt : X x Y — > X defined by 
w(x, y) — x is continuous, it follows that every Borel set is analytic and that 
the continuous image of a Borel set is analytic. Conversely, if A C X is an 
analytic set, A = /(A"), then A is the projection of the set {(f(x), x) : x € A"} 
which is a closed set in X x A". 

In order to prove that every closed set is analytic, note that every closed 
set in a Polish space is itself a Polish space, and thus a continuous image 
of A" by Lemma 11.1. 

In order to prove that every Borel set in X is the projection of a closed 
set in X x A", it suffices to show that the family P of all subsets of X that 
are such projections contains all closed sets, all open sets, and is closed under 
countable unions and intersections. 

Clearly, the family P contains all closed sets. Moreover, every open set 
is a countable union of closed sets; thus it suffices to show that P is closed 

under (J^o and lX=o- 

Recall the continuous mapping a i-> (a(„) : n <G N) of A" onto A/"" from 
Lemma 11.2, and also recall that the inverse image of a closed set under 
a continuous function is closed. Let A n , n < u>, be projections of closed sets 
in X x A"; we shall show that 1J^ 0 A n and H^Lo ^™ are projections of closed 
sets. 
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For each n, let F n C X x J\f be a closed set such that 
An = {x : 3a (x, a) g F 0 }. 



Thus 



and 



DC 



x g [J A n <-> 3n 3a (a;, a) g F„ 

n=0 , . 

<-> da do (a;, a) g _f b ( 0 ) 
<-> 3c(x,c {0) ) g F C(1)(0) 



a; g P| A n <-> Vn da (a;, a) g F„ 

<-> 3cVn(x,c ( „)) g F„ 

oo 

<-» 3c(ar,c) g f| {(x,c) : (x,c {n )) G ^n}- 

n=0 

Hence U^Lo ^™ ^ s tnc projection of the closed set 

{(a;,c) : (x,c {0) ) g ^ C(1) (o)} 
and H^Lo ^™ ^ s * ne projection of an intersection of closed sets. □ 



The Suslin Operation A. 

For each a 6 w u , a|"n is the finite sequence (a*, : k < n). For each s g Sea, 
O(s) is the basic open set {a e TV : a\n = s} of the Baire space. O(s) is both 
open and closed. For every set A in a Polish space, A denotes the closure 
of A. 

Let {A s : s e Seq} be a collection of sets indexed by elements of Seq. We 
define 

oo 

(11.9) A{A S : s g Seq} = [J fl A,m 

a£u" n=0 

Note that if {£? s : s g Seg} is arbitrary, then 

oo oo 

U f)B a \n= U f](Ba\ 0 nB an n...nB al n) 

a£w w n—0 a£w w n—0 

and hence *4{£? s : s g Seg} = -4{A S : s g Seg} where the sets A s are finite 
intersections of the sets B s and satisfy the following condition: 

(11.10) if s C t, then A s D A t . 

Thus we shall restrict our use of A to families that satisfy condi- 
tion (11.10). The operation A is called the Suslin operation. 
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Lemma 11.7. A set A in a Polish space is analytic if and only if A is the 
result of the operation A applied to a family of closed sets. 

Proof. First we show that if F s , s G Seq, are closed sets in a Polish space X, 
then A = A{F S : s G Seq} is analytic. We have 

oo 

x e A <-> 3a e Mx e f| F at „ 

n=0 

oo 

<-» 3a (x, a) G p| £?„ 

n=0 

where B„ = {(x, a) : x G F a \ n }. Clearly, each B n is a Borel set in X x A/" and 
hence A is analytic. 

Conversely, let A C X be analytic. There is a continuous function / : 
N —> X such that A = f(Af). Notice that for every a G TV, 



(11.11) 0 f(0(a\n)) = 0 f(0(a\n)) = {/(a)}. 

n=0 n=0 

Thus 

OO 

A = f(M)= U 0 f(0(a\n)), 

aG(jJ^ n— 0 

and hence A is the result of the operation A applied to the closed sets f(0(s)) 
(which satisfy the condition (11.10)). □ 

It follows from the preceding lemmas that the collection of all analytic 
sets in a Polish space is closed under countable unions and intersections, 
continuous images, and inverse images, and the Suslin operation (the last 
statement is proved like the first part of Lemma 11.7). It is however not the 
case that the complement of an analytic set is analytic (if X is an uncountable 
Polish space). In the next section we establish exactly that; we show that 
there exists an analytic set (in A/") whose complement is not analytic. 



The Hierarchy of Projective Sets 

For each n > 1, we define the collections 11*, and of subsets of 
a Polish space X as follows: 

(11.12) T,{ = the collection of all analytic sets, 
11} = the complements of analytic sets, 

= the collection of the projections of all 11* sets in X x TV, 
11^ = the complements of the sets in X, 

Ai = si nni. 
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The sets belonging to one of the collections or 11* are called projective 
sets. It is easily seen that for every n, A* C C A^ +1 and A* C 11^ C 

K + v 

We shall show that for each n there is a set in Af that is not 11* ; thus 
the above inclusions are proper inclusions. 

Lemma 11.8. For each n > 1, there exists a universal X* set in Af 2 ; i.e., 
a set U C Af 2 such that U is and that for every set A in Af there 
exists some v £ Af such that 

A = {x : (x,v) £ U}. 

Proof. Let h be a homeomorphism of Af x Af onto Af. If n = 1, let V be 
a universal S° set; if n > 1, let V be, by the induction hypothesis, a universal 
set. Let 

(11.13) {x,y)eU if and only if 3a £ Af (h(x, a), y) £ V. 

Since the set {(x,y,a) : (h(x,a),y) ^ V} is closed (if n = 1) or nj l _ 1 (if 
rc>l), f7is£*. 

If A C Af is , there is a closed (or n*^) set B such that 

(11.14) nei if and only if 3a £ Af (x, a) £ B. 

The set C = Af — h(B) is open (or E*^) in Af and since F is universal, 
there exists a t; such that C — {u : (u, v) £ V}. Then by (11.13), we have 

iein (3a £ Af) (x, a) £ B ^ (3a £ Af) h(x, a) <£ C 
<-> (3a £ Af) (h(x, a), v) £ V <-> (or, u) e ?7. 

Hence £/ is a universal set. □ 
Corollary 11.9. For each n > 1, i/iere is a se£ A C Af that is E* 6«i 

not n*. 

Proof. Let £/ C A/" 2 be a universal E* set and let 

A = {x : (x,x) £11} □ 

The collection of all A} sets in a Polish space is a c-algebra and contains 
all Borel sets. It turns out that A \ is exactly the collection of all Borel sets. 

Theorem 11.10 (Suslin). Every analytic set whose complement is also an- 
alytic is a Borel set. Thus A{ is the collection of all Borel sets. 

Let A be a Polish space and let A and B be two disjoint analytic sets 
in X. We say that A and B are separated by a Borel set if there exists a Borel 
set D such that Ac D and B C X - D. 
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Lemma 11.11. Any two disjoint analytic sets are separated by a Borel set. 

This lemma is often called "the Sj-Separation Principle." It clearly im- 
plies Suslin's Theorem since if A is an analytic set such that B = X — A is 
also analytic, A and B are separated by a Borel set D and we clearly have 
D = A. 

Proof. First we make the following observation: If A = IJ^L 0 A n and B = 
Um=o B-m are such that for all n and to, A n and B m are separated, then A 
and B are separated. This is proved as follows: For each n and each m, let 
D n , m be a Borel set such that A n C D„ >m C X — £? m . Then A and S are 
separated by the Borel set D = \J^ =0 CQ=o D n, m - 

Let A and B be two disjoint analytic sets in X. Let / and g be continuous 
functions such that A — f(Af) and B = g{N). For each s € Seq, let A s = 
f(0(s)) and B s — g(0(s)); the sets A s and -B s are all analytic sets. For each s 
we have A s = \J^ =0 A s ~ n and B s = Um =0 B s ~ m - If a e then 

oo oo 

{/(«)}- 0 /(0(oN)= n A atn , 

n=0 n=0 

and similarly for the sets B s . 

Let a, e be arbitrary. Since /(TV) and (/(AT) are disjoint, we have 
/(a) ^ g(p). Let G a and Gf, be two disjoint open neighbourhoods of f(a) 
and g(b), respectively. By the continuity of / and g there exists some n such 
that A a \ n C G a and B 0 \ n C Gb. It follows that the sets A a \ n and Bb\ n are 
separated by a Borel set. 

We shall now show, by contradiction, that the sets A and B are separated 
by a Borel set. If A and B are not separated, then because A = 1J^L 0 A^ n ^ and 
B = lj m=0 B( m ) , there exist no and too such that the sets A^ no ^ and -B( mo ) 
are not separated. Then similarly there exist n\ and toi such that the sets 
A/ n0)ni j and £?( m0imi ) are not separated, and so on. In other words, there 
exist a = (n 0 , n l7 n 2 , . . .) and b = (to 0 , to 1; to 2 , . . .) such that for every k, 
the sets ^4(„ 0i ... infc ) and i?( m0i ... jmfc ) are not separated. This is a contradiction 
since in the preceding paragraph we proved exactly the opposite: There is k 
such that A a \k and B 0 \k are separated. □ 

Lebesgue Measure 

We shall now review basic properties of Lebesgue measure on the n-dimen- 
sional Euclidean space. 

The standard way of defining Lebesgue measure is to define first the 
outer measure [i*{X) of a set X C R n as the infimum of all possible sums 
^2{v(Ik) ■ k G N} where {Ik : k E N} is a collection of n-dimensional 
intervals such that X C Ufclo^' an( ^ V W denotes the volume of /. For 
each X, > 0 and possibly = oo. A set X is null if ^*{X) = 0. 
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A set A C R n is Lebesgue measurable if for each X C R n , 



H*(X) = fj,*{X n A) + n*(X - A). 



For a measurable set A, we write n(A) instead of n*{A) and call n(A) the 
Lebesgue measure of A. 

The standard development of the theory of Lebesgue measure gives the 
following facts: 

(11.15) (i) Every interval is Lebesgue measurable, and its measure is equal 



to its volume. 

(ii) The Lebesgue measurable sets form a c-algebra; hence every 
Borel set is measurable. 

(iii) ii is cr-additive: If A n , n < ui, are pairwise disjoint and mea- 
surable, then 



(iv) [i is (T-finitc: If A is measurable, then there exist measurable 
sets A n , n < uj, such that A = 1J^L 0 A n , and fi(A n ) < oo for 
each n. 

(v) Every null set is measurable. The null sets form a cr-ideal and 
contain all singletons. 

(vi) If A is measurable, then 



(vii) If A is measurable, then there is an F a set F and a Gs set G 
such that F C A C G and G - F is null. 

This last property gives this characterization of Lebesgue measurable sets: 
A set A C R n is measurable if and only if there is a Borel set B such that 
the symmetric difference A A B = (A - B) U (B - A) is null. 

One consequence of this is that if we denote by B the er-algebra of Borel 
sets and by M. the a-algebra of measurable sets, and if 1^ is the ideal of all 
null sets, then B/I^ = Ad/I^. The Boolean algebra B/I^ is er-complete; and 
since a familiar argument shows that 1^ is (as an ideal in M.) cr-saturated, 
we conclude that B/I^ is a complete Boolean algebra. We shall return to this 
in Part II. 

Assuming the Axiom of Choice one can show that there exists a set of reals 
that is not Lebesgue measurable. One such example is the Vitali set in Exer- 
cise 10.1. As another example there exists a set X C R n such that neither X 
nor its complement has a perfect subset (see Exercise 5.1 for a construc- 
tion of such a set). The set X is not measurable: Otherwise, e.g., fi(X) > 0 
and by (11.15)(vi) there is a closed K C X such that ^i(K) > 0; thus K is 
uncountable and hence contains a perfect subset, a contradiction. 

However, we shall show in Part II that it is consistent (with ZF + DC) 
that all sets or reals are Lebesgue measurable. 




/j.(A) = svp{/i(K) : K C A is compact}. 
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We conclude this review of Lebcsguc mcasurability with two lemmas. 
One is the well-known Fubini Theorem, and we state it here, without proof, 
for the sake of completeness. The other lemma will be used in the proof of 
Theorem 11.18 below. 

If A is a subset of the plane R 2 and x e R, let A x denote the set {y : 
(x,y) € A}. 

Lemma 11.12. Let A C R 2 be a measurable set. Then A is null if and only 
if for almost all null (i.e., the set {x : A x is not null} is null). □ 

Lemma 11.13. For any set X C R n there exists a measurable set A D X 
with the property that whenever Z C A — X is measurable, then Z is null. 

Proof. If H*(X) < oo, then because /i*(A) = inf{/j(A) : A is measurable 
and A D X}, there is a measurable Ad X such that n(A) = /i*(X); clearly 
such an A will do. If /J.*(X) = oo, there exist pairwise disjoint X n such that 
X = {J^ =0 X n and that for each n, n*(X n ) < oo. Let A n D X n , n < ui, be 
measurable sets such that n(A n ) = fi*(X n ), and let A — {J^ =0 A n . □ 

It should be mentioned that the main results of descriptive set theory on 
Lebesgue measure can be proved in a more general context, namely for rea- 
sonable cr-additive measures on Polish spaces. An example of such a measure 
is the product measure in the Cantor space {0, 1} W . 

The Property of Baire 

In Chapter 4 we proved the Baire Category Theorem (Theorem 4.8): The 
intersection of countably many dense open sets of reals is nonempty. It is 
fairly easy to see that the proof works not only for the real line R but for 
any Polish space. 

Let us consider a Polish space X. Let us call a set A C X nowhere dense 
if the complement of A contains a dense open set. Note that A is nowhere 
dense just in case for every nonempty open set G, there is a nonempty open 
set H C G such that Anff = t). A set A is nowhere dense if and only if its 
closure A is nowhere dense. 

A set A C X is meager (or of first category) if A is the union of countably 
many nowhere dense sets. A nonmeager set is called a set of second category. 

The Baire Category Theorem states in effect that in a Polish space every 
nonempty open set is of second category. 

The meager sets form a cr-ideal. Moreover, in case of R n , N, or the Cantor 
space, every singleton {x} is nowhere dense and so the ideal of meager sets 
contains all countable sets. 

Definition 11.14. A set A has the Baire property if there exists an open 
set G such that A A G is meager. 
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Clearly, every meager set has the Baire property. Note that if G is open, 
then G — G is nowhere dense. Hence if A A G is meager then (X — A) A 
(X — G) = A A G is meager, and it follows that the complement of a set with 
the Baire property also has the Baire property. It is also easy to see that the 
union of countably many sets with the Baire property has the Baire property 
and we have: 

Lemma 11.15. The sets having the Baire property form a a-algebra; hence 
every Borel set has the Baire property. □ 

If B denotes the a-algebra of Borel sets, and if we denote by C the a- 
algebra of sets with the Baire property, and if / is the cr-ideal of meager 
sets, we have B/I = C/I. Note that the algebra B/I is er-saturated: Let O 
be a countable topology base for X. For each nonmeager set X with the 
Baire property there exists G <E O such that G — X is meager. Thus the set 
D = {[G] : G <G O} of equivalence classes is a dense set in B/I. Hence B/I is 
cr-saturated and is a complete Boolean algebra. 

The Axiom of Choice implies that sets without the Baire property exist. 
For instance, the Vitali set (Exercise 10.1) is such, see Exercise 11.7. 

If X C R n is such that neither X nor its complement has a perfect 
subset, then X does not have the Baire property: Otherwise, e.g., X is of 
second category and hence X contains a Gs subset G of second category. 
Now G is uncountable, and this is a contradiction since as we shall prove 
in Theorem 11.18, every uncountable Borel set (even analytic) has a perfect 
subset. 

The following two lemmas are analogs of Lemmas 11.12 and 11.13. The 
first one, although not very difficult to prove, is again stated without proof. 

Lemma 11.16. Let A C R 2 have the property of Baire. Then A is meager 
if and only if A x is meager for all x except a meager set. □ 

Lemma 11.17. For any set S in a Polish space X, there exists a set Ad S 
that has the Baire property and such that whenever Z C A — S has the Baire 
property, then Z is meager. 

Proof. Let us consider a fixed countable topology basis O for X. Let S C X. 
Let 

D(S) = {x e X : for every U £ O such that x G U, U n S is not meager}. 

Note that the complement of D(S) is the union of open sets and hence open; 
thus D(S) is closed. 

The set 5" - D(S) is the union of all S n U where U e O and S n U is 
meager; since O is countable, X — D(S) is meager. Let 

A= SUD(S). 

Since A = (S — D(S)) UD(S) is the union of a meager and a closed set, A has 
the Baire property. 
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Let Z C A — S have the Baire property; we shall show that Z is meager. 
Otherwise there is U <G O such that U — Z is meager; hence U H S is meager. 
Since U n Z ^ 0 and Z C -0(5), there is x e U such that x e ^(S 1 ), and 
hence {/ n 5 is not meager, a contradiction. □ 

Although both "null" and "meager" mean in a sense "negligible," see 
Exercise 11.8 that shows that the real line can be decomposed into a null set 
and a meager set. 



Analytic Sets: Measure, Category, and the Perfect Set 
Property 

Theorem 11.18. 

(i) Every analytic set of reals is Lebesgue measurable. 

(ii) Every analytic set has the Baire property. 

(iii) Every uncountable analytic set contains a perfect subset. 

Corollary 11.19. Every Yi\ set of reals is Lebesgue measurable and has the 
Baire property. □ 

Corollary 11.20. Every analytic {and in particular every Borel) set is ei- 
ther at most countable or has cardinality c. □ 

We prove (ii) and (iii) for an arbitrary Polish space. The proof of (i) is 
general enough to work for other measures (in Polish spaces) as well. 

Proof. The proof of (i) and (ii) is exactly the same and uses either Lem- 
ma 11.13 or Lemma 11.17 (and basic facts on Lebesgue measure and the 
Baire property) . We give the proof of (i) and leave (ii) to the reader. 

Let A be an analytic set of reals (or a subset of R n ). Let / : M — > R 
be a continuous function such that A = f{N). For each s <G Seq, let A s = 
/(0(a)). We have 

(11.16) A = A{A S : s e Seq} = A{A S : s e Seq}, 
and for every s € Seq, 

(11.17) A s = U A s ~ n . 

n=0 

By Lemma 11.13, there exists for each s E Seq a measurable set B s D A s 
such that every measurable Z C B s — A s is null. Since A s is measurable, we 
may actually find B s such that A s C B s C A s . 
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Let B = £?0. Since B is measurable, it suffices to show that B — A is a null 
set. Notice that because A s <z B s a A s , and because (11.16) holds, we have 

A = A{B S : s G Seq}. 

Thus 

OO 

B — A = B — U 0 B aln . 

aGuj^ n— 0 

We claim that 

(n.18) b- u n -B^c u u 

a£u"n=0 s£Seg V k=0 ' 

To prove (11.18), assume that x £ B is such that x is not a member of the 
right-hand side. Then for every s, if x € B 8 , then x G B 8 ~ k for some fc. Hence 
there is k 0 such that x G -B(feo); then there is fci such that a; e B^^, etc. 
Let a = (fco, fci, fc 2 , . . .); we have x e Pl^Lo an d hence x is not a member 
of the left-hand side. 
Thus we have 

B-Ac U (b s - U 

sESeq K k=0 ' 

Since S'eg is a countable set, it suffices to show that each B s — Ufclo B s ~k is 
null. Let s e Seq, and let Z = B s — \J^ =0 B s ~k- We have 

Z = B s - Q S s ~ fe C5 S -U A s ~ k =B S - A s . 

k=0 k=0 

Now because Z C B s — A s and because Z is measurable, Z must be null. 

(iii) The proof is a variant of the Cantor-Bcndixson argument for closed 
sets in the Baire space. Recall that every closed set F in Af is of the form 
F = [T] = {a : \/n a\n e T}, where T is a tree, T C Seq. For each tree 
T C Seq and each s € Seg, let T s denote the tree {t G T : t C s or s C t}; 
note that [T a ] = [T]nO(s). 

Let A be an analytic set (in a Polish space X), and let / be a continuous 
function such that A = f(Af). For each tree T C Seq, we define 

T' = {seT : f([T 3 ]) is uncountable}. 

For each a < uj\, we define as follows: 

T(°) = Seg, = (TW)', 

T ( Q ) = p| T (/3) jf a is a ii mit ordinal. 

/3<a 

Let a < wi be the least ordinal such that r(" +1 ) = T^. If T( a ) = 0, then 
^4 = U {/([T s (/3) ]) : s e T(« - T^ +1 )}, 

/3<a 
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and hence A is countable. Thus if A is uncountable, is nonempty and for 
every s e T (a \ f([T ( s a) }) is uncountable. In this case, we shall find a perfect 
subset of A. 

Let s e T(") be arbitrary. Since /([Tj"-*]) has at least two elements, 
there exist s (0) D s and s (1) D s (in T( a )) such that /([T s ( ( a 0 j]) and /([T s ( "j]) 
are disjoint. Then there are S(o,o) 3 S(o) an d s (o.i) 3 S(o), and S(i.o) 3 S(i), 
S(i.i) D sn\ such that the four sets /([Tj"^]), z, j = 0, 1 are pairwise disjoint. 
In this fashion we construct s t £ for each finite 0-1 sequence t. These 
elements s t generate a subtree U — {s : s C s t for some t} of T( Q ) such 
that (1) U is perfect, (2) every s has at most two immediate successors in U 
(hence [U] is a compact set in J\f), and (3) / is one-to-one on [U]. 

Let P be the image of [U] under the function /. Since [U] is compact and 
/ is continuous, P is also compact, and hence closed. Moreover, P has no 
isolated points because [U] is perfect and / is continuous. Thus P is a perfect 
subset of A. □ 



Exercises 

11.1. The operations US^Lo an< ^ H^Lo are special cases of the operation A. 

11.2. Let A s , s G Seq, be Borel sets satisfying (11.10) and the additional condition: 
For each s € Seq and all n m, A s -„nL~ m = 0. Then : s £ Seq} is a Borel 

set ' [u« ew « rr= 0 A*r« = rr= 0 ui^ = length^) = «>.] 

11.3. Let j4„, n = 0, 1, 2, . . . , be pairwise disjoint analytic sets. Then there exist 
pairwise disjoint Borel sets D„ such that A n C D n for all n. 

[Modify the proof of Lemma 11.11.] 

11.4. If A is a null set and ao > ai > . . . > a n > ... is a sequence of positive 
numbers with lim„ a n = 0, then there exists a sequence G„, n = 0, 1, . . . , of finite 
unions of open intervals such that A C UJJLo < -^™ an( ^ ^{G n ) < a„ for each n. 
Moreover, the intervals can be required to have rational endpoints. 

[First find a sequence of open intervals Ik such that A C U^Lo ^fc an d 

Er= 0 MA)<oo.] 

11.5. For every set A with the Baire property, there exist a Gs set G and an 
F a set _F such that G C A C F and such that F — G is meager. 

[Note that every meager set is included in a meager F a set.] 

11.6. For every set A with the Baire property, there exists a unique regular open 
set U such that A A U is meager. 

[An open set (7 is regular if U = int(J7).] 

11.7. The Vitali set M from Exercise 10.1 does not have the Baire property. 
["Meager" and "Baire property" are invariant under translation. If M has the 

Baire property, then there is an interval (a, b) such that (a, b) — M is meager. Then 
(a, b) PI M q is meager for all rational q =fc 0, hence each M n (a — q,b — q) is meager, 
hence M is meager, hence each M q is meager; a contradiction since R = Uggo M q .] 
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11.8. There is a null set of reals whose complement is meager. 

[Let qi, Q2, ■ ■ ■ be an enumeration of the rationals. For each n > 1 and k > 1, let 
I n ,k be the open interval with center q n and length l/(k ■ 2"). Let D k — U^Li In,k, 
and A = HfcLi ^fe- Each ^fe is open and dense, and n(D k ) < 1/k. Hence A is null 
and R — A is meager.] 



Historical Notes 

Borel sets were introduced by Borel in [1905]. Lebesgue in [1905] proved in effect 
Lemma 11.2. Suslin's discovery of an error in a proof in Lebesgue's article led to 
a construction of an analytic non-Borel set and introduction of the operation A. 
The basic results on analytic sets as well as Theorem 11.10 appeared in Suslin's 
article [1917]. 

Projective sets were introduced by Luzin [1925] and [1927a], and Sicrpinski 
[1925] and [1927]. The present notation (E and II) appeared first in the paper 
[1959] of Addison who noticed the analogy between Luzin's hierarchy of projective 
sets and Kleene's hierarchy of analytic predicates [1955] . 

Lemma 11.8: Luzin [1930]. 

Lemma 11.11: Luzin [1927b]. 

For detailed treatment of Lebesgue measure, we refer the reader to Halmos' 
book [1950]; Lebesgue introduced his measure and integral in his thesis [1902]. Sets 
of first and second category were introduced by Baire [1899]. 

Lemmas 11.13 and 11.17: Marczewski [1930a]. 

Lemma 11.16: Kuratowski and Ulam [1932]. 

Theorem 11.18(i) (measurability of analytic sets) is due to Luzin [1917]. The- 
orem 11.18(ii) (Baire property) is due to Luzin and Sierpihski [1923] and Theo- 
rem 11.18(iii) (perfect subsets) is due to Suslin; cf. Luzin [1930]. The present proof 
of (i) and (ii) follows Marczewski [1930a]. Prior to Suslin (and following the Cantor- 
Bendixson Theorem for closed sets) Young proved in [1906] the perfect subset result 
for Gg and F CT sets; and Hausdorff [1916] and Aleksandrov [1916] proved the same 
for Borel sets. 
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Modern set theory uses extensively construction of models to establish rela- 
tive consistency of various axioms and conjectures. As the techniques often 
involve standard model-theoretic concepts, we assume familiarity with basic 
notions of models and satisfaction, submodels and cmbcddings, as well as 
Skolem functions, direct limit and ultraproducts. We shall review the basic 
notions, notation and terminology of model theory. 

Review of Model Theory 

A language is a set of symbols: relation symbols, function symbols, and con- 
stant symbols: 

£ {!'... ..F... ..,:...}. 

Each P is assumed to be an n-placed relation for some integer n > 1; each F 
is an m-placed function symbol for some m > 1. 

Terms and formulas of a language C are certain finite sequences of sym- 
bols of C, and of logical symbols (identity symbol, parentheses, variables, 
connectives, and quantifiers). The set of all terms and the set of all formulas 
are defined by recursion. If the language is countable (i.e., if \C\ < H 0 ), then 
we may identify the symbols of C, as well as the logical symbols, with some 
hereditarily finite sets (elements of VJ)\ then formulas are also hereditarily 
finite. 

A model for a given language £ is a pair 21 = (A, 1), where A is the 
universe of 21 and X is the interpretation function which maps the symbols 
of L to appropriate relations, functions, and constants in A. A model for C 
is usually written in displayed form as 

21= (Ai* I* <*,...) 

By recursion on length of terms and formulas one defines the value of a term 

i a [ai, ...,a n ] 

and satisfaction 

21 1= ip[ai, ...,a n ] 

where t is a term, (p is a formula, and (ai, . . . , a n ) is a finite sequence in A. 
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Two models 21 = (A,P, . . . ,F, . . . ,c, . . .) and 21' = (A', P' , . . . , F' , . . . , 
c', . . .) are isomorphic if there is an isomorphism between 21 and 21', that is 
a one-to-one function / of A onto A' such that 

(i) P(x 1 ,...,x n ) if and only if P' (f(x 1 ), . . . , f(x n )) 1 

(ii) f(F(x\, . . .,*„)) = f(/(a;i), . . . , f(x n )), 
(hi) /(c) - c', 

for all relations, functions, and constants of 21. If / is an isomorphism, then 
/(t a [ai, . . . ,a„]) = t % '[f{ai), f(a n )] for each term, and 

211= ip[ai,...,a n ] if and only if 21' 1= ip[f{ai), . . . , f{a n )] 

for each formula ip and all a\, . . . , a n € A. 

A submodel of 21 is a subset B C A endowed with the relations P % n B n , 
. . . , functions F^\B m , . . . , and constants c 21 , . . . ; all c a belong to B, and 
B is closed under all F % (if {x u . . . ,x m ) e B m , then F % {x u . . . ,x m ) e B). 

An embedding of 03 into 21 is an isomorphism between 23 and a submodel 
23' C 21. 

A submodel 03 C 21 is an elementary submodel 

03 < 21 

if for every formula (p, and every a\, . . . , a n e B, 

(12.1) 03 1= ip[ai, . . . , a n ] if and only if 21 1= ip[a\ , . . . , a n ] . 

Two models 21, 03 are elementarily equivalent if they satisfy the same 
sentences. 

The key lemma in construction of elementary submodels is this: A subset 
B C A forms an elementary submodel of 21 if and only if for every formula 
ip(u, xi,..., x n ), and every oi, . . . , a n e B, 

(12.2) if 3a e A such that 21 N ip[a, a\, . . . , a n ], then 3a e B such that 
21 1= ip[a,a l7 . . .,a n ]. 

A function h : A n — > A is a Skolem function for ip if 

(3a € A) 21 N <p[a, a\, . . . , a n ] implies 21 1= <p[h(a\, . . . , a n ), a\, . . . , a n ] 

for every oi, . . . , a n . Using the Axiom of Choice, one can construct a Skolem 
function for every ip. If a subset B C A is closed under (some) Skolem func- 
tions for all formulas, then B satisfies (12.2) and hence forms an elementary 
submodel of 21. 

Given a set of Skolem functions, one for each formula of C, the closure of 
a set X C A is a Skolem hull of X. It is clear that the Skolem hull of X is 
an elementary submodel of 21, and has cardinality at most \X\ ■ \C\ ■ K 0 . In 
particular, we have the following: 
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Theorem 12.1 (Lowenheim-Skolem). Every infinite model for a count- 
able language has a countable elementary submodel. □ 

An elementary embedding is an embedding whose range is an elementary 
submodel. 

A set X C A is definable over 21 if there exist a formula ip and some 
ai , . . . , a n e A such that 

X = {x e A : 21 1= ip[x, ai, . . . , a„]}. 

We say that A is definable in 21 /rom ai, . . . , a n . If y is a formula of x only, 
without parameters a\, . . . , a„, then A is definable in 21. An element a € A 
is definable {from a\, . . . , a n ) if the set {a} is definable (from a\, . . . , a n ). 

Godel's Theorems 

The cornerstone of modern logic are Godel's theorems: the Completeness 
Theorem and two incompleteness theorems. 

A set £ of sentences of a language C is consistent if there is no formal 
proof of contradiction from X. The Completeness Theorem states that every 
consistent set of sentences has a model. 

The First Incompleteness Theorem shows that no consistent (recursive) 
extension of Peano Arithmetic is complete: there exists a statement that is 
undccidable in the theory. In particular, if ZFC is consistent (as we believe), 
no additional axioms can prove or refute every sentence in the language of 
set theory. 

The Second Incompleteness Theorem proves that sufficiently strong math- 
ematical theories such as Peano Arithmetic or ZF (if consistent) cannot prove 
its own consistency. Godel's Second Incompleteness Theorem implies that it 
is unprovable in ZF that there exists a model of ZF. This fact is significant for 
the theory of large cardinals, and we shall return to it later in this chapter. 

Direct Limits of Models 

An often used construction in model theory is the direct limit of a directed 
system of models. A directed set is a partially ordered set (D, <) such that 
for every i, j e D there is a k € D such that i < k and j < k. 

First consider a system of models {21^ : i € D}, indexed by a directed 
set D, such that for all i, j e D, if i < j then 2lj -< 21^. Let 21 = \J ieD 2L_; i.e., 
the universe of 21 is the union of the universes of the 2l i; P a = {J ieD P %i , etc. 
It is easily proved by induction on the complexity of formulas that 2lj ~< 21 
for all i. 

In general, we consider a directed system of models which consists of 
models {21, : i G D} together with elementary embeddings e^j : 2lj — > 2L,- 
such that ei.k = ej.k ° e%j for all i < j < k. 
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Lemma 12.2. If {2U,eij : i,j € D} is a directed system of models, there 
exists a model 21, unique up to isomorphism, and elementary embeddings e, : 
21^ — !■ 21 such that 21 = UieD e i(2U) «^ = o e^j /or a// i < j. 

The model 21 is called the direct limit of {2lj, &i,j}i,jeD- 

Proof. Consider the set S of all pairs (i, a) such that i € D and a e Aj, and 
define an equivalence relation on S by 

(i, a) = (j, b) <-> 3fc (i < fc, j < fc and e i)fe (a) = ej, fe (6)). 

Let A = 5/= be the set of all equivalence classes, and let ei(a) — [(i, a)] for 
all i & D and oei,. The rest is routine. □ 

In set theory, a frequent application of direct limits involves the case when 
D is an ordinal number (and < is its well-ordering) . 

Reduced Products and Ultraproducts 

An important method in model theory uses filters and ultrafilters. Let S be 
a nonempty set and let {21a; : x € S} be a system of models (for a language C). 
Let F be a filter on S. Consider the set 

A = n A X /= F 

where = F is the equivalence relation on Yl xex A x defined as follows: 

(12.3) f =f 9 if and only if {x e S : f{x) = g(x)} e F. 

It follows easily that =f is an equivalence relation. 

The model 21 with universe A is obtained by interpreting the language as 
follows: 

If P(xi, . . . , x n ) is a predicate, let 

(12.4) P a ([/i], . . . , [/„]) if and only if {x E S : P**(fi(x), f n (x))} G F. 
If F(xi, . . . , x n ) is a function, let 

(12.5) F a ([/i], . . . , [/„]) - [/] where /(*) - F**(fi(x), f n (x)) for all 
xeS. 

If c is a constant, let 

(12.6) c 21 = [/] where f(x) = c % * for all x£ S. 

(Note that (12.4) and (12.5) does not depend on the choice of representatives 
from the equivalence classes [/i], . . . , [/„]). 
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The model 21 is called a reduced product of {21a; : x £ S} (by F) . 

Reduced products are particularly important in the case when the filter 
is an ultrafiltcr. If U is an ultrafiltcr on S then the reduced product defined 
in (12.3)-(12.6) is called the ultraproduct of {21^ : x £ S} by U: 

21 = Vltu{^ x :x£S}. 

The importance of ultraproducts is due mainly to the following funda- 
mental property. 

Theorem 12.3 (Los). Let U be an ultrafilter on S and let 21 be the ultra- 
product of {2lr : x £ S} by U. 

(i) If ip is a formula, then for every /i, ...,/„ £ ELeS A x , 
a^([/J [/„]) if and only if {x £ S : 2l x N y[h{x), . . . , f n (x)]} £ U. 

(ii) If a is a sentence, then 

21 1= a if and only if {x £ S : Ql x \= a} £ U. 

Part (ii) is a consequence of (i). Note that by the theorem, the satisfaction 
of tp at [/i], . . . , [/„] docs not depend on the choice of representatives fi, 
. . . , f n for the equivalence classes [/i], . . . , [/„]. Thus we may further abuse 
the notation and write 

21 1= <p[fl, ■ ■ -,fn]- 

It will also be convenient to adopt a measure-theoretic terminology. If 

{x£S:<& x \=<p[f 1 (x),...,f n (x)]}£U 

we say that 21a; satisfies tp(fi(x), . . . , f n (x)) for almost all x, or that 2l x N 
ip(fi(x), . . . , f n {%)) holds almost everywhere. In this terminology, Los's The- 
orem states that <p(fi, . . . ,f n ) holds in the ultraproduct if and only if for 
almost all x, ip(fi(x), . . . , f n (x)) holds in 21a;. 

Proof. We shall prove (i) by induction on the complexity of formulas. We 
shall prove that (i) holds for atomic formulas, and then prove the induction 
step for -i, A, and 3. 

Atomic formulas. First we consider the formula u = v, and we have 

(12.7) ai=[/] = [s]~[/] = [s] 

f=u 9 
<-» {x : f(x) = g(x)} £ U 
~ {x : % x N f{x) = g(x)} £ U. 
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For a predicate P(v\, . . . , v n ) we have 

(12.8) 2tNP([/ 1 ],...,[/„])^P a ([/ 1 ],...,[/„]) 

~{x:P**(h(x),...,f n (x))}eU 
~{x:Ql x \=P(f 1 (x),...,f n (x))}eU. 

Both (12.7) and (12.8) remain true if variables are replaced by terms, and so 
(i) holds for all atomic formulas. 

Logical connectives. First we assume that (i) holds for ip and show that it 
also holds for ^ip (here we use that X G U if and only if S — X ^ U). 

21 N ^[/] ^ not 21 h <p[f\ 

<- {x : 21, N p[/(a;)]} £ £/ 
^{x:2l^(^[/(a;)]}e [/ 
<- {x : 21, N ^[/(a:)]} G £/. 

Similarly, if (i) is true for ip and ip, we have 

2ll=^A-0^2ll=^and2ll=V 

^> {x : Ql x \= <p} G U <md {x : %l x \= ip} G U 
^ {x :^l x \= tp Atp} ell 

(The last equivalence uses this: X G J7 and F e if and only if X n F G ?7.) 

Existential quantifier. We assume that (i) is true for i^(u, v\, . . . , v n ) and 
show that it remains true for the formula 3u ip. Let us assume first that 

(12.9) 2t 1= 3u(p[fi, . . . ,/„]. 

Then there is g G YixeS ^ x sucn that 21 N ip[g, f\, . . . , /„], and therefore 

(12.10) {x : 2l x N ip[g(x),fx(x), f n (x)}} G tf, 
and it clearly follows that 

(12.11) {x : 21 x N 3u<p[u, fox), f n (x)]} G 

Now let us assume that (12.11) holds. For each x & S, let tij G be such 
that 21a, N [u x , fi(x), . . . , f n (x)] if such « x exists, and arbitrary otherwise. If 
we define g G ELes^ by d( x ) = Ihen we have (12.10), and therefore 

/„]. 

Now (12.9) follows. □ 
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Let us consider now the special case of ultraproducts, when each 21^ is 
the same model 21. Then the ultraproduct is called an ultrapower of 21; de- 
noted Ultc/21. 

Corollary 12.4. An ultrapower of a model 21 is elementarily equivalent to 21. 

Proof. By Theorem 12.3(h) we have Ulty 21 N er if and only if {x : 21 1= a} is 
either 5 or empty, according to whether 21 1= o or not. □ 

We shall now show that a model 21 is elementarily embeddable in its 
ultrapower. If U is an ultrafiltcr on S, we define the canonical embedding 
j : 21 — > UhV 21 as follows: For each a e A, let c a be the constant function 
with value a: 

(12.12) c a (x)=a (for every x e S), 
and let 

(12.13) j(a) = [c a }. 

Corollary 12.5. The canonical embedding j : 21 — > Ultfy 21 is an elementary 
embedding. 

Proof. Let a € A By Los's Theorem, UhV 21 1= <^[.?(a)] if and only if UhV 21 1= 
<p[c a ] if and only if 21 1= p [a] for almost all x if and only if 21 1= ip [a]. □ 



Models of Set Theory and Relativization 

The language of set theory consists of one binary predicate symbol e, and 
so models of set theory are given by its universe M and a binary relation E 
on M that interprets e. 

We shall also consider models of set theory that are proper classes. How- 
ever, due to Godel's Second Incompleteness Theorem, we have to be careful 
how the generalization is formulated. 

Definition 12.6. Let M be a class, E a binary relation on M and let 
(p(xi, . . . ,x n ) be a formula of the language of set theory. The relativization 
of <p to M, E is the formula 

(12.14) V M > E (x u ...,x n ) 
defined inductively as follows: 

(12.15) (x ey) M - E ^ x E y 
(x — y) M ' E <-» x = y 

(^p) M ' E <-» ^p M > E 
(tp A ip) M ' E <-> p M,E A ip M ' E 
{3x<p) M ' E <-» (3a: G Af ) ip M ' E 



and similarly for the other connectives and V. 
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When E is e, we write ip M instead of ip M ' e . 

When using relativization ip M ' E (xi, . . . ,x n ) it is implicitly assumed that 
the variables xi, . . . , x n range over M. We shall often write 

(M,E) N tp{x u ...,x n ) 

instead of (12.14) and say that the model (M,E) satisfies ip. We point out 
however that while this is a legitimate statement in every particular case of ip, 
the general satisfaction relation is formally undcfinable in ZF. 

Let Form denote the set of all formulas of the language {e}. As with any 
actual (metamathematical) natural number we can associate the correspond- 
ing element of N, we can similarly associate with any given formula of set 
theory the corresponding element of the set Form. To make the distinction, 
if ip is a formula, let r </?~ 1 denote the corresponding clement of Form. 

If M is a set and E is a binary relation on M and if 01, . . . , a n are 
elements of M, then 

(12.16) (p M ' E (ai, . . . , o„) <-» (M,E) 1= r (p n [ai, ...,a n ] 

as can easily be verified. Thus in the case when M is a set and ip a particular 
(metamathematical) formula, we shall not make a distinction between the 
two meanings of the symbol K We note however that the left-hand side 
of (12.16) (relativization) is not defined for <p e Form, and the right-hand 
side (satisfaction) is not defined if M is a proper class. 

Below we sketch a proof of a theorem of Tarski, closely related to Godel's 
Second Incompleteness Theorem. The theorem states that there is no set- 
theoretical property T(x) such that if a is a sentence that T( r cP) holds if and 
only if a holds. 

Let us arithmctize the syntax and consider some fixed effective enumera- 
tion of all expressions by natural numbers (Godel numbering). In particular, 
if a is a sentence, then j^a is the Godel number of cr, a natural number. We 
say that T(x) is a truth definition if: 

(12.17) (i) y X (T(x) -^xeuj); 

(ii) if cr is a sentence, then cr <-» T(#tr). 

Theorem 12.7 (Tarski). A truth definition does not exist. 

Proof. Let us assume that there is a formula T(x) satisfying (12.17). Let 

<Po, <Pi, ¥2, ■■■ 

be an enumeration of all formulas with one free variable. Let ip(x) be the 
formula 

i?wAnT(|(^(a;))). 

There is a natural number k such that ip is ipk- Let a be the sentence tp(k). 
Then we have 

a <- V(*0 - -T(#(^ fe (fc))) ~ -T(#cr) 
which contradicts (12.17). □ 
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Relative Consistency 

By Godel's Second Incompleteness Theorem it is impossible to show the 
consistency of ZF (or related theories) by means limited to ZF alone. 

Once we assume that ZF (or ZFC) is consistent, we may ask whether the 
theory remains consistent if we add an additional axiom A. 

Let T be a mathematical theory (in our case, T is cither ZF or ZFC), and 
let A be an additional axiom. We say that T + A is consistent relative to T 
(or that A is consistent with T) if the following implication holds: 

if T is consistent, then so is T + A. 

If both A and ^A are consistent with T, we say that A is independent of T. 

The question whether A is consistent with T is equivalent to the question 
whether the negation of A is provable in T (provided T is consistent); this is 
because T + A is consistent if and only if ^A is not provable in T. 

The way to show that an axiom A is consistent with ZF (ZFC) is to 
use models. For assume that we have a model M (possibly a proper class) 
of ZF such that M N A. (More precisely, the relativizations a M hold for all 
axioms a of ZF, as well as A M .) Then A is consistent with ZF: If it were not, 
then ^A would be provable in ZF, and since M is a model of ZF, M would 
satisfy -A. However, (-A) M contradicts A M . 



Transitive Models and A 0 Formulas 

If M is a transitive class then the model (M, g) is called a transitive model. 
We note that transitive models satisfy the Axiom of Extensionality (see Ex- 
ercise 12.4) and that every well-founded extensional model is isomorphic to 
a transitive model (Theorem 6.15). 

Definition 12.8. A formula of set theory is a Ao-formula if 

(i) it has no quantifiers, or 

(ii) it is (pAip, <p\/ip, ^<p, <p — ^ ip or <p <-> ip where ip and ip are A 0 -formulas, 
or 

(iii) it is (3x G y) <p or (Vx e y) ip where <p is a A 0 -formula. 

Lemma 12.9. If M is a transitive class and ip is a Ao-formula, then for all 
x\ , . . . , x n , 

(12.18) i P M {x 1 ,...,x n )~<p(x 1 ,...,x n ). 

If (12.18) holds, we say that the formula ip is absolute for the transitive 
model M. 
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Proof. If ip is an atomic formula, then (12.18) holds. If (12.18) holds for <p 
and ip, then it holds for -up, ip A ip, (pVip, tp —* tp, and ip <-> ip. 

Let ip be the formula (3m G x) ip(u, x, . . .) and assume that (12.18) is true 
for ip. We show that (12.18) is true for <p (the proof for Vm G x is similar). 

If p M holds then we have (3u(u G xAi/>)) M , i.e., (3u G M)(m G xAf/> M ). 
Since ip M <-> V; it follows that (3m G x) i/'- Conversely, if (3m G x) ip, then 
since M is transitive, u belongs to M, and since ip(u, x, . . .) <-» ip M (u, x, . . .), 
we have 3m (m G M A u G x A ^ M ) and so ((3m G x) ip) M . □ 

Lemma 12.10. T7ie following expressions can be written as A 0 - formulas 
and thus are absolute for all transitive models. 

(i) x = {m,m}, x = (u,v), x is empty, x <Z y, x is transitive, x is an 
ordinal, x is a limit ordinal, x is a natural number, x = ui. 

(ii) Z = X x Y, Z = X - Y, Z = X C\Y, Z = \JX, Z = domX, 
Z = ranX. 

(iii) X is a relation, f is a function, y = f(x), g = f\X. 
Proof. 

(i) x = {u, !)}hh£iAi;£iA (Vu> G x)(w = u V w = v). 
x = (u, v) <-> (3m; G x)(3z G x)(m; = {m} h z — {u, v}) 

A (Vu> € x)(w = {m} V w = {u, v}). 

x is empty <-» (Vm ei)u/ m. 

x C m <-> (Vm G x) m G y. 

x is transitive <-> (Vm G x) m C x. 

x is an ordinal <-> x is transitive A (Vm G x)(Vm Gx)(mGmVmGmVm = m) 
A (Vm G x)(Vm G x)(Vm> G x)(m G v G w — > m G u>). 
x is a limit ordinal <-> x is an ordinal A (Vm G x)(3m G x) m G v. 
x is a natural number <-» x is an ordinal A (x is not a limit V x = 0) 

A (Vm G x)(m = 0 V m is not a limit), 
x = u> <-> x is a limit ordinal Ai^OA (Vm G x) x is a natural number. 

(ii) Z=IxY h (Vz G Z)(3x G X)(3u G F) z = (x, m) 

A(VxgX)(VmgF)(3zG Z)z = (x,m). 
Z = X - Y <-» (Vz G Z)(z G X A z £ y) A (Vz G X)(z £ y -» z G Z). 
Z = lnY ... similar. 

Z = [J X ^ (Vz G Z)(3x G X)z G x A (Vx G X)(Vz G x) z G Z. 
Z = dom(X) ^ (Vz G Z) z G doml A (Vz G doml) z G Z, 

and we show that: 

(12.19) (a) z G domX is a Ao-formula; 

(b) if ip is A 0 , then (Vz G doml) </? is A 0 . 

(a) z G doml <-> (3x G X)(3m G -X")(3v G m) x = (z,w). 

(b) (Vz G domX)p <-> (Vx G X)(Vm G x)(Vz,m G m)(x = (z,w) -> p). 
An assertion similar to (12.19) holds for ran(X), and for 3. 
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(iii) A is a relation <-> (V.t G X)(3« € domA)(3t; G ranX) a; = (u,v). 
f is a function <-> / is a relation A 

(Va: e dom/)(Vy,z e ran/)((a;,y) G / A (x, z) G f -> y = z) 

where 

(x, y) e / <-> (3u S /) w = (or, y). 

g = / |~A <-> 5 is a function AjC/A (Vr G dom j)ieX 

A (Va; G ^)(a; G dom / — > .t G domy). □ 

It should be emphasized that cardinal concepts are generally not absolute. 
In particular, the following expressions are known not to be absolute: 

Y = P(X), \Y\ = \X\, a is a cardinal, /3 = cf(a), a is regular. 

Compare with Exercise 12.6. 

Consistency of the Axiom of Regularity 

As an application of the theory of transitive models we show that the Axiom 
of Regularity is consistent with the other axioms of ZF. In this section only 
we work in the theory ZF minus Regularity, i.e., axioms 1.1-1.7. 

The cumulative hierarchy V a is defined as in Chapter 6, and we denote (in 
the present section only) V not the universal class but the class LLeOd 
We shall show that V is a transitive model of ZF. Thus the Axiom of Regu- 
larity is consistent relative to the theory 1.1-1.7. 

Theorem 12.11. In ZF minus Regularity, <r v holds for every axiom a 
of ZF. 

Proof. We use absoluteness of A 0 -formulas and the fact that for every set x, 
if x C V, then x G V. 

Extensionality. The formula 

((Vu G X) u G Y A (Vu G Y) u G X) -> X = Y 

is A 0 . 

Pairing. Given a, b G V, let c — {a, b}. The set c is in V and since "c = {a, 6}" 
is Ao (see Lemma 12.10), the Pairing Axiom holds in V. 

Separation. Let ip be a formula; we shall show that 

V N VA Vp 3Y Vu (neYHuelA ¥>(u,p))- 

Given X,p G we let Y = {u G A : ^ y (u,p)}. Since Y C A and A G V, 
we have Y G V, and 

yi=VM(yGF^uGAA <p(u,p)). 
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Union. Given X e V, let Y = {J X. The set Y is in V and since "Y = (J X" 
is Ao, the Axiom of Union holds in V. 

Power Set. Given X G V, let Y — P(X). The set Y is in V, and we claim 
that V \= Vu<p(u) where ip(u) is the formula u e Y <-> w C X. Since ^j(u) 
is A 0 and because <£>(u) holds for all u, we have p v (u) for all u e ]/, as 
claimed. 

Infinity. We want to show that 

(12.20) V^3S{® E S A(Vx e S)xU{x} e S). 

The formula in (12.20) contains defined notions, { }, U, and 0; and strictly 
speaking, we should first eliminate these symbols and use a formula in which 
they are replaced by their definitions, using only € and =. However, we have 
already proved that both pairing and union arc the same in the universe as 
in V, and similarly one shows that X G V is empty if and only if (X is 
empty) v . In other words, 

{a, b} v = {a, b}, \J V X = \JX, 0^=0 

where {a, b} v , {J V , and $ v denote pairing, union, and the empty set in the 
model V. 

Since w € V, we easily verify that (12.20) holds when S = u>. 
Replacement. Let ip be a formula; we shall show that 



V \= \/x\fy\fz (<p(x, y,p) A tp(x, z,p) — > y = z) 

-> VX 3F Vy (y e F ^ (3x e X) <p(x, y,p)). 

Given p <E V, assume that V t= Vx Vy Vz ( . . . ). Thus 

F = {(x,y)€V:<p v (x,y,p)} 

is a function, and we let Y = F(X). Since Y C V, we have Y £ V, and one 
verifies that for every y e V", 

yNi/eyH(]iei)^ lW ). 

Regularity. We want to show that V 1= VS <p(S), where tp is the formula 

S ^ 0 -» (3x e 5) 5 n a; = 0. 

If 5 € V is nonempty, then let x € 5 be of least rank; then S n x = 0. 
Hence ^(/S) is true for any S; moreover, (SDx) v — Sf)x, and ip is Ao- Thus 
V^VSp(S). □ 
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Inaccessibility of Inaccessible Cardinals 

Theorem 12.12. The existence of inaccessible cardinals is not provable 
in ZFC. Moreover, it cannot be shown that the existence of inaccessible car- 
dinals is consistent with ZFC. 

We shall prove the first assertion and invoke Godel's Second Incomplete- 
ness Theorem to obtain the second part. 
First we prove (in ZFC): 

Lemma 12.13. If k is an inaccessible cardinal, then V K is a model of ZFC. 

Proof. The proof of all axioms of ZFC except Replacement is as in the proof 
of consistency of the Axiom of Regularity (see Exercises 12.7 and 12.8). To 
show that V K 1= Replacement, it is enough to show: 

(12.21) If F is a function from some X e V K into V K , then F e V K . 

Since k is inaccessible, we have \V K \ — n and |X| < k for every J e V K . If 
F is a function from X £ V K into V K , then |F(X)| < \X\ < k and (since n is 
regular) F(X) C V a for some a < n. It follows that F <G V K . □ 

Proof of Theorem 12.12. If k is an inaccessible cardinal, then not only is V K 
a model of ZFC, but in addition 

(a is an ordinal) v " <-» a is an ordinal. 
(a is a cardinal)^ <-> a is a cardinal. 
(a is a regular cardinal) v " « ct is a regular cardinal, 
(a is an inaccessible cardinal) v " ^ a is an inaccessible cardinal. 

We leave the details to the reader. 

In particular, if k is inaccessible cardinal, then 

V K \= there is no inaccessible cardinal. 

Thus we have a model of ZFC + "there is no inaccessible cardinal" (if there is 
no inaccessible cardinal, we take the universe as the model). Hence it cannot 
be proved in ZFC that inaccessible cardinals exist. 

To prove the second part, assume that it can be shown that the existence 
of inaccessible cardinals is consistent with ZFC; in other words, we assume 

if ZFC is consistent, then so is ZFC + 1 

where I is the statement "there is an inaccessible cardinal." 

We naturally assume that ZFC is consistent. Since I is consistent with 
ZFC, we conclude that ZFC + I is consistent. It is provable in ZFC + I that 
there is a model of ZFC (Lemma 12.13). Thus the sentence "ZFC is consis- 
tent" is provable in ZFC + I. However, we have assumed that "I is consistent 
with ZFC" is provable, and so "ZFC + I is consistent" is provable in ZFC + I. 
This contradicts Godel's Second Incompleteness Theorem. □ 
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The wording of the second part of Theorem 12.12 (and its proof) is some- 
what vague; "it cannot be shown" means: It cannot be shown by methods 
formalizable in ZFC. 



Reflection Principle 

The theorem that we prove below is the analog of the Lowcnhcim-Skolem 
Theorem. While that theorem states that every model has a small elemen- 
tary submodel, the Reflection Principle provides, for any finite number of 
formulas, a set M that is like an "elementary submodel" of the universe, 
with respect to the given formulas. The theorem is proved without the use 
of the Axiom of Choice, but using the Axiom of Choice, one can obtain 
countable model. 

Theorem 12.14 (Reflection Principle). 

(i) Let tp(xi, . . . , x n ) be a formula. For each Mq there exists a set M D Mo 
such that 

(12.22) <p M (xi, ...,#„)■<-> ip{xi, ...,x n ) 

for every Xi, . . . ,x n € M . ( We say that M reflects (p.) 

(ii) Moreover, there is a transitive M D M$ that reflects ip; moreover, 
there is a limit ordinal a such that M 0 C V a and V a reflects (p. 

(iii) Assuming the Axiom of Choice, there is an M D Mq such that M re- 
flects if and \M\ < \Mq\ -Ho- In particular, there is a countable M 
that reflects ip. 

Remarks. 1. We may require either that M be transitive or that \M\ < 
| M 0 1 • H 0 but not both. 

2. The proof works for any finite number of formulas, not just one. Thus 
if if i, . . . , ip n are formulas, then there exists a set M that reflects each of <p\, 
. . . , <f n . 

3. If a is a true sentence, then the Reflection Principle yields a set M that 
is a model of a; using the Axiom of Choice, one can get a countable transitive 
model of a. 

4. As a consequence of the Reflection Principle, and of Godel's Second 
Incompleteness Theorem, it follows that the theory ZF is not finitely axiom- 
atizable: Any finite number of theorems of ZF have a model (a set) by the 
Reflection Principle, while the existence of a model of ZF is not provable. (By 
the same argument, no consistent extension of ZF is finitely axiomatizable.) 

The key step in the proof of Theorem 12.14 is the following lemma, which 
we prove first. 
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Lemma 12.15. 

(i) Let <p(ui, . . . ,u n ,x) be a formula. For each set M 0 there exists a set 
M D M Q such that 

(12.23) if 3x (p(ui, u n , x) then (3x £ M) <p(ui, . . . ,u n ,x) 

for every U\,...,u n £ M. Assuming the Axiom of Choice, there is 
M' D M 0 such that (12.23) holds for M' and \M'\ < |M 0 | • N 0 - 

(ii) If ifi, ■ ■ ■ , <fik are formulas, then for each Mq there is an M D M 0 
such that (12.23) holds for each pi, . . . , f k . 

Proof. We shall give a detailed proof of (i). An obvious modification of the 
proof gives (ii); we leave that to the reader. 

Note that the operation H(u\, . . . , u n ) defined below plays the same role 
as Skolem functions in the Lowenhcim-Skolcm Theorem. 

Let us recall the definition (6.4): 

(12.24) C = {x e C : (Vz £ C) rankx < rankz}. 
For every ui,...,u„, let 

(12.25) H( Ul ,...,u n ) = C 
where 

(12.26) C = {x : <p(ui, . . . ,u n ,x)}. 
Thus H(m, . . . , u n ) is a set with the property 

(12.27) if Eb tp(ui, . . . , u n , x), then (3a; € H(u\, . . . , u n )) <f(ui, . . . , u n , x). 

We construct the set M by induction. We let M — 1J^ 0 Mi where for each 
i G N, 

(12.28) Af i+ i=MiUU{ff(ui.-".Un) :u 1 ,...,u n e Mi}. 

Now, if tii, • • • ,u n G M, then there is an i e N such that u\,...,u n G M, 
and if f{u\, . . . , u n , x) holds for some x, then it holds for some x £ M i+1 , by 
(12.27) and (12.28). 

Assuming the Axiom of Choice, let F be a choice function on P(M). 
For every u\,...,u n £ M, let h(u\, . . . ,u n ) — F{H{u\, . . . ,u n )) (and let 
h(ui, . . . , u n ) remain undefined if H(u\, . . . , u n ) is empty). Let us define M' = 
|J~ 0 M[, where M' Q = M 0 and for each i £ N, 

M' i+1 = Ml U {h( Ul , . . . , u n ) : ui, . . . , u n £ M-}. 

Condition (12.23) can be verified for M' in the same way as for M. Moreover, 
each M[ has cardinality at most \M 0 \ ■ H 0 , and so does M'. □ 
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Proof of Theorem 12.14. Let <p(x\, . . . , x n ) be a formula. We may assume 
that the universal quantifier does not occur in ip (Va: . . . can be replaced by 
Sx -i . . . ). Let ipi, . . . , ifk be all the subformulas of the formula ip. 

Given a set M 0 , there exists, by Lemma 12.15(h), a set M D M 0 , such 
that 

(12.29) 3x<pj(u, . . . ,x) —> (3x e M) tpj(u, . . . ,x), j = 1, . . . , k 

for all u, . . . e M. We claim that M reflects each <pj, j = 1, . . . , k, and in 
particular M reflects if. This is proved by induction on the complexity of (fij. 

It is easy to see that (every) M reflects atomic formulas, and that if 
M reflects formulas and x, then M reflects tp A x, tp V x, V 7 ~^ Xi an( i 
V> <-» X- Thus assume that M reflects <fij(ui, . . . , u m , x) and let us prove that 
M reflects 3x tpj . 

If Ui, . . . ,u m e M, then 

M 1= 3a; ^ (tii, • ■ • ,u m ,x) <-» (3a; e M) ipf{u\, . . . ,u m ,x) 

<-> (3a; e M) <pj(tii, . . . , u m ,a;) 
<-» 3a;^(ui, . . . ,ti TO ,a;). 

The last equivalence holds by (12.29). 

This proves part (i) of the theorem. Part (iii) is proved by taking M of 
size < | Mo | • H 0 . To prove (ii), one has to modify the proof of Lemma 12.15 
so that the set M used in (12.29) is transitive (or M = V a ). This is done as 
follows: In (12.28), we replace M i+1 by its transitive closure (or by the least 
V 7 D M i+ i). Then M is transitive (or M = V a ). □ 



Exercises 

12.1. Let U be a principal ultrafilter on S, such that {a} £ U. Show that the 
ultraproduct UhV{2L : x € S} is isomorphic to 2l a . 

12.2. If U is a principal ultrafilter, then the canonical embedding j is an isomor- 
phism between 21 and \J\tu 21. 

12.3. Let k be a measurable cardinal and let U be an ultrafilter on k. Let (A, <*) 
be the ultrapower of (k, <) by U, and let j : n — > A be the canonical embedding. 

(i) (A, <*) is a linear ordering. 

(ii) If U is cr-complete then (A, <*) is a well-ordering; (A, <*) is isomorphic, 
and can be identified with, (7, <), where 7 is an ordinal. 

(iii) If U is K-complete then j(a) = a for all a < k 

(iv) If d is the diagonal function, [d] > n. The measure U is normal if and only 
if [d] = k. 

[Compare with Exercise 10.5.] 

12.4. A class M is extensional if and only if a M holds where a is the Axiom of 
Extensionality. 
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12.5. The following can be written as Ao-formulas: x is an ordered pair, x is 
a partial (linear) ordering of y, x and y are disjoint, z — xU y, y — xU {x}, x is 
an inductive set, / is a one-to-one function of X into (onto) Y , / is an increasing 
ordinal function, / is a normal function. 

12.6. Let M be a transitive class. 

(i) If M 1= \X\ < \Y\, then |X| < \Y\. 

(ii) If a £ M and if a is a cardinal, then M \= a is a cardinal. 

[\X\ < \Y\ <r+ 3f if {f, X, Y); a is a cardinal <-> -.3/ (3/3 G a) V(a, /?, /), where 
<p and ^ are Ao-formulas.] 

12.7. If q is a limit ordinal, then V a is a model of Extensionality, Pairing, Separa- 
tion, Union, Power Set, and Regularity. If AC holds, then V a is a model of AC. 

12.8. If a > w, then V a is a model of Infinity. 

12.9. VL, the set of all hereditarily finite sets, is a model of ZFC minus Infinity. 

12.10. The existence of an infinite set is not provable in ZFC minus Infinity. More- 
over, it cannot be shown that the existence of an infinite set is consistent with ZFC 
minus Infinity. 

12.11. If k is an inaccessible cardinal then V K N there is a countable model of ZFC. 
[Since (V K , G) is a model of ZFC, there is a countable model (by the Lowenheim- 

Skolem Theorem). Thus there is E C w x ui such that 21 = (ui, E) is a model of ZFC. 
Verify that V K 1= (21 is a countable model of ZFC).] 

12.12. If k is an inaccessible cardinal, then there is a < k such that (V a ,G) -< 
(V K , G) Moreover, the set {a < k : (V a , €) -< (V K , G)} is closed unbounded. 

[Construct Skolem functions h for V K , and let a = lim„Q n , where a n +i < k is 
such that h(V an ) C V an+1 for each h] 

For every infinite regular cardinal n let H K be the set of all x such that 
|TC(a;)| < k. The sets in are hereditarily finite sets. The sets in H ull are 
hereditarily countable sets. Each H K is transitive and H K C V K . 

12.13. If k is a regular uncountable cardinal then H K is a model of ZFC minus the 
Power Set Axiom. 

12.14. For every formula ip, there is a closed unbounded class C v of ordinals such 
that for each a G C v , V a reflects tp. 

[CtpAii = C v PI C,p, C3 XV — C v PI K v , where K v is the closed unbounded class 
{a G Ord : Wxi, . . . , x„ G V a {3xip(x, xi,..., x n ) — * (3x G V a ) <p(x,xi, . . . ,x n ))}.] 

12.15. Let M be a transitive class and let ip be a formula. For each Mo C M 
there exists a set Mi 3 Mo such that Mi C M and that (p M (xi, . . . , x n ) <-» 
i/? Ml (xi, . . . , x n ) for all Xi, . . . , x n € Mi. 

A transfinite sequence (W a : a G Ord) is called a cumulative hierarchy if VFo = 0 

and 

(12.30) (i) W a C WWi C P(W a ), 

(ii) if a is limit, then W a = {Jp <a Wp. 

Each W a is transitive and W a C V a . 

12.16. Let (W a : a G Orci) be a cumulative hierarchy, and let W = {J a eo r d 

Wa- 

Let tp be a formula. Show that there are arbitrary large limit ordinals a such that 
ip w (xi, . . . ,x n ) <-> tp Wa (xi, x n ) for all Xi,...,X n € Wa- 
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Historical Notes 

For concepts of model theory, the history of the subject and for model-theoretical 
terminology, I refer the reader to Chang and Keisler's book [1973]. 

Reduced products were first investigated by Los in [1955], who also proved 
Theorem 12.3 on ultraproducts. 

For Tarski's Theorem 12.7, see Tarski [1939]. 

The impossibility of a consistency proof of the existence of inaccessible cardinals 
follows from Godel's Theorem [1931]. An argument that more or less establishes 
the consistency of the Axiom of Regularity appeared in Skolem's work in 1923 (see 
Skolem [1970], pp. 137-152). 

The study of transitive models of set theory originated with Godel's work on 
constructible sets. The Reflection Principle was introduced by Montague; see [1961] 
and Levy [1960b]. 

Exercise 12.12: Montague and Vaught [1959]. 

Exercise 12.14: Galvin. 
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13. Constructible Sets 



Constructiblc sets were introduced by Godel in his proof of consistency of 
the Axiom of Choice and of the Generalized Continuum Hypothesis. The 
class L of all constructible sets (the constructible universe) is a transitive 
model of ZFC, and is the smallest transitive model of ZF that contains all 
ordinal numbers. In this chapter we study constructible sets and some related 
concepts. 



The Hierarchy of Constructible Sets 

Recall that a set X is definable over a model (M, g) (where M is a set) if 
there exist a formula ip G Form (the set of all formulas of the language {g}) 
and some a\, . . . , a n £ M such that X = {x G M : (M, g) 1= <p[x, Oi, . . . , a„]}. 
Let 

def(M) = {X C M : X is definable over (M, e)}. 
Clearly M G def(M) and M C def(M) C P(M). 

Definition 13.1. We define by transfinitc induction 

(i) L 0 = 0, L a+1 = def(L Q ), 

(ii) L a = U/3< Q if a is a limit ordinal, and 

(iii) L = D a eOrd L <*- 

The (definable) class L is the class of constructible sets. The statement V — L, 
i.e., "every set is constructible," is the Axiom of Constructibility. 

It follows from Definition 13.1 that (L a : a G Ord) is a cumulative hier- 
archy (see (12.30)); in particular, each L a is transitive, X a C Lp if a < /3, 
and L is a transitive class. 

Lemma 13.2. For every a, a C L a (and L a n Ord = a). 

Proof. By induction on a. At stage a + 1, we need to show that a G L Q +i, 
or that a is a definable subset of L a . Since a = {x G L a : x is an ordinal}, 
and "x is an ordinal" is a A 0 formula, we have ct = {x G L a : L a \= x is an 
ordinal}. □ 
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Theorem 13.3. L is a model of ZF. 

Proof. We show that a L holds for every axiom a of ZF. Since L is a transitive 
class, every A 0 formula is absolute for L. 

Extensionality. L is transitive and therefore extensional. 

Pairing. Given a, b G L, let c = {a, b}. Let a be such that a G i a and 6 G L a . 
Since {a, &} is definable over L a , we have c G £ a +i, and since "c = {a, 6}" 
is Ao, the Pairing Axiom holds in L. 

Separation. Let ^ be a formula. Given X,p G £, we wish to show that the set 

Y = {u G X : ip L (u,p)} is in L. By the Reflection Principle (applied to the 
cumulative hierarchy L a , cf. Exercise 12.6), there exists an a such that X,p G 
L Q and Y = {u G X : ip L <*(u,p)}. Thus Y = {u G L a : L a \= u G X Aip(u,p)} 
and so Y g L. 

Union. Given A" g L, let Y = [J X. As L is transitive, we have Y C L; let a 
be such that X g L Q and y C L a . 1" is definable over L a by the A 0 formula 
"x g |J A"" and so Y g L. Since "Y = (J X" is A 0 , the Axiom of Union holds 
in L. 

Power Set. Given X g L, let Y = n L. Let a be such that Y C L Q . 

Y is definable over L a by the A 0 formula "x C X" and so Y g L. We 
claim that Y = P L (A), i.e., that "Y is the power set of X" holds in L. But 
"x G Y «-> .x C X" is a Ao formula true for every xeL. 

Infinity. We can repeat the proof from Theorem 12.11 as w G £. 

Replacement. The easiest way to verify these axioms is to refer to Exer- 
cise 1.15, specifically to (1.10). If a class F is a function in L then for every 
IeL there exists an a such that {F(x) : x G X} C £ Q . Since L a G L, this 
suffices. 

Regularity. If S 1 G £ is nonempty, let x G S 1 be such that x n S 1 = 0. Then 
x E L and the A 0 formula "x n S 1 = 0" holds in L. □ 

We will show that the model L satisfies both the Axiom of Choice and the 
Generalized Continuum Hypothesis, thus establishing the consistency of AC 
and GCH (relative to ZF). This will be done by showing that L is a model 
of the Axiom of Constructibility (V = L), and that V = L implies both AC 
and GCH. 

It is rather clear that V — L implies AC: it is relatively straightforward to 
define a well-ordering of L (by transfinite induction, using some enumeration 
of the set Form of all formulas) . 

It may appear that L is trivially a model of "every set is constructive." 
However, to verify V = L in L, we have to prove first that the property 
"x is constructible" is absolute for L, i.e., that for every x G L we have 
(x is constructible) L . We shall do this by analyzing the complexity of the 
property "constructible." While this can be done working directly with the 
model-theoretic concepts involved, we prefer to use an alternative approach 
(also due to Godel). 
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Godel Operations 

The Axiom Schema of Separation states that given a formula tp(x), for ev- 
ery X there exists a set Y = {u £ X : tp(u)}. It turns out that for A 0 for- 
mulas, the construction of Y from X can be described by means of a finite 
number of elementary operations. 

Theorem 13.4 (Godel's Normal Form Theorem). There exist opera- 
tions G\, . . . , Gio such that if <p{u\, . . . , u n ) is a Ao formula, then there is 
a composition G of G\, . . . , Gio such that for all Xi, . . . , X n , 
(13.1) 

G{Xi, . . . ,X n ) = {(ui, . . . ,u n ) : ui e Xi, . . . ,u n e X n and tp(ui, . . . ,u n )}. 

The operations Gi, Gio wn l be defined below. Compositions of 

G\ , . . . , Gio are called Godel operations. 

We call the following sentence an instance of A 0 - Separation: 

(13.2) Vpi ... y Pn VX3Yyu(u er««elA tp(u,pi, . . . ,p n )) 

where tp is a A 0 formula. We say that a transitive class M satisfies A 0 - 
Separation if for every A 0 formula tp, M satisfies (13.2). 

A class C is closed under an operation F if F{x\, . . . ,x n ) € G whenever 
x\, . . . , x n € G. If a class M is closed under the operations Gi, . . . , Gio then 
M is closed under all Godel operations. 

Corollary 13.5. If M is a transitive class closed under Godel operations 
then M satisfies A 0 -Separation. 

Proof. Let tp(u,pi, . . . ,p n ) be a A 0 formula, and let X,pi, . . . ,p n <G M. Let 

Y = {u e X : tp(u,pi, . . . ,p n )}- 

By Lemma 12.9 it suffices to show that Y £ M, in order that M satisfy (13.2). 
By Godel's Normal Form Theorem, there is a Godel operation G such that 

G{X, {pi}, {p n }) = {(u,p 1 , ...,p n ) : U £ X A tp(u,P!, . . . ,p n )}. 

It follows that 

Y = {u : 3ui ... 3u n (u, m, . . . , u n ) £ G(X, {pi}, {p n })} 
= dom. . ,dom G(A, {pi}, . . . , {p„}). 

n times 



Since both {x, y} and dom(x) are Godel operations (see below) and since 
M is closed under Godel operations, we have Y G M. □ 
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Definition 13.6 (Godel Operations). 



(7i (X Y) 


— -TX Y\ 




Go(X Y) 


= X x Y, 




G-i(X Y) 


- e(X Y) - 


Un ll\ • ii G X A 11 G Y A a E ll\ 


Ga(X Y) 


— X - Y 




Gr( X Y\ 


- x n v 

— A 111, 




G 6 (X) 


= u*. 




G 7 (X) 


= dom(X), 




Gs(X) 


= {(u,v) : (v 


,u)ex}, 


G 9 (X) 


= {(u,v,w) : 


(u,w,v) g x}, 


G W (X) 


= {(u,v,w) : 


(v, w, u) e x}. 



Proof of Theorem 13.4. The theorem is proved by induction on the complex- 
ity of A 0 formulas. To simplify matters, we consider only formulas of this 
form: 

(13.3) (i) the only logical symbols in ip are A, and restricted 3; 

(ii) = docs not occur; 

(iii) the only occurrence of € is t*i G Uj where i ^ j; 

(iv) the only occurrence of 3 is 

(3u m+1 e m) ip(m, u m+ i) 

where i < m. 

Every Ao formula can be rewritten in this form: The use of logical symbols 
can be restricted to -■, A, and 3; x = y can be replaced by (Vu G x) u G y A 
(Vt> E y)v E x, x E x can be replaced by (3tt G x) u = x and the bound vari- 
ables in ip(ui, . . . , u n ) can be renamed so that the variable with the highest 
index is quantified. 

Note that we allow dummy variables, so that for instance <p(ui, . . . , u 5 ) = 
t*3 G u 2 and f(ui, . . . , uq) = 113 e «2 are considered separately. 

Thus let f(u\, . . . , u n ) be a formula in the form (13.3) and let us assume 
that the theorem holds for all subformulas of (p. 

Case I. <p(ui, . . . , u n ) is an atomic formula Ui G Uj (i ^ j). We prove this 
case by induction on n. 

Case la. n = 2. Here we have 

{(til, u 2 ) ■ tii € X± A u 2 G X 2 A tii € u 2 } = e(Xi,X 2 ) 

and 

{(1*1,1*2) : tii € Xi A 1*2 G X 2 A u 2 G t*i} = G 8 (e(X 2 , Xi)). 
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Case lb. n > 2 and i, j ^ n. By the induction hypothesis, there is a G such 
that 

{(til, ■ • • ,tt„_i) : ui G Xl, . . . ,ti„_i e I n -i A ttj G Uj} = G(X U . . . ,X„_i). 
Obviously 

{(wi, ■ • • ,u n ) : tii S Xi, . . . ,ti n e X„ Atij e Uj} = G(X 1 , . . .,X„_i) x x„. 

Case ic. n > 2 and t, j ^ n— 1. By the induction hypothesis (Case lb) there 
is a G such that 

{(til, ■ • ■ ,U„-2,«n,«n-l) : «i € X, • • • , tin € X„ and tii G tij} 

= G(Xi, . . . , X„). 

Noting that 

(tii, • ■ ■ ! tin— 2: ti n , ^n— l) = ((«1, ■ • .,M„- 2 ),«n,«n-l) 

we get 

{(tii, ■ ■ ■ ,tt„) : tii € Xi, . . . ,u n G X n and m G u,-} = G 9 (G(Xi, • • -,X n )). 
Case Id. i = n — 1, j = n. By la, we have 

{(m„_i, ti n ) : u n -i € X„_i Att„ G X„ A u„_i € «„} = e(X n _i,X„) 
and so 

{((ti„_i,ti„), (tii, • ■ • ,ti„- 2 )) : til € Xi,...,tt„ e X n and ti„_i G ti„} 

= e(X n _ u X n ) x (Xi x ...xX n _ 2 ) = G(Xi,...,X n ). 

Now we note that 

((lt„-l, tin), (til, ... , ti„- 2 )) = (tin-1, tin, (til, • • • , tin- 2 )) 

and 

(til, ...,U n ) = ((til, • • • ,ti„_ 2 ),ti„_i,ti„) 

and thus 

{(tii, . . . ,ti„) : tii G Xi, . . . ,ti„ G X„andtt„_i G u n } = Gi 0 (G(Xi, . . . ,X n )). 
Case Ie. i = n, j = n — 1. Similar to Case Id. 

Case II. <p(ui, . . . , ti„) is a negation, ->ij;(ui, . . . , ti„). By the induction hy- 
pothesis, there is a G such that 

{(tii, ■ ■ ■ ,ti„) : tii G Xi, . . . ,ti„ G X„ and V(tti, . . . ,u n )} = G{X 1 , . . . ,X„). 
Clearly, 

{(ui,...,u n ) : tii G Xi, . . . ,t/,„ G X n and ip(ui, . . . , ti„)} 

= Xi x ... xX„-G(X 1; ...,X„). 
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Case III. ip is a conjunction, ipi Aip2- By the induction hypothesis, 

{(tti, ...,u n ):u 1 &X 1 ,...,u n e. X„and?/>iOi, . . . ,u n )} = G (i) (^i, . . . ,X n ) 

(i = 1, 2). Hence 

{(iti, . . . ,u„) : iti g Xi, . . . ,u„ g X„ and <p(ui, . . . ,u n )} 

= G(i)(Xi, . . . , X n ) n G( 2 )(A"i, . . . , x n ). 

Case IV. f(ui,...,u n ) is the formula (3w„ +1 e Wj) ip(ux, . . . , u n+ \). Let 
x(tti, . . . , u n +i) be the formula ip(ui, . . . , u n+1 ) /\u n+1 G Mj. By the induction 
hypothesis (we consider x l ess complex than if), there is a G such that 

{(iti, . . . ,u„+i) : ui € Xi, . . . ,u n +i € X n+ i and x( u i, • • • , «n+i)} 

= G(Xi, . . . , X n+ i) 

for all Xi, . . . , X n+ i. We claim that 

(13.4) {(ui, . . . ,u n ) : ui g Xi, . . . ,u„ g X„ and <p(«i, . . . , u„)} 

= (Xi x ... x X n )r\dom{G{X u ...,X n ,\JXi)). 

Let us denote u = (ui, . . . , u n ) and X = X\ x . . . x X n . For all u e X, we 
have 

ip(u) <-> (3v g Ui)ip(ui,v) 

<-> Efo (u e m, A -0(u, u) A u € |J Xj) 
<-> it G dom{(u, w) G X x U Xi : x(w, w)} 
and (13.4) follows. This completes the proof of Theorem 13.4. □ 

The following lemma shows that Godel operations are absolute for tran- 
sitive models. 

Lemma 13.7. If G is a Godel operation then the property Z = G(X 1; . . . , 
X„) can be written as a A 0 formula. 

Proof. We show, by induction on the complexity of G (a composition of Gi, 
...,G 10 ): 

(13.5) (i) ue G(X,...) is A 0 . 

(ii) If f is A 0 , then so are Vit G G(X, . . .) y> and 3u e G(X, . . .) ip. 
(hi) Z = G(X,...) is A 0 . 
(iv) If ip is A 0 , then so is ip(G(X, ...)). 

We proved (iii) for most of the G\, . . . , Gio in Lemma 12.10; the rest of 
the Gi are handled similarly, e.g., 

Z = G 8 (X) 

<-> (Vz g Z)(3.t g X)(3u g ranX)(3v g domX)(a; = (u,u) Az = {u,v)) 
A (Vz g X)(Vu g ranX)(Vw g domX)(3z g Z)(x = (v,u) -> z = (u,v)). 
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We shall prove (i) and (ii) only for a typical example and leave the full proof 
to the reader (see also (12.19)). In (i) consider the formula 

uGF(X,...) x G{X,...). 

This can be written as 

3xGF(X,...)3yeG(X,...)u=(x,y). 
In (ii), consider the formula 

Vue{F{X,...),G{X,...)}<p(u), 
which can be written as 

p(F(X,...))Ap(G(X,...)). 

(iii) follows from (i) and (ii): 

Z = G(X, ...)<-> (Vu € Z) u e G(X, . . .) A V« e G(X, ...)ueZ. 

To prove (iv), let ip be a A 0 formula. Then G(X, . . .) occurs in ip(G(X, . . .)) 
in the form u G G(X, . . .), G(X, . . .) € u, Z = G{X, . . .), Vw € G(X, . . .), 
or 3u e G(X, ...). Since G(X, . . .) <E u can be replaced by (3v £ u) v = 
G(X, . . .), we use (i)-(iii) to show that <p(G(X, . . .)) is a A 0 property. □ 

If (p is a formula then <p M is a A 0 formula, and so by Theorem 13.4 there 
is a Godel operation G such that for every transitive set M and all oti, . . . , a n , 

{xe M : MN ¥?[a;,ai, . . . ,a n }} = {x € M : (p M (x,ai, . . . ,o„)} 

= G(M, ai, . . . ,a„). 

The same argument, by induction on the complexity of ip, shows that for 
every ip e Form, the set {x <E M : M \= ip[x, a\, . . . , a n ]} is in the closure of 
M U {M} under Gi, . . . , G w . 

Conversely, if G is a composition of Gi, . . . , Gio then by Lemma 13.7 
there is a Ao formula ip such that for all M and all a\, . . . , a n , if X = 
G(M, a\, . . . , a n ) then X = {x : ip(M, x, di, . . . , a n )}. If, moreover, M is 
transitive and X c M, then X = {x e A'/ : M 1= ai, . . . , a n ]} (where ip is 
an obvious modification of ip, e.g., replacing 3u G M by 3m). Thus we have 
the following description of def(M): 

Corollary 13.8. For every transitive set M, 

def(M) = cl(M U {M}) n P(M), 

where cl denotes the closure under G\ , . . . , Gio . □ 
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Inner Models of ZF 

An inner model of ZF is a transitive class that contains all ordinals and 
satisfies the axioms of ZF. The constructiblc universe L is an inner model 
of ZF, and as we show later in this chapter, L is the smallest inner model 
of ZF. 

In Chapter 12 we proved that Ao formulas are absolute for all transitive 
models, i.e., <p M is equivalent to ip, for every transitive class M. One can ex- 
tend the use of superscripts to concepts other than formulas, namely classes, 
operations and constants: 

If C is a class {x : ip(x)} then C M denotes the class {x : p M (x)}. As 
an example, Ord M is either Ord (if M contains all ordinals), or is the least 
ordinal not in M. 

If F is an operation then F M is the corresponding operation in M (if 
x e M then F M (x) is defined if M satisfies the statement that F(x) ex- 
ists). If F M (x) = F(x) for all x for which F M (x) is defined, we say that 
F is absolute for M. By Lemma 13.7, all Godel operations are absolute for 
transitive models. As an example, P M (X) = P(X) n M, and V™ = V a D M 
(Exercise 13.6). 

Similarly, if c is a constant symbol then c M , if it exists, is the correspond- 
ing constant in M. Thus 0 M = 0 (if 0 e M), lo m = lj (if w € M), etc. 

The following theorem gives a necessary and sufficient condition for a tran- 
sitive class to be an inner model of ZF: 

Theorem 13.9. A transitive class M is an inner model of ZF if and only if 
it is closed under Godel operations and is almost universal, i.e., every subset 
X C M is included in some Y <G M. 

Proof. As Godel operations are absolute for transitive models, an inner model 
is necessarily closed under G\, . . . , G\q. If X is a subset of an inner model M, 
then X C V a fl M for some a, and V a n M is in M because a G M and 
V a n M = V™ '. Thus the condition is necessary. 

Now let M be a transitive almost universal class that is closed under Godel 
operations. Except for the Separation Schema, the verification of the axioms 
of ZF in M follows closely the proof of Theorem 13.3 (or of Theorem 12.11), 
but using almost universality. For example, if X e M then P(X) n M is 
included in some Y £ M, verifying the weak version (1.9) of the Power Set 
Axiom. We leave the details to the reader. 

Separation. We will show that for every IeM the set Y — {u e X : ip M (u)} 
is in M. (For simplicity, we disregard the parameter in the formula (p.) 

Let (p(ui, . . . , u n ) be a formula with k quantifiers. We let <p(u\, . . . , u n , 
Yi, . . . , Yfe) be the Ao formula obtained by replacing each 3x (or Vx) in tp by 
3x e Yj (or Vx e Yj) for j = 1, . . . , k. We shall prove, by induction on k, 
that for every <p(ui, . . . , u n ) with k quantifiers, for every X <G M there exist 
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Yi , . . . , Y k e M such that 

(p M (ui, . . . ,u n ) if and only if (p{u\,. . . , u n , Yi, . . . , Y k ) 

for all ui, • • • , u n G X. Then it follows that Y = {u e X : p(u, Y~i, . . . , Yk)}, 
and since M satisfies A 0 -Separation (by Corollary 13.5), we have verified that 
Y E M, completing the proof. 

If k = 0 then p — ip. For the induction step, let <p(u) be 3v ip(u, v) where 
ip has k quantifiers. Thus (p is (3v e Yfe+i) ^(ti, v, Yi, . . . , Y^). 

Let X <E M. We look for Yi, . . . , Y fe , Y fc+1 e M such that for every u G X, 

(13.6) (3wi/-( U ,t;)) M if and only if (3« e Y fc+1 ) ^(u, v, Y u . . . , Y fe ). 

By the Collection Principle (6.5) (applied to the formula v e M A 
ip M (u,v)), there exists a set Mi such that X C Mi C M and that for 
every u <E X, 

(13.7) (3w e M) t[; M (u, v) if and only if (3v e Mi) V M (m, u). 

Since M is almost universal, there exists a set Y € M such that Mi C Y. It 
follows from (13.7) that for every u e X, 

(3v G M) ip M (u, v) if and only if (3v G Y) ip M (u, v). 

By the induction hypothesis, given Y e M, there exist Yi, . . . , Yfe e M such 
that for all m, w e Y, 

ip M (u,v) if and only if ^(u, v, Y\, . . . , Yk). 

Thus we let Yfc + i = Y, and since X C Y, we have for all m e X, 

(3wV(u,w)) M if and only if (3v e M) tp M (u, v) 
if and only if (3v G Y) ?A M (u, v) 
if and only if (3v € Y) i/5(tt, t;, Yi, . . . , Y k ). □ 

The Levy Hierarchy 

Definable concepts can be classified by means of the following hierarchy of 
formulas, introduced by Azriel Levy: 

A formula is S 0 and n 0 if its only quantifiers are bounded, i.e., a A 0 for- 
mula. Inductively, a formula is S n+ i if it is of the form 3x (p where (p is n n , 
and II n+ i if its is of the form Vx p where ip is S„. 

We say that a property (class, relation) is £„ (or n„) if it can be expressed 
by a £„ (or II„) formula. A function F is S„ (II n ) if the relation y — F(x) 

is s n (n„). 
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This classification of definable concepts is not syntactical: To verify that 
a concept can be expressed in a certain way may need a proof (in ZF). To 
illustrate this, consider the proof of Lemma 13.10 bellow: To contract two 
like quantifiers into one uses an application of the Pairing Axiom. 

Whenever we say that a property P is £„ we always mean P can be 
expressed by a S n formula in ZF, unless we specifically state which axioms 
of ZF are assumed. Since every proof uses only finitely many axioms, every 
specific property requires a finite set S of axioms of ZF for its classification 
in the hierarchy. This finite set is implicit in the use of the defining formula. 
When M is a transitive model of X then the rclativization P M is unambigu- 
ous, namely the formula (p M . We call such transitive models adequate for P. 
A property is A„ if it is both £„ and II„ . 

Lemma 13.10. Let n > 1. 

(i) If P, Q are S„ properties, then so are 3xP, PAQ, PVQ, (3u € x) P, 
(Vu e x) P. 

iii) If P, Q are H n properties, then so are \/xP, PAQ, PVQ, (Vu € x) P, 

(3u e x) P. 

(iii) If P is E„, t/ien ^P is IT„; i/P is II„, i/ien ^P is £„. 

(iv) 7/P is II„ ant! Q is £„, i/ien P — > Q is £„; i/P is £„ and Q *s n„, 
i/ien P — > Q is II„ 

(v) 7/P and Q are A„, i/ien so are -P, PAQ, P V Q, P —> Q, P ^ Q, 
(Vu e x) P, (3u e x) P. 

(vi) If F is a S„ function, then dom(P) is a £„ c/ass. 

(vii) If F is a £„ function and dom(P) is A„, i/ien P is A„. 

(viii) If F and G are S„ functions, then so is F o G. 

(ix) If F is a £„ function and if P is a E„ property, then P(F(x)) is S n . 

Proof. Let us prove the lemma for n = 1. The general case follows easily by 
induction, 
(i) Let 

P(x, ...)<-> 3z <p(z, x, . . .), 
Q(x, ...)•*-> 3u-!/'( M : x, . . .) 
where and V' are A 0 formulas. We have 

(13.8) 3x P(x, ...) ^3x3z ip(z, x,...) 

<-^> 3v3w £ v3x £ w3z £ w (v = (x, z) A ip(z, x, . . .)). 

The right-hand side of (13.8) is a Si formula. Furthermore, 

P(x, . . .) A Q(x, . . .) <-> 3z 3u (<p(z, x, . . .) A ip(u, x, . . .)), 
P(x, . . .) V Q(x, . . .) <-> 3z 3u (<^(z, x, . . .) V -0(ii, x, . . .)), 
(3u e x) P(u, . . .) <-» 3z 3u (u e x A (ys(z, u, ...)). 
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To show that (Vit £ x) P is a Si property, we use the Collection Principle: 

(Vit € a;) P(tt, ...)<-» (Vu £ a;) 3z ^(2, u, . . .) 

<-» 3y (Vu £ x)(3z £ y) ip(z, u, . . .). 

(ii) follows from (i) and (iii). 
(iii) 

^3z ip(z, x, ...)<-> Vz -^(z, a;, . . .), 
^Vz <p(z, a;, ...)<-» 32 ^</?(z, a;, . . .). 

(iv) 

(P-»Q) (-PVQ). 

(v) follows from (i)-(iv). 
(vi) 

x £ dom(P) <-> 3yy = F(a;). 
(vii) Since F is a function, we have 

(13.9) y = F(x) Hie dom(F) A Mz (z = F(x) ->y = z). 

If z = F(x) is S„ and x £ dom(F) is II„, then the right-hand side of (13.9) 

is n„. 

(viii) 

y = F(G(x)) h] z ( z = G{x) A y = F(z)). 

(ix) 

P(F(x)) ~3y(y = F(a;) AP(y)). □ 

Since Ao properties are absolute for all transitive models, it is clear that 
Si properties are upward absolute: If P(x) is Si and if M is a transitive 
model (adequate for P) then for all x £ M, P M (x) implies P(x). Similarly, 
Iii properties are downward absolute, and consequently, Ai properties are 
absolute for transitive models. 

As an example of a Ai property we show 

Lemma 13.11. U E is a well-founded relation on P" is a A± property. 

Proof. The following is a Iii formula: E is a relation on P and VX <p(E, P,X), 
where <p(E, P, X) is the formula 

^IcP^(3a£l)ais F-minimal in X. 

(Both U E is a relation on P" and ip{E,P,X) are A 0 formulas.) 

On the other hand, E is well-founded if and only if there exists a function / 
from P into Ord such that f(x) < f(y) whenever x E y. Thus we have an 
equivalent Si formula: E is a relation on P and 3/ (/ is a function A (Vu £ 
ran(/))u is an ordinal A (Vx, y £ P)(x F y — » /(a;) < f{y)))- □ 
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Other examples of Ai concepts are given in the Exercises. 

Lemma 13.12. Let n > 1, let G be a S„ function {on V), and let F be 

defined by induction: 

F{a) = G{F\a). 
Then F is a S„ function on Ord. 

Proof. Since Ord is a S 0 class, it is enough to verify that the following ex- 
pression is S n : 

(13.10) y — F(a) if and only if 3/ (/ is a function A dom(/) = a 

A(V^<a)/(0 = G(/rOAy = G(/)). 

All the properties and operations in (13.10) are So an d G is S„, and hence 
y = F(a) is S„. □ 

The power set operation -P(AT) is obviously IIi; since it is not absolute as 
we shall see in Chapter 14, it is not Si. Similarly, cardinal concepts arc II i 
but not Si: 

Lemma 13.13. "a is a cardinal," "a is a regular cardinal" and "a is a limit 
cardinal" are TTi . 

Proof, (a) -3f (/ is a function and dom(/) G a and ran(/) = a). 

(b) a > 0 is a limit ordinal and 

-3/ (/ is a function and dom(/) <G a and (Jran(/) = a). 

(c) (V/3 < a) (37 < a)((3 < 7 and 7 is a cardinal). □ 

Consequently, if M is an inner model of ZF, then every cardinal (regular 
cardinal, limit cardinal) is a cardinal (regular cardinal, limit cardinal) in M, 
and if \X\ M = \Y\ M then \X\ = \Y\. 

In Chapter 12 we pointed out that the satisfaction relation 1= 
<p[di, ■ ■ ■ , a n ] (for ip G Form) is not formalizablc in ZF; this follows from 
Theorem 12.7. For any particular n, the satisfaction relation \= n restricted 
to S„ formulas is formalizablc: For n — 0, we can use the absoluteness of 
A 0 formulas for transitive models, 

l=o <p[(ii, • ■ • , a>k] if an( i only if 

ip e Form, <p is A 0 , and 3M (M is transitive and (M, g) N (p[a\, . . . , a fe ]); 

then inductively 

N„ +1 (3.x 93) [ai , . . . , o fe ] if and only if 

<p G Form, ip is Il„, and 3a -1 N n (-i</j)[a, a\, . . . , afe]. 

Similarly, we can define N* f for any particular n and any transitive class M. 
Even more generally, we can define h! M ' e ' ) for any class M (transitive or not). 



13. Constructible Sets 187 



If M C N, we say that (M, g) is a S„- elementary submodel of (AT, g), 

(M,e) ^e„ We), 

if for every S„ formula <p G form and all ai , . . . , a& € M, 1=^ <^[ai , . . . , <-> 
(^[ ai ,...,a fc ]. 

Absoluteness of Constructibility 

We prove in this section that the property ll x is constructible" is absolute for 
inner models of ZF. 

Lemma 13.14. The function oh L a is Ai. 

Proof. The function L a is defined by transfinite induction and so by Lem- 
ma 13.12 it suffices to show that the induction step is Si. In view of Corol- 
lary 13.8 it suffices to verify that 

(13.11) Y = c\{M) 

(where cl denotes closure under Godel operations) is Si. But (13.11) is equiv- 
alent to 

3W [W is a function A Aom{W) = lj A Y = \J ran(VF) A W(0) = M 

A (Vn G dom(W))(W(n + 1) = W(n) U {G,(x, y) : x G W(n), y G W(n), 

i = l,...,10})]. 

□ 

Corollary 13.15. The property "x is constructible" is absolute for inner 
models of ZF. 

Proof. Let M be an inner model of ZF. Since M D Ord, we have for all 
x G M 

(x is constructible) M <-> 3a G Ms G L* f <-> 3a a; G L a <-> x is constructible. 

□ 

As an immediate consequence we have. 
Theorem 13.16 (Godel). 

(i) L satisfies the Axiom of Constructibility (V = L). 
ill) L is the smallest inner model of ZF. 

Proof, (i) For every x G L, (x is constructible) L if and only if x is con- 
structible, and hence "every set is constructible" holds in L. 

(ii) If M is an inner model then L M (the class of all constructible sets 
in M) is L and soLcM. □ 
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A detailed analysis of absoluteness of L a for transitive models reveals 
that the following concept of adequacy suffices: Let us call a transitive set M 
adequate if 

(13.12) (i) M is closed under G u . . . , G w , 

(ii) for all U e M, {G l (x, y) : x, y e U and i = 1, . . . , 10} e M, 

(iii) if a e M then (ig : /3 < a) e M. 

It follows that the Ai function a L a is absolute for every adequate tran- 
sitive set M . Also, we can verify that for every limit ordinal S, the transitive 
set Ls is adequate. Moreover, adequacy can by formulated as follows: There 
is a sentence a such that for every transitive set M, M is adequate if and 
only if (M, e) 1= <r. Therefore there exists a sentence a (which is II2) such 
that for every transitive set M 

(13.13) (M, e) 1= u if and only if M — Ls for some limit ordinal (5. 
This leads to the following: 

Lemma 13.17 (Godel's Condensation Lemma). For every limit ordi- 
nal 5, if M -< (Ls, e) then the transitive collapse of M is L 1 for some 7 < 5. 

a 

We wish to make two remarks at this point. First, it is enough to assume 
only M -<Si Ls for the Condensation Lemma to hold (as the sentence a 
in (13.13)) is II2. Secondly, the careful analysis of the definition of L a makes 
it possible to find a n 2 sentence a such that (13.13) holds even for (infinite) 
successor ordinals S. Thus Godel's Condensation Lemma holds for all infinite 
ordinals 5, a fact that is useful in some applications of L. 



Consistency of the Axiom of Choice 

Theorem 13.18 (Godel). There exists a well-ordering of the class L. Thus 
V = L implies the Axiom of Choice. 

Combining Theorems 13.16 and 13.18, we conclude that the Axiom of 
Choice holds in the model L, and so it is consistent with ZF. 

Proof. We will show that L has a definable well-ordering. 

By induction, we construct for each a a well-ordering < a of L a . We do it 
in such a way that if a < (3, then <p is an end-extension of < a , i.e., 

(13.14) (i) if x < a y, then x <p y; 

(ii) if x € L a and y e Lp — L a , then x <p y. 

Notice that (13.14) implies that if x e y e L a , then x < a y. 
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First let us assume that a is a limit ordinal and that we have con- 
structed <p for all (3 < a and that if /?i < (3 2 < a , then <p 2 is an end- 
extension of < / 3 1 . In this case we simply let 

<«= U </J, 

l3<a 

i.e., if x, y € L a , we let 

x < a y if and only if (3(3 < a)x <p y. 

Thus assume that we have defined < a and let us construct < Q +i, a well- 
ordering of L a+1 . We recall the definition of L a+1 : 

oo 

L a+1 = P(L a ) n cl(L Q U {L a }) = P(L a ) n U W%, 

n=0 

where 

W$ = L a U {L a }, 

W% +1 = {G l {X,Y) : X,Y e W™, i = 1, . .. , 10}. 

The idea of the construction of < a +i is now as follows: First we take the ele- 
ments of L a , then L a , then the remaining elements of , then the remaining 
elements of W£, etc. To order the elements of W" +1 , we use the already de- 
fined well-ordering of W" since every x € W" +1 is equal to Gi(u, v) for some 
2 = 1, . . . , 10 and some u,v £ W". We let 

(13.15) (i) <° +1 is the well-ordering of L Q U that extends < Q and 

such that L a is the last element, 
(ii) <a+\ is the following well-ordering of W" +1 : 

a; <™+i y if and only if either: x <« +1 y, 

or: x e W£ and y ^ W°, 
or: x £ W" and y W" and 

(a) the least z such that 3u,v e W" (x = Gi(u,v)) < the 
least j such that 3s, i e VF" (x — Gi(s, t)), or 

(b) the least i = the least j and 

[the <™ +1 -least ueW% such that 3w e W% {x = G l {u 1 v))} 
<S+i [the <™ +1 -least s £ W" such that 3t € W% {x = 
Gi(*,t))],or 

(c) the least i = the least j and the least u = the least s and 
[the <™ +1 -lcast veW% such that x = G l (u,v)] <™ +1 

[the <™ +1 -least t G W n ° such that x = G;(u,i)]. 

Now we let 

(13.16) < Q+1 = 0 <S+i n (P(L a ) x P(L a )), 

n=0 

and it is clear that < Q +i is an end-extension of < Q and is a well-ordering 
of L a+1 . 
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Having denned < Q for all a, we let 

x <l y if and only if 3a x < a y. 
The relation < L is a well-ordering of L. □ 
We call <l the canonical well-ordering of L. 

The proof of Theorem 13.18 gives additional information about the com- 
plexity of the canonical well-ordering of L. 

Lemma 13.19. The relation <l is Si and moreover, for every limit ordi- 
nal 5 and every y G Ls, x <l y if and only if x G Ls and {Ls, g) t= x <l V- 

Proof. It suffices to prove that the function, a ^ < a which assigns to each a 
the canonical well-ordering of L a is Si. 

The function a i— > < a is defined by induction and thus it suffices to show 
that the induction step is Si. In fact, < Q+ i is defined by induction from < a 
(see (13.15) and (13.16)). It suffices to verify that < Q +i is obtained from < a 
by means of a Ai operation (similar to the way in which L a+ i is obtained 
from L a by L a+1 — def(L a )). The operation that yields < a +i when applied 
to < a is described in detail in (13.15). It can be written in a Si fashion in 
very much the same way as (13.11). The only potential difficulty might be 
the use of the words "the <-least," and that can be overcome as follows: For 
example, in (13.15) (ii) (c) 

the <™ + i-least v € W" such that x = Gi(u,v) 

<2 + i the <2 + i-least t G W% such that y = Gi(u,t) 

can be written as 



(3v g WZ)[x - Gi(u,v) A (Vi G W£)(y = G t {u,t) - v < n a+1 t)}. 

The function a ^< Q is absolute for every adequate M (see (13.12)) and 
therefore for every Ls where S is a limit ordinal. □ 



Consistency of the Generalized Continuum Hypothesis 

Theorem 13.20 (Godel). IfV = L then = H Q+ i for every a. 

Proof. We shall prove that if X is a constructible subset of ui a then there 
exists a 7 < uo a+ \ such that X G L 1 . Therefore P L (ui a ) C L LUa+1 , and 
since |L Wct+1 | = H Q+ i (this is easy to show; see Exercise 13.19), we have 

\P L (LU a )\ <N Q + l. 

Thus let X G uj a . There exists a limit ordinal S > ui a such that X G L$. 
Let M be an elementary submodel of Lg such that uo a C M and X G M, and 
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that \M\ = H a . (As we can construct M within L which satisfies AC, this 
can be done even if AC does not hold in the universe.) 

By the Condensation Lemma 13.17, the transitive collapse N of M is L 1 
for some 7 < 5. Clearly, 7 is a limit ordinal, and 7 < uj a +i because \N\ — 
I7I = H Q . As uo a C M, the collapsing map it is the identity on uj a and so 
n(X) = X. Hence IeL r ' □ 

The next theorem illustrates further the significance of Godel's Conden- 
sation Lemma. The combinatorial principle was formulated by Ronald 
Jensen. 

Theorem 13.21 (Jensen). V — L implies the Diamond Principle: 

(^>) There exists a sequence of sets (S a : a < wi) with S a C a, such that 
for every X C u>i, the set {a < u)\ : X(la = S a } is a stationary subset 
of Wi. 

The sequence (S a : a < lui) is called a {^-sequence. 

Proof. Assume V = L. By induction on en < u>i, we define a sequence of pairs 
(S a ,C a ), a < u>i, such that S a C a and C a is a closed unbounded subset 
of a. We let So = Co = 0 and S a +i = C a +i — a + 1 for all a. If a is a limit 
ordinal, we define: 

(13.17) (S a ,C a ) is the <£-least pair such that S a C a, C a is a closed 
unbounded subset of a, and S a n ^ 7^ 5^ for all ^ € C Q ; if no such 
pair exists, let S a = C' a = a. 

We are going to show that the sequence (S a : a < uj\) is a ^-sequence. Thus 
assume the contrary; then for some Xcwi, there exists a closed unbounded 
set C such that 

(13.18) Xr\a^S a for all a eC. 

Let (X, C) be the < L -least pair such that Icwi, C is a closed unbounded 
subset of uji, and such that (13.18) holds. 

Since ((S a ,C a ) : a < u)\) is a wi-sequence of pairs of subsets of W\, it 
belongs to L^, and moreover, it satisfies the same definition (13.17) in the 
model (L U2 ,G). Also, (X, C) e L W2 , and (A, C) is, in (i W2 ,e), the < L -least 
pair such that X C Wi, C is a closed unbounded subset of wi, and such 
that (13.18) holds. 

Let A be a countable elementary submodel of (L U2 , e). Since (A, C) and 
((S a ,C a ) : a < ui) are definable in (Z/ W2 ,e), they belong to A. The set 
uo\ n A is an initial segment of wi (see Exercise 13.18), thus let 6 — lo\ n A. 

The transitive collapse of A is L 7 , for some 7 < oj\, and let 7r : A —> L 7 
be the isomorphism. We have n(uii) = S, n(X) = X (~l S, tt(C) — C C\ S and 
7r(((5 a ,C a ) : a < wi}) = C a ) : a < S). 
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Therefore (Lg, €) satisfies 

(13.19) (X n 5, C n S) is the < L -least pair (Z, D) such that Z C 5, D C S is 
closed unbounded and Z n £ ^ for all £ € D. 

By absoluteness, (13.19) holds (in L, and L = V) and therefore, by (13.17), 
X C\ 5 = Sg. Since C n <5 is unbounded in 5, and C is closed, it follows that 
5 eC. This contradicts (13.18). □ 



Relative Constructibility 

Constructibility can be generalized by considering sets constructible relative 
to a given set A, resulting in an inner model L[A]. The idea is to relativize 
the hierarchy L a by using the generalization 

(13.20) def A (M) = {X <Z M : X is definable over (M, G,A n M)} 

where A n M is considered a unary predicate. A generalization of Corol- 
lary 13.8 provides an alternative description of def^: For every transitive 
set M, 

(13.21) dei A (M) = cl(M U {M} U {An M}) n P(M). 
The class of all sets constructible from A is defined as follows: 

(13.22) L 0 [A] = 0, L a+1 [A] = de£ A (L a [A]), 
L a [A] = |J L^i] if a is a limit ordinal, 

f3<a 

L[A}= U L a [A}. 

aC Ord 

The following theorem is the generalization of the relevant theorem on con- 
structible sets: 

Theorem 13.22. Let A be an arbitrary set. 

(i) L[A] is a model of ZFC. 

(ii) L[A] satisfies the axiom 3X (V — L[X]). 

(iii) If M is an inner model of ZF such that Af\M e M, then L[A] C M. 

(iv) There exists a$ such that for all a > a 0 , 

1= 2 Na = N Q+ i. 

Proof. The proof follows closely the corresponding proofs for L, but some 
additional arguments are needed. 

Lemma 13.23. Let A = An L[A]. Then L[A] = L[A] and moreover A e 
L[A}. 
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Proof. We show by induction on a that L Q [A] = L a L4]. The induction step 
is obvious if a is a limit ordinal; thus assume that L Q L4] = £ a L4] and let us 
prove L a+ i[A] = L a+1 [A}. 

If we denote U = L a [A], then we have 

Ar\U = Ar\U r\L[A} = Ar\U, 

and since dei A iU) = de{ An u(U), we have 

L a+1 [A] = dcf A (U) = dei Anu (U) = dei A (U) = L a+1 [A]. 

Thus L[A) = L[A). Moreover, there is a such that ^niJA] = A n L a [A] and 
thus A e L a+ i[4]. □ 

By Lemma 13.23 we may assume that A € L[A]. In this case, L[A] can 
be well-ordered by a relation that is definable from A. 

In analogy with (13.13) there exists a n 2 sentence (in the language {s, A} 
where A is a unary predicate) such that for every transitive set M 

(13.23) (M, e, A n M) 1= a if and only if M = L s for some limit ordinal S. 
The Condensation Lemma is generalized as follows: 

Lemma 13.24. If M -< (Ls [A] , e , A n Lg [A] ) w/iere (5 is a Zzmzi ordinal, then 
the transitive collapse of M is L 7 [A] for some 7 < S. □ 

Consequently, if A C L Wa [^4] then for every I C w a in L[^4] there exists 
a 7 < uj a+ i such that X € L 7 L4], completing the proof of Theorem 13.22. □ 

A consequence of Theorem 13.22(iv) is that if V = L[A] and A C uj, then 
the Generalized Continuum Hypothesis holds. For a slightly better result, see 
Exercise 13.26. 

A different generalization yields for every set A the smallest inner model 
L(A) that contains A. (As an example, L(R) is the smallest inner model that 
contains all reals.) The model L(A) need not, however, satisfy the Axiom of 
Choice. 

We define L(A) as follows: Let T — TC({A}) be transitive closure of A 
(to ensure that the resulting class L(A) is transitive), and let 

(13.24) L 0 (A) = T, L a+1 (A) = def(L a (A)), 
L a (A) = 1J Lp(A) if a is a limit ordinal, and 

[i<a 

L(A)= U L a (A). 

qG Ord 

The transitive class L(A) is an inner model of ZF, contains A, and is the 
smallest such inner model. 
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Ordinal-Definable Sets 

A set X is ordinal- definable if there is a formula ip such that 

(13.25) X = {u : <p(u, an, . . . ,a n )} 

for some ordinal numbers a\, . . . , a n . 

It is not immediate clear that the property "ordinal-definable" is express- 
ible in the language of set theory. Thus we give a different definition of ordinal 
definable sets and show that it is equivalent to (13.25). 

We recall that cl(M) denotes the closure of a set M under Godel opera- 
tions. The class OD of all ordinal- definable sets is define as follows: 

(13.26) OD = U cl{V/3 : (3 <a}. 

aC Ord 

In other words, OD is the Godel closure of {V a : a € Ord}, that is, ordinal 
definable sets are obtained from the V a by applications of Godel operations. 
We shall show that the elements of the class OD are exactly the sets satisfy- 
ing (13.25). 

Lemma 13.25. There exists a definable well-ordering of the class OD (and 
a one-to-one definable mapping F of Ord onto OD). 

Proof. Earlier we described how to construct from a given well-ordering of 
a set M, a well-ordering of the set cl(M). For every a, the set {Vp : (3 < a} 
has an obvious well-ordering, which induces a well-ordering of cl{Va : (3 < a}. 
Thus we get a well-ordering of the class OD, and denote F the corresponding 
(definable) one-to-one mapping of Ord onto OD. □ 

Now it follows that every X € OD has the form (13.25). There exists a 
such that X = {u : <p(u, a)} where ip(u, a) is the formula u £ F(a). 

We shall show that on the other hand, if <p is a formula and X is the set 
in (13.25), then X e OD. By the Reflection Principle, let (3 be such that 
X C V/} , a\ , . . . , a n < (3 and that Vp reflects (p. Then we have 

X = {ueV fj : ip v "(u,a 1 ,...,a n )}. 

Since (p V/3 is a Ao formula, we apply the normal form theorem and find a Godel 
operation G such that X = G(Vp,cti, . . . , a n ). Since every a is obtained (uni- 
formly) from V a by a Godel operation (because a = {i £ V n : i is an ordi- 
nal}), there exists a Godel operation H such that X — H(V ai , . . . , V an , Vp) 
and therefore X e OD. 

Thus let HOD denote the class of hereditarily ordinal- definable sets 

HOD = {x : TC({a;}) C OD}. 

The class HOD is transitive and contains all ordinals. 
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Theorem 13.26. The class HOD is a transitive model of ZFC. 

Proof. The class HOD is transitive, and it is easy to see that it is closed 
under Godel operations. Thus to show that HOD is a model of ZF, it suffices 
to show that HOD is almost universal. For that, it is enough to verify that 
V a n HOD € HOD, for all a. For any a, the set V a n HOD is a subset of HOD, 
and so it is sufficient to prove that V a n HOD is ordinal-definable. This is 
indeed true because V a D HOD is the set of all u satisfying the formula 

u G V a A (V* G TCO») 3/3 [z e cl{Vy : 7 < /?}] 

and thus F Q n HOD G OD. 

It remains to prove that HOD satisfies the Axiom of Choice. We shall show 
that for each a there exists a one-to-one function g e HOD of V a 0 HOD into 
the ordinals. Since every such function is a subset of HOD, it suffices to find 
g G OD. 

By Lemma 13.25, there is a definable one-to-one mapping G of the 
class OD onto the ordinals. If we let g be the restriction of G to the or- 
dinal-definable set V a n HOD, then g is ordinal-definable. □ 

A set X is ordinal- definable from A, X e 0£>L4], if there is a formula 9? 
such that 

(13.27) X = {u:<p(u,a 1 ,...,a n ,A)} 

for some ordinal numbers a±, . . . , a n . 

As above, this notion is expressible in the language of set theory: 

(13.28) OD[A] = cl({V a : a G Ord} U {A}). 

The class OD[A] has a well-ordering definable from A and thus every set 
in OD[A] is of the form (13.27). Conversely (using the Reflection Principle), 
every set X in (13.27) belongs to OD[A\. 

The proof of Theorem 13.26 generalizes easily to the case of HOD[A]. 
Thus HOD[A], the class of all sets hereditarily ordinal-definable from A, is 
a transitive model of ZFC. 

As a further generalization, we call X ordinal- definable over A, X G 
OD(A), if it belongs to the Godel closure of {V a : a G Ord} U {A} U A. If 
l£ O-D(A), thcnX G cl({V a : a G Orrf} U{^} US), where £ = {xo, x fe } 
is a finite subset of A. Hence there is a finite sequence s — (xq, . . . , Xk) in A 
such that X is ordinal-definable from A and s. On the other hand, if s is 
a finite sequence in A, then obviously s G 0-D (A) and thus we have 

OD(A) = {X : X G OD[A, s] for some finite sequence s in A}. 

In other words, X G OD(A) if and only if there is a formula <p such that 

X = {u : <p(u,ai, ...,a n ,A, (x 0 , ■ ■ -,x k ))} 

for some ordinal numbers ot\, . . . , a n and a finite sequence (xq, . . . , x k ) in A. 
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The class HOD (A) of all sets hereditarily ordinal-definable over A is 
a transitive model of ZF. To show that HOD(A) is almost universal, it 
suffices to verify that V a n HOD (A) G OD(A). In fact, V a n HOD (A) is 
ordinal-definable from A: It is the set 

{ueV a : (Vz e TC({w})) z G cl({Vg : 0 G Orrf} U {^} U A)}. 



More on Inner Models 

We conclude this chapter with some comments on inner models of ZF. 

As we remarked earlier, cardinal concepts are generally not absolute. The 
following theorem summarizes the relations between some of the concepts 
and their relativizations (see also Lemma 13.13): 

Theorem 13.27. Let M be an inner model of ZF. Then 

(i) P M (X) = P(X) n M, V™ — VaDM. 

(ii) If \X\ M = \Y\ M then \X\ = \Y\. 

(iii) If a is a cardinal then a is a cardinal in M; if a is a limit cardinal, 
then a is a limit cardinal in M . 

(iv) \a\ < \a\ M , cf(a) <cf M (a). 

(v) If a is a regular cardinal, then a is a regular cardinal in M; if a is 
weakly inaccessible, then a is weakly inaccessible in M . 

(vi) If M is a model of ZFC and n is inaccessible, then k is inaccessible 
in M. □ 

Concerning (vi), if a < k, then since M \= AC, we must have either 
(2 a ) M < k or (2 Q ) M > k and the latter is impossible since 2" < k. 

If M is a transitive model of ZFC, then the Axiom of Choice in M enables 
us to code all sets in M by sets of ordinals and the model is determined by 
its sets or ordinals. The precise statement of this fact is: If M and N are 
two transitive models of ZFC with the same sets of ordinals, then M — N. 
In fact, a slightly stronger assertion is true. (On the other hand, one cannot 
prove that M = N if neither model satisfies AC.) 

Theorem 13.28. Let M and N be transitive models of ZF and assume that 
the Axiom of Choice holds in M. If M and N have the same sets of ordinals, 
i.e., P M (Ord M ) = P N (Ord N ), then M = N. 

Proof. We start with a rather trivial remark: M and N have the same sets of 
pairs of ordinals. To see this, use the absolute canonical one-to-one function 
r : Ord x Ord -> Ord. If X C Ord 2 and X G M, then T(X) is both in M 
and in N, and we have X = r_i(r(X)) G N. 
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First we prove that M C N. Let X £ M. Since M satisfies AC, there is 
a one-to-one mapping / £ M of some ordinal 9 onto TC({A}). Let _E £ A'/ 
be the following relation on 0: 

a£/5 if and only if /(a) e /(/?). 

i? is a set of pairs of ordinals and thus we have E £ N. In M, E is well-founded 
and extensional. However, these properties are absolute and so E is well- 
founded and extensional in N. Applying the Collapsing Theorem (in N), we 
get a transitive set T £ N such that (T, £) is isomorphic to (0,E). Hence T is 
isomorphic to TC({A}) and since both are transitive, we have T = TC({A}). 
It follows that TC({X}) £ N and so X £ N. 

Now we prove M = N by S-induction. Let X £ N and assume that 
IcM;we prove that X £ M. Let Y £ M be such that X cY (for instance 
let Y = V^f where a — rank(X); the rank function is absolute). Let / £ M 
be a one-to-one function of Y into the ordinals. Since M C N, f is in TV and 
so f(X) £ N. Since M C N, f is in TV and so f(X) £ N. However, f(X) is 
a set of ordinals and so f(X) £ M, and we have X = £ M. □ 



Exercises 

13.1. If M is a transitive set then its closure under Godel operations is transitive. 

13.2. If M is closed under Godel operations and extensional and if X £ M is finite, 
then X C M. In particular, if (x, y) £ M, then x £ M and y £ M. 

13.3. If M is closed under Godel operations and extensional, and n is the transitive 
collapse of M, then n{Gi(X, Y)) = Gi(nX, irY), (i = 1, . . . , 10) for all X, Y £ M. 

[Use the Normal Form Theorem.] 

13.4. The operations Gs and Gs are compositions of the remaining Gi. 
[G a (X) = dom(Gio(Gi 0 (G 9 (Gio(X x X))))).] 

13.5. The Axioms of Comprehension in the Bernays-Godel set theory can be 
proved from a finite number of axioms of the form 

VX VV 3Z Z — G(X,Y) 

where the G's are operations analogous to Gi, . . . , Gio- Thus the theory BG is 
finitely axiomatizable. 

[Formulate and prove an analog of the Normal Form Theorem.] 

13.6. Prove that for every transitive M, V™ = V a n M (for all a £ M). 

13.7. Show that U X is finite" is Ai. 

[To get a IIi formulation, use T-finiteness from Chapter 1.] 

13.8. The functions a + f3 and a ■ /3 are Ai. 

13.9. The canonical well-ordering of Ord x Ord is a Ao relation. The function V 
is Ai. 
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13.10. The function S i-> TC(S) is Ai. 

13.11. The function x i— » rank(:r) is Ai. 

13.12. U X is countable" is Si. 

13.13. \X\ < \Y\, \X\ = \Y\ are Ei. 

13.14. The relation No is Ei; for each n > 1, N n is E n . 

13.15. M -<e 0 V holds for every transitive set M. 

13.16. Let n be a natural number. For every Mo there exists a set M D Mo such 
that M ^ E „ V. 

[Use the Reflection Principle.] 

13.17. If M -< (L Ul ,€), then M = L a for some a. 

[Show that M is transitive. Let X £ M. Let / be the <-least mapping of lo 
onto X. Since / is definable in (L W1 , £) from X, f is in M. Hence f(n) £ M for 
each n and we get X C M.] 

13.18. If M -< (Lu, 2 ,€), then wi n M = a for some a < wi. 

[Same argument as in Exercise 13.17: If 7 < a>i and 7 £ M, then 7 C M.] 

13.19. For all a> lo, \L a \ = |q|. 

13.20. If a > lo and X is a constructible subset of a, then X £ L/3, where /? is the 
least cardinal in L greater than a. 

13.21. The canonical well-ordering of L, restricted to the set R L — R n L of all 
constructible reals, has order- type cjf . 

[Rn L C L u l .] 

13.22. If k is a regular uncountable cardinal in L, then L K is a model of ZF~ 
(Zermelo-Fraenkel without the Power Set Axiom). 

[Prove it in L. Replacement: (i) If X £ L K , then |X| < k; (ii) if Y C L K and 
\Y\ < k, then Y £ L«.] 

13.23. If k is inaccessible in L, then L re = V K L = V K (1 L and L re is a model of 
ZFC + (V = L). 

13.24. If J is a limit ordinal, then the model (L$, £) has definable Skolem functions. 
Therefore, for every X C Ls, there exists a smallest M -< £) such that X C M. 

[The well-ordering <s is definable in (Lg,€). Let h v {x) = the <{-least y such 
that {Lg, £) 1= ^[a;,j/].] 

13.25. If 0 holds, then there exists a family .F of stationary subsets of u>\ such 
that \F\ — 2 Kl and \Si n S2 < Ko whenever Si and S2 are distinct elements of T. 

[Let F = {Sx ■ X C wi}, where S x = {a : X n a = 

13.26. If V = L[A] where Acwi, then 2 K ° = Ki. (Consequently, GCH holds.) 
[Show that if X C to, then X £ L a L4n£] for some a < u>\ and ^ < wi. It follows 

that = Ki.] 
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13.27. For every X there is a set of ordinals A such that L[X] = L[A\. 

[Let X = Xf\ L[X], and let (9,E) be isomorphic to TC({X}) (in L[X]). Let 
A = F(E) where F is the canonical mapping of Ord 2 onto Ord. Then A G L[X] 
and X G L[A], and hence L[A] = L[X].] 

13.28. Let a > oj be a countable ordinal. Fhere exists A C w such that a is 
countable in LL4]. 

[Let VF C w x oj be a well-ordering of oj of order-type a; let A C w be such that 
L[A] = L[W].] 

13.29. If o>i (in V) is not a limit cardinal in L, then there exists A C oj such that 

OJl = 1 J . 

[Fhere exists a < wi such that in L, oji is the successor of a. Let A be such 
that a is countable in LL4].] 

13.30 (ZFC). There exists A C oji such that wi = uj± [a] . 

[For each a < oji, choose A a C oj such that a is countable in LL4 a ]. Let 
A C oji x wi be such that A a = : (a,£) £ A} for all a; then = oji] 

13.31 (ZFC). If oji is not inaccessible in L, then there exists A C oji such that 
u;f [A1 = oji and cj 2 i[A] = w 2 . 

If A is a class, let us define L[A] as in (13.22) where defyt(M) is defined as 
in (13.20). 

13.32. L[A] = L[A], where A = A n L[A], and L[^4] is a model of ZFC. Moreover, 
L[A] is the smallest inner model M such that V™ fl A £ M for all a. 

13.33. Assume that there exists a choice function F on V. Then there is a class 
A C Ore! such that V = L[A]. 

13.34. Let M be a transitive model of ZF, M 3 Ord, and let X be a subset of M. 
Then there is a least model M[X] of ZF such that M C M[X] and X e M[X]. If 
M 1= AC, then M[x] \= AC. 

[Modify the construction in (13.24).] 

13.35. If X G OD, then there exists 7 such that A is a definable subset of (V y , G) 
(without parameters) . Hence OD is the class of all X definable in some V 7 . 

[If X = {u G Vfj : (w, a)}, consider 7 = T(a, /3).] 

13.36. If F is a definable function on Ord, then ran(F) C OD. Thus: OD is the 
largest class for which there exists a definable one-to-one correspondence with the 
class of all ordinals. 

13.37. HOD is the largest transitive model of ZF for which there exists a definable 
one-to-one correspondence with the class of all ordinals. 



Historical Notes 

The main results, namely consistency of the Axiom of Choice and the General- 
ized Continuum Hypothesis, are due to Kurt Godel, as is the concept of con- 
structible sets. The results were announced in [1938], and an outline of proof ap- 
peared in [1939]. GodePs monograph [1940] contains a detailed construction of L, 
and the proof that L satisfies AC and GCH. 
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In [1939] Godel defined constructible sets using L a +i — the set of all subsets 
of L a definable over L a ; in [1940] he used finitely many operations (and worked in 
the system BG). 

The investigation of transitive models of set theory was of course motivated by 
Godel's construction of the model L. The first systematic study of transitive models 
was done by Shepherdson in [1951, 1952, 1953]. Bernays in [1937], employed a finite 
number of operations on classes to give a finite axiomatization of BG. Theorem 13.9 
is explicitly stated by Hajnal in [1956]. 

The E n hierarchy was introduced by Levy in [1965a]. Another result of Levy 
[1965b] is that the truth predicate \= n +i is E n+ i 

Karp's paper [1967] investigates Si relations and gives a detailed computation 
verifying that constructibility is Ei. The characterization of the sets L a as transitive 
models of a single sentence a is a result of Boolos [1970]. 

The Diamond Principle was introduced by Jensen in [1972]. 

Relative constructibility was investigated by Hajnal [1956], Shoenfield [1959] 
and most generally by Levy [1957] and [1960a]. 

The concept of ordinal definability was suggested by Godel in his talk in 1946, 
cf. [1965]; the theory was developed independently by Myhill and Scott in [1971] 
and by Vopenka, Balcar, and Hajek in [1968]. 

Theorem 13.28 is due to Vopenka and Balcar [1967]. 
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The method of forcing was introduced by Paul Cohen in his proof of inde- 
pendence of the Continuum Hypothesis and of the Axiom of Choice. Forcing 
proved to be a remarkably general technique for producing a large number 
of models and consistency results. 

The main idea of forcing is to extend a transitive model M of set theory 
(the ground model) by adjoining a new set G (a generic set) in order to obtain 
a larger transitive model of set theory M[G] called a generic extension. The 
generic set is approximated by forcing conditions in the ground model, and 
a judicious choice of forcing conditions determines what is true in the generic 
extension. 

Cohen's original approach was to start with a countable transitive model M 
of ZFC (and a particular set of forcing conditions in M) . A generic set can eas- 
ily be proved to exist, and the main result was to show that M[G] is a model 
of ZFC, and moreover, that the Continuum Hypothesis fails in M[G]. 

A minor difficulty with this approach is that a countable transitive model 
need not exist. Its existence is unprovable, by Godel's Second Incompleteness 
Theorem. The modern approach to forcing is to let the ground model be the 
universe V, and pretend that V has a generic extension, i.e., to postulate 
the existence of a generic set G, for the given set of forcing conditions. As 
the properties of the generic extension can be described entirely withing the 
ground model, statements about V[G] can be understood as statements in 
the ground model using the language of forcing. We shall elaborate on this 
in due course. 



Forcing Conditions and Generic Sets 

Let M be a transitive model of ZFC, the ground model. In M, let us consider 
a nonempty partially ordered set (P, <). We call (P,<) a notion of forcing 
and the elements of P forcing conditions. We say that p is stronger than q if 
p < q. If p and q are conditions and there exists r such that both r < p and 
r < q, then p and q are compatible; otherwise they are incompatible. A set 
W C P is an antichain if its elements are pairwise incompatible. A set D C P 
is dense in P if for every p e P there is q g D such that q < p. 
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Definition 14.1. A set F C P is a filter on P if 

(14.1) (i) F is nonempty; 

(ii) if p < q and p € F, then q G P; 

(iii) if p, q G F, then there exists ref such that r < p and r < q. 
A set of conditions G C P is generic over M if 

(14.2) (i) G is a filter on P; 

(ii) if D is dense in P and D G M, then G n D ^ 0. 

We also say that G is M-generic, or P-generic (over M) , or just generic. 

Note how genericity depends on the ground model M: What matters is 
which dense subsets of P are in M. Thus if V is any collection of sets, let us 
say that a set G C P is a V- generic filter on P if it is a filter and if Gn D ^ 0 
for every dense subset of P that is in T>. Then G is generic over M just in 
case it is P-generic where T> is the collection of all D G M dense in P. 

Genericity can be described in several equivalent ways. A set D C P is 
open dense if it is dense and in addition, p € D and q < p imply q G D\ D is 
predense if every p G P is compatible with some q G P. If p G P, then P is 
dense (open dense, predense, an antichain) below p if it is dense (open dense, 
predense, an antichain) in the set {q G P : q < p}. 

If D is cither dense or a maximal antichain then D is predense. In Defini- 
tion 14.1, "dense" in (14.2) (ii) can be replaced by "open dense," "predense," 
or "a maximal antichain" — see Exercises 14.3, 14.4, and 14.5. 

Example 14.2. Let P be the following notion of forcing: The elements of P 
are finite 0-1 sequences (p(0), . . . ,p(n — 1)) and a condition p is stronger 
than q (p < q) if p extends q. Clearly, p and q are compatible if cither p C q 
or q G p. Let M be the ground model (note that (P, <) G M), and let G C P 
be generic over M. Let / = (J G. Since G is a filter, / is a function. For every 
n G w, the sets P„ = {p G P : n G dom(p)} is dense in P, hence it meets G, 
and so dom(/) = uj. 

The 0-1 function / is the characteristic function of a set icw. We claim 
that the function / (or the set A) is not in the ground model. For every 
0-1 function g in M, let D g = {p G P : p j£ .g}. The set P g is dense, hence it 
meets G, and it follows that / ^ g. □ 

This example describes the simplest way of adjoining a new set of natural 
numbers to the ground model. A set A C u obtained this way is called 
a Cohen generic real. 

Except in trivial cases, a generic set does not belong to the ground model; 
see Exercise 14.6. 

Example 14.3. In the ground model M, consider the following partially 
ordered set P. The elements of P are finite sequences p = {a 0 , . . . , a„_i) of 
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countable ordinals (in M), and a condition p is stronger than a condition q 
(p < q) if p extends q. Now if G C P is generic over M, we let / = (J G. As 
in Example 14.2, / is a function on u>, and since for every a < ojf 1 , the set 
E a = {p € P : a G ran(p)} is dense, it follows that ran(/) = ujf 1 . Thus in 
any model N D M that contains G, the ordinal ujf 4 is countable. □ 

This example describes the simplest way of collapsing a cardinal. 

As these examples suggest, a generic set over a transitive model need not 
exist in general. However, if the ground model is countable, then generic sets 
do exist. If M is countable and (P, <) € M, then the collection T> of all 
D e M that are dense in P is countable and the following lemma applies: 

Lemma 14.4. If (P, <) is a partially ordered set and T> is a countable col- 
lection of dense subsets of P, then there exists a V-generic filter on P. In 
fact, for every p e P there exists a V-generic filter G on P such that p G G. 

Proof. Let D\, D 2 , ... be the sets in V. Let p 0 = p, and for each n, let p n 
be such that p n < p n -i and p n e D n . The set 

G = {q G P : q > p n for some n € N} 

is a I?- generic filter on P and p e G. □ 

We shall now state the first of the three main theorems on generic models. 
We shall prove these theorems (14.5, 14.6, 14.7) later in this chapter. 

Theorem 14.5 (The Generic Model Theorem). let M be a transitive 
model of ZFC and let (P, <) be a notion of forcing in M. If G C P is generic 
over P, then there exists a transitive model M[G] such that: 

(i) M[G] is a model of ZFC; 

(ii) M C M[G] and G e M[G}; 

(iii) Ord M[G] - Ord M ; 

(iv) if N is a transitive model of ZF such that McJV and G <G N, then 
M[G] C N. 

The model M[G] is called a generic extension of M. The sets in M[G] 
will be definable from G and finitely many elements of M. Each element 
of M[G] will have a name in M describing how it has been constructed. An 
important feature of forcing is that the generic model M[G] can be described 
within the ground model. Associated with the notion of forcing (P, <) is 
a forcing language. This forcing language as well as the forcing relation lh 
are defined in the ground model M. The forcing language contains a name 
for every element of M[G], including a constant G, the name for a generic 
set (it is customary to denote names by dotted letters a). Once we select 
a generic set G, then every constant of the forcing language is interpreted as 
an clement of the model AI[G}. 
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The forcing relation is a relation between the forcing conditions and sen- 
tences of the forcing language: 

p lh a 

(p forces a). The forcing relation, which is defined in M, is a generalization 
of the notion of satisfaction. For instance, if p lh a and if a' is a logical 
consequence of a, then p lh a'. 

The second main theorem on generic models establishes the relation be- 
tween forcing and truth in M[G]: 

Theorem 14.6 (The Forcing Theorem). Let (P, <) be a notion of forcing 
in the ground model M. If a is a sentence of the forcing language, then for 
every G c P generic over M, 

(14.3) M[G]\=a if and only if (Bp e G) p lh a. 

[In the left-hand-side a one interprets the constants of the forcing language 
according to G] 

The third main theorem lists the most important properties of the forcing 
relation. 

Theorem 14.7 (Properties of Forcing). Let (P, <) be a notion of forcing 
in the ground model M, and let M p be the class (in M) of all names. 

(i) (a) If p forces <p and q < p, then q lh ip. 

(b) No p forces both p and -up. 

(c) For every p there is a q < p such that q decides ip, i.e., either 
q lh p or q II — up. 

(ii) (a) p II — up if and only if no q < p forces p. 

(b) p lh ip A ip if and only if p lh ip and p lh ip. 

p lh \/xp if and only if p lh p(a) for every a G M p . 

(c) p lh p V ip if and only if \fq < pBr < q (r lh p or r lh ip). 
p lh Bx p if and only if Vq < pBr < qBa e M p r lh p(a) . 

(iii) If p lh Bxp then for some a G M p , p lh p(a). 

Separative Quotients and Complete Boolean Algebras 

While the forcing relation can be defined directly from the partial order- 
ing (P, <), it turns out that its properties, and the properties of the generic 
extension are determined by a certain complete Boolean algebra that can 
be associated with (P, <). We shall therefore introduce the Boolean alge- 
bra B(P) and then use it to define the class M p (the P-names) and the 
forcing relation lh. 

Definition 14.8. A partially ordered set (P, <) is separative if for all 

p,q e p, 

(14.4) if p ^ q then there exists an r < p that is incompatible with q. 
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The forcing notions in Examples 14.2 and 14.3 are separative. On the other 
hand, a linear ordering is not separative (if it has more than one clement). 
Another example of a nonseparative partial order is the set of all infinite 
subsets of u, ordered by inclusion. 

If B is a Boolean algebra, then (£?+,<) is a separative partial order. 
A more general statement is true. A set D C Pis dense in a partially ordered 
set (P, <) if for every p £ P there is a d <G D such that d < p. A set D C B + 
is dense in a Boolean algebra B if it is dense in (B + , <). The following lemma 
is easy to verify: 

Lemma 14.9. If D is a dense subset of a Boolean algebra B, then (D, <) is 
a separative partial order. □ 

Conversely, every separative partial order can be embedded densely in 
a complete Boolean algebra: 

Theorem 14.10. Let (P, <) be a separative partially ordered set. Then there 
is a complete algebra B such that: 

(i) P C B + and < agrees with the partial ordering of B. 

(ii) P is dense in B. 

The algebra B is unique up to isomorphism. 

Proof. The proof is exactly the same as the proof of Theorem 7.13. B is the 
set of all regular cuts in P and separativity implies that every U p (where 
p € P) is regular. □ 

When (P, <) is not separative, we can replace it by a separative partial 
order that will produce the same generic extension. This is the consequence 
of the following lemma: 

Lemma 14.11. Let (P,<) be a partially ordered set. There exists a separa- 
tive partially ordered set (Q, -<) and a mapping h of P onto Q such that 

(14.5) (i) x < y implies h(x) =4 h{y); 

(ii) x and y are compatible in P if and only if h(x) and h(y) are 
compatible in Q. 

Proof. Let us define the following equivalence relation on P: 

x <~ y if and only if Vz (z is compatible with x <-> z is compatible with y). 

Let Q = P/~ and let us define 

[a;] =^ [y] <-» (Vz < x) [z and y are compatible] . 

The relation =^ on Q is a partial ordering, and it is easy to verify that (Q, -<) is 
separative. The mapping h(x) = [x] satisfies (14.5). □ 
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The partial order (Q, -<) is called the separative quotient of (P, <) and is 
unique (up to isomorphism); see Exercise 14.9. 

Corollary 14.12. For every partially ordered set (P, <) there is a complete 
Boolean algebra B = B(P) and a mapping e : P — > B + such that: 

(14.6) (i) ifp < q then e(p) < e(t?); 

(ii) p and q are compatible if and only if e(p) ■ e(q) ^ 0; 

(iii) {e(p) : p € P} is dense in B. 

B is unique up to isomorphism. □ 

Our earlier statements about the generic extension being determined 
by B(P) are based on the following facts: 

Lemma 14.13. (i) In the ground model M, let Q be the separative quotient 
of P and let h map P onto Q such that (14.5) holds. If G C P is generic 
over M then h(G) C Q is generic over M . Conversely, if H C Q is generic 
over M then h-i(H) C P is generic over M. 

(ii) In the ground model M, let P be a dense subset of a partially ordered 
set Q. If G C Q is generic over M then G fl P C P is generic over M. 
Conversely, if H c P is generic over M then G = {q e Q : (Bp € G) p < q} 
is generic over M . 

Proof. The proof is an exercise in verifying definitions (Exercise 14.1 is useful 
here). □ 

As a consequence, if e : P — > B(P) is as in Corollary 14.12 then G C P 
and H = {u e B : 3p e Ge(p) < u} are definable from each other, and G is 
generic if and only if H is, and M[G] = M[H]. Thus P and B(P) produce 
the same generic extension. 

In the ground model M, let B be a complete Boolean algebra. Outside M, 
B is still a Boolean algebra, though not necessarily complete. An ultrafilter G 
on B is called generic (over M) if 

(14.7) n x e G whenever X e M and X C G. 

A routine verification (see Exercise 14.10) shows that G is a generic ultrafilter 
if and only if G is a generic filter on B + . 

Boolean- Valued Models 

Let B be a complete Boolean algebra. A Boolean-valued model (of the lan- 
guage of set theory) 21 consists of a Boolean universe A and functions of two 
variables with values in B, 



(14.8) 



\\x = y\\, \\x&y\\ 
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(the Boolean values of = and g), that satisfy the following: 



(14.9) (i) \\x = x\\ = l, 

(") \\ x = y\\ = \\y = x\\, 

(iii) ||x = y\\ ■ \\y = z\\ < \\x = z\\, 

(iv) ||x G y\\ ■ \\v = x\\ ■ \\w = y\\ < ||w G 

For every formula <£>(xi, ...,!„), we define the Boolean value of y> 



\\<fi{ai, ....On) 



(ai, . .. ,a„ G A) 



as follows: 

(a) For atomic formulas, we have (14.8" 

(b) If ip is a negation, conjunction, etc. 



|hV(ai, • 
||(^Ax)(oi,- 
ll(^Vx)(oi,. 
IKV--X)(ai,- 
||(V><-» x)(ai,. 



j a «)|| 

,011 
,a«)|| 

,On)|| 

,a„)|| 



= — ||V(«i 



,a n )\\ 



|j-0(ai, . . .,a n )\\ ■ \\x(ai, ■ ■ ■ ,a„)||, 
||^(oi,...,a„)|| + ||x(ai,...,a n )||. 
||(^V X )(ai,...,a n )||, 
||((^-»x)A(x-»^))(ai,..-,On) 



(c) If is 3x V> or Vx ^, 

||3x?/;(x,ai, . . . ,a n )\\ = J2 a i, ■ • ■ , a «)ll> 

aeA 

\\\txtp{x,ai,...,a n )\\ = II ||^(a,ai,...,o„)||. 

aeA 

Note how the notion of a Boolean-valued model generalizes the notion of 
a model; the Boolean value of ip is a generalization of the satisfaction pred- 
icate K If B is the trivial algebra {0, 1}, then a Boolean-valued model is 
just a (two- valued) model; i.e., consider A/= where x = y if and only if 
\\x = y\\ = I- 

We say that <^(ai, . . . , a n ) is Da/id in 21, if ||<p(ai, . . . , a„)|| = 1. An im- 
plication ip — > t/> is valid if ||<p|| < ||^||. Hence it is postulated in (14.9) 
that the axioms for the equality predicate = arc valid in a Boolean-valued 
model. It can be easily verified that all the other axioms of predicate calculus 
are valid, and that the rules of inference applied to valid sentences result 
in valid sentences. Thus every sentence provable in predicate calculus has 
Boolean value 1, and if two formulas ip, xp are provably equivalent, we have 
\\ip\\ = \\ip\\. For example, we have 



\x = y\\-\\<p(x)\\<\\<p(y)\\. 



Boolean-valued models can therefore be used in consistency proofs in much 
the same way as two- valued models. Let 21 be a Boolean- valued model such 
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that all the axioms of ZFC are valid in 21. (We say that 21 is a Boolean- 
valued model of ZFC.) Let a be a set-theoretical statement and assume that 
1 1 cr 1 1 7^ 0. Then we can conclude that a is consistent relative to ZFC; otherwise, 
-id would be provable in ZFC and therefore valid in 21: \\^cr\\ = —\\cr\\ = 1. 

There is an important special case of Boolean- valued models, and in this 
special case, the Boolean- valued model can be transformed into a two- valued 
model. 

We say that a Boolean- valued model 21 is full if for any formula ip{x, x\, 
. . . , x n ) the following holds: For all oi , . . . , a n £ A, there exists an a £ A such 
that 

(14.10) \\tp(a,ai,...,a n )\\ = \\3xip(x, ai, . . . ,a n )\\. 

Let F be an ultrafiltcr on B. We define an equivalence relation on A by 

(14.11) x = y if and only if ||x = y\\ £ F, 
and a binary relation E on A/= by 

(14.12) [a;] E [y] if and only if \\x £ y\\ £ F. 

That = is an equivalence relation, and that (14.12) does not depend on the 
choice of representatives are easy consequences of (14.9) and the fact that F is 
a filter. Thus 21/F = (A/=,E) is a model. Moreover, we have the following 
relationship between the Boolean- valued model 21 and the model 21/F: 

Lemma 14.14. Let 21 be full. For any formula <p(xi, . . . , x n ), 

(14.13) %/F\=<p([ ai ],...,[a n ]) if and only if \\<p(ai, . . . , a n )\\ £ F, 
for all oi, . . . ,a n £ A. 

Proof, (a) If ip is atomic, then (14.13) is true by definition. 

(b) If <p is a negation, conjunction, etc., we use the basic properties of an 
ultrafiltcr, and the definition of || ||; e.g., we use 

IhVlleF if and only if ||^|| ^ F, 
HV'Axllei 7, if and only if ||^|| £ F and ||x|| £ F. 

(c) If (p is 3x i/j(x, . . .), we use the fullness of 21 to prove (14.13), assuming 
it holds for ip. By (14.10), we pick some a £ A such that \\(p(a, . . .)|| = 
\\3xip(x, . . .)|| and then we have 

\\3xip(x, . . .)|| e F if and only if (3a £ A) \\ip(a, . . .)|| £ F, 



which enables us to do the induction step in this case. 



□ 
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The Boolean- Valued Model V B 

We now define the Boolean- valued model V B . Let B be a complete Boolean 
algebra. 

Our intention is to define a Boolean- valued model in which all the axioms 
of ZFC arc valid. In particular, we want V B to be extensional, i.e., the Axiom 
of Extensionality to be valid in V B : 

(14.14) ||Vu(ue X ^ueY)\\ < ||X = F||. 

We shall define V B as a generalization of V: Instead of (two-valued) sets, we 
consider "Boolean-valued" sets, i.e., functions that assign Boolean values to 
its "elements." Thus we define V B as follows: 

(14.15) (i) V B = 0, 

(ii) V B +1 = the set of all functions x with dom(x) C V B and values 
in B, 

V B = |J V B if a is a limit ordinal, and 

fi<a 

(iii) V B = 1J V B . 

a£ Ord 

The definition of \\x € y|| and \\x = y\\ is motivated by (14.14), and the 
requirement that x(t) < \\t G x\\. We define Boolean values by induction. 
Each x € V B is assigned the rank in V s , 

p(x) = the least a such that x e V B +1 . 

The forthcoming definition is by induction on pairs (p(x),p(y)), under the 
canonical well-ordering. 

To make the notation more suggestive, we introduce the following Boolean 
operation that corresponds to the implication: 

u^> v = —u + v 

Let 

(14.16) (i) ||xey||= E (\\x = t\\-y(t)), 

t£dom y 

(ii) \\x C y\\ = II (ar(t) =H|t € y||), and 

f £dom x 

(iii) \\x = y\\ = \\x c y\\ ■ \\y C x\\. 

We are going to show that V B is a Boolean- valued model. To do that, we have 
to verify (14.9). Clause (ii) in (14.9) is trivially satisfied since the definition 
of || x = y || is symmetric in x and y. 

Lemma 14.15. ||a; = x|| = 1 for all x e V B . 
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Proof. By induction on p(x). Clearly, it suffices to show that \\x C x\\ = 1, i.e., 
we wish to show that x(t) => \\t £ x\\ = 1 for all f £ dom(x), or cquivalently, 
that x(t) < \\t £ x\\. If t £ dom(x), then by the induction hypothesis we have 
\\t — t\\ — 1 and hence, by definition of \\t £ x\\, x{t) = \\t = t\\ -x{t) < \\t £ x\\. 

a 

Now we prove (14.9)(iii) and (iv), simultaneously by induction: 
Lemma 14.16. For all x,y,z £ V B , 

(i) \\ x = v\\ ■ \\y = z \\ < \\ x = z \\, 

(ii) \\x £ y\\ ■ \\x = z\\ < \\z £ y\\, 

(iii) \\y £ x\\ ■ \\x = z\\ < \\y £ z\\. 

Proof. By induction on triples {p(x) , p(y) , p(z)} . 

(i) It suffices to prove that \\x c y\\ ■ \\y = z\\ < \\x C z\\. Let t £ dom(a;) 
be arbitrary; we wish to show that 

(14.17) \\y - z\\ ■ (x(t) \\t £ y||) < x(t) \\t £ z\\ 

(using the definition of \\x C z\\). By the induction hypothesis, we have 
\\t£y\\-\\y = z\\ < \\t £ z\\. Thus \\y = z\\ ■ (-x(t) + \\t £ y\\) = (\\y = 
z\\ - x(t)) + (\\y = z\\-\\t£ y\\ < -x(t) + \\t £ z\\, and (14.17) follows. 

(ii) Let t £ dom(y) be arbitrary. By the induction hypothesis we have 

||x = z\\ ■ \\x = t\\ < \\z = t\\ and so 

(14.18) \\x = z\\ ■ \\x = t\\ ■ y(t) < \\z = t\\ ■ y(t). 
Taking the sum of (14.18) over all t £ dom(y), we get 

\\x = z\\- E (\\x = t\\-y(t))< E (\\z = t\\-y(t)), 

that is, \\x = z\\ ■ \\x £ y\\ < \\z £ y\\. 

(iii) Let t £ dom(x). By the definition of \\x = z\\ we have x(t) ■ \\x = z\\ < 
\\t £ z\\ and so 

\\y = t\\ -x(t) ■ \\x = z\\ < \\y = t\\ ■\\t£z\\. 
By the induction hypothesis, \\y = t\\ ■ \\t £ z\\ < \\y £ z\\, and therefore 

(14.19) ||y = t||-a;(t)-||a; = ^|<||i/e«||. 

Taking the sum of the left-hand side of (14.19) over all t £ dom(x), we get 
E (\\y = t\\-x(t))-\\x = z\\<\\y£z\\, 

that is, \\y£x\\ ■ \\x = z\\ < \\y £ z\\. □ 
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Thus V B is a Boolean- valued model. We will show that all axioms of ZFC 
are valid in V B . First we show that V B is extensional, and full. 

Lemma 14.17. V B is extensional. □ 

Proof. Let X, Y G V B . By the definition of a => b we observe that if a < a', 
then (a' => b) < (a =>• 6). Thus for any a £ F B wc have (||u G X|| ||u G 
y||) < ||u G y ||) and therefore 

(14.20) n (he X|| => \\u G Y\\) < EI (X(u) =H|« e Y\\). 

u£V B u£V B 

While the left-hand side of (14.20) is equal to \\\/u(u G X -» u e the 
right-hand side is easily seen to equal ||X C Consequently, 

||Vw(w,ex^uer)|| < ||x = y||. □ 

Lemma 14.18. If W is a set of pairwise disjoint elements of B and if a u , 

u G W, are elements of V B , then there exists some a G V B such that u < 
\\a = a u \\ for all u G W. 

Proof. Let D = \J ueW dom(a M ), and for every t G D, let a(t) — J2i u ' a u(t) ■ 
u G W}. Since the u's are pairwise disjoint, we have u ■ a(t) = u ■ a u (t) 
for each u G W and each t G D. In other words, u < (a(t) =4> a u (t)) and 
w < (a«(i) =>■ a (*)), and so u < \\a = a u \\. □ 

Lemma 14.19. V B is full. Given a formula ip(x, . . .), there exists some a G 
V B such that (14.10) holds, i.e., 

\\ip(a, . . .)\\ = \\Bx<p(x,...)\\. 

Proof. In (14.10), < holds for every a. We wish to find an a G V B such that 
> holds. Let u 0 = \\3xtp(x, . . .)||. Let 

D = {u G B : there is some a u such that u < \\(f(a u , . . .)||}. 

It is clear that D is open and dense below u 0 . Let W be a maximal set of 
pairwise disjoint elements of D; clearly, ^2{u : u G W} > Uo- By Lemma 14.18 
there exists some a G V B such that u < \\a — a u \\ for all u G W . Thus for 
each u G W we have u < \\<p(a, . . .)\\, and hence uo < \\<p(a, . . .)||. □ 

We remark that Lemma 14.19 was the only place in this chapter where 
we used the Axiom of Choice. 

Every set (in V) has a canonical name in the Boolean- valued model V B : 

Definition 14.20 (By G-Induction). 

(i) 0 = 0; 
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(ii) for every x G V, let x G V B be the function whose domain is the set 
{y : y G x}, and for all y G x, x(y) = 1. 

When calculating the Boolean value of a formula, one may find the fol- 
lowing observation helpful (cf. Exercise 14.12): 

(14.21) \\(3y e*Mi,)||= £ (x(y)-\\<p(y)\\), 

||(Vyex)^)|| = J] (*(V) => \\<P(V)\\)- 

yGdom cc 

The following lemma is the Boolean-valued version of absoluteness of 
Ao formulas: 

Lemma 14.21. If tp(x\, . . . , x n ) is a A 0 formula, then 

<p(xi,...,x n ) if and only if \\<p(xi, . . . , x n )\\ = 1. 
Proof. By induction on the complexity of ip. □ 
Corollary 14.22. If (p is Si, i/ien ip(x, . . .) implies \\<p(x, ■ ■ -)ll = 1- O 

The next lemma states that V and "have the same ordinals:" 
Lemma 14.23. For every x G V B , 

||x is an ordinal|| — £ \\ x = ° e \\- 

Proof. Since "x is an ordinal" is Ao, we have, by Lemma 14.21, 
£ ll x = "I — \\ x i s an ordinal||. 

On the other hand, let ||x is an ordinal|| = u. We first observe that if 7 is an 
ordinal, then 

|)x is an ordinal and x G 7|| < £ \\ x = "II- 

Also, for every a, we have 

u < ||x G a|| + \\x = a\\ + \\a G x||. 

However, there is only a set of a's such that ||d G x| 7^ 0 (because ||d G x\\ = 
Etedomsdl^ = *ll ' x (t)))- Hence there is 7 such that u < \\x C *y\\ and we 
have u < £ Q < 7 \\ x = "II- D 

We show now that V B is a Boolean- valued model of ZFC. 

Theorem 14.24. Every axiom of ZFC is wzZwi in V B . 

Proof. We show that ||er|| = 1 for every axiom of ZFC. 
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Extensionality. See Lemma 14.17. 

Pairing. Given a, b G V s , let c = {a, b} B G V B be such that dom(c) = {a, b} 
and c(a) = c(b) = 1. Then \\a G cAfe G c|| = 1. This, combined with 
Separation, suffices for the Pairing Axiom. (We could also verify directly 
that ||Var £ c(x = aV x = b)\\ = 1.) 

Separation. We prove that for every X G V B there is Y G V B such that 

(14.22) ||YcX|| = l and ||(Vz G X)((p(z) hz£ Y)\\ = 1. 
Let Y G V B be as follows: 

dom(Y) = dom(X), F(i) = X(t) • ||^(t)||. 

For every x G V s we have \\x G V|| = G X\\ ■ \\ip(x)\\ and this gives (14.22). 
Union. We prove that for every X G V B there is Y G V B such that 

(14.23) ||(VueX)(Vt;eu)(t;er)|| = l 

(this is the weak version, cf. (1.8)). 

If X G V B , then letting Y G V B as follows verifies (14.23): 

dom(Y) = U{dom(u) : u G dom(X)}, Y(t) = 1 for all t G dom(Y). 

Power Set. We prove that for every X G V B there is Y G V B such that 

(14.24) ||Vm(mcX^mgY)|| = 1; 
(cf. (1.9)). Here we let 

dom(Y) = {u G V B : dom(u) = dom(X) and u(t) < X(t) for all t}, 
Y{u) = l for all u G dom(Y). 

To verify that Y satisfies (14.24) we use the following observation: If u G V B 
is arbitrary, let v! G V B be such that dom(w') = dom(X) and u'(t) = X{t) ■ 
\\t G u|| for all t G dom(X). Then 

||uCX|| < ||u=m'|| 

which makes it possible to include in dom(Y) only the "representative" u's. 
Infinity. See Lemma 14.21 for ||cD is an inductive set || = 1. 
Replacement. It suffices to verify the Collection Principle, cf. (6.5); we prove 
that for every X G V B there is Y G V B such that 

(14.25) ||(V«e X)(3v<p(u,v) -» (3w G Y)^(m,u))|| = 1. 
Here we let 

dom(Y) = U{5 U : u G dom(X)}, Y(t) = 1 for all t G dom(Y), 
where c V B is some set such that 

E lk(«,«)||= E 
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Regularity. We prove that for every X e V B , 

(14.26) \\X is nonempty -» (By e AT)(Vz e y) z £ X|| = 1. 
If (14.26) is false, then 

\\Bu (ueX)A (Vy e X)(3z e y) z e X\\ = b 0. 

Let y eV B he of least p(y) such that \\y e X\\ ■ b ^ 0. Then ||y e X\\ ■ b < 
\\(Bz e y) z G so there exists a z £ dom(y) such that \\z e X|| • ||y e X|| • 
& 7^ 0. Since p(z) < p(y), this is a contradiction. 

Choice. For every S*, we have (by Corollary 14.22) 

1 1 S can be well-orderedj| = 1. 

Now, we prove that for every X e V B there exist some S and / G V s such 
that 

(14.27) ||/ is a function on S and ran(/) D X\\ = 1. 

(This shows that ||X can be well-ordered || = 1.) 
We let S = dom(X) and / e V B as follows: 

dom(/) = {(x, x) B : x e S}, f(t) = 1 for all t e dom(/) 

(where (a, b) B = {{a} B , {a, 6} B } B ). These 5 and / satisfy (14.27). □ 

Among elements of V B , one is of particular significance: the canonical 
name for a generic ultrafilter on B: 

Definition 14.25. The canonical name G for a generic ultrafilter is the 
Boolean-valued function defined by 

dom(G) = {u : u € B}, G(u) — u for every u e B. 

See Exercise 14.14. 



The Forcing Relation 

Let M be a transitive model of ZFC (the ground model) and let (P, <) € M be 
a notion of forcing. We shall now introduce the forcing language by specifying 
names, define the forcing relation lh and prove the fundamental properties 
of lh (Theorem 14.7). Throughout this section we work inside the ground 
model. 

Let (P, <) be a notion of forcing. By Corollary 14.12 there exists a com- 
plete Boolean algebra B = B(P) such that P embeds in B by a mapping 
e : P — > B that satisfies (14.6) (and is not one-to-one if P is not separative). 
We use M B to denote the _B-valucd model defined in (14.15) (inside M). 



14. Forcing 215 



Definition 14.26. M p = M B{P \ The elements of M p are called P -names 
(or just names). P-names are usually denoted by dotted letters. The forcing 
language is the language of set theory with names added as constants. The 
forcing relation I hp (or just lh) is defined by 

p\\-<p(ai,...,a n ) if and only if e(p) < \\<p(ai, . . . , <z„)|| 

where ip is a formula of set theory and cti, . . . , a n are names. 

We remark that both names and the forcing relation can be defined di- 
rectly from P without using the complete Boolean algebra. However, we find 
the direct definition somewhat less intuitive. 

Proof of Theorem 14.7. (i) (a) If q < p then e(q) < e(p). 

(b) |M|. ||^|| = o. 

(c) If e(p) ■ \\(p\\ 7^ 0 then there is a q < p such that e(q) < \\<p\\; 
similarly if e(p) ■ \\^<p\\ ^ 0. 

(ii) (a) Left-to-right: Use (i)(a) and (b). Right-to- left: If p docs not 

force -up then e(p) ■ \\ip\\ ^ 0 and proceed as in (i)(c). 

(b) By (14.9) (b) and (c). 

(c) For disjunction, we use || <pVip\\ = \\<p\\ + \\ip\\ and argue as in (ii)(a). 
The existential quantifier is similar, using (14.9) (c). 

(iii) By Lemma 14.19, M B is full and so e(p) < \\<p(a)\\ for some a. □ 

Among P-names there are canonical names x for sets in the ground model. 
In practice one often abuses the notation by dropping the hacek " and con- 
fusing x € M with its name x. 

We can also introduce a "name for M ;" since «£Mh (3a; G M) a = x, 
we define 

(14.28) phaeM if and only if Mq < p 3r < q 3x (r lh a = x). 

Finally, we consider the canonical name for a generic filter on P. Using Defini- 
tion 14.25 for B(P) and the relation between generic filters on P and generic 
ultrafilters on B(P) spelled out in Lemma 14.13, we arrive at the following 
definition: 

(14.29) p\\-qeG if and only if W < p3s < r s < q, 

or in terms of the separative quotient mapping h (Lemma 14.11), 

p lh q e G if and only if h(p) =4 h(q). 

One final remark: By Theorem 14.24, every axiom of ZFC is forced by every 
condition. So is every axiom of predicate calculus, and the forcing relation 
is preserved by the rules of inference. Hence every condition forces every 
sentence provable in ZFC. 



216 Part II. Advanced Set Theory 



The Forcing Theorem and the Generic Model Theorem 

We shall now define the generic extension M[G] and prove Theorems 14.5 
and 14.6. We do it first for Boolean-valued models and handle the general 
case afterward. 

Let M be a generic transitive model of ZFC, and let B be a complete 
Boolean algebra in M. Let G be an M-generic ultrafiltcr on B, i.e., generic 
over M. 

Definition 14.27 (Interpretation by G). For every x £ M B we define x G 
by induction on p(x): 

(i) 0 G = 0, 

(ii) x G = {y G : x(y) £ G}. 
Using the interpretation by G, we let 

(14.30) M[G] = {x G : x £ M B }. 

Lemma 14.28. Let G be an M-generic ultrafilter on B. Then for all names 
x,y £ M B 

(i) x G £ y G if and only if \\x £ y\\ £ G, 

(ii) x G = y G if and only if \\x = y\\ £ G. 

Proof. We prove (i) and (ii) simultaneously by induction on pairs (p(x),p(y)). 

(i) ||a; £ y\\ £ G <-> 3t £ dom(y) (y(t) £ G and ||a; = t\\ £ G) 

<-» 3t (y(t) £ G and x G = t G ) 
<-» x G £ {t G : y(t) £ G} 
<-» x G £ y G . 

(ii) \\x C y\\ £ G ~ n ted omx(«(*) ^\\tey\\)£G 

<-» Vt e dom(a;) (a;(t) G G implies ||t e y\\ £ G) 
<-» Vi (x(i) e G implies t G e y G ) 
<-» {t G : x{t) £G}£y G 

M[G] is a transitive class. The following is the Forcing Theorem for 
Boolean- valued models. 

Theorem 14.29. If G is an M-generic ultrafilter on B, then for all x\, . . . , 

x n £ M B , 

(14.31) M[G]\=ip(x G ,...,x G ) if and only if \\ip(xi, ■ ■ - ,x n )\\ £ G. 
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Proof. Lemma 14.28 proves (14.31) for atomic formulas. The rest of the proof 
is by induction on the complexity of ip. 

(a) ip is -tip, ipA\, V'Vx, etc. Assuming (14.31) for ip and x, the induction 
step works because G is an ultrafiltcr. For instance, 

M[G] N ip A X <-» M[G] N ip and M[G] N x 
<-> HVlleG and llxH eG 

HIV-II- llxll eG 
-IIVAxlleG. 

Similarly for -i, V, etc. 

(b) ip is 3xip(x, . . .) or Mxip(x, . . .). We assume (14.31) for ip and use the 
genericity of G: 

M[G] N 3x ip(x, ...)<-» (3x G M[G]) M[G] N V(x, . . .) 

(3.x e M s ) M[G] 1= V(a; G , ■ • ■) 
<-» (3a; e M s )||V(a;,...)|| G G 

~ E ||^,...)HeG 

~ ||3x^(a:,...)|| eG. 

The penultimate equivalence holds because if we let A = {\\ip(x, . . .)|| : 
a; G M B }, then A C B and 4eM, and since G is generic we have 

(3a e A) a e G if and only if J2 A € G. 

Similarly for Vx ?/;(x, . . .). □ 

Corollary 14.30. M[G] is a model of ZFC. 

Proof. By Theorem 14.24, every axiom a of ZFC is valid in M B , therefore 
||ct|| = 1 € G and hence a is true in M[G]. □ 

The following completes the proof of both Theorems 14.5 and 14.6 when 
forcing with a complete Boolean algebra: 

Lemma 14.31. 

(i) M C M[G], and both models have the same ordinals. 

(ii) G € M[G] and if N D M is a transitive model of ZFC such that 
GeN, then N D M[G]. 

Proof, (i) For every x e M, the G-interpretation of the canonical name x 
is x G — x (proved by ^-induction) . Hence M C M[G]. To show that ev- 
ery ordinal in M[G] is in M (that M[G] is not "longer" than M), we use 
Lemma 14.23. 
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(ii) Let G be the canonical name of a generic ultrafilter (Definition 14.25). 
Its interpretation is G G = G and so G € M[G]. If N D M is a transitive model 
containing G, then the construction of M[G] can be carried out inside N, and 
thus M[G] C N. □ 

We shall now prove Theorems 14.5 and 14.6: 

Let (P, <) be a notion of forcing in the ground model M, and let G C P 
be generic over M. Let B = B(P), and let M p = M B be the class of the 
P-names. First we define G-interpretation of P-names: For every x G M p , 

(14.32) (i) 0 G = 0, 

(ii) x G = {y G : (Bp e G) e(p) < x(y)}. 

Then we let 

M[G] = {x G : x e M p }. 

Now let P be the ultrafilter on P generated by e(G): H = {u E B : 
Bp € Ge(p) < u}. H is M-generic, and it is easily seen that x G — x H for all 
xeM B . Thus M[G] = M[fl]. 

The Forcing Theorem now follows from the definition of Ih and The- 
orem 14.29. As for the Generic Model Theorem 14.5, (a), (c), (d), and 
the first part of (b) are immediate consequences of Lemma 14.31; it only 
remains to verify that G € M[G]. For that, we can either observe that 
G = {p e P : e(p) e H} is in M[H], or invoke (14.29) and verify that 
G G = G. 



Consistency Proofs 

Forcing is used mainly (but not exclusively) in consistency proofs. In practice, 
a consistency result is usually presented as follows: Suppose that A is some 
sentence (in the language of set theory) and we wish to prove that A is consis- 
tent with ZFC, or more generally, that A is consistent with some extension T 
of ZFC. This is accomplished by assuming that T holds (in V, the universe) 
and by exhibiting a forcing notion P such that the generic extension V[G] 
satisfies A. 

One way to make this argument legitimate is to assume that there exists 
a countable transitive model M of T. Using a forcing notion P e M, there 
exists a P-generic filter G over M, and M[G] is a transitive model that 
satisfies A. Hence A is consistent relative to T. 

The assumption of a countable transitive model is unnecessary, as state- 
ments about generic extensions can be considered merely as an informal refor- 
mulation of statements about the forcing relation. In particular, ll V[G] satis- 
fies A" is to be understood to mean "every p £ P forces A." Then (assuming 
that T is consistent), the negation ^A is not provable: If it were then every 
condition would force ^A (or, the Boolean value || — iA|| would be 1). Note 
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that for consistency of A, it is enough to show that some p <G P forces A; in 
the language of generic extensions, one finds a p e P such that when G is 
generic and p € G, then V[G] 1= A. 

In some cases, forcing results are stated as independence results: A sen- 
tence A is independent of the axioms T. This usually means that both A 
and ^A are consistent with T. 



Independence of the Continuum Hypothesis 

We now present Cohen's proof of independence of CH. 

Theorem 14.32. There is a generic extension V[G] that satisfies 2 N ° > Hi. 

Proof. We describe the notion of forcing that produces a generic extension 
with the desired property. Let P be the set of all functions p such that 

(14.33) (i) dom(p) is a finite subset of u 2 x ui, 
(ii) ran(p) C {0, 1}, 

and let p be stronger than q if and only if p D q. 

If G is a generic set of conditions, we let / = (J G. We claim that 

(14.34) (i) / is a function; 
(ii) dom(/) = UJ2 x ui. 

(Of course, w 2 means w 2 in the ground model.) 

Part (i) of (14.34) holds because G is a filter. For part (ii), the sets D Qj „ = 
{p € P : (a,n) E dom(p)} are dense in P, hence G meets each of them, and 
so (a, n) G dom(/) for all (a, n) e ui 2 x u). 

Now, for each a < w 2 , let / Q : u — > {0,1} be the function defined as 
follows: 

/a(n) = f{a,n). 
If a ^ (3, then / Q ^ fp; this is because the set 

D={p£F: p(a, n) ^ p{(3, n) for some n} 

is dense in P and hence G C\ D ^ 0. Thus in V[G] we have a one-to-one 
mapping a i— » f a of w 2 into {0, 1}". 

Each f a is the characteristic function of a set a a C w. As in Example 14.2, 
we call these sets Cohen generic reals. Thus P adjoins H 2 Cohen generic reals 
to the ground model. 

The proof of Theorem 14.32 is almost complete, except for one detail: We 
don't know that the ordinal lo\ is the cardinal H 2 of V[G]. We shall complete 
the proof by showing that V[G] has the same cardinals as the ground model 
(P preserves cardinals). 
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Definition 14.33. A forcing notion P satisfies the countable chain condition 
(c.c.c.) if every antichain in P is at most countable. 

The following theorem is one of the basic tools of forcing: 

Theorem 14.34. If P satisfies the countable chain condition then V and 
V[G] have the same cardinals and cofinalities. 

In other words cf v a = cf y ' G ' a for all limit ordinals a; the statement on 
cardinals follows. 

Proof. It suffices to show that if k is a regular cardinal then k remains regular 
in V[G\. Thus let A < «; we show that every function / g V[G] from A into k 
is bounded. 

Let / be a name, let p e P and assume 

(14.35) p lh / is a function from A to k. 

For every a < A consider the set 

A a = {/? < K : 3q < p q lh f(a) = {3}. 

We claim that every A a is at most countable: If W = {qp : (3 £ A a } is a set 
of witnesses to f3 g A a then W is an antichain, and therefore countable by 
c.c.c. Hence \A a \ < H 0 . 

Now, because n is regular, the set Ua<K is bounded, by some 7 < n. 
It follows that for each a < A, p forces f(a) < 7. 

Thus for every / g V p and every p g P, if (14.35) then p lh / is bounded 
below k. It follows that in V[G], every function / : A — > k is bounded. □ 

Now we complete the proof of Theorem 14.32 by showing that the forc- 
ing notion that we employed satisfies c.c.c. That follows from the following 
consequence of Theorem 9.18 on A-systems. □ 

Lemma 14.35. let P be a set of finite functions, with values in a given 
countable set C. let p < q be defined as p D q, and assume that for all p,q g 
P, ifpUq is a function thenpUq g P (or more generally, 3r g P (r D pUq)). 
Then P satisfies the countable chain condition. 

Proof. Let F be an uncountable subset of P, and let W be the set {dom(p) : 
p g F}. As C is countable, the set W must be uncountable. By Theorem 9.18 
there exists an uncountable A-system Z C W ; let S = X P\Y for any X ^ Y 
in Z. Let G be the set of all p g F such that dom(p) e Z; again because C is 
countable there are uncountably many p g G with the same p\S. Now if p 
and q are two such functions, i.e., dom(p) (^dou\(q) = S and p\S = q\S, then 
p and g are compatible functions and therefore compatible conditions. Hence 
F is not an antichain. □ 
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Independence of the Axiom of Choice 

If the ground model M satisfies the Axiom of Choice, then so does the 
generic extension. However, we can still use the method of forcing to con- 
struct a model in which AC fails; namely, we find a suitable submodel of the 
generic model, a model N such that M C N C M[G]. 

Theorem 14.36 (Cohen). There is a model of ZF in which the real num- 
bers cannot be well-ordered. Thus the Axiom of Choice is independent of the 
axioms of ZF. 

Before we construct a model without Choice, we shall prove an easy but 
useful lemma on automorphisms of Boolean- valued models. Let B be a com- 
plete Boolean algebra and let 7r be an automorphism of B. We define, by 
induction on p(x) an automorphism of the Boolean- valued universe V B , and 
denote it also n: 

(14.36) (i) tt(0) - 0; 

(ii) dom(7rx) = 7r(dom(x)), and (ffx)(Try) = n(x(y)) for all ir(y) £ 
dom(7ra;). 

Clearly, n is a one-to-one function of V B onto itself, and tt(x) = x for every x. 

Lemma 14.37. Let ip(x\, . . . , x n ) be a formula. If n is an automorphism 
of B, then for all x\ , . . . , x n £ V B , 

(14.37) ||v>(7ra;i,...,7ra; n )|| = 7r(||<p(a;i, . . . , x n )\\). 

Proof, (a) If Lp is an atomic formula, (14.37) is proved by induction (as in the 
definition of \\x £ y\\, \\x = y\\). For instance, 

||7ra; £ ny\\ = ^ (IK^ = *ll ■ i^v) (*)) 

t£dom(iry) 

= (Ik^ = nz \\ ■ ( 7r y)( 7r ^)) 

zedom(y) 

= n( E (\\x = z\\. y (z)))=n(\\x£ y \\). 

(b) In general, the proof is by induction on the complexity of ip. □ 

In practice, (14.37) is used as follows: Let {P, <) be a separative partially 
ordered set. If 7r is an automorphism of P, then 7r extends to an automorphism 
of the complete Boolean algebra B(P), by ir(u) = ^2{tt(p) ■ p < u}. Then 

(14.37) takes this form: For all P-namcs i\, . . . , x n , 

(14.38) p lh <p(xi, . . . , x n ) if and only if wp lh tp(Trxi, . . . ,Trx n ). 

For the proof of Theorem 14.36, let us assume that the ground model M 
satisfies V — L. We first extend M by adding countably many Cohen generic 
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reals: Let P be the set of all functions p such that 

(14.39) (i) dom(p) is a finite subset ofwxw, 
(ii) ran(p) C {0, 1}, 

and let p < q if and only if p D q. 

Let G be a generic set of conditions. For each i <G cu, let 

ftj = {n e w : (3p e G) p(i, n) = 1} 

and let A = {en : i G w}. Let hi, i e w, and ^4 be the canonical names for a, 
and A: 

(14.40) dom(di) = {h : n e o>}, and a,(n) = J2iP e ^ : P(^ n ) = 1}j 

(14.41) dom(A) = {hi : i e u}, and Afa) = 1. 

Lemma 14.38. If i ^ j, then every p forces hi ^ hj. 

Proof. For every p there exists a, q D p such that for some n G w, n) = 1 
and n) = 0. □ 

In the model M[G], let N be the class of all sets hereditarily ordinal- 
definable over A, N = HOD(A). As we have seen in Chapter 13, A^ is a tran- 
sitive model of ZF. Since the elements of A arc sets of integers, it is clear that 
A e N. We shall show that A cannot be well-ordered in the model N. For 
that, it suffices to show that there is no one-to-one function f £ N from A 
into the ordinals. 

Lemma 14.39. In M[G], there is no one-to-one function f : A — > Ord, 
ordinal- definable over A. 

Proof. Assume that / : A — > Ord is one-to-one and ordinal-definable over A. 
Then there is a finite sequence s = (xq, . . . , x/t) in A such that / is ordinal- 
definable from s and A. Since / is one-to-one, it is easy to see that every 
a e A is ordinal definable from s and A. In particular, pick some a € A that 
is not among the Xj, i < k. 

Since a e 0£)[s, A], there is a formula </? such that 

(14.42) M[G] \= a is the unique set such that ip(a, ot\, . . . , a„, s, A) 

for some ordinals a.\, . . . , a„. We shall show that (14.42) is impossible. 

Let a be a name for a, let xq, . . . , X& be names for xo, ■ ■ ■ , x^ and let 
s be a name for the sequence (xo, . . . , Xfc). We shall show the following: 

(14.43) For every p 0 that forces ip(a, di, . . . , a n , s, A) there exist b and 
q < po such that q forces a ^ b and ip(b, di, . . . , d„, s, A). 

Let po II" ¥>(<i, Qii • • • j a n, s, A). There exist i, io, • ■ ■ , ik and pi < po such 
that pi forces a = hi, x 0 = h io , . . . , ±k = h ik . Let j ewbe such that j ^ i, 
and that for all m, (j, m) ^ dom(pi). 
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Now let 7T be the permutation of ui that interchanges i and j, and irx = x 
otherwise. This permutation induces an automorphism of P: For every p e P, 

(14.44) dom(7rp) = {(nx, m) : (x,m) <G dom(p)}, 

(irp)(irx,m) —p(x,m). 

In turn, n induces an automorphism of B, and of M B . It is easy to see 
(cf. (14.40) and (14.41)) that 7r(a,) = aj, n(aj) = hi, ir(d x ) = a x for all 
x 7^ ir(A) — A and ir(s) — s. Since (j, m) ^ dom(pi) for all m, it follows 
that (i,m) <^ dom(7rpi) for all to, and thus p\ and 7rpi are compatible. Let 
q = Pi U 7rpi . 

Now, on the one hand we have 

pi lh ^(ai,ai, . . . ,a„,s, A), 

and on the other hand, since na — a, its — s and it A = A, we have 

7rpi lh ip(dj,ai, . . .,a n ,s,A). 

Hence 

q lh ^(6j, . . .) and ip(cij, . . .) 

and by Lemma 14.38, q lh a, 7^ d^. Thus we have proved (14.43), which 
contradicts (14.42). □ 



Exercises 

14.1. Show that in the definition of generic set one can replace (14.1) (iii) by the 
following weaker property: If p, q G G, then p and q are compatible. 

[To prove (14.1)(iii), show that D = {r € P : either r is incompatible with p, 
or r is incompatible with q, or r < p and r < q} is dense.] 

14.2. A filter G on P is generic over M if and only if for every p G G, if £> G M is 
dense below p then Gnfl / 8. 

14.3. A filter G on P is generic over M if and only if G PI P 7^ 0 whenever P G M 
is open and dense in P. 

14.4. A filter G on P is generic over M if and only if G n P 7^ 0 whenever P G M 
is predense in P. 

14.5. A filter G on P is generic over M if and only if G H P 7^ 0 whenever P G M 
is a maximal antichain in P. 

14.6. Let (P, <) be a notion of forcing in M with the following property: For every 
p G P there exist g and r such that q < p, r < p and such that q and r are 
incompatible. Show that if G C P is generic over M, then G ^ M. 

[If P is a filter on P, then {p G P : p ^ P} is dense in P.] 
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14.7. If {q : q lh (p} is dense below p then p lh tp. 

14.8. Assume that for every p G P there exists a G C P generic over M such that 
p G G (e.g., if M is countable). Show that p lh a if and only if M[G] 1= a for all 
generic G such that p G G. 

14.9. The separative quotient is unique up to isomorphism. 

[If (Q, <) is separative, then < can be denned in terms of compatibility: x < y 
if and only if every z compatible with x is compatible with y.] 

14.10. If B is a complete Boolean algebra in the ground model M, then G C B is 
a generic ultrafilter over M if and only if G is a generic filter on B+ over M. 

14.11. An ultrafilter G on B is generic over M if and only if for every partition W 
of B such that W G M, there exists a unique u £ G H W . 

14.12. (i) \\(3yex)<p{y)\\ = '£ yeiomx (x(y)-\\<p{y)\\). 
(ii) ||(Vy G x)<p(y)\\ = UyedomMv) => llv(w)ll)- 

14.13. (i) If a; = y then ||x = = 1 and if x =£ y then \\x = y\\ = 0. 
(ii) If x G y then ||i G y|| = 1 and if x £ y then \\x G y|| = 0. 

14.14. Let G be the canonical name for a generic ultrafilter on B. Show that 

(i) ||G is an ultrafilter on _B|| = 1. 

(ii) For every X C B, ||if X C G then \\X G G\\ = 1. 

14.15. If G is an M-generic ultrafilter on B, let M B /G be denned by (14.11) 
and (14.12). Prove that M B /G is isomorphic to M[G]. 

14.16. If G is an M-generic ultrafilter on B and -k an automorphism of B (in M), 
then H = 7r(G) is M-generic and M[#] = M[G]. 



Historical Notes 

The method of forcing was invented by Paul Cohen who used it to prove the inde- 
pendence of the Continuum Hypothesis and the Axiom of Choice (see [1963, 1964] 
and the book [1966]). The Boolean- valued version of Cohen's method has been for- 
mulated by Scott, Solovay, and Vopenka. Following an observation of Solovay that 
the forcing relation can be viewed as assigning Boolean-values to formulas, Scott 
formulated his version of Boolean- valued models in [1967] . Vopenka developed a the- 
ory of Cohen's method of forcing, using open sets in a topological space as forcing 
conditions (in [1964, 1965a, 1965b, 1965c, 1966, 1967a] and Vopenka-Hajek [1967]), 
eventually arriving at the Boolean-valued version of forcing more or less identical 
to Scott-Solovay's version (Vopenka [1967b]). 
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In this chapter we present some important applications of the method of 
forcing. These applications establish several major consistency results and 
illustrate the techniques involved in use of forcing. Throughout we use V to 
denote the ground model, and V[G] for the generic extension. 

Cohen Reals 

In (14.23) we described a notion of forcing that adjoins H2 real numbers to 
the ground model. In general, let k be an infinite cardinal. The following 
notion of forcing adjoins k real numbers, called Cohen reals. 
Let P be the set of all functions p such that 

(15.1) (i) dom(p) is a finite subset of n x u, 
(ii) ran(p) C {0, 1}, 

and let p be stronger than q if and only if p D q. 

Let G be a generic set of conditions and let / = (J G. By a genericity 
argument, / is a function from k x lu into {0, 1}. For each a < k, we let 
f a be the function on uo defined by f a (ri) = f(a,n) and let a a — {n G uo : 
f a (n) = 1}. Each real (a subset of u>), a a ^ V and if a ^ (3, then 

fl a 7^ ap. This is proved as in Theorem 14.32. 

Also as in Theorem 14.32 one shows that P satisfies the countable chain 
condition. It follows that cardinals and cofinalitics are preserved in the generic 
extension. 

Since P adds k distinct Cohen reals, the size of the continuum in V[G] is 
at least k. In fact, it is at least (K N °) y : 

( 2 »o)V[G] = ((2 N 0 )No)V[G] > ( K No)V[G] > ( K »o)V_ 

It turns out that there are precisely (k^°) v reals in V[G\. The following is 
a general estimate of the number of new sets in a generic extension: 

Lemma 15.1. Let A be a cardinal in V . If G is a V -generic ultrafilter on B, 
then 

(2 X ) V[G] < (\B\ X ) V - 
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Proof. Every subset A C A in V[G] has a name A £ V B ; every such A deter- 
mines a function a i— > \\a £ A\\ from A into B. Different subsets correspond 
to different functions, and thus the number of all subsets of A in V[G] is not 
greater than the number of all functions from A into B in V. □ 

When P is the forcing (15.1) that adds k Cohen reals, P satisfies c.c.c. and 
so every element of B — B(P) is the Boolean sum of a countable antichain 
in P- hence \B\ < \P\ Ho = n Ho . By Exercise 7.32, \B\ = \B\ Ho and it follows 
that \B\ = k No , and consequently, (2 No ) y [ G l = (k*°) v . 

If we start with a ground model that satisfies GCH, and if k is (in V) a car- 
dinal of uncountable cofinality, then = n in V, and we get a model V[G] 
in which 2^° = n. 



Adding Subsets of Regular Cardinals 

The forcing that adds a Cohen real generalizes easily from u> to any regular 
cardinal k. Let k be, in V, a regular cardinal and assume that 2 <K = k. 
Let P be the set of all functions p such that 

(15.2) (i) dom(p) C n and |dom(p)| < n; 
(ii) ran(p) C {0,1}. 

A condition p be stronger than q if and only if p D q. 

Let G be a set of conditions generic over V and let / = (J G. As before, 
/ is a function from k into {0, 1}, and X = {a < n : f(a) = 1} is a subset 
of k and X £ V. 

In order to add more new subsets of k, we use a generalization of (15.1): 
Let k be as above, and let A be a cardinal greater than k such that A K = A. 
Let P be the set of all functions p such that: 

(15.3) (i) dom(p) cAxk and | dom(p)| < k, 
(ii) ran(p) C {0, 1}, 

and let p be stronger than q if and only if p D q. 

Let G be a generic set of conditions and let f = \JG. For each a < A, we 

let 

a a = {£</s:/(a,0 = l}. 

Each a Q is a subset of k, each a a ^ F and a Q 7^ a/3 whenever a ^ (3. 

We claim that in the generic extension, all cardinals are preserved, and 
2 K = A. But to show this, we need additional results in the theory of forcing, 
proved in the next two sections. 



15. Applications of Forcing 227 



The K-Chain Condition 

Definition 15.2. A forcing notion P satisfies the n-chain condition (k-c.c.) 
if every antichain in P has cardinality less than k. 

The Hi-chain condition is the c.c.c. Note that P satisfies the k-c.c. if and 
only if B(P) satisfies the k-c.c. 

Theorem 14.34 generalizes as follows: 

Theorem 15.3. If k is a regular cardinal and if P satisfies the n-chain con- 
dition then k remains a regular cardinal in the generic extension by P. 

Proof. The proof is exactly as the proof of Theorem 14.34. The only difference 
is that the set A a is not necessarily countable but has cardinality less than n. 

a 

Consequently, all regular cardinals k > sat(£?(P)), and in particular all 
regular k > \P\ + are preserved in V[G]. 

The following lemma generalizes Lemma 14.35, and implies that the forc- 
ing notion (15.3) satisfies the K + -chain condition. We remark that Lemma 15.4 
is related to (a generalization of) Theorem 9.18 on A-systems. 

Lemma 15.4. let k be a regular cardinal such that 2 <K = k. Let S be an 
arbitrary set and let \C\ < k. Let P be the set of all functions p whose 
domains are subsets of S of size < n, with values in C. Let p < q if and only 
if qD q. Then P satisfies the n + -chain condition. 

Proof. Let W C P be an antichain. We construct sequences A 0 C A\ C 
. . . C A a C . . . (a < k) of subsets of 5", and W 0 C Wi C . . . C W a C . . . 
(a < n) of subsets of W. If a is a limit ordinal, we let W a = U/3< a W 7 /? 
and A a = {Jp< a Ap- Given A a and W a , we choose for each p e P with 
dom(p) C A a some q E W (if there is one) such that p = q\A a . Then we let 
W a+ i — W a U {the chosen g's} and A a+1 = \J{dom(q) : q e VK Q+ i}; finally, 

Next we show that W — [J a<K W a : If q € W, then there is an a < k 
such that dom((7) n A = dom(g) n A a . Thus if p = q\A a , there exists some 
q' € W a+ i such that q'\A a = p. Since dom(g') C A, it follows that q and q' 
are compatible; however, both are elements of W and thus q = q' . Hence 

qeW a+1 . 

The proof is completed by showing that \A a \ < n and \W a \ < k for each 
a < k. This is proved by induction on a. If \W a \ < k, then \A a \ < k because 
A a = \J{dom(q) : q e W a }. If a is a limit ordinal and \Wp\ < n for all 
(3 < a, then \W a \ — \ U/3< Q Wp\ < n. Thus let us assume that \W a \ < n and 
let us show that |W a +i| < k. The set W a +i is obtained by adding to W a 
at most one q € W for each p e P with dom(p) C A a . There are at most 
k <k subsets X of A a of size < k, and since k is regular and 2 <K = k, we 
have n <K = k. On each X there are |C|' X ' functions with values in C, and 
therefore there are at most k elements p of P with dom(p) C A a . Hence 
|W Q+ i| < k. Then it follows that \W\ < k. □ 
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Distributivity 

In (7.28) we denned K-distributivity of complete Boolean algebras. We now 
show that this concept plays a crucial role in the theory of forcing. 

Definition 15.5. A forcing notion P is k- distributive if the intersection of 
k open dense sets is open dense. P is <n- distributive if it is A-distributive for 
all A < k. 

Note that if P is dense in B then P is K-distributive if and only if B is. 

Theorem 15.6. Let k be an infinite cardinal and assume that (P, <) is n- 
distributive. Then if f G V[G] is a function from K into V, then f G V. In 
particular, k has no new subsets in V[G]. 

Proof. Let / : k — > V and / G V[G], let / be a name for /. There exist some 
A G V and a condition po G G such that po forces 

/ is a function from k into A. 

For each a < n, the set 

D a = {p < Po : (Bx eA)p\\- /(d) = x} 

is open dense below p 0 . Thus D = f] a <K is dense below p 0 and therefore 
there is some p G DtlG. Now we argue in V: For each a < k there is some x a 
such that p lh /(d) = x a ; let g : k A be the function defined by g(a) = x a . 
However, it is easy to see that /(a) = x a = g(a), for every a < k, and thus 

fev. □ 

See Exercise 15.5 for the converse. 

The following property, stronger than distributivity, is often easy to verify: 

Definition 15.7. P is n-closed if for every A < n, every descending sequence 
Po >Pi > • • • > Pa > • • • (a < A) has a lower bound. P is <n-closed if it is 
A-closed for all A < n. 

Lemma 15.8. If P is n-closed then it is n- distributive. 

Proof. Let {D a : a < n} be a collection of open dense sets. The intersection 
D = P| Q < K fa is clearly open; to show that D is dense, let p G P be arbitrary. 
By induction on a < n, we construct a descending K-sequence of conditions 

V > Po > Pi > We let p Q be a condition stronger than all t; < a, 

and such that p a G D a . Finally, we let q be a condition stronger than all p a , 
a < k. Clearly, q G D. □ 

Now we can prove the claim about the generic extension by the forcing 
in (15.3). The forcing P is <K-closed, and therefore k has no new bounded 
subsets; hence k is preserved. The cardinals above k are preserved because 
P satisfies the K + -chain condition, by Lemma 15.4. We have \P\ = A and 
therefore \B\ = \P\ K = A, and so, by Lemma 15.1, (2 K ) V ^ = A K = A. 
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Product Forcing 

Let P and Q be two notions of forcing. The product P x Q is the coordinate- 
wise partially ordered set product of P and Q: 

(15.4) {pi, qi) < (p 2 , 32) if and only if pi < p 2 and qi < q 2 . 
If G is a generic filter on P x Q, let 

(15.5) Gi = {p€P:3q{p,q)€G}, G 2 = {q G Q : 3p (p, 9) G G}. 

The sets Gi and G2 are generic on P and Q respectively, and G = Gi x G 2 . 
The following lemma describes genericity on products: 

Lemma 15.9 (The Product Lemma). Let P and Q be two notions of 
forcing in M . In order that G C P x Q be generic over M, it is necessary 
and sufficient that G = G\ x G 2 where G\ C P is generic over M and G 2 C Q 
is generic over M[Gi\. Moreover, M[G] = M[Gi][G 2 ]. 

As a corollary if G\ is generic over M and G 2 is generic over M[Gi], then 
Gi is generic over M[G 2 ], and M[Gi][G 2 ] = M[G 2 ][Gi]. 

Proof. First let G be an M-generic filter on P x Q. We define G\ and G 2 
by (15.5). Clearly Gi and G 2 are filters, and G C Gi x G 2 . If (pi,p 2 ) G 
Gi x G 2 , then there are G Gi and P2 € ^ sucn that {p[,p 2 ) G G and 
(fi)P 2 ) G G. Since G is a filter, there exist qi < pi,p[ and g 2 < p 2 ,p 2 such 
(<7i , q 2 ) G G. Hence (pi,p 2 ) G G and we have G = Gi x G 2 . 

It is easy to see that Gi is generic over M: If D\ e M is dense in P, then 
£>i xQ is dense in PxQ; and since (£>i xQ)nG 7^ 0, we have DiflGi ^ 0. To 
show that G 2 is generic over M[Gi], let D 2 € M[Gi] be dense in Q. Let lh be 
the forcing relation corresponding to P. Let D 2 be a name for D 2 and let 
Pi G Gi be such that pi forces "D 2 is dense in Q." Let p 2 G G 2 be arbitrary. 
For every < pi and every g 2 < p 2 there exist ri < qi and r 2 < q 2 such 
that ri lh r 2 e I) 2 ; thus 

D = {(ri,r 2 ) : ri < pi and n lh r 2 G -D 2 } 

is dense in Fx Q below (pi,p 2 ) and so there exist n, r 2 such that ri G Gi 
and n lh r 2 e _D 2 . Hence r 2 G -D 2 fl G 2 . 

Conversely, let Gi C P be M-generic and let G 2 C Q be M[Gi]-generic. 
We let G = Gi x G 2 . Clearly G is a filter on P x Q. To show that G is 
M-generic, let D G M be dense in P x Q. We let 

£>2 = {p 2 : (Pi,P 2 ) G D for some p x G Gi}. 

The set -D 2 is in M[Gi]; we shall show that D 2 is dense in Q and thus 

r>n(Gi xG 2 )^0. 
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Let (72 G Q be arbitrary. Since D is dense in P x Q, it follows that the set 

Di = {pi : (3p 2 < q 2 ) (pi,P2) € L>} 

is dense in P. Hence there is pi £ G\ n Z?i and so £>2 is dense in Q. Since 
Gx x G 2 G M[Gi][G 2 ], it is obvious that M[G*i x G 2 ] = M[G 1 ][G 2 ]- □ 

We shall now define products of infinitely many notions of forcing. In 
order to simplify the notation, we will assume that every notion of forcing 
has a greatest element, denoted 1. In practice, the empty condition 0 is often 
the greatest element of (P, <). 

Definition 15.10. Let {Pi : i G /} be a collection of partially ordered sets, 
each having a greatest element 1. The product P = Y[ i€l Pi consists of all 
functions p on I with values p(i) G Pi, such that p(i) = 1 for all but finitely 
many i G I. P is partially ordered by 

(15.6) p < q if and only if p(i) < q(i) for all i £ I. 

For each p £ Pi, the finite set s(p) = {i £ I : p(i) ^ 1} is called the 
support of p. 

If G is a generic filter on Yli Pi, then for each i £ I, the set Gi = {p(i) : 
p £ G}, the projection of G on Pi, is a generic filter on Pj. 

A natural generalization of a product is K-product: 

Definition 15.11. Let n be a regular cardinal. The n-product (the product 
with <K-support) of Pi is the set of all functions p on I with p(z) G Pi such 
that |s(p)| < k; the ordering is coordinatewise (15.6). 

As usual, X-support means <A+-support, countable support means <Ki- 
support, etc. 

The following lemma is immediate: 

Lemma 15.12. If P and Q are X-closed then P x Q is X-closed. More gen- 
erally, if each Pi is X-closed and P is the n-product of the Pi, with X < n, 
then P is X-closed. 

Proof. Let a < X and let p^ = (pf : i £ I), £ < a, be a descending a-sequence 
of conditions in P. If we let s = \J^ <a s(p^), then \s\ < k, and since each Pi is 
A-closed, it is easy to find p — (pi : i £ I) such that s(p) — s and that pi < p\ 
for each i £ I and each £ < a. □ 

Chain conditions are generally not preserved by products. While it is con- 
sistent that c.c.c. is preserved by products (we return to this in Chapter 16), 
it is also consistent to have a forcing P that satisfies c.c.c. but P x P does 
not (see Exercise 15.28). 

The following property (K for Knaster) is stronger than the countable 
chain condition: 
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Definition 15.13. A notion of forcing has property (K) if every uncountable 
set of conditions has an uncountable subset of pairwise compatible elements. 

Lemma 15.14. If P and Q both have property (K) then so does P x Q. 

Proof. Let W C P x Q be uncountable. If there exists a p £ P such that the 
set X = {q : (p, q) £ W} is uncountable, then since Q has property (K) there 
exists an uncountable Y C X of pairwise compatible elements, and {p} x Y 
is such a subset of W in P x Q. 

The proof is similar if for some q £ Q, the set {p : (p, q) £ W} is uncount- 
able. In the remaining case, there is an uncountable set of pairs F C W that 
is a one-to-one function. Applying successively property (K) to P and Q, we 
get an uncountable G C F such that for any two elements (p\, qi) and (p2, Q2) 
of G, pi is compatible with P2 in P and q\ is compatible with (72 in Q, hence 
and (^2,92) are compatible. □ 

Theorem 15.15. ///or e^ery i £ I, Pi has property (K) i/ien ILe/ ^ has 
property (K). 

Proof. Let X be an uncountable subset of P, and let 14 7 = {s(p) : p £ X}. 
If W is countable, then there is a finite set J <Z I such that s(p) = J 
for uncountably many p. By Lemma 15.14, riiez-P* nas property (K) and 
the theorem follows. If W is uncountable, there exist, by Theorem 9.18, an 
uncountable Z C X and a finite set J <Z I such that s(p) fl s{q) = J whenever 
p,q £ Z, p 7^ q. Since Yiiei ^ nas P r0 P er ty (K), Z has an uncountable 
subset y such that for any p,q £ Y, p\J and gf J are compatible. But such p 
and q are compatible in Y\ ieI Pi- □ 

Corollary 15.16. The product of any collection of countable forcing notions 
has property (K) and so it satisfies the countable chain condition. □ 

The best one can say about the chain condition in products is this: 

Theorem 15.17. (i) If each Pi has size A (infinite) then the product of the Pi 
satisfies the X + -chain condition. 

(ii) If K is regular, A > n, \ <K = A and |P,| < A for all i £ I, then the 
K-product of the Pi satisfies the \ + -chain condition. 

(iii) If X is inaccessible, k < A is regular, and \P{\ < A for each i, then 
the K-product satisfies the X-chain condition. 

Proof, (i) is a special case of (ii); thus consider K-products. Let P be the 
K-product, and let W be an antichain in P. If p — (pi : i £ I) and q = (qi : 
i £ I) are incompatible in P, then for some i £ s(p) fl s(p), Pi and ^ are 
incompatible in Pi, and in particular pi ^ qi. Thus we can regard elements 
of W as functions whose domain is a subset s(j>) of / of size < k, with values 
in the Pi, and show that if W consists of pairwise incompatible functions 
then \W\ has the required bound. 
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Wc follow the proof of Lemma 15.4. As there we construct K-sequences 
A 0 C Ax C . . . C A a C . . . (a < k) of subsets of I and W 0 C W x C . . . C 
W a C . . . (a < k) of subsets of W such that A a = \J{s(p) : p e W a } for 
each a. And as there we show that W = {J a<K W a . Thus it remains to show, 
by induction on a, that \W a \ < A (in (ii)) or that \W a \ < A (in (hi)). Let us 
prove (ii); (iii) is similar. 

If \W a \ < A, then \A a \ < k ■ A = A. If a < k is limit and if \Wp\ < A for 
each (3 < a, then \W a \ < \a\ ■ A — A. Thus let us assume that \W a \ < A and 
let us show that |W a +i| < A. The set W a+1 is obtained by adding to W a at 
most one q for each p e P with s{p) C A a . However, since \A a \ < A, there 
are at most A <K functions p with s(p) C A a , \s(p)\ < k, and A possible values 
for each i e s(p). Thus |W a+ i| < A <K = A. □ 



Easton's Theorem 

The theorem that we are about to prove shows that in ZFC alone the contin- 
uum function 2 K can behave in any prescribed way consistent with Konig's 
Theorem, for regular cardinals k. As we have seen in Chapter 8 (Silver's The- 
orem) and shall see again in Chapter 24, this is not the case with singular 
cardinals. 

Theorem 15.18 (Easton). Let M be a transitive model of ZFC and as- 
sume that the Generalized Continuum Hypothesis holds in M . Let F be a junc- 
tion (in M) whose arguments are regular cardinals and whose values are 
cardinals, such that for all regular k and A: 

(15.7) (i) F(k) > k; 

(ii) F(k) < F(X) whenever n < A; 

(iii) cf F(k) > k. 

Then there is a generic extension M[G] of M such that M and M[G] have 
the same cardinals and cofinalities, and for every regular k, 

M[G] N 2 K = F(n). 

We have to point out that the generic extension is obtained by forcing with 
a class of conditions. By Lemma 15.1, a notion of forcing can only increase 
the size of 2 K for k < \B(P)\; thus we have to use a class of conditions. We 
shall describe the appropriate generalization of the forcing method. 

Since the proof of Easton's Theorem involves forcing with a class of con- 
ditions, we shall first give a proof of the special case, when the "continuum 
function" F is prescribed for only a set of regular cardinals. Thus let us work 
in a ground model M that satisfies the GCH and let F be a function defined 
on a set A of regular cardinals and having the properties (15.7)(i)-(iii). 
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For each k e dom(P), let (P K ,D) be the notion of forcing that adjoins 
F(k) subsets of k (cf. (15.3)): 

(15.8) dom(p) C k x F (k), |dom(p)|</t, and ran(p) C {0, 1}. 

We let (P, <) be the Easton product of P K , n E A: A condition p is 
a function p = (p K : k e A) e ElreeA such that if we denote s(p) = 
{k £ A : p K ^ 0}, the support of p, then 

(15.9) for every regular cardinal 7, \s(p) n 7I < 7. 

We can regard the conditions as functions with values 0 and 1 , whose domain 
consists of triples (k, a, (3) where k e A, a < k, and (3 < F(n), and such that 
for every regular cardinal 7, 

(15.10) \{(k, a, (3) e dom(p) : k < 7 }| < 7 

(and p is stronger than q if and only if p D q). Note that (15.10) implies that 
for each k G A, \ dom(p K )| < n, where p K is defined by 

p K (a,(3) =p(n,a,P). 

Let G be a generic set of conditions, and let for each k £ A, G K be the 
projection of G on P K . Each G K is a generic filter on P K and thus produces 
P(k) new subsets of n: 

afj = {a < k : (Bp e G) p(n, a, (3) = 1} (/? < P(k)). 

We shall show that (P, <) preserves cardinals and cofinalities, and that each 
k G A has exactly F(k) subsets in M[G]. The condition (15.10) is instrumen- 
tal in the proof. 

Given a regular cardinal A, we can decompose each condition p G P into 
two parts: 

(15.11) p^ x =p\{(n,a,f3) :k<\}, p >x = p\{{n, a, (3) : k > A}. 
Clearly p = p^ x U p >A . We let 

(15.12) P^ x = {p^ x :pe P}, P >x = {p >x :peP}. 

Obviously, P- A is the Easton product of P K , k E A and k < A, and P >A is 
the Easton product of P K , k E A and n > A. Moreover, P is (isomorphic to) 
the product P^ x x P >x . 

First we notice that P >x is A-closed: If C C P >A consists of pairwise 
compatible conditions and |C| < A, then p = [J C is a condition in P >A ; 
(15.10) holds for all regular 7 > A, and holds trivially for 7 < A because if 
(n,a,(3) € dom(p), then k > A. 

Furthermore, P- A satisfies the A + -chain condition: If W C P- A is an 
antichain, then | W| < A. The proof given in Theorem 15.17 works in this case 
as well because | dom(p)| < A for each p e P- A (and because GCH holds). 
Thus P = P >A x P^ A where P >A is A-closed and P^ A satisfies the A+-chain 
condition. 
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Lemma 15.19. Let G x H be an M-generic filter on P x Q, where P is A- 
closed and Q satisfies the A + -chain condition. Then every function f : A — > M 
in M[G x H] is in M[H\. In particular, 

p M[GxH]^ = pM{H]( X y 

Proof. Let / be a name for /; let us assume, without loss of generality, that 
for some A, every condition forces that / is a function from A into A. For 
each a < A, let D a C P be defined as follows: 

p G D a if and only if there exist a maximal antichain W C Q 
and a family {ft p "g : <? G W} such that for each q G W, 

(15.13) (p,q)U- f(a) = a£l 

We claim that each D a is open dense in P. Clearly, D a is open; thus 
let po G P be arbitrary and let us find p G P a such that p < po- There 
exist pi < po, qi G Q and a% G A such that (pi,<7i) Ih /(a) = a\. By 
induction on 7 < A + , we construct p 7 G P, g 7 G Q, and a 7 G A such that 
Po > Pi > • • • > P7 > ■ -j that the g 7 are pairwise incompatible and that 
(p 7 ,<7 7 ) forces /(a) = a 7 . If : £ < 7} is not maximal, we can find such 
p 7 , q 7 , and a 7 since P is A-closed. By the A + -chain condition, there is some 
(3 < A+ such that W = {q 7 : 7 < (3} is a maximal antichain; then we find 
p E P stronger than all p 7 , 7 < (3. Thus Z?q, is open dense in P. 

Since P is A-closed, it follows that PL<a D a is open dense, and so there 
exists some p G G such that p G £> Q for all a < A. We pick (in M) for each 
a < A a maximal antichain W Q C Q and a family {ap Q q : g G W a } such 
that (15.13) holds for each q G W a . By the genericity of H, for every a there 
is a unique g G W a such that g G H, and we have, for every a < A, 

(15.14) /(a) = a^ Q 9 \ where g is the unique q G W a n P. 
However, (15.14) defines the function / in M[H]. □ 

Now we can finish the proof of Easton's Theorem, that is, at least in the 
case when F is defined on a set A of regular cardinals. 

Let k be a regular cardinal in M ; we shall show that n is a regular cardi- 
nal in M[G]. If k fails to be a regular cardinal, then there exists a func- 
tion / that maps some A < n, regular in M, cofmally into k. Wc con- 
sider P as the product: P = P >A x P^ A . Then G = G >x x G^ x and 
M[G] = M[G >X ][G^ X ] = M[G^ X ][G >X ]. By Lemma 15.19, / is in M[G^ X ] 
and so k is not a regular cardinal in M[G- X \. However, this is a contradiction 
since P- x satisfies the K-chain condition and hence n is regular in M[G- X \. 

It remains to prove that (2 X ) M ^ — P(A), for each A G A. Again, we 
regard P as the product P >x x P- x and G = G >x x G- x . By Lemma 15.19, 
every subset of A in M[G] is in M[G^ X ] and we have (2 A ) M ^ = (2 A ) M [ G " A 1. 
However, an easy computation shows that |P- A | = P(A) and |P(P- A )| = 
P(A), and hence (2 A ) M I G 1 < P(A). On the other hand, wc have exhibited 
P(A) subsets of A for each A G A, and so M[G] h 2 A = P(A). □ 
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Forcing with a Class of Conditions 

We shall now show how to generalize the preceding construction to prove 
Easton's Theorem in full generality, when the function F is defined for all 
regular cardinals. This generalization involves forcing with a proper class of 
conditions. Although it is possible to give a general method of forcing with 
a class, we shall concentrate only on the particular example. 

Thus let M be a transitive model of ZFC + GCH. Moreover, we assume 
that M has a well-ordering of the universe (e.g., if M satisfies V = L). 
Let F be a function (in M) defined on all regular cardinals and having the 
properties (15.7)(i)-(iii). We define a class P of forcing conditions as follows: 
P is the class of all functions p with values 0 and 1, whose domain consists 
of triples (n,a,(3) where n is a regular cardinal, a < n and (3 < F(n), and 
such that for every regular cardinal 7, (15.10) holds, i.e., 

\{(n,a,f3) e dom(p) : k < 7>| < 7 

(and p is stronger than q if and only if p D q). 

As before, we define P^ x and P >x for every regular cardinal A. Note that 
P- x is a set. To define the Boolean- valued model M B and the forcing relation, 
we use the fact that P is the Easton product of P K , k a regular cardinal. For 
each regular A, we let B x = B(P- X ). If A < fi then the inclusion P- x C P-V 
defines an obvious embedding of B\ into B^; thus we arrange the definition 
of the B\ so that B \ is a complete subalgcbra of B^ whenever A < ji. Then 
we let B = [J X B\. B is a proper class; otherwise it has all the features of 
a complete Boolean algebra. In particular, exists for every set X C B. 

Also, P is dense in B. 

To define M B , we cannot quite use the inductive definition (14.15) 
since B is not a set. However, we simply let M B = \J x M Bx ; the for- 
mal definition of M B does not present any problem. Similarly, to define 
\\x E y\\ and \\x = y\\, we first notice that if x, y E M Bx and A < fj,, then 
\\ x <= v\\b x = \\ x <= y\\Bn and so we let \\x E y\\ = \\x E v\\b x where A is such 
that x,y E M Bx . The same for ||x = y\\. 

As for the forcing relation in general, we cannot define \\ip\\ unless ip is Ao; 
this is because X does not generally exist if X C B is a class. However, 
we can still define p lh if using the formulas from Theorem 14.7. 

Now, we call G C P generic over M if (i) p D q and p E G implies q E G, 
(ii) p,q E G implies pU q E G, and (iii) if D is a class in M and D is dense 
in P, then DnG^U. 

The question of existence of a generic filter can be settled in a more or less 
the same way as in the case when P is a set. One possible way is to assume 
that M is a countable transitive model. Then there are only countably many 
classes in M and G exists. Another possible way is to use the canonical generic 
ultrafilter. It is the class G in M B defined by G(p) = p for all p E P (here 
we need the assumption that M is a class in M B ). 
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Thus let G be an M-generic filter on P. For every regular A, G\ = GnP- A 
is generic on P- A . If x G M Bx and A < /z, then x Gx — x G ^, and so we define 
x G = x Gx where A is such that x e M Ba . Then we define M[G] = \J X M[G X }. 

Using the genericity of G and properties of the forcing relation, we get 
the Forcing Theorem, 

(15.15) M[G] 1= <p(xi, . . . , x n ) if and only if (Bp £ G) p lh <fi(x\, . . . , x n ) 

where x\ , . . . , x n G M B are names for xi,...,x n . 

The formula (15.15) is proved first for atomic formulas and then by in- 
duction on ip; in the induction step involving the quantifiers, we use the fact 
that G intersects every dense class of M. 

We shall now show that M[G] is a model of ZFC. The proofs of all axioms 
of ZFC except Power Set and Replacement go through as when we forced with 
a set. (Separation also needs some extra work which we leave to the reader.) It 
is no surprise that the Power Set and Replacement Axioms present problems. 
It is easy to construct either a class of forcing conditions adding a proper 
class of Cohen reals, or a class of conditions collapsing Ord onto u> (as in 
the following section) . The present proof of the Power Set and Replacement 
Axioms uses the fact that for every regular A (or at least for arbitrarily large 
regular A), P — P >x x P- A where P >A is A-closed and P- A is a set and 
satisfies the A + -chain condition. 

Power Set. Let A be a regular cardinal. Lemma 15.19 remains true even 
when applied to P >A x P- A . It docs not matter that each D a is a class. The 
"sequence" of classes (D a : a < A) can be defined (e.g., as a class of pairs 
{(p, a) : p e D a }) and since P >A is A-closed, the intersection C\ a<x D a is 
dense, and there exists p G Gn P >A such that p G D a for all a < A. The rest 
of the proof of Lemma 15.19 remains unchanged, and thus we have proved 
that every subset of A in M[G] is in M[G]. Since P- A is a set, it follows that 
the Power Set Axiom holds in M[G\. 

Replacement. To show that the Axioms of Replacement hold in M[G], we 
combine the proof for ordinary generic extension with Lemma 15.19. It suf- 
fices to prove that if in M[G], tp(a,v) defines a function K : Ord — > M[G], 
then {K(a) : a < A} is a set in M[G] for every regular cardinal A. Without 
less of generality, let us assume that for every peP 

(15.16) p lh for every a there is a unique v such that <p(a, v). 

Let A be a regular cardinal, and let us consider again P = P >A x P- A , 
and G = (Gn P >A ) x G\. As in Lemma 15.19, let us define, for each a < A, 
a class D a C P >A : 

p G D a if and only if there is a maximal antichain W C P- A 
and a family {a!p*q : q G W} such that for each q G W, 

(15.17) p\Jq\\-<p(a,a£}). 



15. Applications of Forcing 237 



As in Lemma 15.19, each D a , a < A, is open dense; since P >x is A-closed, 
f] a< x D a is dense and there exists p £ G fl P >A such that p £ D a for all 
a < A. We pick (in M) for each a < A a maximal antichain W a C P- A and 
a family {<ip?g : q £ W a } such that (15.17) holds for each q £ W a . Now, if we 
let S = {a^q : a < A and q £ W a }, then it follows that {K{a) : a < A} C 
{a G : a £ S 1 }. However, the latter is a set in M[G]: There is a 7 such that 
S C M B \ and we have {a G : a £ S} = {a G -< : a £ S} £ M[G 7 ]. 

Thus M[G] is a model of ZFC and it remains to show that M[G] has the 
same cardinals and cofinalities as M, and that in M[G], 2 K = F(n) for every 
regular cardinal k. However, this is proved exactly the same way as when we 
forced with a set of Easton conditions. □ 

We conclude the section with a remark on the Bernays-Godel axiomatic 
set theory. If a sentence involving only set variables is provable in BGC = 
BG + Axiom E, then it is provable in BG + AC. This is a consequence of 
the following: If M is a transitive model of BG + AC, then there is a generic 
extension M[G] that has the same sets and has a choice function F defined 
for all nonempty sets. The forcing conditions p £ P used in the proof are 
choice functions whose domain is a set of nonempty sets (and p < q means 
pD q). The proof that M[G] is a model of BG is rather easy since no new sets 
are added (P is K-closed for all k). The generic filter on P defines a choice 
function F = {JG, and F is defined for all nonempty sets X £ M[G\. 



The Levy Collapse 

One of the most useful techniques provided by forcing is collapsing cardinals. 
We start with the simplest example: 

Example 15.20. Let A be an uncountable cardinal. Let P be the set of 
all finite sequences (p(0), . . . ,p(n — 1)) of ordinals less than A; p is stronger 
than q if p D q. 

Let G be a generic filter on P and let / = |J G; f is a function with 
domain uj and range A. Thus P collapses A: Its cardinality in V[G] is Ho- 

As |P| = A, P satisfies the A + -chain condition and so all cardinals greater 
than A are preserved (as are all cofinalities greater than A). □ 

This construction generalizes to collapsing A to k: 

Lemma 15.21. Let k be a regular cardinal and let A > k be a cardinal. There 
is a notion of forcing (P, <) that collapses A onto k, i.e., A has cardinality K 
in the generic extension. Moreover, 

(i) every cardinal a < k in V remains a cardinal in V[G\; and 
{11) if \ <K = A, then every cardinal a > A remains a cardinal in the 
extension. 
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[The condition in (ii) is satisfied if GCH holds and cf A > k.] 
Proof. Let P be the set of all functions p such that: 

(15.18) (i) dom(p) C k and |dom(p)| < k, 
(ii) ran(p) C A, 

and let p < q if and only if p D q. 

Let G be a generic set of conditions and let f = {JG. Clearly, / is a func- 
tion, and it maps k onto A. 

(P, <) is <K-closed and therefore all cardinals < k are preserved. If A <K = 
A, then \P\ = A and it follows that all cardinals > A + are preserved. □ 

The following technique collapses all cardinals below an inaccessible car- 
dinal A while preserving A, thus making A a successor cardinal in the generic 
extension. The forcing notion P defined in (15.19) is called the Levy collapse; 
we denote B(P) = Co1(k, <A). 

Theorem 15.22 (Levy). Let k be a regular cardinal and let A > k be an 

inaccessible cardinal. There is a notion of forcing (P, <) such that: 

(i) every a such that k < a < A has cardinality k in V[G]; and 

(ii) every cardinal < k and every cardinal > A remains a cardinal in V[G]. 

Hence V[G] N A = k+ . 

Proof. For each a < A, let P a be the set of all functions p a such that 
dom(p Q ) C k, |dom(p Q )| < k, and ran(p a ) C a; let p a < q a if and only 
if p a D q a . 

Let (P, <) be the K-product of the P a , a < A. Equivalcntly, the conditions 
peP are functions on subsets of A x n such that 

(15.19) (i) |dom(p)| < n; 

(ii) p(a,t;) < a for each (a,£) G dom(p). 

Let G be a generic set of conditions; for each a < A, let G a be the projec- 
tion of G on F a . Then G a is a generic filter on P a ; and as in Lemma 15.21, 
the set f a = \J G a is a function that maps k onto a. Thus V[G] N |a| < \k\, 
for every a < A. 

The notion of forcing (P, <) is <K-closed and hence it preserves all car- 
dinals and cofinalities < k. In particular, n is a cardinal in V[G\. 

By Theorem 15.17(iii), (P, <) satisfies the A-chain condition. Hence A re- 
mains a cardinal in V[G], and so do all cardinals greater than A. It follows 
that in V[G], A is the cardinal successor of k. □ 
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Suslin Trees 



One of the earliest applications of forcing was the solution of Suslin's Problem: 
The existence of a Suslin line is independent of ZFC. In this section we show 
how to construct a Suslin tree by forcing and in L; in Chapter 16 we will 
construct a generic model in which there are no Suslin trees. 

Theorem 15.23. There is a generic extension in which there exists a Suslin 
tree. 

Proof. Let P be the collection of all countable normal trees, i.e., all T such 
that for some a < u)i, 

(15.20) (i) each t e T is a function t : (3 — > uj for some (3 < a; 

(ii) if t € T and s is an initial segment of t then s e T; 

(iii) if (3 + 1 < a and t : j3 — ► u> is in T, then e T for all new; 

(iv) if /3 < a and £ : /3 — > <w is in T, then for every 7 such that 
(3 < 7 < a there exists an s : 7 — > w in T such that (Cs; 

(v) Tflw' 5 is at most countable for all (3 < a. 

(See (9.9) and Exercise 9.6.) T\ is stronger than T 2 if T\ is an extension of T 2 , 
i.e., 

(15.21) Ti < T 2 if and only if 3a < height (Ti) T 2 = {t\a:te Ti}. 

Let G be a generic set of conditions and let T = U{T : T e G}. We shall 
show that in V[G], T is a normal Suslin tree. 

First we note that if T\ and T 2 are two conditions, then either one is an 
extension of the other, or T\ and T 2 are incompatible. Thus G consists of 
pairwise comparable trees and one can easily verify that T is a normal tree 
(of height <lo\). 

If To, Ti, . . . , T n , ... is a sequence of conditions such that for each n, 
T n+ i is an extension of T n , then U^Lo T n 1S a normal countable tree (and 
extends each T n ). Hence P is Ho-closed, and consequently, the cardinal Hi is 
preserved (and V[G] has the same countable sequences in V as V). 

To show that the height of T is w 1; we verify that for every a < w\, 
G contains a condition T of height at least a. We show that the set {TeP: 
hcight(T) > a] is dense in P, for any a < u>\. In other words, we show that 
for each T 0 € P and each a < lo\ , there is an extension T e P of T 0 , of height 
at least a. It suffices to show that each T 0 e P has an extension TeP that 
has one more level; for then we can proceed by induction and take unions at 
limit steps. 

If height (T 0 ) is a successor ordinal, then an extension of T 0 is easily ob- 
tained. If hcight(To) is a limit ordinal, then we first observe that for each 
t e T 0 there exists a branch b of length a in T 0 such that t € b: Using an in- 
creasing sequence qq < c*i < . . . < a n . . . with limit a, we use the normality 
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condition (15.20) (iv) to obtain such a branch. Now we construct an exten- 
sion T of To, of height a + 1, as follows: For each t £ T 0 , we pick a branch b t 
of length a in T 0 such that t £ b t , and let T = T 0 U {s : s = |J b t for some 
(eT) (we extend all the branches b t , t £ T 0 , of T 0 ). Since T 0 is countable 
the added level is countable, and one can verify that T £ P. 

It remains to show that T has no uncountable antichain. If T is a tree 
and A is an antichain in T, then A is called a maximal antichain if there is 
no antichain A in T such that A' D A- Each t e T is comparable with some 
a <G A If A is a maximal antichain in T and if T' is an extension of T, then 
A is not necessarily maximal in T. Let us call a set S C T bounded in T if 
there is some a < height(T) such that all elements of S are at levels < a. (If 
the height of T is a successor ordinal, then every S C T is bounded.) 

Lemma 15.24. If A is a maximal antichain in a normal tree T and if A is 
bounded in T (in particular, if the height of T is a successor ordinal), then 
A is maximal in every extension of T . 

Proof. Let T' be an extension of T. Let a < hcight(T) be such that each 
a £ A is at level < a. If t' £ T' — T, then there exists t £ T at level a such 
that t C if; in turn, there exists a £ A such that act. Hence if is comparable 
with some a £ A. □ 

Lemma 15.25. Let a be a countable limit ordinal, let T £ P be a normal 
a-tree and let A be a maximal antichain in T. Then there exists an extension 
T' £ P of T of height a + 1 such that A is a maximal antichain in T' (and 
hence A is a bounded maximal antichain in T'). 

Proof. For each t £ T there exists a £ A such that either t C a or a C t. In 
either case, there exists a branch b — bt of length a in T such that t £ b and 
a £ b. Let T' be the extension of T obtained by extending the branches bt, 
for all t £ T: V = T U {U b t : t £ T}. The tree T is a normal (a + l)-tree 
and extends T; moreover, since every s £ T' is comparable with some a £ A, 
A is maximal in T'. □ 

Now we finish the proof of Theorem 15.23 by showing that in V"[G], every 
antichain in T is countable. Since every antichain can be extended to a max- 
imal antichain, it suffices to show that every maximal antichain is countable. 
Thus let A be a maximal antichain in T. There is a name A for A and 
a condition T £ G such that 

T lh A is a maximal antichain in T. 

We will show that the following set of conditions is dense below T: 

D = {T' < T : there is a bounded maximal antichain A' in T' 

such that V lh A' C A}. 

Then some T' £ D is in G and there is a bounded maximal antichain A' in T' 
such that A' C A. However, T is an extension of T' , and by Lemma 15.24, 
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A' is maximal in T. Consequently, A = A' , and since A' is countable, we are 
done. 

To show that D is dense below T let To < T be arbitrary. We shall 
construct a tree T' < T 0 such that T' & D. Since T 0 lh (A is a maximal 
antichain in T and T is an extension of T 0 ), there exist for each s € T 0 an 
extension Tq of T 0 and some i a € Tq such that 

(15.22) s and t s are comparable and Tq lh t a e A. 

Since T 0 is countable, we repeat this countably many times and obtain an 
extension Tq < T 0 such that (15.22) holds for every s e T Q . Let T x = Tq. 
Then we proceed by induction and construct a sequence of trees T 0 > T\ > 
. . . > T n > . . . such that for each n, T n+1 extends T n and 

(15.23) (Vs g T„)(3t s e T„ +1 ) s and t s are comparable and T n+1 lh i s e A. 

We let = U^ =0 T n , and A' = {t s : s e Too}. By (15.23), A' is a maximal 
antichain in Too, and lh A' C A. Now we apply Lemma 15.25 and get an 
extension T' of T such that A 1 is a bounded maximal antichain in T' . Clearly, 
V lh A' C A, and hence T' e D. □ 

In the Exercises (15.21 and 15.22) we present another forcing notion (with 
finite conditions) that produces a Suslin tree. Later in the book we show that 
the forcing that adds a Cohen real also adds a Suslin tree. 

The following theorem shows that a Suslin tree exists in L. 

Theorem 15.26 (Jensen). If V = L then there exists a Suslin tree. 

Proof. We shall prove that the Diamond Principle 0 implies that a Suslin 
tree exists. First we make the following observation. If T is a normal wi-tree, 
let T a = {x e T : o(x) < a}. 

Lemma 15.27. If A is a maximal antichain in T, then the set 

C = {a : Ar\T a is a maximal antichain in T a } 
is closed unbounded. 

Proof. It is easy to see that C is closed. To show that C is unbounded, let 
ckq < uj\ be arbitrary. Since T ao is countable, there exists a countable ordinal 
ai > ao such that every t € T ao is compatible with some a ^ An T ai . Then 
there is a 2 > Qi such that each t € T ai is comparable with some a <G Ar\T a2 , 
etc. If ao < cti < a 2 < ... < a n < ... is constructed in this way and if 
a = lim„ a n , then A n T a is a maximal antichain in T a . □ 

We now use to construct a normal Suslin tree (T, <t)- We proceed by 
induction on levels. To facilitate the use of (), we let points of T be countable 
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ordinals, T = u>x, and in fact each T a (the first a levels of T) is an initial 
segment of u)\. 

We construct T a , a < u>i, such that each T a is a normal cn-tree and such 
that Tp extends T a whenever /3 > a. T\ consists of one point. If a is a limit 
ordinal, then (T u ,<t) is the union of the trees (TJg, <t), (3 < ol. If a is 
a successor ordinal, then {T a+1 , <t) is an extension of (T a , <t) obtained by 
adjoining infinitely immediate successors to each x at the top level of T a . 

It remains to describe the construction of T a+ \ if a is a limit ordinal. Let 
(S a : a < uj-\) be a ^-sequence. If S a is a maximal antichain in (T q ,<t), 
then we use Lemma 15.25 and find an extension (T a+ i, <t) of T a such that 
S a is maximal in T Q+1 . Otherwise, we let T a+ i be any extension of T a that 
is a normal (a + l)-tree. (In either case, we let the set T a+1 be an initial 
segment of countable ordinals.) 

We shall now show that the tree T = I L , , T a is a normal Suslin tree. 
It suffices to verify that T has no uncountable antichain. If A C T (= wi) 
is a maximal antichain in T, then by Lemma 15.27, A n T a is a maximal 
antichain in T Q , for a closed unbounded set of a's. It follows that easily from 
the construction that for a closed unbounded set of a's, T a = a. Thus using 
the Diamond Principle, we find a limit ordinal a such that An a ~ S a and 
A n a is a maximal antichain in T a . However, we constructed T a+ \ in such 
a way that in a is maximal in T a+ i, and therefore in T. It follows that 
A = A n a and so A is countable. □ 

Suslin trees are a fruitful source of counterexamples in set-theoretic topol- 
ogy as well as in the theory of Boolean algebras. As an example, let (T, <) 
be a Suslin tree, and consider the partial ordering (Pt,<) = (T, >). Any 
two elements of T are incomparable in T if and only if they are incompatible 
in Ft- Thus Pt satisfies the countable chain condition. 

Lemma 15.28. If T is a normal Suslin tree, then Pt is No - distributive. 

Proof. Let D n , n = 0,l,2...,be open dense subsets of Pt- We shall prove 
that Pli^Lo Dn is dense in Pt- First we claim that if D C Pt is open dense, 
then there is an a < lo\ such that D contains all levels of T above a. To prove 
this, let A be a maximal antichain in D. A is an antichain in T and hence 
countable. Thus let a < lo\ be such that all a <G A are below level a. Now 
if x e T is at level > a, x is comparable with some a e A (by maximality 
of A), and hence a <t x. Since D is open, we have x € D. 

Now if D n , n = 0, 1, . . . , are open dense, we pick countable ordinals a n 
such that £>„ contains all levels of T above a n ; and since T is normal, this 
implies that H^Lo D n is dense in Pt- □ 



Corollary 15.29. If T is a normal Suslin tree, then B = B(P T ) is an H 0 - 
distributive, c.c.c., atomless, complete Boolean algebra. □ 
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Random Reals 

Consider the notion of forcing where forcing conditions arc Borel sets of reals 
of positive Lebesgue measure; a condition p is stronger than q if p C q. The 
corresponding complete Boolean algebra is B/I^ where B is the c-algebra of 
all Borel sets of reals and 1^ is the cr-idcal of all null sets. As 1^ is cr-saturated, 
3/ Ipi satisfies the countable chain condition, and hence the forcing preserves 
cardinals. 

The generic extension V [G] is determined by a single real, called a random 
real. Let a G R v ^ be the unique member of each rational interval [ri, r^]*'' 0 ' 
such that [ri,r2] y G G. Conversely, G can be defined from a, and so V[G] = 
V[a}. (see Exercise 13.34 for the meaning of V^[a].) 

The following lemma illustrates one of the differences between random and 
generic reals. If / and g are functions from ui to to we say that g dominates f 
if f(n) < g(n) for all n. 

Lemma 15.30. (i) In the random real extension V[G], every f : u> — > ui is 
dominated by some g G V. 

(ii) In the Cohen real extension V[G], there exists a function f : lu — > u) 
that is not dominated by any g G V . 

Proof, (i) Forcing conditions are Borel sets of positive measure, and we freely 
confuse them with their equivalence classes in B/I^. 

Let p lh / : uj — > to; we shall find a q < p and some g : u> — > ui such that 
q forces that g dominates /. For each n, let g(n) be sufficiently large, so that 

Kp~ ll/W <9(n)\\) < \'Kp)- 

The Borel set q = pC\ f]^ =0 \\f(n) < g(n)\\ has measure at least fi(p)/2, and 
forces Vn/(n) < g(n). 

(ii) We use the following variant of Cohen forcing: Forcing conditions are 
finite sequences (p(0), . . . ,p(n — 1)) of natural numbers, and p < q if and 
only if p D q. (This forcing produces the same generic extension — and has 
the same B(P) — as the forcing from Example 14.2). 

Let / be the name for the function / ~ [JG. If p is any condition and 
g : u) — > w is in V, then there exist a stronger q D p and some n G dom(<7) 
such that q(n) > g(n). It follows that q forces g(n) > f(n) (because q lh 
f(n) - q{n)). □ 

To add a large number of random reals, we use product measure: 

Example 15.31. Let k be an infinite cardinal and let I = k x uj. Let £1 = 
{0, 1} 1 . Let T be the set of all finite 0-1 functions with dom(£) C I. Let S be 
the cr-algebra generated by the sets St, t G T, where St = {/ € fl : t C /}. 
The product measure on S is the unique cr-additive measure such that each St 
has measure 1/2'*' . Let B = S/I where / is the ideal of measure 0 sets. 
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If G is a generic ultrafilter on B then / = (J{t : S t € G} is a 0-1 function 
on I, and for each a < n, we define f a (n) — f(a,n), for all n < u>. The / Q , 
a < k, are K-distinct random reals, and the continuum in V[G) has size at 
least k. But since \B\ H ° = we have (2 N °) y [ G l = □ 

Forcing with Perfect Trees 

This section describes forcing with perfect trees (due to Gerald Sacks) that 
produces a real of minimal degree of constructibility. If forced over L, the 
generic filter yields a real a such that a £ L and such that for every real 
x e L[a], either x € L or a e L[x]. 

Let Se<7({0, 1}) denote the set of all finite 0-1 sequences. A tree is a set 
T C Seg({0, 1}) that satisfies 

(15.24) if t e T and s = t\n for some n, then s e T. 

A nonempty tree T is perfect if for every T there exists ansDi such that 
both s^O and s^l are in T. (Compare with (4.4) and Lemma 4.11.) The set 
of all paths in a perfect tree is a perfect set in the Cantor space {0, 1} W . 

Definition 15.32 (Forcing with Perfect Trees). Let P be the set of all 

perfect trees p C Seq({0, 1}); p is stronger than q if and only if p C q. 

If G is a generic set of perfect trees, let 

(15.25) f = {J{s:(\/peG)sep}. 

The function / : u) -> {0,1} is called a Sacks real. Note that V[G] = V[f]. 
Since |P| = 2 No , if we assume CH in the ground model, P satisfies the H2- 
chain condition and all cardinals > H2 are preserved. We prove below that 
Hi is preserved as well. 

Definition 15.33. A generic filter G is minimal over the ground model M 
if for every set of ordinals X in M[G], cither X e M or G e M[X]. 

Theorem 15.34 (Sacks). When forcing with perfect trees, the generic filter 
is minimal over the ground model. 

The proof uses the technique of fusion. Let p be a perfect tree. A node 
s G p is a splitting node if both s"0 € p and s"~"l £p;a splitting node s is 
an nth splitting node if there are exactly n splitting nodes t such that tCs. 
(A perfect tree has 2™ _1 nth splitting nodes.) For each n > 1, let 

(15.26) p < n q if and only if p < q and every nth splitting node of q is an 
nth splitting node of p. 

A fusion sequence is a sequence of conditions {p n }^Lo sucn that Pn <n Pn-i 
for all n > 1. The following is the key property of fusion sequences: 
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Lemma 15.35. If {p n }^Lo is a fusion sequence then fX^ =0 Pn is a perfect 
tree. □ 

If s is a node in p, let p\s denote the tree {t £ p : t C s or t D s}. If A is 
a set of incompatible nodes of p and for each s £ A, g s is a perfect tree such 
that q 8 C pfs, then the amalgamation of {g s : s £ A} into p is the perfect 
tree 

(15.27) {t £ p : if t D s for some s e A then t £ g s }. 

(Replace in p each pfs by q s .) 

Proof of Theorem 15.34. Let X be a name for a set of ordinals and let p £ P 
be a condition that forces X £ V; no stronger condition forces X = A, for 
any A £ V. We shall find a condition q < p and a set of ordinals {7 S : s is 
a splitting node of q} such that q s ~ o and g s —i decide 7 S £ X, but in opposite 
ways. Then the generic branch (15.25) can be recovered from X G , and so 
V[X G ] =V[G]. 

To construct q and {7s } s we build a fusion sequence {p n }^Lo as follows: 
Let po = p. For each n > 1, let S„ be the set of all nth splitting nodes of p n -i- 
For each s £ 5„, let 7 S be an ordinal such that p n -i \s does not decide 7 S £ X, 
and let q s ~ o < p-n-ils^O and i < p„_i|'s'^l be conditions that decide 
7 S £ X in opposite ways. Then let p n be the amalgamation of {q s ~i ■ s £ S n 
and i = 0, 1} into p n -i- Clearly p n < n p n -i, and so {p n }^Lo is a fusion 
sequence. Then we set q = H^LoP™- a 

A similar argument shows that forcing with perfect trees preserves Hi: 

Lemma 15.36. If X is a countable set of ordinals in V[G] then there exists 
a set A £ V, countable in V, such that X C A. 

Proof. Let F be a name and let p £ P be such that p forces "F is a function 
from co into the ordinals." We build a fusion sequence {p n }^ =0 with p 0 = p 
as follows: For each n > 1, let 5 n be the set of all nth splitting nodes of p n -i- 
For each s £ S n , let g s ~o, q s ~i, fls-o, a s -i be such that (for i = 0, 1) 
9s-« < Pn-i fs"* and g s ~j lh F(n — 1) = a s — j. Let p„ be the amalgamation 
°f {9s"« : s € 5„ and i = 0, 1}. Then let q = H^LoP™' an( ^ 

oo 

A = |J {a s ~j : s G S n and i = 0, 1}. 
It follows that g lh ran(F) C A □ 



More on Generic Extensions 

Properties of a generic extensions are determined by properties of the forcing 
notion that constructs it. For instance, if P satisfies the countable chain con- 
dition then V[G] preserves cardinals. Or, if P is ^-distributive then V[G] has 
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no new countable sets of ordinals. But since the model V[G] is determined 
by the complete Boolean algebra B(P), its properties depend on properties 
of the algebra. Below we illustrate the correspondence between properties of 
a complete Boolean algebra B and truth in the model V B . 

The first example shows the importance of distributivity. 

Let re and A be cardinals. A complete Boolean algebra B is (re, A)-dis- 
tributive if 

(15.28) n E u ot.3 = E n 

a<K /3<X f-.K—*\a<K. 

Note that (15.28) is a special case of (7.28); B is re-distributive if and only 
if it is (re, A)-distributivc for all A. As in Lemma 7.16 we can reformulate 
(re, A)-distributivity as follows: 

Lemma 15.37. B is (re, A)- distributive if and only if every collection of 
re partitions of B of size at most A has a common refinement. □ 

Theorem 15.6 and Exercise 15.5 yield the following equivalence: 

Theorem 15.38. B is (k,X)- distributive if and only if every f : re — > A in 
the generic extension by B is in the ground model. 

Proof. If ||/ is a function from re to A|| = 1, then {||/(a) = [3\\ : f3 < A} is 
a partition of B of size < A. □ 

Exercises 15.31 and 15.32 give short proofs of Boolean algebraic results 
using generic extensions. 

A related concept is weak distributivity: B is called weakly (re, X)- distribu- 
tive, if 

(15.29) J] E «a,/J = E EI E «a,/9. 
a<K 13<\ g-.K^X a<K /3<g(a) 

A modification of Theorem 15.38 gives this: 

Lemma 15.39. B is weakly (re, X)- distributive if and only if every f : re — > A 
in V[G] is dominated by some g : re — * A that is in V (i.e., f(a) < g(a) for 
all a < re). □ 

Consequently, by Lemma 15.30(i), the measure algebra B/I^ is weakly 
(u, ^-distributive. 

Let B be a complete Boolean algebra and let D be a complete subalgebra 
of B. If G is generic on B, then it is easy to see that G (~1 D is generic on D, 
and so V[G n D] is a model of ZFC, and V C V[G n D] C V[G]. We shall 
prove that every model of ZFC between V and V[G] is obtained this way, 
and that for every subset A of V in V[G] there is a complete subalgebra D 
of B such that V[G n D] = V[A]. 
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We recall (cf. Chapter 7) that a complete subalgcbra B of a complete 
Boolean algebra D is (completely) generated by a set X C D if B is the 
smallest complete subalgebra of D such that X C B. Let k be a cardinal. We 
say that a complete Boolean algebra B is n-generated if there exists some 
X C 5 of size at most k such that the complete subalgebra of B generated 
by X is equal to B. 

Lemma 15.40. Let X be a subset of a complete Boolean algebra B such that 
B is completely generated by X . Then for every generic G on B, V[G] = 

v[x n G]. 

Proof. We want to show that V[G] is the least model such that the set A = 
X n G is in V[G\. It suffices to show that G can be defined in terms of A. 

Since B is generated by X, every element of B can be obtained from 
the elements of X by successive (transfinite) application of the operation — 
and J2- Thus let X a be subsets of B defined recursively as follows: 

X 0 = X } X a = {—a : a G X a }, and 

X a = {a : a = £ Z where Z C \Jp <a {Xp U X~ 0 )}. 

Then B = \J a<e X a for some 9 < \B\+. If we denote G a = G n A^, G~ a = 
G n X a , we have 

(15.30) G a = A, G~ = {-a : a e X a - G a }, and 

G a — {a E X a : a = ^2 Z where Z contains at least one b 

in some Gp or Gp, (3 < a}, 

and G = \J a<g G a . Thus given A, we define G a and G a inductively us- 
ing (15.30) and let G = \J a<g G a . □ 

Corollary 15.41. If B is n-generated, then V[G] — V[A] for some Ac n. 

□ 

Corollary 15.42. If G is generic on B and A e V[G] is a subset of k, then 
there exists a n-generated complete subalgebra D of B such that V[D fl G] = 
V[A] for some A <Z k. 

Proof. Let A be a name for A. We let X = {u a : a < n}, where u a = 
|| a G ^4||. Now let D be the complete subalgebra completely generated by X; 
by Lemma 15.40 we have y|lnG] = V[D n G]. It remains to show that 
V[Xr\G] = V[A\. 

On the one hand, we have A — {a : u a elfl G}. On the other hand, 
X(l G = {u a : a e A}. □ 

Lemma 15.43. Let G be generic on B. If M is a model of ZFC such that 
V C M C V[G], then there exists a complete subalgebra D C B such that 
M = V[DC\G]. 
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Proof. We show that M = V[A], where A is a set of ordinals. Then the 
lemma follows from Corollary 15.42. First we note that since M satisfies the 
Axiom of Choice, there exists for every X £ M a set of ordinals Ax £ M 
such that X £ V[A X ]. We let Z = P(B) n M, and let A = A z ; we claim that 
M = V[A\. 

If X £ M, consider the set of ordinals Ax; by Corollary 15.42 there exists 
a subalgebra D x C B such that V[A X ] = V[D X n G]. Hence D x nGe M, 
and we have D x C\ G £ Z. Since Z £ V[A], it follows that D^nGe^] 
and hence X e V[A]. Thus M = V[ A]. □ 

Let us now address the question under what conditions one generic ex- 
tension embeds (as a submodel) into another generic extension. Of course, if 
B(P) = B(Q), then V p = V Q and if B(P) is a complete subalgebra of B(Q) 
then V p C V®. But if Bi is a complete subalgebra of B 2 , we can have 
V[Gn.Bi] = V[G] even if B x ^ B 2 . For every a £ B+ (not necessarily in Bi), 
let Bi fa = {x ■ a : x £ Bi}. Now assume that the set {a £ B^ : B\\a = B 2 \a\ 
is dense in B 2 - Then it is easy to see that V[G fl Bi] = V[G], for every 
generic G on B 2 . (One can show that this condition is also necessarily for B\ 
to give the same generic extension as B 2 .) 

By V p C V® we mean the following: Whenever G is a generic filter on Q 
then there is some H £ V[G] that is a generic filter on P. In practice there 
are several ways how to verify V p C V® . The following two lemmas are 
sometimes useful: 

Lemma 15.44. Let i : P — > Q be such that 

(i) if Pi < P2 then i(px) < i(p 2 ), 

(ii) if pi and p 2 are incompatible then i(pi) and i{p 2 ) are incompatible, 

(iii) for every q £ Q there is a p £ P such that for all p' < p, i(p') is 
comparable with q. 

Then V p C V Q . 

Proof. If G is generic on Q then i" 1 (G) is generic on P. □ 
Lemma 15.45. Let h : Q — > P be such that 

(i) if qi < q 2 then h(qi) < h(q 2 ). 

(ii) for every q £ Q and every p < h{q) there exists a q' compatible with q 
such that h(q') < p. 

Then V p C V Q . 

Proof. If D C P is open dense then h~ 1 (D) is predense in Q. It follows that 
if G is generic on Q then {p £ P : p > h(q) for some q £ G} is generic 
on P. a 

We conclude this section with the following result that shows that for 
every set A of ordinals, the model L[A] is a generic extension of HOD: 
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Theorem 15.46 (Vopenka). Let V = L[A] where A is a set of ordinals. 
Then V is a generic extension of the model HOD. There is a Boolean algebra 
B e HOD complete in HOD, and there is an ultrafilter G C B, generic 
over HOD, such that V = HOD[G]. 

Proof. Let k be such that A C k. We let C = OD n P(P(n)) be the family of 
all ordinal definable sets of subsets of k. Let us consider the partial ordering 
(C,C). 

First we claim that there is a hereditarily ordinal definable partially or- 
dered set (B, <) and an ordinal definable isomorphism tt between (G, c) and 
(B, <): There is a definable one-to-one mapping F of OD into the ordinals. 
The set C is an ordinal definable set of ordinal definable sets and so F\C is 
an OD one-to-one mapping of C onto F(C). We let B = F(C), and define 
the partial ordering of B so that (B, <) is isomorphic to (G, c). Since C n G 2 
is an OD relation, we have (B, <) € HOD. 

Now (G, c) is clearly a Boolean algebra. Moreover, if X C C is ordinal 
definable, then (J X is ordinal definable and so \JX = Hence the 

algebra C is OD-complete; and using the OD isomorphism tt, we can conclude 
that (B, <) is a complete Boolean algebra in HOD. 

Now we let H = {u e C : A E u}. Clearly, H is an ultrafilter on C, 
and if X C H is OD, then f]X G H. Hence G = 7r(iJ) is an CD-generic 
ultrafilter on B. 

It remains to show that V — HOD[G]. Let / : k — -> B be the function 
defined by /(a) = tt({Z C k : a e Z}). Clearly, / is OD, and so / e #OD. 
Now we note that for every a < k, a e 4 if and only if /(a) e G and 
therefore ^ e #OD[G]. It follows that V" = = FOD[G]. □ 



Symmetric Submodels of Generic Models 

In Chapter 14 we constructed a model of set theory in which the reals cannot 
be well-ordered, thus showing that the Axiom of Choice is independent of the 
axioms of ZF . What follows is a more systematic study of models in which the 
Axiom of Choice fails. We shall present a general method of construction of 
submodels of generic extensions. The construction uses symmetry arguments 
similar to those used in Theorem 14.36, and the models obtained are generally 
models of ZF and do not satisfy the Axiom of Choice. This method has been 
used to obtain a number of results about the relative strength of various 
weaker versions and consequences of the Axiom of Choice. 

The main idea of the construction of symmetric models is the use of auto- 
morphisms of the Boolean-valued model V B and the Symmetry Lemma 14.37. 
In fact, the idea of using automorphisms of the universe to show that the Ax- 
iom of Choice is unprovable dates back into the preforcing era of set theory. 
We shall describe this older construction first. 
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In order to describe this method, we introduce the theory ZFA, set theory 
with atoms. In addition to sets, ZFA has additional objects called atoms. 
These atoms do not have any elements themselves but can be collected into 
sets. Obviously, we have to modify the Axiom of Extensionality, for any two 
atoms have the same elements — none. 

The language of ZFA has, in addition to the predicate e, a constant A. 
The elements of A arc called atoms; all other objects are sets. The axioms 
of ZFA arc the axioms 1.1-1.8 of ZF plus (15.31) and (15.32): 

(15.31) If a £ A, then there is no x such that x e a. 
The Axiom of Extensionality takes this form: 

(15.32) If two sets X and Y have the same elements, then X = Y. 

Other axioms of ZF remain unchanged. In particular, the Axiom of Regularity 
states that every nonempty set has an G-minimal clement. This minimal 
element may be an atom. 

The effect of atoms is that the universe is no longer obtained by iterated 
power set operation from the empty set. In ZFA, the universe is built up from 
atoms. 

Ordinal numbers are defined as usual except that one has to add that an 
ordinal does not contain any atom. For any set S, let us define the following 
cumulative hierarchy: 

(15.33) P°(S) = S, 

P a (S) = U PP(S) if a is limit, 

(i<a 

P a+1 (S) = P a (S) U P(P a (S)), 

p°°(s) = u P a (s). 

a 6 Ord 

It follows that V = P°°(A), and that the kernel, the class P°°(0) of 
"hereditary" sets, is a model of ZF. If A is empty, then we have just ZF. 

Lemma 15.47. The theory ZFA + AC+M is infinite" is consistent relative 
to ZFC. 

Proof. Construct a model of ZFA. Let C be an infinite set of sets of the same 
rank (so that X £ TC(Y) for any X,Y e C). Consider one Xq e C as the 
empty set, and all other leCas atoms. Build up the model from C by 
iterating the operation P*{Z) = P{Z) - {%}. □ 

While in ZF, the universe does not admit nontrivial automorphisms, the 
important feature of ZFA is that every permutation of atoms induces an 
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automorphism of V: If n is a one-to-one mapping of A onto A (a permutation 
of A), then we define for every x (by e-induction) 

7r(a;) = {7r(t) : ( £ i}. 

Clearly ir is an e-automorphism, and we have ir(x) — x for every x in the 
kernel P°°(0). 

We use these automorphisms to construct transitive models of ZFA. First 
we point out that the analog of Theorem 13.9 is true in ZFA: If M is a tran- 
sitive, almost universal class closed under Godel operations, and if A g M, 
then M is a model of ZFA. 

Let Q be a group of permutations of a set S. A set J 7 of subgroups of Q 
is a /i/ier on C/, if for all subgroups H, K of Q: 

(15.34) (i) gef; 

(ii) if H g T and H C X, then ^ef; 

(iii) if ii g T and if g J", then H D K e J 7 ; 

(iv) if 7T g G and ii g T, then Tr/fTr" 1 g ^. 

For a given group of permutations Q of the set A of atoms and a given filter T 
on C/, we say that x is symmetric if the group 

sym(x) = {n g £/ : 7r(a;) = .t} 

belongs to J 7 . 

Let us further assume that sym(a) e for all a e A, that is, that all 
atoms are symmetric and let U be the class of all hereditarily symmetric 
objects: 

(15.35) U = {x : every z g TC({x}) is symmetric}. 

The class [/ is called a permutation model. It is a transitive class and includes 
the kernel (because sym(x) = Q for all x e P°°(0)), moreover, all atoms are 
in U, and Ae U. 

Lemma 15.48. U is a transitive model of ZFA. 

Proof. We show that U is closed under Godel operations and almost univer- 
sal. It is easy to see that Gi(irx,iry) — w(Gi(x,y)) for alH = 1, . . ., 10, and 
therefore 

sym(Gi(x, y)) D sym(x) n sym(y) (i = 1, . . . , 10). 

It follows that if x and y are hereditarily symmetric, then so is Gi{x,y). 

To show that U is almost universal, it suffices to verify that for each a, 
U n P a (A) is symmetric. For all x and all tt E Q we have rank(7re) = rank a;. 
Also, sym(7nc) = tt ■ sym(x) • 7r _1 , and hence, by property (iv) in (15.34), if 
x is symmetric and tt g Q, then 7r(x) is symmetric. Thus for all 7r e £ we 
have tt(£/ n P a (A)) = U n P a (A) and therefore, sym(f7 n P"(A)) = (?. □ 
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In the following examples we construct permutation models as follows: 
For every finite E C A, we let 

(15.36) &x{E) = {tt £ G : ira = a for all a £ E} 

and let T be the filter on Q generated by {fix(E) : E C A is finite}. T is 
a filter since tt ■ fix(E) ■ ir^ 1 = &x.(jr(E)). Thus x is symmetric if and only 
if there exists a finite set of atoms E, a support for x, such that tt(x) = x 
whenever tt £ Q and w(a) = a for all a £ E. 

We shall now give two examples of permutation models. 

Example 15.49. Let A be infinite, and let Q be the group of all permuta- 
tions of A. Let T be generated by {t\x(E) : E C A is finite}, and let U be 
the permutation model. In the model U the set A, although infinite, has no 
countable subset. Hence the Axiom of Choice fails in U. 

Proof. Assume that there exists an / £ U that is a one-to-one mapping of lo 
into A. Let E be a finite subset of A such that nf = / for every tt £ t\x(E). 
Since E is finite, there exists an a £ A — E such that a = f{n) for some n; 
also, let b £ A — E be arbitrary such that b ^ a. Now, let tt be a permutation 
of A such that tra — b but 7ra; = a; for all x £ E. Then 7r/ = /, and since n is 
in the kernel, we have nn = n. It follows that 7r(/(n)) = (irf)(irn) — /(n); 
however, /(n) = a while 7r(/(n)) = 7r(a) 7^ a. A contradiction. □ 

Example 15.50. Let A be a disjoint countable union of pairs: A = U^Lo 
f*n = {a>n,b n }, and let be the group of all permutations of A such that 
7r({a„,6„}) = {a n ,b n }, for all n. Let T be generated by {fix(_E) : E £ A\a 
finite}, and let U be the permutation model. In the model U, {P n : n £ uu} 
is a countable set of pairs and has no choice function. 

Proof. Each P n is a symmetric set since n(P n ) = P n for all tt £ Q. For the 
same reason, ir(P n : n £ u>) = n({(n,P n ) : n £ ui}) = (P n : n £ ui), for all 
tt £ Q , and so (P n : n £ u) £ U . Hence S = {P n : n £ uo} is a countable set 
in U. 

We show that there is no function f £ U such that dom(/) = S and 
f{P n ) £ P n for all n. Assume that / is such a function and let E be a support 
of /. There exists n such that neither a n nor b n is in E, and we let tt £ Q be 
such that 7r(a„) = b n but nx = x for all x £ E. Then wf = f, irP n = P n , 
and so tt(/(P„)) - (7r/)(7rP„) = /(P„) but tt(/(P„)) = &„ while f(P n ) = a n ; 
a contradiction. □ 

The method of permutation models gives numerous examples of violation 
of the Axiom of Choice. One usually uses the set of atoms to produce a coun- 
terexample (in the permutation model) to some consequence of the Axiom of 
Choice, thus showing the limitations of proofs not using the Axiom of Choice. 
(A typical example is a vector space that has no basis, a set that cannot be 
linearly ordered, etc.) However, these examples do not give any information 
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about the "true" sets, like real numbers, sets of real numbers, etc., since those 
sets are in the kernel. It is clear that a different method has to be used to 
investigate the role of the Axiom of Choice in ZF. We shall now describe such 
a method and exploit the similarities between it and permutation models. 

We shall use automorphisms (symmetries) to construct submodels of 
generic extensions. As shown in (14.36), every automorphism tt of a com- 
plete Boolean algebra B induces an automorphism of the Boolean-valued 
model V B . The important property of such an automorphism is (14.36) in 
the Symmetry Lemma 14.37: 

||<p(7ra;i, . . . ,7nc„)|| = 7r(||<p(a;i, . . . ,x n )\\). 

for all names x\, . . . , x n . 

Let G be a group of automorphisms of B, and let T be a filter on Q, 
i.e., a set of subgroups that satisfies (15.34). For each x G V B we define its 
symmetry group 

sym(.x) = {tt G Q : ir(x) = x}. 
If 7r is an automorphism of B, then 

(15.37) sym(7T±) = n ■ sym(i) • n^ 1 . 

This is because o-(ttx) — irx if and only if (7r _1 t77r)(i;) = x. Given a fil- 
ter T on Q, we call x symmetric if sym(x) G T . The class HS of hereditarily 
symmetric names is defined by induction on p(x): 

if dom(a;) C HS and if x is symmetric, then x € HS. 

Note that n(x) — x for all x and all n, and so all x are in HS. If a name x 
is symmetric, and if tt e Q, then by (15.37) and (15.34)(iv), w(x) is also 
symmetric. It follows that ttx € HS whenever x G HS and n G Q. 

The class HS is a submodel of the Boolean- valued model V B , and can be 
shown to satisfy all axioms of ZF. Instead, we prove that its interpretation 
is a transitive model of ZF. 

Thus let M be the ground model, let B be a complete Boolean algebra 
in M, and let Q and T be respectively (in M), a group of automorphisms 
of B and a filter on Q. Let G be an M-generic ultrafilter on B. We let 

(15.38) N={x G :xe HS} 

be the class of all elements of M[G] that have a hereditarily symmetric name. 
N is called a symmetric submodel of M[G]. We will prove that N is a tran- 
sitive model of ZF. Before we do so, we notice that HS is a Boolean-valued 
model (with the same \\x G y\\ and ||a; = y\\ as M B ). Thus we can define 
||v?||ijs f° r every formula ip. Note that 

(15.39) \\3x<p(x)\\ HS = E 



254 Part II. Advanced Set Theory 



and that |M|if,s = \\<p\\ whenever ip is a A 0 formula. We also have a forcing 
theorem for the model N: 

(15.40) N \= <p(xi, . . . , x n ) if and only if \\(f(x 1 ,...,x n )\\ HS £G 

where xi, . . . ,x„ £ HS are names for xi, . . . , x n . Finally, since tt(HS) = HS 
for all tt £ Q, wc have the Symmetry Lemma for || \\hs- If t e C/ and 
X\, . . . ,x n £ HS, then 

(15.41) 1 1 Lp{itx\ , . . . ,7tx„)||h S = 7r(||<^(xi, . . . ,x„)||#s)- 

Lemma 15.51. A symmetric submodel N of M[G] is a transitive model 
of ZF, and M C N C M[G]. 

Proof. Since x € iJS for every x € M, we have M £ N. The heredity of ffi) 
implies that N is transitive. To verify that the axioms of ZF hold in N, we 
follow closely the proof of the Generic Model Theorem. As there, we have to 
show that certain sets exist in the model by exhibiting names for the sets; 
here we have to find such names in HS. 

A. Extensionality, Regularity, Infinity. These axioms hold in N since N is 
transitive and N D M. 

B. Separation. Let tp be a formula and let 

Y = {x £ X : N \= tp(x,p)} 

where X,p £ N. Let X,p £ HS be names for X, p. We let Y £ M B as 
follows: 

dom(l>) = dom(X), Y(i) = X(i) ■ \\<p(i,p)\\ H s- 

A routine argument shows that Y is a name for Y; it remains to show that 
Y is symmetric. 

We shall show that sym(F) D sym(X) n sym(p). Thus let n £ Q be 
such that ttX — X and irp = p. For every t £ dom(AT) we have irt £ 
dom(7ri:) = dom(A) and X(iri) = (7rA v )(7ri) = ir(X(i)), and \\ip(iri,p)\\ H s = 
Tr\\(p(i,p)\\ HS , and so Y(-ri) = n(Y(i)). Therefore, irY = Y. 

C. Pairing, Union, Power Set. Let X £ N and let X £ HS be a name for X. 
For the union, we let S — lJ{dom(j/) : y £ dom(A)}. If tt £ sym(X) then 
tt(S) = S and so the set Y = {t G : t £ S} has a hereditarily symmetric name 
Y: Y(i) = 1 for all i £ S. Moreover, Y Z) [_}X. 

Pairing and Power Set are handled similarly. 

D. Replacement. We show that if X £ N, then there exists a Y £ N such 
that for all u £ X, N satisfies 

3v tp(u, v) — > (3v £ Y) tp(u, v). 

We proceed as in (14.15) except that (we deal with || \\hs instead of || 
and that) we look for S C HS such that ir(S) = S for all n £ Q (for then 
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Y = {t G : t G S} has a name in HS). This is accomplished by taking for S 
the set HS n for large enough a. Since every tt preserves the rank and 
since each ir G Q preserves HS, we have tt(S) = S for all it £ Q . □ 

In general, the set G is not a member of N, and N does not satisfy the 
Axiom of Choice. 

The model in Example 15.52 is due to Cohen. It is an analog of the 
permutation model in Example 15.49, and in fact, it is the same model that 
was used in Theorem 14.36. 

Example 15.52. Let V[G] be the generic extension adjoining countably 
many Cohen reals: P is the set of all finite 0-1 functions p with domain 
dom(p) C oj x oj. We define a n , n G oj, and A = {a n : n G oj}, as well as their 
canonical names as in (14.40) and (14.41). 

Every permutation tt of oj induces an automorphism of P (and in turn 
an automorphism of B) by (14.44). We can view such permutations as per- 
mutations of the set {a n : n G oj}. Let Q be the group of all automorphisms 
of B that are induced by such permutations. For every finite E C uj, let 

fix(i?) = {tt e Q : nn = n for each n G E}, 

and let T be the filter on Q generated by the {fix(£?) : E C oj is finite}. 

Now let HS be the class of all hereditarily symmetric names, and let N be 
the corresponding symmetric submodel of V[G}. It is easy to see that all a n 
are in HS and so is A. Moreover, the a n are distinct subsets of oj and so A is 
an infinite set of reals in N. 

We claim that in N, A has no countable subset. Thus assume that some 
/ G N is a one-to-one function from oj into A. Let / G HS and let po G G be 
such that 

Po N / maps oj one-to-one into A. 

The contradiction is obtained as in Lemma 14.39. We let £ be a support 
of /, i.e., a finite subset of oj such that sym(/) D dx(E). We pick i G oj such 
that i ^ E, and find p < p 0 and n G oj such that 

p lh f(n) = hi. 

Then we find a permutation 7r G Q such that: 

(i) irp and p are compatible; 

(ii) tt G fix(£); 

(iii) iri = j ^ i. 

Then 7r/ = /, 7r(n) = n, and we have pUnp lh /(n) = dj and pUnp lh /(n) = 
cij, a contradiction. □ 

The set A in Example 15.52 is a set of reals and is therefore linearly 
ordered. Levy proved that in the model TV in Example 15.52, every set can 
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be linearly ordered. In fact, Halpcrn and Levy proved that the model even 
satisfies the Prime Ideal Theorem, thus establishing the independence of the 
Axiom of Choice from the Prime Ideal Theorem. We note that numerous 
consequences of the Axiom of Choice in mathematics can be proved using 
the Prime Ideal Theorem instead — among others the Hahn-Banach Theo- 
rem, Compactification Theorems, the Completeness Theorem, the Tikhonov 
Theorem for Hausdorff spaces, etc. 

Another construction of Cohen yields a model that has similar properties 
as the permutation model in Example 15.50. The atoms are replaced not by 
reals, but by sets of reals. 

The similarity between permutation models and symmetric submodels is 
made precise by the following result that shows that every permutation model 
can be embedded in a symmetric model of ZF, "with a prescribed degree of 
accuracy." 

Theorem 15.53 (Jech-Sochor). Let U be a permutation model, let A be 
its set of atoms, and let a be an ordinal. There exist a symmetric model N 
of ZF and an embedding x i— > x of U into N such that 



Proof. We work in the theory ZFA, plus the Axiom of Choice. We denote A 
the set of all atoms, and let M be the kernel, M = P°°(0). We consider 
a group G of permutations of A, and a filter T on Q, and let U be the 
permutation model given by Q and T . Let a be an ordinal number. 

We shall construct a generic extension M[G] of the kernel, and then the 
model N as a symmetric submodel of M[G]. We construct M[G] by adjoining 
to M a number of subsets of a regular cardinal k, k of them for each a e A. 
We use these to embed U in M[G]. 

Let k be a regular cardinal such that k > \P a (A)\. The set P of forcing 
conditions consists of 0-1 functions p such that | dom(p)| < k and dom(p) C 
(A x k) usual, p < q if and only if p D q. 

Let G be an M-generic filter on P. For each aei and each £ < n, we let 



{P a {A)) u is ^-isomorphic to (P a (A)) . 



x a,£ = p(a, £, r]) = 1 for some p € G}. 



Each x a ,£ has a canonical name x a ^\ 



XaAv) = E{P € P : p{a, rf) = 1} 



(V G «)■ 



Then we define, for every a E A, 



a = {x a , ( : 



C<4 



and let A — {a : a e A}. The sets a and A have obvious canonical names. 
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Having denned a for each a G A, we can define x (and its canonical 
name x) for each x be G-induction: 

(15.42) x = {y : y G x}. 

We shall show that the function x x is an ^-isomorphism. 

Lemma 15.54. For all x and y, x G y if and only ifxGy, and x = y if and 
only if x = y. 

Proof. First we note that \\x a ,£ = i a '^/| = 0 whenever (a,£) ^ (a',£'), and 
that ||x a ,£ = z\\ = 0 for all z G M. Consequently, we have a =/= b whenever 
a =/= b are atoms. We claim that for all x, x ^ x a ^ for any a, £. If x € M, 
then x = x and so i ^ x a ^. If x ^ M, then x is of higher rank than any 
x a ,?: x Qi { is a subset of k, while the transitive closure of x contains some of 
the ar 0) f. 

Now we can prove the lemma, simultaneously for G and =, by induction 
on rank: 

(a) If x G y, then x G y follows from the definition (15.42). If x G y, then 
y cannot be an atom because then we would have for some a, £, 
which is impossible. Hence x — z for some z G y and we have x = z by the 
induction hypothesis; thus x G y. 

(b) If x = y, then x = y. Conversely, if x ^ y, then either both x and y 
are atoms and then x ^ y; or, e.g., x contains some z that is not in y, and 
then, by the induction hypothesis, z G x, and z ^ y; thus x ^ y. □ 

Note that the proof of Lemma 15.54 does not depend on the particular G 
and so in fact we have proved 

(15.43) x = y if and only if ||x = y|| 7^ 0 if and only if ||x = y|| = 1 

and similarly for G. 

Now we shall construct a symmetric submodel TV of M[G] . We construct N 
so that for every x G U, x is in N and that (P a (A))' 7 is isomorphic to 
(P a (A)) N . For every permutation a of A, let a be the group of all permuta- 
tions tt of Ax k such that for all a, £, 

7r(a,£) = (era, £') for some 

We let 5" = 1J{ct : a G H} for every subgroup if of Q. Since every permuta- 
tion n of Ax k induces an automorphism of P by 

(7rp)(7r(a, Q,r])= P( a , £, v) ( a11 a , €, v) 

we consider Q as a group of automorphisms of B = B(P). For every finite 
A C A x k we let 

fix(£) = {tt G C? : 7r(a,0 - (a,£) for all (o.f) G £}, 
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and we let T be the filter on Q generated by the set 

(15.44) {H : H E T} U {fix(£;) : E C A x k finite}. 

Let HS be the class of all hereditarily symmetric names and let N be the 
corresponding symmetric submodel of M[G]. It is an immediate consequence 

of (15.44) that all i a ,£, all a (a E A), and A are symmetric, and so A is in N. 
The following two lemmas show that for any x, x is in N if and only if x £ U. 

Lemma 15.55. For all x, x E U if and only if x G HS. 

Proof. It suffices to show that x is symmetric if and only if x is symmetric. If 
a E Q and it E a, then irx is the canonical name for (ax)~ and so symg(i) = 
sym g (x); thus if sym(a;) G .F, then symg(.x) G .F. On the other hand, if 
symg(x) G T, then sym(a;) D ££ n t\x(E) for some H E T and a finite 
£7 C ^4 x k. If e = {a G A : (a, £) G E for some £}, then sym(:r) D H n fix(e), 
and since fix(e) G .F, we have sym(a;) G T . □ 

Lemma 15.56. £br all x, x G J7 i/ and on/?/ if x G N. 

Proof. By Lemma 15.55, it suffices to show that if x G N, then a; G U. 
Assume otherwise, and let x be of least rank such that x G N and x £ U. 
Thus x C U, and since x E N, there exist a name i G i£S and some p G G 
such that p\\- z = x. Since synig(i) G .F, we have symg(i) D £? n fix(£?) for 
some H E T and a finite _E C A x k. We shall find cr G (? and 7r G <r such 
that: 

(i) 7rp and p are compatible; 

(ii) 7T G £7 nfix(£); 

(iii) ax x. 

Then we have itz — z by (ii), ||7rx = x|| = 0 by (iii) and (15.43); and since 
irp lh nz = irx, we have 

np U p lh z = x, irp Up lh z = irx, 

a contradiction. 

To find 7r, note that x is not symmetric, so that there is a a E Q such 
that ax ^ x and a E H C\ fix(e), where e = {a E A : (a, £_) E E for some £}. 
Since \p\ < k, there exists a 7 < k such that (a, £) ^ dom(p) for all a E A 
and all £ > 7. Thus we define tt E a as follows: 

if a G e, then 7r(a, £) = (a, £) f° r all £; 

(7r(a,C) = 7r(cra,7 + ^) and 7r(a,7 + ^) = 7r(cra,^) if C < 75 
if a G e, then < 

\7r(a,0 = (™,0 if € > 7 • 2. 

It follows that 7r G £7 n fix(£7) and that p and 7rp are compatible. □ 
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We complete the proof of Theorem 15.53 by showing that 

((P"(A)) U Y= (P a (A)f. 

The left-hand side is clearly included in the right-hand side; we prove the 
converse by induction. Thus let x £ P a (A) n U and let y £ N be a subset 
of x; we shall show that y — z for some z £ U . Let y be a name for y. 
The notion of forcing that we are using here is <K-closed; and since we have 
chosen n large, it follows that there is a p £ G that decides t £ y for all t £ x. 
Hence y = z, where z = {t £ x : p lh i £ y}, and by Lemma 15.56 we have 
z £ U. a 

As for applications of Theorem 15.53, consider a formula <p(X, 7) such 
that the only quantifiers in ip are 3u £ P~'(X) and Vu £ P 7 (AT). Let U be 
a permutation model such that 

U\= 3Xip(X,-y). 

Let X £ U be such that U \= ip{X, 7); let a be such that P~<(X) C P a (A). By 
the theorem, U can be embedded in a model N of ZF such that (P a (A)) u is 
isomorphic to (P Q (A)) Af . Since the quantifiers in ip are restricted to P 1 (X), 
it follows that 1= <p(X, 7), and so 

N 1= 3A>(A:,7). 

Therefore, if we wish to prove consistency (with ZF) of an existential state- 
ment of the kind just described, it suffices to construct a permutation model 
(of ZFA). 

Note that "A cannot be well ordered," "AT cannot be linearly ordered" 
are formulas of the above type and so is 11 X is a countable set of pairs without 
a choice function." 

Theorem 15.53, in conjunction with the construction of permutation mod- 
els, has interesting applications in algebra. One can construct various abstract 
counterexamples to theorems whose proofs use the Axiom of Choice. For ex- 
ample, one can construct a vector space that has no basis, etc. 

We conclude this section by sketching two examples of models of ZF in 
which the Axiom of Choice fails. The first model was constructed by Feferman 
and Levy, the other by Feferman. 

Example 15.57. Let M be a transitive model of ZFC. There is a model 
N D M such that (Hi)^ = (H W ) M ; hence Hi is singular in N. 

Proof. First we construct a generic extension M[G] by adjoining collapsing 
maps /„ : to — > oj n , for all n £ lo: We let (P, D) consist of finite functions 
with domain C u x cj, such that p(n, i) < iv n for all (n, i) £ dom(p). If G is 
a generic filter on P, then / = |J G is a function on u x u, and for every n, 
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the function /„ defined on ui by f n (i) = f(n,i) maps w onto ui n . We shall 
construct a symmetric model N C M[G] such that each /„ is in N but H w is 
a cardinal in N. 

Let Q be the group of all permutations i of w x w such that for every n, 
7r(n, i) — (n,j), for some j. Every tt induces an automorphism of P by 

dom(7rp) = {ir(n, i) : (n,i) G dom(p)}, (7rp)(7r(n, i)) = p(n,i). 

Let T be the filter on Q generated by {H n : n € u>}, where H n consists of 
all 7T such that n(k, i) = (k, i) for all k < n, all i € oj. Let HS be the class of 
all hereditarily symmetric names and let N be the symmetric model. 

It is easy to verify that for each n, the canonical name /„ of /„ is sym- 
metric and so /„ e iV. To show that H w remains a cardinal in N, we use the 
following lemma: 

Lemma 15.58. // sym(i) D H n and p lh ip(x), then p\n lh ip(x), where p\n 
is the restriction of p to {(k,i) : k < n}. 

Proof. Let us assume that p\n does not force and let q D p\n be such 
that q lh -^ip(x). It is easy to find some it G H n such that irp and q are 
compatible; since irp lh ip(nx) and nx — x, we get a contradiction. □ 

Now let us assume that g € N is a function of uu onto and let g be 
a symmetric name for <?. Let po € G be such that po forces "5 is a function 
from £> onto Let n be such that po \n = po and that sym(g) D H n . Since 
g takes H w values, it follows that for some k e ui, there exists an incompatible 
set W of conditions p D po such that \W\ > H„ + i, and distinct ordinals a p , 
p £ W, such that for each p e VK, p lh g(fc) = a p . By Lemma 15.58, we have 
p\n lh g(fc) = a p , for each p e VL, which is a contradiction: On the one hand, 
the conditions p\n, p £ W, must be mutually incompatible, and on the other 
hand, the set {p\n : p € P} has size only H„. □ 

If the ground model M in the above example satisfies GCH, then one can 
show that in N, the set of all reals is the countable union of countable sets. 

Example 15.59. Let M be a transitive model of ZFC. There is a model 
N D M such that in N, there is no nonprincipal ultrafiltcr on oj. 

Proof. The model N is obtained by adjoining to M infinitely many generic 
reals a n , n < u>, without putting in N the set {a n : n e uo} (unlike in Exam- 
ple 15.52 where {a n : n e lu} is in N). First we construct M[G] as in Exam- 
ple 15.52: (P, d) is the set of all finite 0-1 functions with domain C oj x u>. 
Let G be generic and let a n = {m : p(n,m) = 1 for some p e G}, for each 
n £ uu. 

Now let N be as follows. Every X C ui x ui induces a symmetry crx, an 
automorphism of P defined by 




if (n, m) ^ X, 
if (n, m) £ X. 
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Let Q be the group of all ax, X C w x u, and let T be the filter on Q generated 
by {fix(£) : E Clo finite}, where &x(E) = {a x : X n (£ x J) = 0}. Let TV be 
the symmetric model. 

Let D E TV be an ultrafilter on co; we shall show that D is principal. Let 
D E HS be a name for £> and let p E G be such that p forces "D is an 
ultrafilter on Co." Let £cwbe finite, such that sym(£>) D fix(-E), and let 
n £ E. Then there is some q < p, q E G, that decides a n E D (where d„ is 
the canonical name for a„). For example, assume that q lh d„ € D (the proof 
is similar if q lh d„ ^ D). 

Let m 0 be such that for all m > m 0 , (n,m) ^ dom(q), and let X = 
{(n,m) : m > mo}. Let 6 n = <7jf(d„). Since for each m > too, || m € b n \\ = 
— \\fh E d„||, it follows that a n D b n is a finite set. However, ctx? lh axa n E 
axD; it is fairly obvious that a x q = q and since ax E Rx(E), we have 
axD = D. Thus q \\- b n E D and hence a„ fl b n E D. Consequently, D is 
principal. □ 



Exercises 

15.1. If P satisfies the K-chain condition then \B{P)\ < \P\ <K . 
[Every u € B + is £ W for some antichain in P.l 

15.2. Let P be as in (15.2) and let Q = {p E P : dom(p) is an initial segment 
of k}. Then Q is dense in P and hence B(Q) — B(P). 

15.3. Let k be a singular cardinal and let (P, <) be defined as in (15.2). Then 
P collapses k to cf(/t): In the generic extension, there is a one-to-one function g 
from k into cf(/t). 

[Let k = Ko,, and let X be the added subset of For each a < K w , let 
p(a) = the least n such that the order-type of X n (w n +i — w n ) is cj„ + a. Show that 
for every a and every p E P there is q D p and some n such that dom(g) D a; n+ i — cj n 
and that the set {£ G w„+i — uj n ■ q(0 = 1} has the order-type uj n + a. By the 
genericity of G, the function <? is defined for every a < it is clearly one-to-one.] 

15.4. Again let k be singular, and let P be the set of all 0-1 functions whose 
domains are bounded subsets of k; P is ordered by D. Show that P collapses k 
to cf(fi). 

15.5. If every / : k — > V in V s is in the ground model, then B is K-distributive. 
[Let W a , a < k, be partitions of B. Consider / E V B such that ||/(a) = u|| = u 

for u E W a , and find a common refinement of the W a ] 

15.6. If B(Pi) = B(P 2 ) and S(Qi) = B(Q 2 ) then B(Pi x Qi) = B{P 2 x Q 2 ). 

15.7. P(P x Q) is the completion of the direct sum of the algebras B(P) and B(Q). 

15.8. Let P be such that for every p there exist incompatible q < p and r < p. 
Show that if G C P then G x G is not generic on P x P. 



15.9. If B(Pi) = B(Qi) for each i E I, then B(P) = B(Q) where P = H i P i and 

Q = Ui Qi- 
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15.10. Let P be the notion of forcing (15.1) that adjoins k Cohen reals. Then P is 
(isomorphic to) the product of k copies of the forcing for adding a single Cohen 
real (Example 14.2). 

15.11. If P satisfies c.c.c. and Q has property (K) then P x Q satisfies c.c.c. 

15.12. The Singular Cardinal Hypothesis holds in Easton's model. 

[If k is singular then every / : cf (k) — > k is in N = V[G- cf *], and so if F(cf k) < 
k then ( K cf K ) vlG] = (k c{k ) n < (2 K ) N < \B(P^ ctK )\* = (F(cf k)) k = K+ .] 

15.13. In (15.18), let k = Ni and A = Nu,. Then in V[G] there is a one-to-one 
function g : -> Ni. 

[If X is a countable subset of K u , let g(X) — the least a such that f(a + uj — a) = 
X (where / = (J G is the collapsing function). Use the fact that X G V.] 

15.14. In (15.18), let k = K w . Then in V[G] there is a one-to-one function g from A 
into w. 

[Let / = [_)G, and let g(a) = the least n such the function /|"(o> n +i — w n ) is 
eventually equal to a.] 

15.15. There is a generic extension V[G] such that V[G] satisfies the GCH. 

[For each a, let P a be the notion of forcing which collapses A = 3 a +i onto 
k = (3 a ) + (see (15.18)). P a is 3 a -closed and satisfies the A + -chain condition. Let 
P be an Easton product of P a , a G Ord; namely, we require that \s(p) n 7| < 7 for 
every inaccessible 7 = 3 a - Show that for each a, n — (3 a ) + is a cardinal in K[G], 
« = ^I+i 1 , and V[C?] 1= 2 N « = Apply Lemma 15.19 in two ways: (a) For 

each q, consider P- a x P >a : P- a satisfies the 3^ +1 -chain condition and P >a is 
3 a +i-closed; (b) if a is inaccessible and a = 3 a , consider P <a x P- a : P <a satisfies 
the 3^-chain condition and P- a is 3 a -closed.] 

15.16. Let (P, <) be the notion of forcing that adds a subset of u>i (15.2), and let 
(Q, <) be the notion of forcing that collapses 2 N ° onto Ki (15.18). Then B(P) = 
B(Q). 

[Let Q' — {q G Q : dom(q) is an initial segment of u>i}\ Q' is dense in Q. Show 
that P has a dense set P' isomorphic to Q': Use the fact that every p G P has 
2 N ° mutually incompatible extensions.] 

[Another way to show that (P, <) from (15.2) adjoins a one-to-one mapping 
of 2 N ° into Ni: Let / = (J G, and for every g G {0, 1}", let F(g) = least a such that 
f(a + n) = g(n) for all n.] 

15.17. Let P be the forcing that adds a subset of wi, and let Q be the forcing that 
adds a Suslin tree as in (15.9). Then B{P) = B(Q). 

If Ti and T2 are trees, then an isomorphism tt : T\ — > T2 between Ti and T2 is 
a one-to-one mapping of Ti onto T2 such that x < 1/ if and only if n(x) < n(y). An 
isomorphism maps level a of Ti onto level a of T2 (for all a) ; and if 6 is a branch 
in Ti, then 7r(6) is a branch in T2. An automorphism of T is an isomorphism 
of Ti onto T2. A tree T is rigid if it has no nontrivial automorphism, i.e., the only 
automorphism of T is the identity mapping. T is homogeneous if for any x, y at 
the same level of T, there exists an automorphism n of T such that n(x) — y. 

15.18. If T is a normal a-tree where a < loi is a limit ordinal and if n is a nontrivial 
automorphism of T, then T has an extension T G P of height a + 1 such that 
7r cannot be extended to an automorphism of T' . 

[Construct T' so that for some branch b in T, 6 is extended while ir(b) is not.] 
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15.19. The generic Suslin tree constructed in Theorem 15.23 is rigid. 

[If T lh p is a nontrivial automorphism of T, then the set {T' < T : 
Bautomorphism tv of an initial segment of T' that cannot be extended to an auto- 
morphism of T' and T' lh ir C p} is dense below T; a contradiction.] 

If s : a — > lu and t : a — ► w, let s ~ £ if and only if s(£) = £(£) for all but finitely 
many £ < a. 

15.20. There is a generic model V[G] in which there exists a homogeneous Suslin 
tree. 

[Let the forcing conditions be normal countable trees with the additional prop- 
erties: (vi) if t € T and s ~ £, then s £ T; and (vii) if s € T and t £ T are at the 
same level, then s ~ t.] 

Let (P, <) be the notion of forcing consisting of finite trees (T, <t) such that 
TCwi, and such that a < (3 if a <t (3; (Ti, <Ti ) is stronger than (Tb, <t 2 ) if and 
only if Ti D T2 and <Ti = <t 2 H (T2 x T2). If G is a generic set of conditions, then 
T = ■ T € G} is a Suslin tree. The crucial properties to verify are: (a) (P, <) 
satisfies the countable chain condition, and (b) T has no uncountable antichain: 

15.21. (P, <) satisfies c.c.c. 

[Given an uncountable set W of conditions, use A-Lemma to find an uncount- 
able Z C W such that any X, Y £ Z are compatible.] 

15.22. T has no uncountable antichain. 

[If To lh A is uncountable, we first find an uncountable set W of pairs (T, «t) 
such that T < To and T lh ay £ A. By A-Lemma, find an uncountable Z <Z W 
with the property that if Ti, T2 £ then there is T stronger than both Ti and Tb 
such that T lh ckti is compatible with «t 2 . Then some T' < To forces that A is not 
an antichain.] 

Let Q consist of all countable sequences p = (S^ : £ < a) (a < u>i) where S% C £ 
for all £ < a; let p < q if and only if p extends g. Q is Ho-closed. 

15.23. Let G be Q-generic. Then V[G] 1= <>. 

[If p lh (C is closed unbounded set and X C wi), find q < p such that q — (S^ : 
£ < a) and g lh (a G C and X n a = 5 a ).] 

15.24. Let P be the forcing that adds a subset of uii (15.2) and let Q be the forcing 
that adds a ^-sequence (Exercise 15.23). Then B(P) = B{Q). 

A purely combinatorial argument can be used to show that 0 is equivalent to 
the following statement: 

(0') There exists a sequence of functions h a , a < wi, such that for every / : 
uji — ¥ LOi, the set {a < uii : f\a = h a } is stationary. 

15.25. V — L implies 0'. 

15.26. If V — L then there exists a rigid Suslin tree. 

15.27. If V = L then there exists a homogeneous Suslin tree. 

15.28. If T is a normal Suslin tree then Pr x Pt does not satisfy the countable 
chain condition. 

[For each x £ T, pick two immediate successors p x and q x of x. The set {(p x , q x ) : 
x e T} C Pr x Pt is an antichain in P T x Pr.] 
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15.29. A Cohen-generic real is not minimal over the ground model. 

[Show that P is isomorphic to Px P, and therefore V[x] = V[xi][a;2], where X\ is 
Cohen-generic over V and X2 is Cohen-generic over Consequently, xi ^ V 

and x £ V[xi].] 

15.30. If a is a Sacks real, then in V[a], every / : uo — > u) is dominated by some 
g : cu — > w in the ground model. 

15.31. If B is («, 2)-distributive then it is (n, 2 re )-distributive. 
[Given / : k -> P(/t), consider {(a,/?) : /3 G /(a)} G P(k x k).] 

15.32. If k is singular and B is <K-distributive then it is K-distributive. 
[Given a function / on k, consider {f\K a : a < cf k}.] 

15.33. Let P be the forcing that adds a Cohen real. The algebra B(P) is not 
weakly (to, ^-distributive. 

[See Lemma 15.30(h).] 

15.34. B is weakly (oj,tJi)-distributive if and only if loi is a cardinal in V[G]. 

15.35. If a complete Boolean algebra is K-generated and A-saturated, then |B| < 

15.36. Every infinite countably generated c.c.c. complete Boolean algebra has 
size 2 N ° . 

15.37. Show that in either Example 15.49 or 15.50, the set A cannot be linearly 
ordered. 



Historical Notes 

The forcing that adds Cohen reals is due to Cohen. Shortly after Cohen's discoveries, 
Solovay (in [1963]) noticed that Cohen's construction of a model for 2 N ° = can 
be generalized so that for a regular cardinal k one obtains a model of with 2 K = A 
(assuming 2 <K = k and \ K — A in the ground model). 

The relation between the chain condition and preservation of cardinals is ba- 
sically due to Cohen; the observation that a A-closed notion of forcing does not 
produce new subsets of A is due to Solovay. The Product Lemma 15.9 is due to 
Solovay [1970]. Theorem 15.15 comes from general topology and is due to Engelk- 
ing and Karlowicz [1965]. 

Easton's Theorem (Theorem 15.18) was published in [1970]. The generalization 
of Cohen's method allowing a class of forcing conditions is due to Easton. The Levy 
collapse (Theorem 15.22) was constructed by Levy; cf. [1970]. 

Suslin's Problem was formulated by Suslin in [1920]. Tennenbaum [1968] and 
Jech [1967] discovered models of set theory in which a Suslin line exists; Solovay and 
Tennenbaum [1971] proved that existence of a Suslin line is not provable in ZFC. 
Subsequently, Jensen proved that a Suslin line exists in the constructible universe 
(cf. [1968, 1972]). 

The present proof of Theorem 15.23 is as in Jech [1967] (countable conditions); 
Tennenbaum's proof (finite conditions) is presented in Exercises 15.21 and 15.22. 

Random reals were introduced by Solovay [1970] . Forcing with perfect trees to 
obtain a minimal degree (Theorem 15.34) is due to Sacks [1971]. 
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Theorem 15.46 is due to Vopenka and appears in the book [1972] of Vopenka 
and Hajek. 

The idea of using symmetry arguments to construct models in which the Axiom 
of Choice fails goes back to Fraenkel [1922b]; the two examples of models of ZFA (an 
infinite set of atoms without a countable subset, and a countable set of pairs that 
has no choice function) are basically due to him. Further examples of permutation 
models were given by Mostowski who (in [1939]) developed a theory of such models. 
The present definition using filters was given by Specker [1957]. 

Cohen incorporated the symmetry arguments into his method and constructed 
the model in Example 15.52. The formulation of Cohen's method in terms of sym- 
metric submodels of Boolean-valued models is due to Scott (unpublished) and 
Jech [1971a]; the latter's version was a reformulation of a topological version of 
Vopenka and Hajek [1965]. 

Theorem 15.53 is due to Jech and Sochor [1966a, 1966b]. Numerous applications 
of the theorem are given in the second paper [1966b]. The method has been gen- 
eralized by Pincus in [1971] and in [1972], extending further the analogy between 
permutations models of ZFA and symmetric models of ZF. 

Levy showed that in Cohen's model in Example 15.52 every set can be linearly 
ordered; consequently, Halpern and Levy [1971] proved that the Prime Ideal Theo- 
rem holds in the model. Example 15.57 (singularity of Hi) is due to Feferman and 
Levy [1963]. Example 15.59 (independence of the Prime Ideal Theorem) is due to 
Feferman [1964/65]. A. Blass constructed in [1977] a model, similar to Feferman's 
model, in which every ultrafilter is principal. 

Exercise 15.15: Jensen [1965]. 

Exercise 15.20: Fukson [1971]. 

Exercises 15.25-15.28: Jensen [1969]. 

The results in Exercises 15.31 and 15.32 had been known before forcing; see 
Sikorski [1964]. 
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16. Iterated Forcing and Martin's Axiom 



In this chapter we introduce two related concepts: iterated forcing and Mar- 
tin's Axiom. Iteration of forcing is one of the basic techniques used in appli- 
cations of forcing. It was first used by Solovay and Tennenbaum in their proof 
of the independence of Suslin's Hypothesis. The idea is to repeat the generic 
model construction transfinitely many times. Such iterations are described in 
the ground model. 

Martin observed that many properties of a generic extension obtained by 
iteration follow from a single axiom that captures the combinatorial content 
of the model. The general principle has become known as Martin's Axiom. 
Martin's Axiom has become a favorite tool in combinatorial set theory and 
set-theoretic topology. Its consistency is proved by iterated forcing. 

Two-Step Iteration 

The basic observation is that a two-step iteration can be represented by 
a single forcing extension. Let P be a notion of forcing, and let Q <G V p be 
a name for a partial ordering in V p . 

Definition 16.1. 

(i) P * Q = {(p, g):p£Pand lh P q e Q}, 

(ii) (p±, qi) < (P2A2) if and only if pi < pi and pi lh qi < 92- 

In (i), Ihp ip means that every condition in P forces ip; equivalcntly, 
IMIb(p) = 1- 

Theorem 16.2. (i) Let G be a V -generic filter on P, let Q = Q G , and let 
H be a V[G]-generic filter on Q. Then 

G*H= {(p, q) e P*Q : p E G and q G e H} 

is a V -generic filter on P * Q and V[G * H] = V[G][H\. 
(ii) Let K be a V -generic filter on P * Q. Then 

G = {peP:3q(p,q)e K} and H = {q G : 3p (p, q) G K} 

are, respectively, a V -generic filter on P and a V[G\- generic filter onQ = Q G , 
and K = G * H . 
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Proof, (i) Let us prove that if D £ V is a dense subset of P*Q then Pn(G*P) 
is nonempty. In V[G], let 

Pi = {q G : 3p e G such that (p, g) e P}. 

The set Pi is dense in Q; this is proved by showing that for every go, the set 
(in V) 

{peP: 3qi (p lh qi < q 0 and (p, qi ) e P)} 

is dense in P. Hence Pi n P ^ 0 and so there exists some q E H such 
that for some p £ G and some G-namc g for q, (p, q) e P. It follows that 
(p,q) € Pn(G*P). 

(ii) Let D E V be dense in P. Then D\ = {(p,q) : p G P} is dense in 
P * Q and so P n G is nonempty. Hence G is a I^-generic filter on P. 

Let P e V[G] be dense in Q, and let D e be a G-name for P such 
that Ihp P is dense in (j. Then the set {(p, q) e P * Q : p\\- q E P} is dense 
in P * Q and it follows that P n P is nonempty. Hence P is I^[G] -generic. 

The proof of K — G * H is routine. □ 

We shall now describe two-step iteration in terms of complete Boolean 
algebras. Let P be a complete Boolean algebra and let C G V B be such that 

|| G is a complete Boolean algebra||s = 1. 

Let us consider all c € F B such that ||c € G|| = 1 and the equivalence relation 

(16.1) Ci = c 2 if and only if || c x = c 2 | = 1. 

We let P be the set of equivalence classes for (16.1). We make P a Boolean 
algebra as follows: If t\ and ti are in P, there exists a unique c G P such 
that ||c = ci +,a C2II = 1; we let c = c x +£> c 2 . The operations ■£> and — d are 
defined similarly. With these operations, P is a Boolean algebra; also, 

Ci <_d c 2 if and only if \\ci <<j c 2 | = 1. 

Lemma 16.3. P is a complete Boolean algebra, and B embeds in D as 
a complete subalgebra. 

Proof. If X C P, let I e y B be such that dom(X) = X and X(c) = 1 for 
all cel. Since C is a complete Boolean algebra in V B and V B is full, there 
exists a c such that ||c = ^11 = 1- It follows that c = ^ D X. 
For each b e P, let c = 7r(6) be the unique c € P such that 

11^=1^11 = 6 and ||c = 0^|| = — b; 



7T is a complete embedding of P into P. 



□ 
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We use the notation D = B*C.liB = B(P) and in V B , C = B(Q), 
then P * Q embeds densely in B * C (Exercise 16.1). 

Two-step iteration is a generalization of product: If P and Q are two 
notions of forcing then P x Q embeds densely in P * Q (Exercise 16.2). 

If B and D are complete Boolean algebras and B is a complete subalgebra 
of D then there exists aCe V B that is a complete Boolean algebra in V B , 
such that D = B * C: In V B , let F be the filter on D generated by the 
generic ultrafilter G on B, and let C be the quotient of D by F. We denote 
this algebra (in V B ) C = D : B. D : B is a complete Boolean algebra in V B , 
and B * (D : B) = D (Exercises 16.3 and 16.4). 

It follows that if V[G] and V[H] are two generic extensions of V such that 
V[G] CV[H], then V[H] is a generic extension of V[G]. 

Theorem 16.4. Let k be a regular uncountable cardinal. If P satisfies the 
n-chain condition and if in V p , Q satisfies the n-chain condition, then P*Q 
satisfies the n-chain condition. 

Proof. Assume that (p a ,q a ), a < n, are mutually incompatible in P * Q. 
Let Z e V p be the canonical name for the set {a : p a G G} (where G is 
a generic filter on F), i.e., \\a £ Z\\ = p a . For every a and every (i, either p a 
and pfj are incompatible, or every stronger condition forces that q a and qp 
are incompatible. Thus q a and qp are incompatible if a e Z and {3 G Z, 
and since Q satisfies the K-chain condition in V[G], we have \Z\ < k; i.e., 
U-p \Z\ <K. 

Since n is regular in V[G] (by Theorem 15.3), there exists a maximal 
antichain W C P, and for each p e W there exists some 7 P < n such that 
p lh Z C 7 P . If we let 7 = sup{7 p : p € TF"}, we have 7 < k, and Ihp ZC7. 
This is a contradiction, since p 7 lh 7 G Z. □ 

The converse of Theorem 16.4 is also true: 

Lemma 16.5. If P * Q satisfies the n-chain condition then Ihp Q satisfies 
the n-chain condition. 

Of course P satisfies the k-c.c. because B(P) is a complete subalgebra of 
B{P*Q). 

Proof. Let D — B*C and assume that D satisfies the K-chain condition. Let 
W G V B and 6 0 G B+ be such that 

60 I h W is a subset of C + of size n. 

We shall find a nonzero b < bo such that 

(16.2) 6 lh PF is not an antichain. 

Let / G V B be such that 

6 0 lh / is a one-to-one function of k onto W. 
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For every a < k, b 0 lh (3a; G W) x = /(d); and since V B is full, there exists 
a c a G D such that bo lh (c a G W and c Q = f(a)). Let d a = b 0 ■ c a . Since 
b 0 lh c a ^ cp, for all ct^ft the set {d Q : a < k} is a subset of D of size k. 
Since £) satisfies the K-chain condition, there exist a and 0 such that d a 
and dp are compatible. Hence there exists a e? G D + such that c? < d a ■ dp; 
moreover, we can find d such that d = b ■ c, where 0 ^ b < 6 0 and b lh (c 7^ 0 
and c < c a • dp). Now (16.2) follows. □ 

Corollary 16.6. If P and Q satisfy the K-chain condition then P x Q satis- 
fies the K-chain condition if and only if Ihp Q satisfies the K-chain condition. 

a 

Lemma 16.7. If P is n-closed and Ihp Q is K-closed, then P*Q is n-closed. 

Proof. Let A < n and let (pi,qi) > (p2, 92) > ■ • ■ > (p a ,q a ) > . . . (a < A) be 
a descending sequence in P*Q. Then {p a }a<\ is a descending sequence in P, 
and has a lower bound p. The condition p forces that {q a } a <\ is a descending 
sequence in Q, and has a lower bound q. Then (p, <j) is a lower bound of 

{(Pa,9a)}a<A- □ 



Iteration with Finite Support 

The idea of transfinite iteration of forcing is to construct sequences {P a } a <e 
of forcing notions so that for every a, P a +i = Pa * Qa where Q G V Pa , and 
that at limit stages, P a is a "limit" of {Pp}p< a . In this section we describe 
iteration with finite support, where the "limit" is the direct limit. 

In Definition 16.8 below, Q a is assumed to be a forcing notion in V Pa , 
with greatest element 1. The symbol < a denotes the partial ordering of P a , 
and lh a denotes the corresponding forcing relation. 

Definition 16.8. Let a > 1. A forcing notion P a is an iteration (of length a 
with finite support) if it is a set of a-sequences with the following properties: 

(i) If a = 1 then for some forcing notion Qq, 

(a) Pi is the set of all 1-sequences (p(0)) where p(0) G Qo', 

(b) (p(0)) <i (q(0)) if and only if p(0) < g(0) (in Q 0 ). 

(ii) If a = /? + 1 then = P a \f3 = {p\f3 : p € P a } is an iteration of 
length 0, and there is some forcing notion Qp G V Pf3 such that 

(a) p G -P Q if and only if G P/j and Ihg p{0) G Q/3; 

(b) p < a q if and only if <^ gf/3 and p\0 \\-p p(0) < q(0). 

(iii) If a is a limit ordinal, then for every 0 < a, Pp = P a \0 = {p\0 : 
p G P a } is an iteration of length /? and 

(a) p G P Q if and only if V/3 < a p \0 G P/j and for all but finitely 
many 0 < a, \\-p p(0) = 1; 

(b) p < a q if and only if V/3 < a p\0 <p q\0. 



16. Iterated Forcing and Martin's Axiom 271 



The finite set {(3 < a : not Ih^ p([3) = 1} is the support of p e P a . 

An iteration with finite support is uniquely determined by the sequence 
(Qp : (3 < a). Thus we call P a the iteration of (Qp : (3 < a). For each (3 < a, 
Pp+i is isomorphic to Pp * Qp. When a is a limit ordinal, (P ai < a ) is the 
direct limit of the Pp, (3 < a, in the sense of Lemma 12.2. In fact B(P a ) is 
the completion of the direct limit of the B(Pp), (3 < a (Exercise 16.8). 

Finite support iteration preserves chain conditions: 

Theorem 16.9. Let k be a regular uncountable cardinal. Let P a be the it- 
eration with finite support of (Qp : [3 < a), such that for each (3 < a, 
\\-p Qp satisfies the n-chain condition. Then P a satisfies the n-chain condi- 
tion. 

Proof. By induction on a. If a = (3 + 1 then P a = Pp * Qp and the assertion 
follows from Theorem 16.4. Thus let a be a limit ordinal. For each p G P a , 
let s(p) denote the support of p. 

Let W — {p£ : £ < n} be a subset of P a of size n. If cf a ^ n then 
there exist a (3 < a and some Z C W of size n such that s(p) C (3 for each 
p E Z. Then {p\(3 : (3 e Z} C Pp and since Pp satisfies the K-chain condition, 
there exist p and q in Z such that p\(3 and q\(3 are compatible (in Pp). Since 
s(p) C f3 and s(q) C (3, p and q are compatible. 

Thus assume that cf a — n, and let {a^ : £ < n} be a normal sequence 
with limit a. Let C C n be the closed unbounded set of all r\ such that 
s(p^) C a n for all £ < 77. For each limit £ e C there is some 7(£) < £ such 
that s(p^) n C a 7 (£). By Fodor's Theorem there exist a stationary set 
S C C and some 7 < k such that s(p^) n C a 7 for all £ € S*. 

Now consider the set {p^\a 7 : £ G S 1 }. This is a subset of P ay , of size k, 
and therefore there exist £ and 77 in S", 7 < £ < 77, such that \a 7 and p,, fa 7 
are compatible. Let q E P a ^ be a condition stronger than both p{fa 7 and 
Prjfa-y, and consider the following a-sequence r: 

if (3 < a 7 , 

(!().:-!) r( .-: { /,.( /, if a 7 

if < (3 < a. 

It is easily verified that r is a condition in P a and is stronger than both p^ 
and p v . Thus p^ and p,, are compatible, and W is not an antichain. □ 

Theorem 16.9 gives the following corollary for complete Boolean algebras: 

Corollary 16.10. Let B 0 C B\ C . . . C Bp C . . . ([3 < a) be a sequence of 
complete Boolean algebras such that for all [3 < 7, Bp is a complete subal- 
gebra of By, and that for each limit ordinal 7, U/3< 7 Bp is dense in £> 7 . // 
every Bp satisfies the n-chain condition then {Jp <a Bp satisfies the n-chain 
condition. □ 
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Martin's Axiom 

Definition 16.11 (Martin's Axiom (MA)). If (P, <) is partially ordered 
set that satisfies the countable chain condition and if I? is a collection of 
fewer than 2 N ° dense subsets of P, then there exists a 2?-generic filter on P. 

By Lemma 14.4, if (P, <) is any partial ordering and if I? is a countable 
collection of dense subsets of P, then a 2?-generic filter on P exists. Hence 
Martin's Axiom is a consequence of the Continuum Hypothesis. Exercises 
16.10 and 16.11 show that the restriction to fewer than continuum dense sets 
as well as some restriction on (P, <) are necessary. 

If k is an infinite cardinal, let MA K be the statement 

(16.4) If (P, <) is a partially ordered set that satisfies the countable chain 
condition, and if I? is a collection of at most n dense subsets of P, 
then there exists a 2?-generic filter on P. 

MAn 0 is true by Lemma 14.4, and Martin's Axiom states that MA K holds 
for all k < 2 N °. Exercise 16.10 shows that MA K implies that n < 2 N °. 

Lemma 16.12. Martin's Axiom is equivalent to its restriction to partial or- 
ders of cardinality < c: 

(16.5) If (P, <) is a partially ordered set that satisfies the countable chain 
condition and \P\ < 2 N °, and if V is a collection of at most k dense 
subsets of P, then there exists a V- generic filter on P. 

Proof. Let P be a c.c.c. partially ordered set and let us assume that (16.5) 
holds. Let I? be a family of fewer than c dense subsets of P. For each D e 
T>, we let Wd be a maximal incompatible subset of D. Since each Wd is 
countable, there exists a set Q C P of size < c such that Wd C Q for 
all D E T>, and if p, q € Q are compatible, then there exists some r E Q 
such that r < p and r < q. Each Wd is a maximal antichain in Q; let 
Ed = {q € Q ■ q < w for some w G Wd}- Each Ed is dense in Q. 

The partially ordered set Q has size at most k and satisfies the countable 
chain condition. By (16.5) there is a filter G on Q that meets every Ed- 
G generates a 2?-generic filter on P. □ 

We will now show that MA is consistent with 2 N ° > Hi: 

Theorem 16.13 (Solovay and Tennenbaum). Assume GCH and let n 
be a regular cardinal greater than Hi. There exists a c.c.c. notion of forc- 
ing P such that the generic extension V[G] by P satisfies Martin's Axiom 
and 2 No = k. 

As P satisfies the countable chain condition, the model V[G] preserves 
cardinals and cofinalities. 
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Proof. We construct P as a finite support iteration of length k, of a certain 
(yet to be determined) sequence (Q a : a < k). At each stage, we'll have 
\\- a Q a satisfies the countable chain condition, and so P will satisfy c.c.c. as 
well. We shall also have, for each a < k, \\- a \Q a \ < n. It follows, by induction 
on a, that \P a | < k for every a < k: If a is a limit ordinal and if \Pp \ < k for 
all (3 < a, then < k since the elements of P a are a-sequences with finite 
support. Thus assume that \P a \ < n and let us prove |P Q +i| < n. Because 
P a satisfies c.c.c. and k is regular, there exists a A < k such that lh Q \Q a \ < A. 
Every name q for an element of Q a can be represented by a function from an 
antichain in P a into A. As every antichain in P a is countable, the number of 
such functions is at most re N ° which is n (by GCH). It follows that |-P Q +i| < k; 
in fact \B(P a+1 )\ < n. 

Note that because GCH holds in V, and because P a is a c.c.c. forcing of 
size < k, we have lh Q 2 A < k, for every A < n. In particular, Ihp 2 No < k. 

We shall now define the Q a , by induction ona<K. Let us fix a function tt 
that maps n onto k x k such that if n(a) = ([3, 7) then (3 < a. For every 
a < k, the model V Pc " has at most k nonisomorphic partial orderings of 
size < k (because lh Q k <k = n). Since P a satisfies c.c.c, there are at most k 
distinct names in V Pa for such partial orderings. 

Thus let us assume that a < k and that {Qp : (3 < a) has been de- 
fined. Let ir(a) = (/?, 7). Let Q be the 7th name in V P/3 for a partial order 
with a greatest element 1, of size < n. Let b = \\Q satisfies the countable 
chain condition||p and let Q a e V Pa be such that \\Q a — Q\\p = b and 

WQa = {l}\\ Pa = ~b. 

Now let P be the finite support iteration of (Q a : a < n). We shall prove 
that V p satisfies Martin's Axiom as well as 2 N ° = k. Let G be a generic filter 
on P, and let G a — G\P a for all a < k. 

Lemma 16.14. If A < k and X C A is in V[G] then X e V[Gq,] for some 
a < k. 

Proof. Let AT be a name for X. Every Boolean value ||£ € X\\ (where ^ < A) 
is determined by a countable antichain in P and hence X is determined by 
at most A conditions in P. Every condition has finite support which in turn 
is included in some a < n. Therefore there exists some a < k such that all 
these A conditions have support included in a. It follows that X has a name 
in V p <>; hence X e V[G a ]. □ 

Lemma 16.15. Let (Q, <) G V[G] andV £ G be such that (Q, <) is a c.c.c. 

partial order, \Q\ < k and \D\ < K. There exists in V[G] a V-generic filter 
on Q. 

Once we prove Lemma 16.15, we finish the proof of Theorem 16.13 as 
follows: Let Q be the forcing for adding one Cohen generic real; Q is countable. 
For any set X C {0, 1}" of size < k, let V x = {D g : g £ X} where D g = 
{q £ Q : q <£ g} (see Exercise 16.10). Lemma 16.15 applied to T>x shows 
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that X 7^ {0, 1} W and therefore V[G] satisfies 2 N ° > k. However, we already 
proved that 2 N ° < k, and so V[G] \= 2 N ° = k. Thus V[G] satisfies (16.5) and 
therefore MA, completing the proof. □ 

Proof of Lemma 16.15. By Lemma 16.14, both (Q, <) and V are in VfG^g], 
for some 0 < n. Let Q be a name for Q in V P/3 . We may assume that Q has 
a greatest element, and let 7 be such that Q is the 7th name for such partial 
order. Let a be such that 7r(a) = (0, 7). As Q satisfies the countable chain 
condition in V[G], it also satisfies the countable chain condition in V[G a ]. 
Thus Q = Qu a - 

In I/[G a+ i] there is a generic filter H on Q over V[G a ], because P a +i = 
Pa * Qa- The filter H meets every dense subset of Q that is in V[G a ], and 
therefore it meets every D € T>. Hence H is P-generic. □ 



Independence of Suslin's Hypothesis 

Suslin's Hypothesis (SH) is the statement there are no Suslin lines. In Chap- 
ter 15 we showed that the negation of SH is consistent; by the following 
theorem, SH is independent. 

Theorem 16.16. If MA^ holds, then there is no Suslin tree. 

Proof. Let us assume that T is a normal Suslin tree and let Pt be the partially 
ordered set obtained from T by reversing the order. Pt satisfies the countable 
chain condition. For each a < u>\, let D a be the union of all levels above a: 
D a = {x e T : o(x) > a}. Each D a is dense in P T ; if we let V = {D a : 
a < uji} and if G is a 2?-generic filter on P, then G is a branch in T of 
length A contradiction. □ 

The proof of independence of SH was the first application of iterated 
forcing (and led to the formulation of Martin's Axiom). The model for SH, 
due to Solovay and Tenncnbaum [1971], was constructed by iteration of the 
forcing notions Pt, for all prospective Suslin trees in the final model. The 
forcing Pt "kills" the Suslin tree T by forcing an wi-branch in T. 

In the proof of the following theorem, Suslin trees are killed by a different 
method: by specializing the tree. Recalling the definition in Chapter 9 (and 
Exercise 9.9), an Aronszajn tree T is special if there exists a function / : 
T — > u such that each /_i({n}) is an antichain. 

Theorem 16.17 (Baumgartner, Malitz, and Reinhardt [1970]). If 

MA^ 1 holds, then every Aronszajn tree is special. 

Lemma 16.18. IfT is an Aronszajn tree and W is an uncountable collection 
of finite pairwise disjoint subsets of T , then there exist S, S' <E W such that 
any x <G S is incomparable with any y G S' . 
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Proof. Since uncountably many elements of W have the same size, we may 
as well assume that there exists a natural number n such that 15*1 = 71 for 
all S G W; furthermore let us consider a fixed enumeration {zi, . . . , z n } of 
each set S G W. Let D be an ultrafiltcr on W such that every X g D is 
uncountable. 

Let us assume that the lemma is false. For each x G T and each fc = 1, 
. . . , n, let 5^ be the set of all S G W such that x is comparable with the 
fcth element of S. Since any S and S' contain comparable elements, we have 

n 

U U Y*,k = w 
xes fe=i 

for every S G W. Thus pick, for each S G IF, an clement x = x$ of 5 
and fc = fcs such that Y^fc G £>. Now, there is fc < n such that the set 
Z = {S G W : ks = fc} is uncountable. We shall show that the elements xs, 
S G Z, are pairwise comparable; and that will be a contradiction since T has 
no uncountable branch. 

If Si, S2 G Z and x — x$ 1 , y — x$ 2 , then Y = Y x ^C\Y y ^ is in the ultrafiltcr 
and thus uncountable. If S G Y , then the fcth clement of S is comparable 
with both x and y. Since Y is uncountable, there must exist S £ Y such that 
the fcth element of S is greater than both x and y. But then it follows that 
x and y are comparable. □ 

Let T be an Aronszajn tree and let us consider the following notion of 
forcing (P, <): Forcing conditions are functions p such that 

(16.6) (i) dom(p) is a finite subset of T; 

(ii) ran(p) C u>; 

(iii) if x, y G dom(p) and x and y are comparable, then p(x) ^ p(y); 

(iv) p is stronger than q if and only if p extends q. 

Lemma 16.19. (P, <) satisfies the countable chain condition. 

Proof. Let W be an uncountable subset of P. Note that the set {dom(p) : 
p G W} is uncountable (there are only countably many functions from a fi- 
nite set into u>). By A-Lemma, there is an uncountable W\ C W, and a fi- 
nite set S C T such that dom(p) n dom(g) = 5 for any distinct elements 
p,q £ W\. Then there is an uncountable W 2 G VFi such that p\S = q\S for 
any p,q G W2. By Lemma 16.18 there exist p and q G W2 such that any 
x G dom(p) — S is incomparable with any y G dom(g) — S*. Then p U q is 
a function that satisfies (16.6) and extends both p and q. Thus p and (7 are 
compatible elements of W and so (P, <) satisfies the countable chain condi- 
tion. □ 

Proof of Theorem 16.17. For each x G T, let D x be the set of all p G P such 
that x G dom(p); clearly, each D x is dense in P. Let I? = {D x : x G T}. 
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It follows from MA^ i; that (P, <) has a 25-gencric filter G. The elements 
of G are pairwise compatible and since G is 2?-generic, every x G T is in the 
domain of the function f = {JG. The function / maps T into oj and witnesses 
that T is a special Aronszajn tree. □ 



More Applications of Martin's Axiom 

Theorem 16.20 (Martin-Solovay). Martin's Axiom implies that c is reg- 
ular, and 2 K = c for all infinite cardinals k < c. 

Proof. Assuming MA, we prove that 2 K = 2^° for every k < 2 N °. Regularity 
of c follows, as cf2 N ° = cf2 K > k for all k < 2 N °. Let k < 2 N ° and let 
{A a : a < k} be an almost disjoint family of subsets of uu. 

Let Xbea subset of n. We shall find a set A C uu such that for all a < n 

(16.7) a e X if and only if An A a is infinite. 

In other words, X = {a e k : A n A a is infinite} is "coded" by the set A. 
Therefore there exists a mapping of P(w) onto P(k), and so 2 K < 2 No . 

Let (P, <) be the following notion of forcing: A condition is a function p 
from a subset of u> into {0, 1} such that: 

(16.8) (i) dom(p) n A a is finite for every a e X; 
iii) {n : p(n) = 1} is finite. 

The set P is partially ordered by reverse inclusion: p < q if and only if p 
extends q. 

We first show that P satisfies the countable chain condition. If p and q 
are incompatible, then {n : p(n) — 1} ^= {n : q(n) = 1} and since there are 
only countably many finite subsets of uu, it follows that P satisfies c.c.c. 

For each (3 e k - X, let Dp = {p e P : Ap C dom(p)}. Any q e P can 
be extended to some p € Dp: Simply let p(n) = 0 for all n € Ap — dom(p). 
Since Ap is almost disjoint from all A a , a e X, p has property (16.8) (i) and 
hence is a condition. Thus each Dp is dense. 

For each a e X and each k e w, let 

P«,fe = {p € P : {n e A Q : p(n) = 1} has size at least k}. 

It is easy to see that each E a ^ is dense in P. 

Let V be the collection of all Dp for [3 e n — X and all E a ^ for a € 1 
and fc € w. By MA, there exists a ©-generic filter G on P. Note that / = \J G 
is a function on a subset of lo. We let 

(16.9) A = {n : f(n) = 1} = {n : p{n) = 1 for some p e G}. 

If a e X, then An A a is infinite because for each k there is some p G GnP aj fe. 
If /3 G k — A", then 4n4,3 is finite because for some p G G, Ap C dom(p) 
and {n : p(n) = 1} is finite. □ 
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The almost disjoint forcing defined in the proof of Theorem 16.20 is of- 
ten used to code generically uncountable sets. A typical application is the 
following: 

Let V[X] be a generic extension where X C w\\ furthermore, assume that 

= u) 1 . Let A = {A a : a < u>i} be an almost disjoint family in V, and 

let us consider the almost disjoint forcing P in V[-X"]. If G C P is generic 

over V[X], then V[X][G] = V[X][A], where A is defined by (16.9). Note that 
U V[X]IA] = Wl _ 

Now in V[JC][j4], the set X satisfies (16.7), and since A € V, it follows 
that X £ V[A], and we have VLY]L4] = V[A}. Thus we have found a generic 
extension V[A] such that A C oj and X € V[A]. See Exercise 16.15. 

The next theorem shows that under MA^ l; countable chain condition is 
preserved by products. Compare with Exercise 15.28. 

Theorem 16.21. MA^ implies that every partially ordered set that satisfies 
the countable chain condition has property (K). 

Proof. Let P be a partially ordered set that satisfies the countable chain 
condition and let W — {w a : a < uji} be an uncountable subset of P. We 
will use MA^ 1 to find a filter G such that Z = G n W is uncountable. 

First we claim that there is some po & W such that every p < p 0 is 
compatible with uncountably many w a . Otherwise, for each a < uj\ there is 
P > a and some v a < w a which is incompatible with all w 7 , 7 > (3; then 
we can construct an c^-sequence {v ai : i < uji} of pairwise incompatible 
elements. 

For each a < w\, let 

D a = {p < Po ■ P < Wj for some 7 > a}. 

By the above claim, each D a is dense below p 0 . By MAk 15 there exists a fil- 
ter G on P such that po G G and G n D a ^ 0 for all a < tox.lt follows that 
G n W is uncountable. Hence P has property (K). □ 

Corollary 16.22. MA Nl implies that if every P i; i £ I, satisfies the count- 
able chain condition then so does the product f\ ieI Pi (with finite support). 

Proof. Theorem 15.15. □ 

The next result generalizes the Baire Category Theorem: 

Theorem 16.23. Martin's Axiom implies that the intersection of fewer 
than c dense open sets of reals is dense. 

Proof. Let k < c and let U a , a < k, be dense open sets of reals. Let I be 
a bounded open interval. We'll show that C\ a<K U a D I =/= 0. Let P be the 
following notion of forcing: Conditions are nonempty open sets p such that 
pel, with p < q if and only if p C q. Since every collection of disjoint 
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open sets is at most countable, P satisfies the countable chain condition. For 
each a < k, let D a = {p £ P : p C U a }; each D a is dense in P. Let G be 
a P-generic filter on P where T> = {D a : a < k}. Since G is a filter, the 
intersection f]{p : p £ G} is nonempty, and is contained in each U a since 
G n D a =/= 0. □ 

If / and g arc functions from oj to w, we say that / eventually dominates g 
if /(n) > g(n) for all but finitely many n £ oj (i.e., / > g in the notation of 
Lemma 10.16). A set of functions Q is eventually dominated by / if / > g 
for all g eg. 

Theorem 16.24. Martin's Axiom implies that every family Q of fewer than c 
functions from oj to oj is eventually dominated by some f £ oj u . 

Corollary 16.25. MA implies that there exists a c-scale. 

Proof. A scale is constructed by transfinite induction, using an enumeration 
of oj m of order-type c. □ 

Corollary 16.26. MA implies that c is not real-valued measurable. 

Proof. Lemma 10.16. □ 

The proof of Theorem 16.24 uses the Hechler forcing: Let Q be a given 
family of functions h : oj — > oj. A forcing condition is a pair p = (s,E), 
where s = (s(0), . . . , s(n — 1)) is a finite sequence of natural numbers and 
E is a finite subset of Q. A condition (s', E') is stronger than (s, E) if: 

(16.10) (i) s C s 1 , and E C 

(ii) if k € dom(s') - dom(s), then s(k) > h(k) for all h e E. 

If (si,-Ei) and (s 2 ,i?2) are conditions and si = s 2 , then (si,i?i) and 
(s2,E 2 ) are compatible. Hence (P, <) satisfies the countable chain condition. 
Let G C P be generic; we let / = [J{s : (s,E) £ G for some E}. We claim 
that Q is eventually dominated by /. Let h £ Q be arbitrary. First there 
is a condition (s,P) £ G such that h £ E (by genericity). Secondly, every 
condition (s',E') < (s,E) satisfies (16.10) (ii) , and so f(k) > g(k) for all 
k ^ dom(s). Thus in V[G], there is / : oj — > w such that h < f for all h £ Q. 

Proof of Theorem 16.24. If C oj" and |(?| < c, let P be the Hechler forcing 
for the family Q. Let V = {D h : h £ Q} U {E n : n £ uj} where D h = {(s, E) : 
h £ E} and E n = {(s,E) : n £ dom(s)}. Then if G is a P-generic filter, 
the function / = {J{s : (s, E) £ G for some E} eventually dominates all 
h£Q. □ 



Theorem 16.27 (Booth). Martin's Axiom implies that there exists a p- 
point. 
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Proof. Let A a , a < 2 N °, be an enumeration of all decreasing sequences 
{A n }^ =Q of subsets of u>. We construct, by induction on a < 2 N °, a chain 
of families Go C . . . C G a C ... of nonempty subsets of lu, suc;h that each Q a 
is closed under finite intersections and \Q a \ < 2 N ° for all a. 

We let Go = {X C lu : lu — X is finite}. If a is a limit ordinal, we let 
Q a = {Jp <a Ga- Having constructed Ga, we construct Ga+i as follows: Let 
A a = {A n }'^L 0 be a decreasing sequence of subsets of lu. If some A n is 
disjoint from some X £ Ga , then we let Q a +i = Ga- Otherwise, the family 
G = Ga U {A n : n e has the finite intersection property and we claim (see 
Lemma 16.28 below), that there exists a Z C lu such that Z — A n is finite 
for all n, and G' = G U {Z} has the finite intersection property. Then we let 
(? a +i consist of all finite intersections X\ n . . . fl of elements of 

Finally, we let £ = U{£ a : a < 2 No }, and let D be any ultrafilter such 
that D D G- We claim that I? is a p-point: If Ao D A\ 3 . . . A„ D ... is any 
decreasing sequence of elements of D, then {A n }^ =0 = A a for some a < 2 N ° 
and we have Z e Ga+i such that Z — A n is finite for all n. By Exercise 7.7, 
D is a p-point. □ 

It remains to prove the claim: 

Lemma 16.28. Assume MA, and let G be a family of subsets of lu with the 
finite intersection property such that \G\ < 2 N °. Let A 0 D A\ D . . . A n D . . . 
be a decreasing sequence of elements of Q '. Then there exists a Z C to such 
that: 

(i) G U {Z} has the finite intersection property; 

(ii) Z — A n is finite for all n e to. 

Proof. We may assume that that if X, Y e G, then X fl Y e G- For each 
X £ G, let /ix : w — > lu be some function such that hx{n) € In4. 
By Theorem 16.24 the family {/ix : X e CJ} is eventually dominated by 
a function /; in particular for every X G G there exists some n such that 
f(n) > h x {n). Now we let Z = \Jn=oi k e A n ■ k < f( n )}- lt is readily 
verified that Z — A n is finite for each n, and that Z n X ^ 0 for every X e 

□ 



Iterated Forcing 

We conclude this chapter with the general definition of iterated forcing. We 
shall return to the general method in later chapters. Below we follow closely 
Definition 16.8 of finite support iteration. As before, for each ordinal a > 1, 
P a denotes an iteration of length a, < a is the partial ordering of P a and \\- a is 
the corresponding forcing relation, and Q a is a name in V Pa for a forcing 
notion with a greatest element 1. The general definition differs from Defini- 
tion 16.8 by its handling of limit stages. 
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Definition 16.29. Let a > 1. A forcing notion P a is an iteration (of 
length a) if it is a set of a-sequences with the following properties: 

(i) If a = 1 then for some forcing notion Qo, 

(a) Pi is the set of all 1-sequences (p(0)) where p(0) € Qo; 

(b) (p(0)) <i (q(0)) if and only if p(0) < g(0). 

(ii) If a = 0 + 1 then Pp = P a \0 = {p\/3 : p £ P a } is an iteration of 
length 0, and there is some forcing notion Qp & V Pf3 such that 

(a) p e P a if and only if e P^ and ll-^g p(/3) € 

(b) p < a q if and only if < 0 q\0 and Ih^ < q{0). 

(iii) If a is a limit ordinal, then for every 0 < a, Pp = P a \0 = {p\fi : 
p G P Q } is an iteration of length (i and 

(a) the a-sequence (1, 1, . . . , 1, . . .) is in P a ; 

(b) if p e P a , ft < a and if q € Pp is such that q <p p\(3, then 
r e P a where for all £ < a, r(£) = g(£) if £ < 0 and r(£) = if 

/? < £ < a; 

(c) p < Q g if and only if V/? < a p|"/3 </3 g|"/3. 

Clearly, an iteration with finite support is an iteration. In general, prop- 
erty (iii) (b) guarantees that if Pp — P a \/3 then V Pf3 C V Pa ; see Exer- 
cise 16.17. 

A general iteration depends not only on the Qp but also on the limit 
stages of the iteration. Let P a be an iteration of length a where a is a limit 
ordinal. P a is a direct limit if for every a-sequence p, 

(16.11) pe P a if and only if 3(3 < a p\f3 e Pp and V£ > 0 = 1. 
P Q is an inverse limit if for every a-sequence p, 

(16.12) peF« if and only if V0 < a p\a e Pp. 

In practice, forcing iterations combine direct and inverse limits. Finite sup- 
port iterations are exactly those that use direct limits at all limit stages. In 
general, let s(p), the support of p e P Q , be the set of all 0 < a such that it is 
not the case that \\-p p(0) — 1. If / is an ideal on a containing all finite sets 
then an iteration with I-support is an iteration that satisfies for every limit 
ordinal 7 < a, 

(16.13) peP 7 if and only if V/3 < 7 p\0 G Pp and s(p) e P 

One of the most useful tools in forcing are iterations with countable support, 
where in (16.13) / is the ideal of at most countable sets. A countable support 
iteration is an iteration such that for every limit ordinal 7 if cf 7 = ui then P 7 
is an inverse limit, and if cf 7 > u> then P 7 is a direct limit. We shall return 
to countable support iterations later in the book. 
The following generalizes Theorem 16.9: 
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Theorem 16.30. Let k be a regular uncountable cardinal and let a be a limit 
ordinal. Let P a be an iteration such that for each (3 < a, Pp = P a \(3 satisfies 
the K-chain condition. Lf P a is a direct limit, and either dot ^ k or {if 
cia — n) for a stationary set of (3 < a, Pp is a direct limit, then P a satisfies 
the K-chain condition. 

Proof. Exactly as the proof of Theorem 16.9. The only difference is that we 
apply Fodor's Theorem not to C, but to the stationary subset of C consisting 
of all £ such that P Q£ is a direct limit. □ 



Exercises 

16.1. B(P*Q) = B(P)*B(Q). 

16.2. P x Q embeds densely in P * Q. 

16.3. In V B , D:B = D/I where for each d G D, \\d G I\\ B = E{ & G B :b - d = 0}. 

16.4. \\D : B is a complete Boolean algebra||s = 1, and D is isomorphic to B * 
(D:B). 

[Every name for an element of D : B has the form d/I where d G D. To see 
that D : B is complete in V B , let A be a name for a subset of D : B, and let 
e = E{d = \\d/I 6 A\\} = 1. Then ||e/7 = £ A|| = 1.] 

16.5. Let h : P * Q — > P be defined by h(p, q) — p. Then h satisfies the conditions 
in Lemma 15.45. 

16.6. If P has property (K) and Ihp Q has property (K), then P * Q has prop- 
erty (K). 

16.7. If P is K-distributive and Ihp Q is K-distributive then P*Q is K-distributive. 

16.8. Let P a , a a limit ordinal, be a finite support iteration, and Bp = B(P a \f3) 
for all P < a. Then B a is the completion of the direct limit of the algebras Bp, 
(3 < a. 

16.9. If P a is a finite support iteration and Pp = P a \(3 then V p " C V Pa . The 
projection h(p) = p\(3 satisfies Lemma 15.45; Gp = {p\(3 : p € G} is a generic filter 
on P/3. 

16.10. Let (P, <) be the notion of forcing producing a Cohen generic real. There 
is a collection V of size 2 N ° of dense subsets of P such that there is no ©-generic 
filter on P. 

[For each g : u) -> {0, 1}, let D g = {p G P : p <£ g}.] 

16.11. Let (P, <) be the notion of forcing that collapses wi. There is a collection 2? 
of size Hi of dense subsets of P such that there is no ©-generic filter on P. 

[For each a < u>i, let D a — {p G P : a G ran(p)}.] 

16.12. MA re is equivalent to the statement of MA re restricted to complete Boolean 
algebras. 



282 Part II. Advanced Set Theory 



16.13. MA K is equivalent to of MA K restricted to partial orders of cardinality < k. 

16.14. Let T be a Suslin tree and let P be the notion of forcing that adjoins 
k Cohen generic reals. Let G be a generic filter on P. Then T is a Suslin tree 
in V[G]. 

[Let Pr be the notion of forcing associated with the Suslin tree T. P satisfies 
the c.c.c. in any V[H] where H is a generic filter on Pt. Thus FrxPis c.c.c, and 
so Pt is c.c.c. in V[G].] 

It follows that the existence of a Suslin tree is consistent with 2 N ° > Hi. 

16.15. There is a generic extension V[A] where A C w, such that , and 
u)2 is collapsed. 

[Let / be a generic mapping of wi onto UJ2 and let X C loi be such that 
V[f] =V[X]. Use almost disjoint forcing to find A C w such that VL4] = V[X]L4].] 

16.16. Assume MA K and let {X a : a < k} be a sequence of infinite subsets of 
such that X/3 — X a is finite if a < /?. Show that there exists an infinite X such that 
X — X a is finite for all a < k. 

[A forcing condition is a pair (s,F) where s is a finite subset of u> and F is 
a finite subset of k; (s',F') < (s,F) just in case s' D s, F' D F, and s' — s C A a 
for all a G F. Consider the dense sets D n = {(s,F) : sj > n}, n < w, and 
£ Q = {(s,F) :aeF},a< k.] 

16.17. If P a is an iteration and Pp = P a \f3 then V p " C V^ Pa! . 
[Use (iii)(b) in Definition 16.29 and Lemma 15.45.] 

16.18. Let P a and P' a be countable support iterations of {Qp}p and {Q'p}p, respec- 
tively. Assume that for every /3 < a, if B(P^) = S(P^) then B(Q,a) = B(Q' p ). 
Then B(P a ) = B(P^). 

16.19. Let I be a K-closed ideal on a, and let P a be an iteration of {Qp}p with 
/-support. If for each (3 < a, \\-p Qp is <K-closed, then P a is <K-closed. 

16.20. Let k > H2 be a regular cardinal. Let P be a countable support iteration 
of length k such that for all f3 < k, P\f3 has a dense subset of size < k. Then 
P satisfies the K-chain condition. 

[Use Theorem 16.30.] 



Historical Notes 

Iterated forcing was introduced by Solovay and Tennenbaum [1971]. The formu- 
lation in terms of Boolean algebras is based on their paper. Our presentation of 
general iteration (Definitions 16.8 and 16.29) follows Baumgartner [1983]. 

Following Solovay and Tennenbaum's construction of a model in which there 
are no Suslin trees (Theorem 16.13), Martin formulated an axiom (MA^) which 
implies that there are no Suslin trees, and whose consistency was obtained by 
Solovay- Tennenbaum's method. The consistency proof of MA + 2 N ° > Hi appears 
in Solovay and Tennenbaum [1971]. 

Martin's Axiom is investigated in detail in the paper [1970] of Martin and 
Solovay. The paper contains various equivalent formulations of Martin's Axiom and 
numerous applications (including Theorem 16.20). Theorem 16.21 was discovered 
by Kunen, Rowbottom, Solovay and possibly others. 
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Baumgartner, Malitz, and Reinhardt [1970] proved that MAkj implies that 
every Aronszajn tree is special (Theorem 16.17). Special Aronszajn trees have ap- 
plications in model theory (this fact is due to Rowbottom and Silver) and are 
investigated in Mitchell's paper [1972/73]. 

Scales were investigated extensively by Hechler [1974]. Hechler introduced the 
notion of forcing used in the proof of Theorem 16.24. Hechler, among others, showed 
that if cf k > w, then there is a generic extension in which 2 N ° > k and a K-scale 
exists. 

The construction of p-points (and Ramsey ultrafilters) under the assumption 
of Martin's Axiom is due to Booth [1970]. Our proof of Theorem 16.27 follows 
Ketonen [1976]. 
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17. Large Cardinals 



The theory of large cardinals plays central role in modern set theory In 
this chapter we begin a systematic study of large cardinals. In addition to 
combinatorial methods, the proofs use techniques from model theory. 

Ultrapowers and Elementary Embeddings 

We start with the following theorem that introduced the technique of ultra- 
powers to the study of large cardinals. 

Theorem 17.1 (Scott). If there is a measurable cardinal then V ^ L. 

Ultrapowers were introduced in Chapter 12. We now generalize the tech- 
nique to construct ultrapowers of the universe. Let U be an ultrafiltcr on 
a set S and consider the class of all functions with domain S. Following 
(12.3) and (12.4) we define 

/ =* g if and only if {x e S : f(x) = g(x)} e U, 
f e* g if and only if {x e S : f(x) e g(x)} e U. 

For each /, we denote [/] the equivalence class of / in =* (recall (6.4)): 

[/] = {s '■ f =* 9 an d V/i (h =* f — > rank g < rank h)}. 

We also use the notation [/] €* [g] when / <E* g. 

Let Ult = \Jltu(V) be the class of all [/], where / is a function on S, and 
consider the model Ult = (Ult, e*). Los's Theorem 12.3 holds in the present 
context as well: If <p(xi, . . . , x n ) is a formula of set theory, then 

Ult !=¥>([/!],...,[/„]) if and only if {x e S : <p{fi{x), f n (x))} S U. 

If a is a sentence, then Ult 1= a if and only if a holds; the ultrapower 
is elementarily equivalent to the universe (V,€). The constant functions c 0 
are defined, for every set a, by (12.12), and the function j = ju '■ V — > Ult, 
defined by ju(a) = [c a ] is an elementary embedding of V in Ult: 

(17.1) tp(a 1 ,...,a n ) if and only if Ult 1= <p(jai, . . . , ja n ) 

whenever ip(xi, . . . , x n ) is a formula of set theory. 
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The most important application of ultrapowers in set theory are those in 
which (Ult, G*) is well-founded. As we show below, well-founded ultrapowers 
are closely related to measurable cardinals. 

The model Vltu(V) is well-founded if (i) every nonempty set X C Ult 
has a G*-minimal element, and (ii) ext(/) is a set for every /, where 

ext(/) = {[<?] : g G* /}. 

The second condition is clearly satisfied for any ultrafilter U : For every g G* / 
there is some h—*g such that rank h < rank /. As for the condition (i), this 
is satisfied if and only if there exists no infinite descending G*-sequence 

f 0 3* h 3* ...3* f k 3* ... (ke w) 

of elements of the ultrapower. 

Lemma 17.2. // U is a a-complete ultrafilter, then (Ult,G*) is a well- 
founded model. 

Proof. We shall show that there is no infinite descending G* -sequence in Ult 
if U is a cr-complete ultrafilter on S. Let us assume that /o, fi, ■ ■ ■ , /„, 
is such a descending sequence. Thus for each n, the set 

X n = {x G S : f„+i(x) G f n (x)} 

is in the ultrafilter. Since U is cr-complete, the intersection X = H^Lo is 
also in U and hence nonempty; let x be an arbitrary element of X. Then we 
have 

f 0 (x) 3 fi(x) 3 f 2 {x) 3 ... 
an infinite descending 9-sequence, which is a contradiction. □ 

By the Mostowski Collapsing Theorem every well-founded model is iso- 
morphic to a transitive model. Thus if U is a-complete, there exists a one- 
to-one mapping 7r of Ult onto a transitive class such that / G* g if and only 
7r([/]) e 7T ([#])■ In order to simplify notation, we shall identify each [/] with 
its image 7r([/]). Thus if U is cr-complete, the symbol Ult denotes the transi- 
tive collapse of the ultrapower, and for each function / on S, [/] is an element 
of the transitive class Ult; we say the function / represents [/] G Ult. 

Thus if U is a cr-complete ultrafilter, M = \]ltu(V) is an inner model and 
j = ju is an elementary embedding j : V — > M. 

If a is an ordinal, then since j is elementary, j(a) is an ordinal; moreover, 
a < (3 implies j{a) < Thus we have a < j(a) for every ordinal num- 

ber a. Note that j(a+ 1) = j(a) + 1, and j(n) — n for all natural numbers n. 
It is also easy to see that j(ui) = uj: If [/] < uj, then f(x) < ui for almost 
all x G S, and by cr-complctcncss, there exists n < uj such that f(x) — n for 
almost all x. By the same argument, if U is A-complete, then = 7 for all 
7 < A. 
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Now let k be a measurable cardinal, and let U be a nonprincipal K-com- 
plete ultrafiltcr on n. Let d (the diagonal function) be the function on k 
defined by 

d(a) — a (a < k). 

Since U is K-complctc every bounded subset of k has measure 0 and so for 
every 7 < n, we have d(a) > 7 for almost all a. Hence [d] > 7 for all 7 < k 
and thus [d] > k. However, we clearly have [d] < j(n) and it follows that 

> k. 

We have thus proved that if there is a measurable cardinal, then there 
is an elementary embedding j of the universe in a transitive model M such 
that j is not the identity mapping; j is a nontrivial elementary embedding of 
the universe. 

Proof of Theorem 17.1. Let us assume V — L and that measurable cardinals 
exist; let k be the least measurable cardinal. Let U be a nonprincipal k- 
complete ultrafiltcr on k and let j : V — > M be the corresponding elementary 
embedding. As we have shown, > n. 

Since V = L, the only transitive model containing all ordinals is the 
universe itself: V — M — L. Since j is an elementary embedding and n is the 
least measurable cardinal, we have 

M \= j(n) is the least measurable cardinal; 

and hence, j(n) is the least measurable cardinal. This is a contradiction since 
j(k) >k. □ 

If there exists a measurable cardinal, then there exists a nontrivial elemen- 
tary embedding of the universe. Let us show that conversely, if j : V — > M is 
a nontrivial elementary embedding then there exists a measurable cardinal. 

Lemma 17.3. If j is a nontrivial elementary embedding of the universe, then 
there exists a measurable cardinal. 

Proof. Let j : V —> M be a nontrivial embedding. Notice that there exists an 
ordinal a such that j(a) 7^ a; otherwise, we would have rank(ja;) = rank(a;) 
for all x, and then we could prove by induction on rank that j(x) — x for 
all x. 

Thus let k be the least ordinal number such that j(n) ^ k (and hence 

> «). It is clear that j(n) = n for all n and j{uu) = w since 0, n + 1, 
and oj are absolute notions and j is elementary Hence n > u>. We shall show 
that k is a measurable cardinal. 

Let D be the collection of subsets of n defined as follows: 

(17.2) X e D if and only if Kg j(X) (X C k). 

Since k < i.e., k g we have k € D; also 0 ^ £) because j(0) = 0. 
Using the fact that j(X flF) = j(X) n j(Y) and that C j(Y) whenever 
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X C Y, we see that D is a filter: If k £ j(X) and k £ j(Y), then k £ j(XnY); 
if X C Y and k e j(X), then k e Similarly, j(n - X) = - 

and thus D is an ultrafilter. 

fl is a nonprincipal ultrafilter: For every a < k, we have = 
{j(a)} — {a}, and so k ^ j({o:}) and we have {a} ^ D. We shall now 
show that D is K-complete. Let 7 < k and let X = (X a : a < 7) be a se- 
quence of subsets of k such that k £ j{X a ) for each a < 7. We shall show 
that H a <7 € -D. In M (and thus in V), j(X) is a sequence of length 
of subsets of j'( K ); f° r eacn a < 7> the j(a)th term of j(Af) is j(X a ). Since 
j(a) = a for all a < 7 and j(t) = 7, h follows that j^) = (j(X a ) : a < 7). 
Hence if X = ri Q < 7 ^a, we have j(A") = C\ a<1 j(X a ). Now it is clear that 
k £ j(X) and hence X £ D. □ 

The construction of a K-complcte ultrafilter from an elementary embed- 
ding yields the following commutative diagram (17.3): 

Lemma 17.4. Let j : V —* M be a nontrivial elementary embedding, let k be 
the least ordinal moved, and let D be the ultrafilter on k defined in (17.2). Let 
Jd ■ V — > Ult be the canonical embedding of V in the ultra-power Ult 0 (1^) . 
Then there is an elementary embedding k of Ult in M such that fc(j£)(a)) = 
j(a) for all a: 

V M 



(17.3) 




Ult 



Proof. For each [/] £ Ult, let 

(17-4) k([f\) = (j(f))(K). 

(Here / is a function on k and j(f) is a function on j(k).) 

We shall first show that definition (17.4) does not depend on the choice 
of / representing [/]. If / =n g, then the set X = {a : f(a) = g(a)} is in D 
and hence k is in the set 

j(X) = {a<j(K):(jf)(a) = (jg)(a)}. 

Therefore (j f){n) = (jg)(n). 

Next we show that k is elementary. Let tp(x) be a formula and let Ult 1= 
(f([f]); we shall show that M \= ip(k([f})). The set X = {a : <p(f(a))} is in D 
and hence k belongs to the set 

j(X) = {a<j( K ):M\=v((jf)(a))}. 



Since (j7)(«) - K[f]), we have M N p(fc([/])). 
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Finally, we show that k{jo{o)) = j(a) for all a. Since Jd{o) — [c a ], where 
c a is the constant function on k with value a, we have k(jr)(a)) = (j(c a ))(K). 
Now j(c a ) is the constant function on j(n) with value j(a) and hence 
(j(c a ))( K ) = j(a). □ 

We remark that the measure D — {X C k : k e j(X)} defined from 
an elementary embedding is normal: Let / be a regressive function on some 
X e D. Then (jf)(n) < k, and if 7 = then f(a) = 7 for almost 

all a. 

Normality can be expressed in terms of ultrapowers: 

Lemma 17.5. Let D be a nonprincipal n-complete ultrafilter on k. Then the 
following are equivalent: 

(i) D is normal. 

(ii) In the ultrapower XJlt D (V), 

K= [d] 

where d is the diagonal function. 

(iii) For every X C n, X G D if and only if k € ju{X). 

Proof, (i) implies (ii): Every function / e* d is regressive, and hence repre- 
sents an ordinal 7 < n. 

(ii) implies (iii): If X C k, then X e D if and only if d(a) € X for almost 
all a, that is, if and only if [d] e jo{X). If [<i] = n, we get X e D if and only 

if k e i D (X). 

(iii) implies (i): If D = {X C k : k e j£>(X)} then D is normal, by the 
remark preceding the lemma. □ 

Let j : V — > M be an elementary embedding. If X is a class defined by 
a formula y>, then j(X) is the class of the model M, defined in M by the same 
formula ip. Note that j(X) = {j ae0rd j{X n V Q ). In particular, M = j(V). 

Lemma 17.6. Let j be an elementary embedding of the universe and let k 
be the least ordinal moved (i.e., j(n) > k). If C is a closed unbounded subset 
of K, then k € j{C). 

Proof. Since j(a) = a for all a < k, we have j(C) n k — C. Thus j(C) n k 
is unbounded in n; and because i(C) is closed (in j(V) and hence in the 
universe), we have k G j(C). □ 

A consequence of Lemma 17.6 is that the set of all regular cardinals below 
a measurable cardinal k is stationary (cf. Lemma 10.21): Let X C n be the 
set of all regular cardinals below k. Since n is regular in M, we have n € j(X), 
and k € j(X n C) for every closed unbounded Can. Hence X is stationary. 
Similarly, as k is Mahlo, it is Mahlo in M, and if X is now the set of all 
Mahlo cardinals below k, it follows that X is stationary. 
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More generally, if M(X) denotes the Mahlo operation 

(17.5) M(X) = {a:ln«is stationary in a} 

where X is any class of ordinals, the above argument shows that if n € j(X) 
then k e M(X) (Exercise 17.7). 

The next theorem shows that there exists no nontrivial elementary cm- 
bedding of V into V. As the statement "there exists an elementary embedding 
of V" is not expressible in the language of set theory, the theorem needs to be 
understood as a theorem in the following modification of ZFC: The language 
has, in addition toe, a function symbol j, the axioms include Separation and 
Replacement Axioms for formulas that contain the symbol j, and axioms that 
state that j is an elementary embedding of V. 

Theorem 17.7 (Kunen). If j : V — > M is a nontrivial elementary embed- 
ding, then M/K 

First we prove the following lemma: 

Lemma 17.8. Let A be an infinite cardinal such that 2 A = A N °. There exists 
a function F : A" — > A such that whenever A is a subset of A of size A and 
7 < A, there exists some s G such that F(s) — 7. 

Proof. Let {(A a ,j a ) : a < 2 A } be an enumeration of all pairs (^4, 7) where 
7 < A and A is a subset of A of size A. We define, by induction on a, a sequence 
s a , a < 2 A , of elements of A w as follows: If a < 2 A , then since A^° = 2 A > |a|, 
there exists an s a £ A^, such that s a ^ sp for all /? < ex. 

For each a < 2 A , we define F(s a ) — -f a (and let F(s) be arbitrary if s is 
not one of the s a ). The function F has the required property: If A C A has 
size A and 7 < A, then (A, 7) = (A a ,j a ) for some a, and then 7„ = F(s a ). 

a 

Proof of Theorem 17.7. Let us assume that j is a nontrivial elementary em- 
bedding of V in V. Let n = k 0 be the least ordinal moved; Ko is measurable, 
and so are K\ = j( K o), k 2 — and every n n , where = j(n n ). Let 

A = lim„^oo K n . Since j({n n : n < lu)) = {j{n n ) : n < u) = (k„+i :n<w), 
we have j(X) — lim n ^oo j(K n ) = A. Let G = {j(a) : a < A}; we shall use the 
set G and Lemma 17.8 to obtain a contradiction. 

The cardinal A is the limit of a sequence of measurable cardinals and hence 
is a strong limit cardinal. Since cf A = ui, we have 2 A = A N °. By Lemma 17.8 
there is a function F : A" — » A such that F(A U ') = A for all A C A of size A. 
Since j is elementary, and j(ui) = lo and j(X) = A, the function j(F) has the 
same property. Thus, considering the set A = G, there exists s e G u such 
that (JF)(s) = k. 

Now, s is a function, s : u G, and hence there is a t : u> — > A such 
that s(n) = j(t(n)) for all n < w. It follows that s = Thus we have 
k = (jF)(jt) — j(F(t)); in other words, n — j(a) where a — F(t). However, 
this is impossible since j(a) = a for all a < k, and > n. □ 
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Let us now consider ultrapowers and the corresponding elementary em- 
beddings ju '■ V —> Ult. To introduce the following lemma, let us observe 
that if j : V — > M and if k is the least ordinal moved, then j(x) = x for 
every x £ V K , and j(X) (~]V K = X for every X C V K . Hence V^[ x = V K+1 
(and P m (k) = P(k)). 

Lemma 17.9. Let U be a nonprincipal n-complete ultrafilter on k, let M = 
Ultj/(V) and let j = ju be the canonical elementary embedding ofV in M. 

(i) M K C M, i.e., every K-sequence (a a : a < n) of elements of M is 
itself a member of M. 

(ii) U£M. 

(hi) 2 K < (2 K ) M < j(n) < (2 K ) + . 

(iv) If X is a limit ordinal and if cf A = k, then j(X) > ]im a —>\j(a); «/ 
cf A ^ k, then j(X) = lim a ^\j(a). 

(v) If X > k is a strong limit cardinal and cf A ^ k, then j(X) = X. 

Proof, (i) Let (a^ : £ < k) be a K-sequcnce of elements of M. For each 
£ < k, let g^ be a function that represents aj, and let He a function that 
represents k: 

[9t\=a£, [h] = K. 

We shall construct a function F such that [F] — (a^ : £ < n). We let, for each 
a < k, 

F(a) = : £ < /*(«)>■ 

Since for each a, ^(a) is an /i(a)-sequence, [F] is a K-sequencc. Let £ < k; we 
want to show that the £th term of [f 1 ] is a^. Since [/i] > £, we have £ < /i(a) 
for almost all a; and for each a such that £ < /i(a), the £th term of F(a) 
is 5^ (a). But [cf] = £ and = o^, and we are done. 

(ii) Assume that U £ M, and let us consider the mapping e of k k onto j( K ) 
dchncd by e(/) = [/]. Since k k £ M and U £ M, the mapping e is in M. 
It follows that M 1= < 2 K . This is a contradiction since /c < and 

is inaccessible in M. 

(hi) 2 K < (2 K ) M holds because P m (k) = P(k) and M C V; (2 K ) M is less 
than j(k) since j( K ) is inaccessible in M; finally, we have |j( K )l = 2 K and 
hence < (2 K )+. 

(iv) If cf A = k, let A = lim Q _> K X a and let /(a) = X a for all a < n. 
Then [/] > j(X a ) for all a < n and [/] < j(X). If cf A > k, then for every 
f '. k — > X there exists a < X such that [/] < j(a). If cf A = 7 < k, let 
A = lim„^ 7 A„; for every / : n — > A there exists (by K-completeness) f < 7 
such that [/] < j(X v ). 

(v) For every a < A, the ordinals below a are represented by functions 
f '. k — > ol\ hence \j(a)\ < |a K | < A; by (iv) we have j(X) = lim Q _>A j(a) = X. 

a 
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Note that in (v) it suffices to assume that cf A ^ n and a K < A for all 
cardinals a < A. 

Let us recall (Lemma 10.18) that a measurable cardinal is weakly com- 
pact. We now prove a stronger result: 

Theorem 17.10. Every measurable cardinal k is weakly compact and if D is 
a normal measure on n then the set {a < n : a is weakly compact} is in D. 

Proof. The first statement was proved in Lemma 10.18. Let D be a normal 
measure on k, and let ju ■ V — > M be the canonical embedding. Since 
P m (k) = P(k), it follows that k is weakly compact in M, and since [d] D = k, 
we have {a : a is weakly compact} e D. □ 

The following two results show that the existence of measurable cardinals 
influences cardinal arithmetic: 

Lemma 17.11. Let k be a measurable cardinal. If 2 K > k + , then the set 
{a < K : 2 a > a + } has measure one for every normal measure on k. 
Consequently, if 2 a = a + for all cardinals a < k, then 2 K = k + . 

Proof. Let I? be a normal measure on k, and let M = Ult_D(y). If 2" = a + 
for almost all a, then, since [oI}d = n, we have M t= 2 K = k + . In other words, 
there is a one-to-one mapping in M between P M (n) and (k + ) m . However, 
P m (k) = P(k) and (k+) m = n+ (because P m (k) = P(k)), and so 2 K = k+. 

a 

Lemma 17.12. Let k be a measurable cardinal, let D be a normal measure 
on k and let j : V — > M be the corresponding elementary embedding. Let 
A > k be a strong limit cardinal of cofinality k. Then 2 A < j(A). 

Proof. Since cf A = k, we have j(A) > A. We shall show that 2 A = A K < 
(A K ) M < (AJ'( K )) M < j(X). The first equality holds because A is strong limit. 
We have A K < (A K ) M because every function / : n — > A is in M. As for the 
last inequality, we have 

M \= j(X) is a strong limit cardinal 

and since A < j(X) and < j(X), we have M \= < j(X). □ 

See Exercises 17.12-17.16. 



Weak Compactness 

We shall investigate weakly compact cardinals in some detail, and give a char- 
acterization of weakly compact cardinals that explains the name "weakly 
compact." This aspect of weakly compact cardinals has, as many other large 
cardinal properties, motivation in model theory. 
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We shall consider infinitary languages which are generalizations of the 
ordinary first order language. Let k be an infinite cardinal number. The 
language L K , U consists of 

(i) k variables; 

(ii) various relation, function, and constant symbols; 

(iii) logical connectives and infinitary connectives \/^ <a ( P^, A^< a Pi f° r 
a < k (infinite disjunction and conjunction); 

(iv) quantifiers 3v, Vi>. 

The language £ K , re is like C K ^ except that it also contains infinitary quanti- 
fiers: 

(v) 3 i<a V£, y^ <a v ( for a < n. 

The interpretation of the infinitary symbols of £ KjK is the obvious generaliza- 
tion of the finitary case where \f^ <n Pi 1S Po v ■ ■ • v Pn-i, 3^<„w^ stands for 
3v 0 . . . 3v n -i, etc. The language is just the language of the first order 
predicate calculus. 

The finitary language satisfies the Compactness Theorem: If £ is 

a set of sentences such that every finite S C £ has a model, then £ has 
a model. Let us say that the language £ K;K (or C K . U ) satisfies the Weak 
Compactness Theorem if whenever £ is a set of sentences of £ KjK {£k,u>) such 
that |£| < k and that every S C £ with \S\ < k has a model, then £ has 
a model. Clearly, if £ KjK satisfies the Weak Compactness Theorem, then so 
does £ KjW because C K ^ c C K , K - 

Theorem 17.13. 

(i) If k is a weakly compact cardinal, then the language £ K , K satisfies the 
Weak Compactness Theorem. 

(ii) If k is an inaccessible cardinal and if C K ^ satisfies the Weak Com- 
pactness Theorem, then k is weakly compact. 

Proof, (i) The proof of the Weak Compactness Theorem for £ KjK is very much 
like the standard proof of the Compactness Theorem for C UtU: . Let £ be a set 
of sentences of £ KjK of size k such that if S C £ and \S\ < n, then S has 
a model. Let us assume that the language C — £ KjK has only the symbols 
that occur in £; thus \C\ = k. 

First we extend the language as follows: For each formula ip with free 
variables v^, £ < a, we introduce new constant symbols c|, £ < a (Skolem 
constants); let be the extended language. Then we do the same for each 
formula of and obtain D C {1 \ We do the same for each n < lo, and 
then let C* — U^Li^^™'- Since k is inaccessible, it follows that \C*\ = n. 
C* has the property that for each formula (p with free variables v^, £ < a, 
there are in C* constant symbols cf, £ < a (which do not occur in ip). 



294 Part II. Advanced Set Theory 



For each tp(v£, . . -)c<a let o> be the sentence (a Skolem sentence) 

(17.6) 3 5<Q w 5 <p(v£, . . .)f<a -» ¥>(c|\ . . .) 4<Q 

and let E* = E U {cr v : is a formula of £*}. 

Note that if 5 C E* and |5| < k, then S has a model: Take a model for 
/SflS (for C) and then expand it to a model for £* by interpreting the Skolem 
constants so that each sentence (17.6) is true. 

Let {a a : a < k} be an enumeration of all the sentences in C* . Let (T, c) 
be the binary K-tree consisting of all t : 7 — > {0,1}, 7 < n, for which there 
exists a model 21 of E n {cr Q : a € dom(t)} such that for all a € dom(i) 

i(a) = 1 if and only if 21 1= a a . 

Since k has the tree property, there exists a branch B in T of length k. Let 

A = {a a : t(a) = 1 for some t G B}. 

Clearly, S* C A. Let A 0 be the set of all constant terms of £*, and let w be 
the equivalence relation on ^4 0 defined by 

T\ fa t 2 if and only if (n w r 2 ) G A, 

and let A = A 0 /~- 

We make A into a model 21 for C* as follows: 

2lNP[[n],...,[i„]] if and only if P(n, . . . , r„) e A 

and similarly for function and constant symbols. The proof is then completed 
by showing that 21 is a model for A (and hence for S). The proof of 

(17.7) 21 N a if and only if a e A 

is done by induction on the number of quantifier blocks in a: If a = 
3^ <a V£ if(v£, . . .), then by induction hypothesis we have 

21 1= cr(c|, . . .)f< a if and only if cr(c|, . . .)f< a € A 

and (17.7) follows. 

(ii) Let k be inaccessible and assume that the language £ K , W satisfies the 
Weak Compactness Theorem. We shall show that n has the tree property. 
Let (T, <) be a tree of height k such that each level of T has size < n. 
Let us consider the language with one unary predicate B and constant 
symbols c x for all x € T. Let S be the following set of sentences: 

-i(B(c x ) A B(c y )) for all x,y that are incomparable, 

Vxei/ Q -6(Qz) for all a < /c, where J7 Q is the ath level of T 

(S says that £? is branch in T of length re). If S C S and \S\ < k, then we 
get a model for S 1 by taking a sufficiently large initial segment of T and some 
branch in this segment. By the Weak Compactness Theorem for C KtU) , E has 
a model, which obviously yields a branch of length k. □ 
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Indescribability 

Let n > 0 be a natural number and let us consider the nth order predicate 
calculus. There are variables of orders 1, 2, . . . , n, and the quantifiers are 
applied to variables of all orders. An nth order formula contains, in addition 
to first order symbols and higher order quantifiers, predicates X(z) where 
A and z are variables of order k + 1 and k respectively (for any k < n). 
Satisfaction for an nth order formula in a model 21 = (A, P, ...,/,..., c, . . .) 
is defined as follows: Variables of first order are interpreted as elements of 
the set A, variables of second order as elements of P(A) (as subsets of A), 
etc.; variables of order n are interpreted as elements of P n ~ 1 {A). The predi- 
cate X{z) is interpreted as z £ X. A Ll^ formula is a formula of order n + 1 
of the form 

(17.8) VA BY . . , if, 

m quantifiers 

where X, Y, . . . are (n + l)th order variables and tp is such that all quantified 
variables are of order at most n. Similarly, a £^ formula is as in (17.8), but 
with 3 and V interchanged. 

We shall often exhibit a sentence a and claim that it is LTJ^ (or £™J 
although it is only equivalent to a II™ (or £™J sentence, in the following 
sense: We are considering a specific type of models in which a is interpreted 
(e.g., the models (V a ,£)) and there is a II™ (or £™J sentence a such that 
the equivalence a <-> a holds in all these models. 

Note that every first order formula is equivalent to some 11° formula (and 
also to some formula). 

Definition 17.14. A cardinal k is TV^-indescribable if whenever U C V K 
and a is a IIJ^ sentence such that (V K ,£,U) \= a, then for some a < k, 

(V a ,e,unv a )\=a. 

Lemma 17.15. Every measurable cardinal is Yi\-indescribable. 

Proof. Let n be a measurable cardinal, let U C V K and let a be a LT^ sentence 
of the (third order) language {<E, U}. Let us assume that (V K , G, U) 1= a. 

We have a = \/Xip{X) where A is a third order variable and (p(X) con- 
tains only second and first order quantifiers. Thus 

(17.9) VAc V K+1 (V K+1 ,e,X,V K ,U)\=<p 

where <p is the (first order) sentence obtained from ip by replacing the first 
order quantifiers by the restricted quantifiers V.t € V K and 3x G V K . 

Now let D be a normal measure on n and let M = Ult^F). Since 
V£+ 1 = V K+ i, we know that (17.9) holds also in M. Using the fact that V K is 
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represented in the ultrapower by the function a ^ V a , V K+ i byon V a +i, 
and U by a i— > U fl V a , we conclude that for almost all a, 

(17.10) vxcv a+1 {V a+1 ,e,x,v a ,unv a )\=<p. 

Then, translating (17.10) back into the third order language, we obtain 

(V a ,€,UnV a ) N a 

for almost all, and hence for some, a < n. □ 

Lemma 17.16. If k is not inaccessible, then it is describable by a first order 
sentence, i.e., H^-describable for some m. 

Proof. Let k be a singular cardinal, and let / be a function with dom(/) = 
A < k and ran(/) cofinal in k. Let U\ = f and U<i = {A}, and let a be 
the first order sentence saying that XJi is nonempty and that the unique 
element of U2 is the domain of U\. Clearly, n is describable in the sense that 
(V K , e, Ui, U2) 1= o- and there is no a < n such that (V a , e, U\ n V a , U2 n V a ) 1= 
a. It is routine to find a single U C V K and an (<G, ?7)-sentence a attesting to 
the describability of k. 

If k < 2 A for some A < k, there is a function / that maps P(X) onto k. 
We let U\ = f and U2 = {P(X)}; then k is described by the same sentence 
as above. 

Finally, k = u is describable as follows: (V K , e) 1= Vx 3y a; e y. □ 
The converse is also true; cf. Exercise 17.23. 

We shall now present a result of Hanf and Scott that shows that II]- 
indescribable cardinals are exactly the weakly compact cardinals. First we 
need a lemma. 

Lemma 17.17. If k is a weakly compact cardinal, then for every U C V K , 
the model (V K ,G,U) has a transitive elementary extension (M,G,U') such 
that k € M. 

Proof. Let S be the set of all sentences true in the model (V K , G, U, x) xe v K 
plus the sentences 

c is an ordinal, 

c> a, (all a < n). 

Clearly |S| = n, and if S C E is such that |5| < k, then 5 has a model 
(namely V K , where the constant c can be interpreted as some ordinal greater 
than all the a's mentioned in S). 

Hence S has a model 21 = (A, E, J7 a , x a ) :Ee y K ; we may assume that A D 
V K , E n (V re x V K ) = e, t/ a n F K = C7, and x a = a; for all x G V K . Moreover, 
V K X (A, £7, J7 a ) because 21 satisfies all formulas true in V K of all x e V K . 
If we show that the model (A, E) is well-founded, then the lemma follows. 
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Here we make use of the expressive power of the infinitary language £ KjK : We 
consider the sentence 



The sentence (17.11) holds in a model 21 = (A, E) if and only if 21 is well- 
founded. Since £ contains the sentence (17.11), every model of £ is well- 



The converse is also true; this will follow from the proof of Theorem 17.18. 

Theorem 17.18 (Hanf-Scott). A cardinal n is H\-indescribable if and 
only if it is weakly compact. 

Proof. First we show that every II {-indescribable cardinal is weakly compact. 
If k is n}-indescribable, then by Lemma 17.16, k is inaccessible, and it suffices 
to show that k has the tree property. In fact, by the proof of Theorem 17.13(i) 
it suffices to consider trees (T, <) consisting of sequences t : 7 — > {0, 1}, 7 < n. 
Let T be such a tree. For every a < k, the model (V a , <G, T n V a ) satisfies the 
T,\ sentence 

(17.12) 3B (B C T and B is a branch of unbounded length). 

Namely, let B — {t\£ : £ < a} where t is any t £ T with domain a. Since k is 
Ll}-indescribable, the sentence (17.12) holds in (V K ,e,T) and hence T has 
a branch of length n. 

To show that a weakly compact cardinal is n]-indcscribable, we use 
Lemma 17.17. Let k be weakly compact, let U C V K and let a be a 11} sen- 
tence true in (V K , G,U). We have a = \/X ip(X) where X is a second order 
variable and <p has only first order quantifiers. 

Let (M, e, L/ 7 ) be a transitive elementary extension of (V K , <G, J7) such that 
kGM. Since 



(17.11) 



-dUO 3v 1 ...3v n ... A («n+l G «n)- 



founded. 



□ 



(VXcK) (K,G,f/) N^(X) 



and V K = V^s, we have 



(M, e, C/') N (VX c K) (K, G, f/' n V K ) N ^p(X). 



Therefore, 



(M, e, [/') N 3a (\/X C V a ) (V Q) G, [/' n Va) N 



and so 



(V K , e, U) N 3a (VX C V Q ) (Va, G, [/' n V a ) N ^(X). 
Hence for some a < n, (V a , e, f n V a ) 1= cr. 



□ 



Corollary 17.19. Every weakly compact cardinal k is a Mahlo cardinal, and 
the set of Mahlo cardinals below K is stationary. 
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Proof. Let C C k be a closed unbounded set. Since k is inaccessible, (V K , G, C) 
satisfies the following LT} sentence: 

->3F (f 1 is a function from some A < n cofinally into k) 
and C is unbounded in k. 

By II}-indescribability, there exists a regular a < k such that C n a is un- 
bounded in a; hence a € C. Thus k is Mahlo. 

Being Mahlo is also expressible by a 11} sentence: 

VA" (if X is closed unbounded, then 3 a regular a in A") 

and so the same argument as above shows that there is a stationary set of 
Mahlo cardinals below n. □ 

Corollary 17.20. If n is weakly compact and if S C k is stationary, then 
there is a regular uncountable A < n such that S n A is stationary in A. 

Proof, "k is regular" is expressible by a II} sentence in (V K ,€) and so is "k is 
uncountable." "S is stationary" is 11} in (V K , €,S): For every C, if C is closed 
unbounded, then S n C ^ 0. □ 

Lemma 17.21. 7/ k is weakly compact and if A C k is such that AHaeL 
for every a < k, then A is constructible. 

Proof. Let A C n be such that A n a g L for all a < k. By Lemma 17.17 
there is a transitive model (M,G,A') >~ (V K , G,A) such that n g M. Consider 
the sentence Va 3x (x is constructible and i = An«) and let a = k. □ 

Unlike measurability, weak compactness is consistent with V = L: 

Theorem 17.22. If k is weakly compact then n is weakly compact in L. 

Proof. In L, let T = (k, <t) be a tree of height k such that each level of T 
has size less than n. If k is weakly compact then T has a branch B (in the 
universe), and by Lemma 17.21, B g L. Hence k has the tree property in L, 
and since k is inaccessible, it is weakly compact in L. □ 



Partitions and Models 

Let us consider a model 21 = (A, P a , . . . , F % , . . . , c 21 , . . .) of a (not necessarily 
countable) language C = {P, . . . , F, . . . , c, . . .}. Let k be an infinite cardinal 
and let us assume that the universe A of the model 21 contains all ordinals 
a < k, i.e., k C A. 
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Definition 17.23. A set I C k is a set of indiscernibles for the model 21 if 
for every new, and every formula (p(v\, . . . , v n ), 

21 1= <p[a\, . . . , a n ] if and only if 21 N <p[(3i, . . . , 

whenever ai < . . . < a n and /3i < . . . < [3 n are two increasing sequences of 
elements of I. 

Lemma 17.24. Let n be an infinite cardinal and assume that 

w/iere a is a limit ordinal and A is an infinite cardinal. Let £ be a language 
of size < A and Zei 21 6e a model of C such that k C A. Then 21 /ias a se£ o/ 
indiscernibles of order-type a. 

Proof. Let <f> be the set of all formulas of the language C. We consider 
the function F : [k] <u — > P( ( f>) defined as follows: If .t e [n] n and 
a; = {ai, . . . , a n } where a\ < . . . < a n , then 

F(x) = {<p{v 1 ,...,v n ) E * : 211= ^[ai,...,a„]}. 

The function F is a partition into at most 2 A pieces and thus has a homo- 
geneous set I d k of order-type a. It is now easy to verify that / is a set of 
indiscernibles for 21. □ 

We shall see later that for a given limit ordinal a, the least n that satisfies 
k — > (a) <UJ is inaccessible and satisfies k — > (a)f^ for all A < n. Now we shall 
prove this for Ramsey cardinals. 

Lemma 17.25. If n — > (k) <w and if X < k is a cardinal, then k — > 

Proof. Let F : [k] <u ^ A be a partition into A < /c pieces. We consider the 
following partition G of [k] <uj into two pieces: If a\ < . . . < au < ctk+i < 
... < a 2 k are elements of n and if F({ai, . . . ,ctk}) = F({ctk+i, ■ ■ ■ ,ct2k}), 
then we let G({ai, . . . , ct2k}) = 1; for all other x e [n] <iAj , we let G(x) = 0. 

Now, let H CZ k be a homogeneous set for G, \H\ — n. We claim that 
for each k and each x € [H] 2k , G(x) = 1: This is because = k > A, and 
therefore we can find ol\ < . . . < < at+i < . . . < a 2 k in H such that 
F({ai, . . . , a k }) = F({a k +i, a 2 k})- 

It follows that H is homogeneous for F: If a\ < . . . < a n and /?!<...< 
(3 n are two sequences in H, we choose a sequence 71 < . . . < 7„ in H such 
that both a n < 71 and /3„ < 71. Then 

G({ai, . . . ,a„,7i, . . . ,7„}) = . . . , /3 n , 71, . . . , 7„}) = 1, 

and hence 

F({ai, . . . , a„}) = F({ 71 , . . . , 7 „}) = F({/3i, . . . , /?„}). □ 
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Corollary 17.26. If k is a Ramsey cardinal and if 21 D k is a model of 
a language of size < k, then 21 has a set of indiscernibles of size K. □ 

The combinatorial methods introduced in this section will now be em- 
ployed to obtain a result on measurable cardinals considerably stronger than 
Scott's Theorem. It will be shown that if a Ramsey cardinal exists then 
V = L fails in a strong way. A more extensive theory will be developed in 
Chapter 18. 

Let us make a few observations about models with definable Skolem func- 
tions. Let 2t be a model of a language C such that 21 D k and let / C n be 
a set of indiscernibles for 21. Let us assume that the model 2( has definable 
Skolem functions; i.e., for every formula ip(u, v\, . . . , v n ), where n > 0, there 
exists an n-ary function h v in 21 such that: 

(i) h v is definable in 21, i.e., there is a formula ip such that 

y = h v (xi, . . . ,x n ) if and only if 21 1= ip[y, xi, . . . , x n ] 

for all y, X\, . . . , x n € A; and 

(ii) is a Skolem function for ip. 

Let 03 C 21 be the closure of / under all functions in C and the functions hp 
for all formulas ip. !B is an elementary submodel of 21, and in fact is the 
smallest elementary submodel of 21 that includes the set /; we call 03 the 
Skolem hull of I and say that I generates 23. 

We augment the language of 21 by adding function symbols for all the 
Skolem functions hp and call Skolem terms the terms built from variables and 
constant symbols (0-ary functions) by applications of functions in C and the 
Skolem functions. Since 03 is an elementary submodel of 21, the interpretation 
of each Skolem term t is the same in 03 as in 21. For every clement x e 03 
there is a Skolem term t and indiscernibles 71 < ... < j n , elements of /, 
such that x — t a [7i, . . . , "f n ] = £ B [71, • • • , In}- Now if ip is a formula of the 
augmented language, i.e., if -0 also contains the Skolem terms, it still does not 
distinguish between the indiscernibles: If a\ < . . . < a n and /?i < . . . < f3 n 
are two sequences in /, then tp{a.\, . . . , a„) holds (either in 21 or in 03) if and 
only if V(/3i, • ■ ■ ,/3„) holds. 

Theorem 17.27 (Rowbottom). If n is a Ramsey cardinal, then the set of 
all constructible reals is countable. More generally, if A is an infinite cardinal 
less than k, then \P L (X)\ = A. 

Proof. Let n be a Ramsey cardinal and let A < n. Since k is inaccessible, we 
have -P L (A) C L K . Consider the model 

21= (L K ,e,P L (\),a) a < x . 

21 is a model of the language C = {£,Q,c a } a <\ where Q is a one-place 
predicate (interpreted in 21 as P(A) flL) and c a , a < A, are constant symbols 
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(interpreted as ordinals less than or equal to A). Since k is Ramsey, there 
exists a set / of size k of indiscernibles for 21. 

The model 21 has definable Skolcm functions: Since n is inaccessible, L K is 
a model of ZFC + V = L and therefore has a definable well-ordering. Thus 
let 03 C L K be the elementary submodel of 21 generated by the set /. Every 
clement x e 23 is expressible as x = £(71, . . . ,7„) where t is a Skolem term 
and 71 < . . . < 7n are elements of I. 

We shall now show that the set S = P L (X) n 03 has at most A elements. 
Since S is the interpretation in 03 of the one-place predicate Q, it suffices to 
show that there are at most A elements x e 03 such that 03 1= Q(x). 

Let t be a Skolem term. Let us consider the truth value of the formula 

(17.13) t( ai ,...,a n ) =t(0 u ...,f3 n ) 

for a sequence of indiscernibles a.\ < ... < a n < (3\ < ... < (3 n . The 
formula (17.13) is either true for all increasing sequences in I or false for 
all increasing sequences in I. If (17.13) is true, then it is true for any two 
sequences a.\ < ... < a n , (3\ < ... < /?„, in I: Pick 71, . . . , j n bigger than 
both a n and [3 n and then t(a ± , ...,a n ) = £(71, . . . ,7„) = t((3 u . . .,/?„). If 

(17.13) is false, then we choose n increasing sequences 

a\ < . . . < a° n < a\ < . . . < a\ < . . . < a{ < . . . < < . . . (£ < k) 

in I and then t(a\ , . . . , a|) ^ t(otl, . . . , a^) whenever ^ ^= r\. In conclusion, 
the set 

(17.14) {t(ai, . . . , a n ) : ai < . . . < a n are in /} 

has either one or k elements. 

Now we apply this to evaluate the size of the set S. We know that \S\ < k 
because S c P L W C P(X) and n is inaccessible. If t is a Skolcm term 
for which the set (17.14) has size k, then t(a\, . . . ,a n ) is not in S, for any 
a\ < . . . < a n in /; by indiscernibility, Q(t(ai, . . . , a n )) is true or false 
simultaneously for all increasing sequences in /. Thus if t(a\, . . . , a n ) G S, 
the set (17.14) has only one element. 

However, since \C\ < A, there are at most A Skolem terms. And since every 
x € 03 has the form t(ai, . . . , a n ) for some Skolem term and a\ < . . . < a n 
in /, it follows that |5| < A. 

Thus we have proved that S = Q 23 = P L (^) H 03 has at most A elements. 
Now 03 ~< L K and |03| = k; hence the transitive collapse of 03 is L K and we 
have an isomorphism 

7r : B ~ L K . 

Since each a < A has a name in 21, we have A U {A} C 03 and so n(X) = X 
for each X C A in 03. In particular n(X) = X for all X e S; and since 
= tt(S) = S, we have 

S = P L {\) n tt(03) = P L {\) H L K = P L {\). 
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This completes the proof: On the one hand, we proved that |5| < A; and on 
the other hand, |P L (A)| > A; thus |P L (A)| = A. □ 

Every Ramsey cardinal is weakly compact. Not only is the least Ramsey 
cardinal greater than the least weakly compact but, as we show below, there 
is a hierarchy of large cardinals below each Ramsey cardinal, exceeding the 
least weakly compact. 

Definition 17.28. For every limit ordinal a, the Erdos cardinal r\ a is the 
least k such that n — ► (a) <ul . 

We shall prove that each rj a , if it exists, is inaccessible, and if a < (3 then 
Va < V/3- Note that k is a Ramsey cardinal if and only if n = n K . 

Lemma 17.29. If k -» (a) <UJ , then k -> (a)<^ . 

Proof. Let / be a partition, / : [k] <w — > {0, 1}". For each n < lo, let /„ = 
/t[/t]™, and for each k < u), let f n ^ : [n] n — > {0, 1} be as follows: 

/n,fc({ai, ■ • = ft(fc), where ft = /„({ai,.. .,a„}). 

Let 7r be a one-to-one correspondence between lo and lo x lo such that if 
7t(to) = (n, fc), then m > n; for each to, let g m : [k]™ — > {0,1} be the 
partition defined by 

5m({ai, • ■ • ,a m }) = fn,k{{oti, ■ ■ ■,"»}) 

where (n, fc) = 7r(m). 

By the assumption, there exists H <Z n oi order-type a which is homo- 
geneous for all g m . We claim that H is homogeneous for /. If not, then 
/„({ai,...,a n }) 7^ • • ■ , /?„}) for some a's and /3's in if. Then for 

some fc, / n ,fc({ai, . . . ,a„}) 7^ /„,fc({/3i, ■ ■ -,/?„}), contrary to the assumption 
that if is homogeneous for gr m , where 7t(to) = (n, fc). □ 

Lemma 17.30. For every k < n a , r\ a — > 

Proof. Let n < r] a , and let / : [?7 Q ] <W — » k. We wish to find a homogeneous 
set for / of order-type a. Since k < rj a , there exists g : [k] <w — > {0, 1} that 
has no homogeneous set of order-type a. For each n, let /„ = /r[jy a ] n and 
9n = .9 I'M™, and let 21 be the model (V Va ,€, /„, ff„) n =o,i,...- 

By Lemmas 17.29 and 17.24, the model 21 has a set of indisccrniblcs if of 
order- type a. We shall show that if is homogeneous for /. It suffices to show 
that for each n, the formula 

(17.15) f n ({a 1 ,...,a n }) = f n ({(3 1 ,...,(3 n }) 

holds in 21 for any increasing sequence a\ < . . . < a n < (3\ < . . . < (3 n 
of indiscernibles: Then if a\ < . . . < a n and a[ < . . . < a' n are arbitrary 
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in H , we choose f3\ < . . . < /3 n in H such that a n < (3i and a' n < Pi, and 
/„({«!, . . .,a n }) = /„({ai, . . . ,a'„}) follows from (17.15). 

Thus let us assume that the negation of (17.15) holds for any oti < . . . < 
a n </?!<...< (3 n in H. Let u^, £ < a, be increasing n-sequences in H such 
that the last element of is less than the first element of u n whenever £ < r\. 
Let 7^ = /(«{) for all £ < a, and let G = {75 : £ < a}. By indiscernibility, 
and since 70 > 71 > . . . > 75 > . . . is impossible, we have 70 < 71 < . . . < 
7? < • • •• 

We shall reach a contradiction by showing that G is homogeneous for g. 
For each k, consider the formula 

(17.16) g({f(u 6l ), /KJ}) = g{{f{u vi ), /(«„,)}). 

By indiscernibility, either (17.16) or its negation holds for all increasing se- 
quences £1 < . . . < £k < v\ < . . . < Vk ■ The inequality cannot hold because 
g takes only two values, 0 and 1, and three sequences (£1, . . . , £fc) would give 
three different values. Thus (17.16) holds, and the same argument as earlier 
in this proof shows that g is constant on [G] k . □ 

Theorem 17.31. Every Erdos cardinal r\ a is inaccessible, and if a < (3 then 

Va <Vf3- 

Proof. First we claim that rj a is a strong limit cardinal. If n < r\ a then 
because 2 K (a)^ (by Lemma 9.3) and i] a — > {ol) 2 k , we have 2 K < r\ a . We 
shall show that r\ a is regular. 

Let us assume that rj a is singular and that k — cf rj a ; let r\ a = lim„^ K X„. 
For each v < k, let /" : [A^] <w — > {0, 1} be such that f v has no homoge- 
neous set of order-type a. For each n, let = / I/ f[A L /]™; let 21 be the model 
(V Va ,G,X V , fn)v<n,n=o,i,... Since r\ a is a strong limit and n < i] a , the model 21 
has a set of indiscernibles H of order- type a. 

Let be such that A„ is greater than the least element of H . Then by 
indiscernibility, all elements of H are smaller than A„. Since the function f v 
takes only two values, it follows that for each n, it is the equality 

#({ai,...,a„}) = #({/?!,..., &}) 

that holds for all increasing sequences a\ < ... < a n < fli < ■ ■ ■ < fin 
in H, and not its negation. Hence H is homogeneous for f v , contrary to the 
assumption on 

Finally, let a < (5 be limit ordinals, and let us assume that r\ a = rjp. 
For each £ < r\ a , there exists a function /e : [£] <w — > {0,1} that has no 
homogeneous subset of £ of order- type a. Let us define g : [?7/3] <w — > {0,1} 

by 

5({6,---,^}) = /^(Ui,---,^-i})- 

Now if is homogeneous for then for each £ G i? , H n ^ is homogeneous 
for /j. Hence the order-type of each i7 n £ is less than a, and therefore the 
order-type of H is at most a, which is less than (3. A contradiction. □ 
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We shall now show that the least Erdos cardinal r] u is greater than the 
least weakly compact cardinal. We use the following lemma, of independent 
interest: 

Lemma 17.32. Let M and N be transitive models of ZFC and let j : M — > 

N be a nontrivial elementary embedding; let n be the least ordinal moved. If 
P m (k) = P n (k), then k is a weakly compact cardinal in M. 

Proof. We prove a somewhat stronger statement: n is ineffable in M (see 
Exercise 17.26). 

Let (A a : a < n) G M be such that A a C a for all a. We have j(A a ) = A a 
for all a < k, and hence j({A a : a < k)) — ({A a : a < (for some A a , 

n < a < j(k)). The set A K is in M and witnesses incffability of k in M. □ 

Theorem 17.33. If T) u exists then there exists a weakly compact cardinal 
below T} w . 

Proof. Let h v , if G Form, be Skolem functions for the language {g} of set 
theory, and let us consider the model 21 = (V rluj ,E,h < ^) (pe p orm where for 
each (p, is a Skolem function for ip in (V Vul , g). The model 21 has a set of 
indiscerniblcs / of order-type ui. Let B be the closure of / under the Skolem 
functions h*. 

Let us consider some nontrivial order-preserving mapping of H into H . 
Using the Skolem functions, we extend this mapping (in the unique way) 
to a nontrivial elementary embedding of B into B. Let M be the transitive 
set isomorphic to B and let j : M — > M be the corresponding nontrivial 
elementary embedding. 

Since -q^ is inaccessible, is a model of ZFC and thus M is a transitive 
model of ZFC. By Lemma 17.32 there exists a weakly compact cardinal in M, 
and therefore in V Vu . □ 

The next result shows that the Erdos cardinal r} u is consistent with V = L. 
In Chapter 18 we show that the existence of r) Ul implies V ^ L. 

Theorem 17.34. If k -» {lj) <u1 then L\=k^ (uj) <uj . 

Proof. Let / be a constructible partition / : [k] <w — > {0, 1}. We claim that 
if there is an infinite homogeneous set for /, then there is one in L. Let T 
be the set of all finite increasing sequences t = (a 0 , . . . , a n _i) in k such that 
for every k < n, f is constant on [{ao, • ■ • , a„_i}] fe , and let us consider the 
tree (T, D); clearly, T is constructible. We note that an infinite homogeneous 
set for / exists if and only if (T, d) is not well-founded. However, being well- 
founded is an absolute property for models of ZFC; and so if the tree is not 
well-founded, then it is not well-founded in L, and the claim follows. □ 

Let us consider models of a countable language £, with a distinguished 
one-place predicate Q. A model 21 = (A, Q % , . . .) of £ has type (k, A) if \A\ = n 
and |Q a | = A. 
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Definition 17.35. A cardinal k > Hi is a Rowbottom cardinal if for every 
uncountable A < k, every model of type (k, A) has an elementary submodel 
of type (k, N 0 )- 

An infinite cardinal is a Jonsson cardinal if every model of size n has 
a proper elementary submodel of size k. 

Every Rowbottom cardinal is a Jonsson cardinal and the following lemma, 
a variation on Rowbottom's Theorem, shows that every Ramsey cardinal is 
a Rowbottom cardinal. 

Lemma 17.36. Let k be a Ramsey cardinal, and let A be an infinite cardinal 
less than k. Let 21 = (A, . . .) be a model of a language C such that \C\ < A, 
and let A D n. Lf P C A is such that \P\ < k then 21 has an elementary 
submodel 03 = (B, . . .) such that \B\ = k and \Pr\B\ < A. 

Moreover, if X C A is of size at most A, then we can find 23 such that 
X C B. 

Moreover, if k is a measurable and D is a normal measure on n, then we 
can find 03 such that B n n € D. 

Proof. First we add to the language L one unary predicate whose interpre- 
tation is the set P; we also add constant symbols for all x e X. Next we find 
some Skolcm functions h v (in (A, . . . , P,x) xe x) for every formula ip, and 
extend the language further by adding function symbols for the functions h v . 

Next we find a set of indiscernibles / C n, of size n, for the expanded 
model 21'; if k is measurable and I? is a normal measure, we find I E D. We 
let B be the elementary submodel of 21' generated by /. As in the proof of 
Theorem 17.27, one proves that if \P n B\ < n then \P n B\ < A. □ 

In Chapter 18 we show that if there exists a Jonsson cardinal then V ^ L. 



Exercises 

17.1. Let U be a nonprincipal ultrafilter on uo. Then \J\tu(V) is not well-founded. 
[For each k G co, let f k be a function on ui such that fk{n) = n — k for all n > k. 

Then /o 9* fi 3* fi 9* ... is a descending €*-sequence in Ult.] 

17.2. If U is not a-complete, then XJ\tu(V) is not well-founded. 

[There exists a countable partition {X n : n = 0, 1, 2, . . .} of S such that 
X„ £ U for all n. For each k, let fk be a function on S such that fk(x) = n— k for 
all x G X n .] 

17.3. If Ult is well-founded, then every ordinal number a is represented by a func- 
tion / : S -> Ord. 

17.4. If U is a principal ultrafilter {X £ S : xo £ S} then [/] = f(xo) for each /, 
and ju is the identity mapping. 
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17.5. Let U be a nonprincipal cr-complete ultrafilter on S and let A be the largest 
cardinal such that U is A-complete. Then ju(ty > A. 

[Let {X a : a < A} be a partition of S into sets of measure 0; let / be a function 
on S such that f(x) = a if x G X a . Then [/] > A.] 

17.6. If j is an elementary embedding of the universe into a transitive model M, 
thenM = \J ae0nl j(V a ). 

17.7. Let j be an elementary embedding of the universe and let k be the least 
ordinal moved. If X is a class of ordinals such that k G j(X), then n € M(X). 

17.8. If j : V — > M is a nontrivial elementary embedding, if k is the least ordinal 
moved, and if A = lim{/«, ■ ■ ■}, then there exists A C A such that 

[Assuming that M contains all bounded subsets of A, the proof of Theorem 17.7 
shows that G £ M.] 

17.9. If k is measurable, then there exists a normal measure D on k such that 
Ulto(I / ) 1= k is not measurable. 

[Let D be a normal measure such that j'd(k) is the least possible ordinal; let 
M = UltoiV). If k is measurable in M, then there is a normal measure U on n 
such that (7 G M. Since P(k) C M, we have UhV(K, <) € M. By Lemma 17.9(iii) 
we have ju(^) < ((2 K ) + ) M . Since ((2 K ) + ) M < j'd(k), we get a contradiction.] 

A function / on k is monotone if /(a) < whenever a < (3. 

17.10. Let U be a nonprincipal K-complete ultrafilter on n. Then C7 extends the 
closed unbounded filter if and only if the diagonal function is the least nonconstant 
monotone function in Ulty. 

[If U extends the closed unbounded filter and if / is monotone and regressive 
on some X £ U, then since X is stationary, / is constant on an unbounded set 
and hence constant almost everywhere. If U does not extend the closed unbounded 
filter, then /(a) = sup(Cna) (where C ^ U is closed unbounded) is a nonconstant 
monotone function regressive on X € U .] 

17.11. Let U be a K-complete ultrafilter on n, and let h : it — > k. If D = h*{U), 
then the mapping k : Ult£>(V) — > UhV(V) defined by k([f]o) = [f ° h]u is an 
elementary embedding. 

17.12. If D is a normal measure on k and {a : 2 a < a ++ } <E D, then 2 K < k ++ . 
More generally, if /3 < k and {tt a : 2 Na < X a+ p} G D, then 2 N " < N K+/3 . 

[If / is such that = for all a < k, then [/]u = (H K+ j( / 3)) M < i~W/3-] 

17.13. If D is a normal measure on k and {a : 2* a < K a + a } G D, then 2 N " < K K+fI . 
[If/(a) = N a+a ,then [/] = (X K+K ) M .} 

17.14. Let k be measurable and let A = K K + re be strong limit. Then 2 A < K( 2 k)+- 

[7(A) = (K 3(K+f0 ) M < k 3(k)+j m; iW+i(«) < (2 K ) + -1 

17.15. Let k be measurable, let A be strong limit, cf A = k, such that A < 
Then 2 A < N A . 

[If A = K«, then j(A) = (K j{a) ) M < N i(o) , and j(a) < (a K )+ < A.] 

17.16. Let $(q) denote the ath fixed point of K, i.e., the ath ordinal £ such 
that H 4 = £. Let k be measurable and let A = $(ft + k) be strong limit. Then 
2 A < $((2 K ) + ). 

[Use the fact that ($(a)) M < $(a) for all a.] 
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17.17. If k — A + is a successor cardinal, then the Weak Compactness Theorem 
for C K<W is false. 

[Consider constants c a , a < k, a binary relation < and a ternary relation R. 
Consider the sentences saying that (a) < is a linear ordering; (b) c a < cp for a < (3; 
(c) each f x is a function, where f x (y) = z stands for R(x, y, z). Let S consist of these 
sentences, the sentence z < x — > 3y R(x, y, z) (saying that raii(/ x ) D {z : z < x}), 
and the infinitary sentence R(x, y, z) — > \J ^ <x {y = cj) (saying that dom(/i) C {cj : 
£ < A}). Show that each ScS, |S| < A, has a model, but E does not.] 

17.18. If k is a singular cardinal, then the Weak Compactness Theorem for £ KiLO 
is false. 

[Let A C k be a cofinal subset of size < k. Consider constants c a , a < n, and 
a linear ordering <. There is E that says on the one hand that {c a : a G A} is cofinal 
in the universe, and on the other hand that for each a < k, if (V/3 < a) c K > cp 
then c K > c a ; and each ScS, \S\ < n, has a model.] 

17.19. If k is weakly compact and if (23, c) is a K-complete algebra of subsets 
of k such that |Z3| = k, then every ^-complete filter F on B can be extended to 
a K-complete ultrafilter on B. 

[Consider constants cx for all X £ B, and a unary predicate U. Let E be the 
following set of C K ^-sentences: -^U(cq,), U(cx) V U(c K -x) for all X € B, U(cx) — » 
U(c Y ) for all X C Y in B, U(c x ) for all X e F, and A xe ^ ^(cx) -» U(c nA ) for 
all C B such that |.4| < k. Show that E has a model.] 

17.20. If k is inaccessible and if every K-complete filter on any K-complete algebra B 
of subsets of n such that |£>| = k can be extended to a K-complete ultrafilter, then 
k is weakly compact. 

[As in Lemma 10.18.] 

17.21. If (P, <) is a linearly ordered set of size k, and k is weakly compact, then 
there is a subset W C P of size n that is either well-ordered or conversely well- 
ordered by <. 

17.22. The least measurable cardinal is Ef-describable. 
[3C (U is K-complete nonprincipal ultrafilter on k).] 

17.23. Every inaccessible cardinal is IT^-indescribable for all m. 

[Let U C V K . The model (V K ,£,U) has a countable elementary submodel Mo. 
Let ao < n be such that Mo C Va 0 . For each n, let M„+i be an elementary submodel 
of (14, €, U) such that V a „ C M n+ i, and let M n+ i C V an+1 . Let a = lim n _»„ a„; 
then V a is an elementary submodel of (V K , G, 17).] 

17.24. If k is weakly compact, then there is no countably generated complete 
Boolean algebra B such that |B| = k. 

[Assume that B is such. Note that sat(B) = k. We may assume that B — 
(k, +,-,—); let A C k be a countable set of generators. Let Ui be the set of all 
pairs (u,x) such that u £ n, x C n, \x\ < k, and u — ~}2x, let U2 = {^4}- Let 
a be the conjunction of these sentences: (a) B is a Boolean algebra and B D A 
(first order), (b) Wx3u (if x C k, then u = X] 2 ') (first order), and (c) VX (if X C k 
and X is a partition of B, then 3a: (a: = X)) (here a? is a first order variable; the 
sentence (c) is H\). Since (V K , €, Ui, U2) satisfies a, there is some a < k such 
that (V a , G, Ui n V a , U2 PI V a ) N a. Then (a, +, ■, — ) is a complete subalgebra of B 
containing A.] 
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17.25. Let k be a measurable cardinal. If {A a : a < k) is a sequence of sets such 
that A a C a for all a < k, then there exists aniCs such that {a G k : Af]a — A a } 
is stationary. 

A cardinal k with the property from Exercise 17.25 is called ineffable. 

17.26. Let k be ineffable and let / : [k] 2 — > {0, 1} be a partition. Then there exists 
a stationary homogeneous set. (Hence k is weakly compact.) 

[For each a < k let A a = {£ < a : /({£, ct}) = 1}, and let A C k be such that 
S = {a : Af] a — A a } is stationary. Either S n i or S - A is stationary, and is 
homogeneous.] 

17.27. If k is ineffable then k is ineffable in L. 
[Use Lemma 17.21.] 

17.28. If k is Ramsey then Hi is inaccessible in L. 
[Show that P l ^ x \lu) is countable for every x C w.] 

17.29. If M is a transitive model of ZFC and if j : M —> M is a nontrivial 
elementary embedding, then the least ordinal k moved by j is n^-indescribable 
in M, for all n and m. 

[If U C I4 M , then (7 = j(!7) n V K M . If a is a II™ sentence and M 1= ((V«, €, 17) 1= 
a), then M N ((3a < j( K )) (V 0 ,e,j(l7) n 14) N a).] 

17.30. The cardinal is not weakly compact. 
[rj u is Ili-describable.] 

17.31. An infinite cardinal k is a Jonsson cardinal if and only if for every F : 
[k] < " — » k there exists a set HCcof size /« such that the image of [_ff] < " under F 
is not the whole set k. 

[To show that the condition is necessary, consider the model (k, <, Fi, F2, . . .) 
where F n — F\[n] n . To show that the condition is sufficient, let 21 = (k, . . .) be 
a model. Let {h n ■ n < co} be a set of Skolem functions for 21, closed under 
composition and arranged so that each h a is n-ary. For each x £ [«;]", let F(x) = 
/in(x). If -ff C k, then the image of [_ff] < " under F is an elementary submodel of 21.] 

17.32. Ho is not a Jonsson cardinal. 

[Let 21 = (w, /) where /(n) = n — 1 for all n > 0.] 

17.33. If k is a Rowbottom cardinal, then either k is weakly inaccessible or 
cf k — LO. 

[To show that k = A + is not Rowbottom, let f a be a one-to-one mapping of a 
onto A, for each a, such that A < a < n. Let 2t = (n, X, <, R) where R(a,/3, 7) 
if and only if f a (j3) = 7. If (B, B n \,<,Rn B 3 ) -< 21 and |Bj = k, let a be the 
Ath element of B; then /<*(£? n a) C B (1 A and hence \B n A| = A > H 0 . 

To show that k is not Rowbottom if k > cf k = A > Ho, let / be a nondecreasing 
function of n onto A and use / to produce a counterexample.] 



Historical Notes 

In [1963/64] Keisler and Tarski introduced the method of ultraproducts in the 
study of measurable cardinals, and it was established that the least measurable 
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cardinal is greater than the least inaccessible cardinal. Scott used the method of ul- 
trapowers to prove that existence of measurable cardinals contradicts the Axiom of 
Constructibility. Rowbottom and Silver initiated applications of innnitary combina- 
torics developed by Erdos and his collaborators. Scott's Theorem appeared in [1961] 
and Kunen's Theorem in [1971a]. (Lemma 17.8 is due to Erdos and Hajnal [1966].) 

In [1963/64a] Hanf studied compactness of innnitary languages; his work let to 
the systematic study of Keisler and Tarski. Hanf proved that the least inaccessible 
cardinal is not measurable (in fact not weakly compact); Erdos and Hajnal then 
pointed out (cf. [1962]) that the same result can be proved using innnitary combi- 
natorics. Keisler and Tarski introduced the Mahlo operation and showed that the 
least measurable cardinal is much greater than, e.g., the least Mahlo cardinal, etc. 

The equivalence of various formulations of weak compactness is a result of 
several papers. In [1963/64a] Hanf initiated investigations of compactness of in- 
nnitary languages. Erdos and Tarski listed in [1961] several properties that were 
subsequently shown mutually equivalent (for inaccessible cardinals) and proved 
several implications. These properties included the partition property k — > (k)|, 
the tree property, and several other properties. Hanf and Scott [1961] introduced 
nj^-indescribability and announced Theorem 17.18. Further contributions were 
made in the papers Hanf [1963/64b], Hajnal [1964], Keisler [1962], Monk and 
Scott [1963/64], Tarski [1962], and Keisler and Tarski [1963/64]. A complete list of 
equivalent formulations with the proofs appeared in Silver [1971b]. Theorem 17.22 
is due to Silver [1971b]. Rowbottom's Theorem (as well as Lemma 17.36) are due 
to Rowbottom [1971]. 

The main results on Erdos cardinals are due to Rowbottom, Reinhardt, and 
Silver. Rowbottom proved that if r) wi exists, then there are only countably many 
constructible reals (see [1971]); Theorem 17.33 is due to Reinhardt and Silver [1965], 
and Theorem 17.34 is due to Silver [1970a]. 

Exercise 17.10: Ketonen [1973]. 

Ineffable cardinals were introduced by Jensen; Exercises 17.26 and 17.27 are 
due to Kunen and Jensen. 

Exercise 17.29: Reinhardt and Silver [1965]. 
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18. Large Cardinals and L 



In Chapter 17 we proved that while "smaller" large cardinals (inaccessible, 
Mahlo, weakly compact) can exist in L, the "bigger" large cardinals (measur- 
able, Ramsey) cannot. In this chapter we isolate and investigate the concept 
of 0* (zero-sharp), a great divide in the landscape of large cardinals. 



Silver Indiscernibles 

Theorem 18.1 (Silver). If there exists a Ramsey cardinal, then: 

(i) If k and A are uncountable cardinals and n < A, then (L K ,G) is an 
elementary submodel of (L\,£). 

(ii) There is a unique closed unbounded class of ordinals I containing all 
uncountable cardinals such that for every uncountable cardinal k: 

(a) \I{~\k\ = k, 

(b) I H k is a set of indiscernibles for (L K , g), and 

(c) every a G L K is definable in (L K , g) from I n K. 

The elements of the class / are called Silver indiscernibles. Before giving 
the proof of Theorem 18.1 we state some consequences of the existence of 
Silver indiscernibles. 

By the Reflection Principle, if ip is a formula, then there exists an un- 
countable cardinal n such that 

(18.1) L 1= ip(xi, ■ ■ ■ , x n ) if and only if L K 1= <p(xi, . . . , x n ) 

for all xi,...,x n G L K . By (i), the right hand side holds in and only if 
L\ 1= tp(xi, . . . ,x n ) for all cardinals A > k. In view of this, we can define 
satisfaction in L for all formulas ip G Form: If <p(vi, . . . , v n ) is a formula of 
the language L = {g} and if (a±, . . . , a n ) is an n-termed sequence in L, we 
define 

(18.2) L\=<p[a 1 ,...,a n ] 

as follows: For every uncountable cardinal k such that a\, . . . , a n G L K , L K \= 
ip[cn, . . .,a n ]. 
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Note that this gives us a truth definition for the constructible universe: 
T = {#cr : Lni 1= If cr is a sentence, then a L <-> j^o e T. (Note that the 
set T is constructible but not definable in L: Otherwise, T would be a truth 
definition in L. Hence the cardinal H x is not definable in L.) 

Moreover, as a consequence of (i) we have (L K ,e) -< (L, g) for every 
uncountable cardinal k. As a consequence of (ii) Silver indiscernibles are 
indiscerniblcs for L: If ip(v\, . . . , v n ) is a formula, then 

(18.3) L 1= <p[ai, . . . , a n ] if and only if L 1= <p[/3i, ...,/?„] 

whenever ai < . . . < a n and j3\ < . . . < f3 n are increasing sequences in /. 
Every constructible set is definable from /. If a G L, there exists an increasing 
sequence (71, . . . , -f n ) of Silver indiscernibles and a formula ip such that 

L 1= a is the unique a; such that <^(a;, 71 , . . . , 7„). 

By (18.3), every formula ip(v±, . . . , v n ) is either true or false in L for any 
increasing sequence (71, . . . , 7„) of Silver indiscernibles; moreover, the truth 
value coincides with the truth value of L^^ \= <^[Ki, . . . , H„] since L^^ -< L 
and Hi, . . . , H„ are Silver indiscernibles. Thus let us define 

(18.4) 0« = N ^[H l7 . . . , H„]} 

(zero-sharp) . Later in this section we shall give another definition of the set 0". 
We shall show that a set 0* satisfying the definition exists if and only if (i) 
and (ii) holds, and then 0" is as in (18.4). 

Thus the conclusion of Theorem 18.1 is abbreviated as 

0" exists. 

In the following corollaries we assume that 0" exists. 

Corollary 18.2. Every constructible set definable in L is countable. 

Proof. If x € L is definable in L by a formula ip, then the same formula 
defines x in L Nl and hence x G L Nl . □ 

In particular, every ordinal number definable in L is countable. 

In the following corollary H Q denotes the ath cardinal in V, not H^. 

Corollary 18.3. Every uncountable cardinal is inaccessible in L. 

Proof. Since L \= Hi is regular, we have 

L \= H Q is regular 

for every a > 1. Similarly, L N H w is a limit cardinal, and hence 

L N H a is a limit cardinal 



for every a > 1. Thus every uncountable cardinal (and in fact every 7 e I) 
is an inaccessible cardinal in L. □ 
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Corollary 18.4. Every uncountable cardinal is a Mahlo cardinal in L. 

Proof. By Corollary 18.3, every Silver indiscernible is an inaccessible cardinal 
in L. Since Itlwi is closed unbounded in w\, Hi is a Mahlo cardinal in L. □ 

Corollary 18.5. For every a > u>, \V a n L| < \a\. In particular, the set of 
all constructible reals is countable. 

Proof. The set V a n L is definable in L from a. Thus V a n L is also definable 
from a in L K where k is the least cardinal > a. Hence V a C\L C L@ for some /3 
such that |a| = |/3|. However, \Lp\ = \/3\. □ 

Models with Indiscernibles 

The proof of Silver's Theorem is based on a theorem of Ehrcnfcucht and 
Mostowski in model theory, stating that every infinite model is elementarily 
equivalent to a model that has a set of indiscernibles of prescribed order-type. 
We shall deal only with models (La, €) (and models elementarily equivalent 
to these); we shall prove below a special case of the Ehrenfeucht-Mostowski 
Theorem. 

We shall use the canonical well-ordering of L to endow the models (La, e) 
with definable Skolcm functions. For each formula ip(u, v\, . . . , v n ), let h v be 
the n-ary function defined as follows: 



We call h v , tp G Form, the canonical Skolem functions. 

For each limit ordinal A, h^ x is an n-ary function on La, the LA-interpre- 
tation of h v , and is definable in (La, €). 

When dealing with models (La, €) we shall freely use terms and formulas 
involving the h v since they as definable functions can be eliminated and 
the formulas can be replaced by S-formulas. For each limit ordinal A, the 
functions h^ x , (p E Form, are Skolem functions for (La,<e) and so a set 
M C La is an elementary submodel of (La,<e) if and only if M is closed 
under the h^ x . If X C L\, then the closure of X under the h^ x is the smallest 
elementary submodel M -< L\ such that X C M, and is the collection of all 
elements of La definable in La from X. 

The fact that the well-ordering < a of La is definable in La uniformly for 
all limit ordinals A (by the same formula) implies the following: 

Lemma 18.6. If a and f3 are limit ordinals and if j : L a — > Lp is an 
elementary embedding of (L Q ,e) in (L^,e), then for each formula ip and all 
X\ , . . . , x n £ L a , 



(18.5) 




the <L-lcast u such that ip(u, v\, . . . , v n ) 
0 otherwise. 



(18.6) 



V(i(zi), • ■ -,j{x n )) = j(h^(xi,. . . 



x n )). 
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Hence j remains elementary with respect to the augmented language C* = 
{g} U {hip : <f G Form}. □ 

Let A be a limit ordinal, and let 21 = (A, E) be a model elementarily 
equivalent to (L\, g). The set Ord % of all ordinal numbers of the model 21 is 
linearly ordered by E; let us use x < y rather than x E y for x,y G Orrf a . 
A set 7 C Ord % is a set of indiscernibles for 21 if for every formula ip, 

(18.7) 21 1= <p[x lt . . . ,x n ] if and only if 21 1= tp>[y\, • • • , Vn] 

whenever x\ < . . . < x n and y\ < ■ ■ ■ < y n are elements of /. Let h^ denote 
the ^-interpretation of the canonical Skolem functions (18.5). Given a set 
X G A, let us denote H % (X) the closure of X under all /i a , ip G Form. The 
set H^(X) is the Skolem hull of X and is an elementary submodel of 21. 

If 7 is a set of indiscernibles for 21, let S(2l, I) be the set of all formulas 
if(vx, . . . ,v n ) true in 21 for increasing sequences of elements of I: 

(18.8) if(vx, . . . , v n ) G S(2l, I) <-> 21 1= tp[xi, . . . , x n ] for some x\, . . . , x n G I 

such that X\ < . . . < x n . 

A set of formulas X is called an E.M. set (Ehrenfeucht-Mostowski) if there 
exists a model 21 elementarily equivalent to some La, A a limit ordinal, and 
an infinite set I of indiscernibles for 21 such that S = S(2t, I). 

Lemma 18.7. // £ is an E.M. set and a an infinite ordinal number, then 
there exists a model 21 and a set of indiscernibles I for 21 such that: 

(i) £ = £(&,/); 

(ii) the order-type of I is a; 
(hi) 2l=/L a (J). 

Moreover, the pair (21, /) is unique up to isomorphism. 

Proof. We prove uniqueness first. Let (21, 1) and (03, J) be two pairs, each 
satisfying (i), (ii), (iii). Since both / and J have order-type a, let it be the 
isomorphism between I and J. We shall extend n to an isomorphism between 
21 and <B. 

Since 21 is the Skolem hull of I, there is for each a G 21 a Skolem 
term . . . , v n ) (a combination of the Skolem functions h v ) such that 
a = t % [xi, . . . , x n ] for some x\ < . . . < x n in I; similarly for 2$, J. Thus 
we define 

(18.9) n(t m [ Xl , . . .,x n ]) = t*[ir(xi), . . . ,7r(x n )] 

for each Skolem term f and all xi, . . . , x n G I such that x\ < . . . < x n . Since 

£(2t,7) = £(Q3, J), we have 

(18.10) 

if [xi, ...,!„] = tf[y!, ...,y n }^ tf[nxi, . . .,irx n ] = tf[nyi, . . .,iry n ], 
tf [xi, . . . ,x„] L" a if [yi, ...,y n ] <-» if [7rxi, . . . ,ttx„] L"* 8 if [7rj/i, . . .,7ry„] 
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for any terms t\, t 2 and indiscernibles x, y: Let z\, . . . , z n+m be the enumera- 
tion of the set {x±, . . . ,x n ,yi, . . . , y m } in increasing order. Then the equality 
in (18.10) holds (simultaneously in 21 and 03) just in case ip(vi, . . . ,v n+m ) € 
S where <p{z\, . . . , z n+m ) is the formula that says that t\ \x\ , . . . , x n ] — 
*2 [yi , ■ ■ ■ ,yn]- Hence it is well-defined by (18.9) and is an isomorphism be- 
tween 21 and 03 extending the order-isomorphism of I and J. 

To prove the existence of a model with indiscernibles with properties (i) , 
(ii), and (iii), we use the Compactness Theorem. Since S is an E.M. set, there 
exists (2lo,io) such that E = £(2lo,/o)- Let us extend the language {&} by 
adding a constant symbols c^, £ < a. Let A be the following set of sentences: 

(18.11) is an ordinal (all £ < a), 



We shall show that every finite subset of A has a model. Let D C A be 
finite. There exist £i < . . . < £fc such that Cf i; . . . , c^ fc are the only constants 
mentioned in D. Let cr(c^ 1 , . . . ,c^ fc ) be the sentence that is the conjunction 
of all sentences in D. 

Since Iq is infinite, there are ii, . . . ,ih € Iq such that i\ < . . . < ik- Let 
us take the model 2lo and expand it by interpreting the constant symbols 
Cf 15 . . . , C£ k as ii, . . . , ifc. Since S = £(2lo,lo) and C A, it is clear that 
2lo 1= a[ii, ■ ■ ■ ,ik] and hence the expansion (2lo, ii, . ■ . , ife) is a model of a, 
hence of D. 

By the Compactness Theorem, the set A has a model Tl — (M, E, c^)^ <a . 
Let I — {cjp : £ < a}. I is a set of ordinals of 9Jt and has order-type a. 
It is clear that if tp(vi , . . . , v n ) is an G-formula and ^ < ... < £„, then 
(M, £?) N <^[c|^, . . . , c^ 1 ] if and only if <p € S. Thus 7 is a set of indiscernibles 
for (M, E 1 ). Now we let A be the Skolem hull of I in (M, £). Since 21 = (A, E) 
is an elementary submodel of (M, E) , it follows that I is a set of indiscernibles 



for 21, S(2l,/) = S, and that H % (I) = H {M ^ E \l) = A. Hence (21,7) satisfies 



For each E.M. set X and each ordinal a, let us call the (X, a)-model the 
unique pair (21, 1) given by Lemma 18.7. The uniqueness proof of Lemma 18.7 
easily extends to give the following: 

Lemma 18.8. Let S be an E.M. set, let a < fit, and let j : a — > (3 be 
order -preserving. Then j can be extended to an elementary embedding of the 
(S, a) -model into the (S, (3) -model. 

Proof. Extend j as in (18.9). □ 

We shall eventually show that the existence of Ramsey cardinal implies 
the existence of an E.M. set S having a certain syntactical property [remark- 
ability) and such that every (£, a)-model is well-founded. Let us investigate 
well-foundcdness first. 



(all £, t) such that £ < rj < a), 

(all fieS and all £i <...<£„ < a). 



(i), (ii), and (iii). 



□ 
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Lemma 18.9. The following are equivalent, for an E.M. set £: 

(i) For every ordinal a, the (S, a) -model is well-founded. 

(ii) For some ordinal a > u)\, the (T,,a)-model is well-founded. 

(iii) For every ordinal a < wi, the (T,, a)-model is well-founded. 

Proof, (i) — > (ii) is trivial. 

(ii) — > (iii): If (21, 1) is the (£, a)-model and if (3 < a, let J be the initial 
segment of the first j3 elements of I; let 03 = i7 a (J). Clearly, (03, J) is the 
(X, /3)-model. Since a submodel of a well-founded model is well-founded, it 
follows that if (3 < a and the (X,ai)-model is well-founded, then the (£,/?)- 
model is also well-founded, and thus (ii) implies (iii). 

(iii) — ► (i): Let us assume that there is a limit ordinal a such that the 
(£, a)-model is not well-founded; let (21, I) be the model. There is an infinite 
sequence clq, a\, a-i, . . . in 21 such that ai E 02, 02 E a±, etc. Each a n is 
definable from I; that is, for each n there is a Skolcm term t n such that a n = 
£„ [xi, . . . , Xk n ] for some xi, . . . , Xk n G /. Therefore there is a countable subset 
Io of I such that a n € H a (/o) for all n £ ui. The order-type of Iq is a countable 
ordinal (3 and (H^(Iq),Io) is the (S, /3)-model. This model is clearly non- 
well- founded since it contains all the a n . Hence for some countable [3, the 
(S, /3)-model is not well-founded. □ 

We shall now define remarkability. We consider only (£, a)-models where 
a is an infinite limit ordinal. 

Let us say that a (S, a)-model (21, 1) is unbounded if the set I is un- 
bounded in the ordinals of 21, that is, if for every x € (3rd 21 there is y € I 
such that x < y. 

Lemma 18.10. The following are equivalent, for any E.M. set S: 

(i) For all a, (S, a) is unbounded. 

(ii) For some a, (£, a) is unbounded. 

(iii) For every Skolem term t{v\, . . . ,v n ) the set S contains the formula 

(18.12) if t(v\, . . . ,v n ) is an ordinal, then t(vi, . . . , v n ) < v n+ \. 

Proof, (i) — > (ii) is trivial. 

(ii) — > (iii): Let (21,/) be a (E, a)-model, where a is a limit ordinal, 
and assume that I is unbounded in Ord 21 . To prove (iii), it suffices to show 
that for any term t, (18.12) is true in 21 for some increasing sequence x\ < 
. . . < x n+ \ in /. Let t be a Skolem term. Let us choose x\ < . . . < x n £ I 
and let y = t^[xi, . . . , x n ]. If y ^ Ord % , then (18.12) is vacuously true; if 
y e Ord 21 , then there exists x n+ \ G / such that y < x n+1 , and we have 
21 1= t[x lt ...,x n ]< x n+1 . 

(iii) — > (i): Let (21,/) be a (S, a)-model, where a is a limit ordinal, and 
assume (iii). To prove that / is unbounded in (3rd 21 , let y e (3rd 21 . There exist 
a Skolem term £ and x\ < . . . < x n e 7 such that y = £ a [a;i, • • • , x n \. Now if 
x n+ i is any element of 7 greater than x n , (iii) implies that y < x n +i- □ 
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Thus we say that an E.M. set £ is unbounded if it contains the formu- 
las (18.12) for all Skolem terms t. 

Let a be a limit ordinal, a > lo, and let (21,/) be the (£, a)-model. 
For each £ < a, let denote the £th element of I. We say that (21,/) is 
remarkable if it is unbounded and if every ordinal x of 21 less than is in 
H*{{i n :n£uo}). 

Lemma 18.11. The following are equivalent for any unbounded E.M. set £: 

(i) For all a > lo, the (Y., a)-model is remarkable. 

(ii) For some a> lo, the (£ , a) -model is remarkable. 

(iii) For every Skolem term t(x\, . . . ,x m ,yi, . . . ,y n ), the set £ contains the 
formula 

(18.13) if t(xi, . . . ,x m ,yi, . . . ,y n ) is an ordinal smaller than y\, then 
t{x\ , . . . , x m , yi , . . . , yn) — t{x\ , . . . , x m ? Z\ , . . . , z n ) . 

Moreover, if (21, /) is a remarkable (£, a) -model and 7 < a is a limit ordinal, 
then every ordinal x of 21 less than i 7 is in H % ({i^ : £ < 7}). 

Proof, (i) — > (ii) is trivial. 

(ii) — > (iii) : Let a > lo be a limit ordinal and let (21, I) be a remarkable 
(£, a)-model. To prove (iii), it suffices to show that for any t, (18.13) is 
true in 21 for some increasing sequence x\ < . . . < x m < y\ < . . . < y n < 
Zi < . . . < z n in J. Let t be a Skolem term. We let xi < ... < x m < 
yi < . . . < y n < z\ < . . . < z n e / be such that x\, . . . , x m are the 
first m members of I and that yi is the wth member of /, yi = i u - Now if 
a = t % (xi, . . . , x m ,yi, ■ • ■ , y n ) is an ordinal of 21 and less than y\, we have, by 
remarkability of (21,/), a € H % {{i n : n < w}). Hence there is k < lo, k > m, 
and a term s such that 

(18.14) 21 1= t[xi, ...,x m ,y 1 ,...,y n ] = s[i 0 , ...,i k }- 

In other words (18.14) says that 21 satisfies a certain formula tp[io, ■ ■ ■ , ik, 
2/1, . . . , y n ]. By indiscernibility, 21 also satisfies <p[i 0 , . . . 

21 1= t[xi, ...,x m ,z 1 ,...,z n ] = s[i 0 , i k \. 

Therefore t^[xi, . . .,x m ,yi, ■■■,y n ] = t % [x\, . . .,x m , zi, . . .,z n }. 

(iii) — > (i) and "moreover:" Let (2t, /) be a (£, a)-model, where a > lo is 
a limit ordinal, and assume (iii). Let 7 > lo be a limit ordinal and let x G Ord % 
be less than i 1 , the 7th element of /. We shall show that x £ H % ({i^ : £ < 7}). 
Since 21 = i/ a (I), there is a Skolem term t and x\ < . . . < x m < y\ . . . < 
y n £ I such that y\ — i 1 and x — t [x\, . . . , x m , t/i, . . . , y n ]. Let us choose 
w\, . . . , w n and z\ , . . . , z n in I such that 

xi < . . . < x m < wi < . . . < w n < t/i < . . . < y n < z\ . . . < z n . 
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Now since x < yi, it follows from (18.13) that 

21 1= t[xi, . . . ,x m ,yi, ...,y n ] = t[xi,. . .,x m ,zi, . . .,z n ]. 
However, by indisccrnibility, this implies that 

21 1= t[x! ,...,X m ,W 1 ,...,W n ] = t[xi ,...,X m ,Zi,...,Z n ], 

and hence x = t % [x l7 . . . ,x m ,Wi, . . . ,w n ]. Therefore x e H^({i^ : £ < 7}). 

□ 

Thus we say that an E.M. set E is remarkable if it is unbounded and 
contains the formulas (18.13) for all Skolcm terms t. 

An important consequence of remarkability is the following: Let (21, 1) be 
a remarkable (E, a)-model and let 7 < a be a limit ordinal. Let J = {i^ : 
£ < 7} and let 03 = H*(J). Then (23, J) is the (E, 7)-modcl, and the ordinals 
of 03 form an initial segment of the ordinals of 21. 

Another consequence of remarkability is that the indisccrniblcs form 
a closed unbounded subset of ordinals. Let (21,/) be the (E,a)-model. We 
say that the set I is closed in Oni a if for every limit 7 < a, i 1 is the least 
upper bound (in the linearly ordered set Ord* 21 ) of the set {i^ : £ < 7}. 

Lemma 18.12. If (21,7) is remarkable, then I is closed in Ord % . 

Proof. Let 7 < a be a limit ordinal. If x is an ordinal of 21 less than i 7 , then 
by remarkability, x is in the (E,7)-model 23 = H*({i s : £ < 7}). However, 
since E is unbounded, 23 is an unbounded (E,7)-model and hence x < i% for 
some £ < 7. Hence i 7 is the least upper bound of {i^ : £ < 7}. □ 

Proof of Silver's Theorem and 0" 

Let us call an E.M. set E well-founded if every (E,a)-model is well-founded, 
and let us consider the statement: 

(18.15) There exists a well-founded remarkable E.M. set. 

We shall prove Theorem 18.1 in two steps: First we shall show that both (i) 
and (ii) are consequences of the assumption that there exists a well-founded 
remarkable E.M. set, and then we shall show that if there exists a Ramsey 
cardinal, then (18.15) holds. (Note that by Lemma 18.9 it suffices to find 
a well-founded remarkable model with uncountably many indiscernibles.) 

Thus let us assume that there exists a well-founded remarkable E.M. set 
and let E be such a set. 

For every limit ordinal a, the (S,a)-model is a well-founded model el- 
ementarily equivalent to some L 7 , and so by (13.13) is (isomorphic to) 
some Lfj. 
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Lemma 18.13. If k is an uncountable cardinal, then the universe of the 
(E, n)-model is L K . 

Proof. The (E,K)-model is (Lp,I) for some (3; since |/| = k, we clearly have 
(3 > k. To prove that (3 = k, assume that (3 > n. Since I is unbounded in (3 and 
has order-type k, there is a limit ordinal 7 < k such that n < i 1 . By remark- 
ability all ordinals less than i 1 are in the (E,7)-model 21 = H({i^ : £ < 7}). 
This is a contradiction since on the one hand we have k C 21, and on the 
other hand |2l| = < k. □ 

For each uncountable cardinal k, let I K be the unique subset of k such that 
(L K ,I K ) is the (E, «;)-model. By Lemma 18.12, I K is closed and unbounded 
in k. 

Lemma 18.14. If k < X are uncountable cardinals, then I\f~\ k = I K , and 
H L *(I K ) = L K . 

Proof. Let J be the set consisting of the first k members of I\ and let 21 = 
H Lx (J). Then (21, J) is a (S, «;)-model and the ordinals of 21 are an initial 
segment of A, say Ord % = (3. Since (21, J) is isomorphic to (L K ,I K ), it is clear 
that (3 — k and J = I K . Hence I\ n k = I K . 

Now since 2t -< L\, 21 is closed under the definable function F(a) = 
the ath set in the well-ordering <l, and since Ord^ — k, we have A = 
{F(a) : a < k} = L K . □ 

Using this lemma, we can now prove both (i) and (ii) of Theorem 18.1 
except for the uniqueness of Silver indiscernibles. We let 

(18.16) I = [\{I K ■ k is an uncountable cardinal}. 

For each uncountable cardinal k, I(1k = I K is a closed unbounded set of order- 
type k, and is a set of indiscernibles for (L K ,£); moreover, by Lemma 18.7(iii), 
every a G L K is definable in L K from I K . Let k < A be uncountable cardinals. 
Since I\ is closed in L\ and I\C\k = I K , it follows that n € I\\ hence / contains 
all uncountable cardinals. Also, since L K = H Lx (I K ), we have L K -< L\. 

The next two lemmas prove the uniqueness of Silver indiscernibles and of 
the corresponding E.M. set. 

Lemma 18.15. There is at most one well-founded remarkable E.M. set. 

Proof. Assuming that there is one such E, we define the class I in (18.16). 
Now since is the (E, H w )-model and H„ e I for each n > 1, we have 

(18.17) <f(vi, ■ ■ ■ , v n ) € E if and only if 1= <p[#i, . . . , H„] 



which proves that E is unique. 



□ 
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We therefore define 0" (zero- sharp): 

(18.18) 0" is the unique well-founded remarkable E.M. set if it exists. 

The uniqueness of Silver indiscernibles now follows from: 

Lemma 18.16. For every regular uncountable cardinal k there is at most one 
closed unbounded set of indiscernibles X for L K such that L K = H Lk -(X). 

Proof. Let £ = S(L K , X). Since X is closed unbounded, it follows that XDl 
is infinite, and T,(L K ,X) = Y,(L K ,Xf\I) = E(L K ,/n«;). Hence £ = and 
since (L K ,X) is the (£, fc)-model, we have X = I (~l k. □ 

Thus we have proved (i) and (ii) of Theorem 18.1 under the assump- 
tion that 0" exists. On the other hand, if (ii) holds, then 0" exists because, 
e.g., (L UJl ,I n uji) is a remarkable well-founded model with Hi indiscernibles. 
To complete the proof of Theorem 18.1, it remains to show that if there is 
a Ramsey cardinal, then 0" exists. That will follow from: 

Lemma 18.17. Let k be an uncountable cardinal. If there exists a limit ordi- 
nal A such that (L\, g) has a set of indiscernibles of order-type k, then there 
exist a limit ordinal 7 and a set I C 7 of order-type n such that (L 7 ,I) is 
remarkable. 

It follows that if k is Ramsey, then by Corollary 17.26 (L k ,e) has a set 
of indiscernibles of order-type k. By Lemma 18.17, there exists a remarkable 
model (Lj,I) where I has order-type k. By Lemma 18.9, S(L 7 ,7) is well- 
founded and remarkable and hence 0" exists. 

Proof. Let A be the least limit ordinal such that (L\, e) has a set of indis- 
cernibles I C A of order- type k. We shall show first that there is a set of 
indiscernibles I C A for L\, of order-type k, such that H Lx (I) = L\. Let 
J be any set of indiscernibles for L\, of order-type k, and let 21 = H Lx (J). 
Then 21 -< L\ and hence 21 is isomorphic to some Lp, (3 < A, by the collapsing 
map 7T. Now I = tt(J) is a set of indiscernibles for Lp, and H Lf3 (I) — Lp. By 
the minimality of A, we have (3 = A and hence / is as claimed. 

Next we show that any such set I is unbounded in A. If not, there is a limit 
ordinal a < A such that Ida. There is a Skolem term t and 71 < . . . < 7„ € I 
such that a = t Lx [^\, . . . ,j n ]- We claim that the set J = {i £ I : i > 7„} 
is a set of indiscernibles for (L a , e). If ip(v\, . . . ,v n ) is a formula, then for 
any i\ < . . . < ik € J, L a satisfies <p[ii, . ■ . ,ik] if and only if L\ satisfies the 
formula 



The formula (18.19) is a formula about a, i\, ik, and since a = 

t Lx [71, ... , 7„] there is a formula ip(iti, . . . , u n , V\, . . . , v k ) such that L\ sat- 
isfies (18.19) if and only if 



(18.19) 



L a 1= (p[h,. . . ,i k ]. 



(18.20) 
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By the indiscernibility of /, the truth of (18.20) is independent of the 
choice of ii < ... < ik in I provided 7„ < i\. Hence the truth of (18.19) 
is independent of the choice of i\ < . . . < ik in J. Hence J is a set of 
indiscernibles for L a , and this contradicts the minimality of A since a < A 
and the order- type of J is n. 

Finally let J be a set of indiscernibles for L\ of order-type k such that 
H Lx (I) = L\, and that i u , the uth clement of /, is least possible. We will 
show that (L\,I) is remarkable. 

Let us assume that (L\,I) is not remarkable. Then there is a Skolem 
term t(xi, . . . , x m , yi, . . . , y n ) such that the following holds in L\ for any 
xi < . . . < x m < yi < . . . < y n < z\ < . . . < z n : 

(18.21) t(x!, . . . ,x m ,y 1 , . . . ,y n ) < yx 
and 

(18.22) t(xi, ...,x m ,y 1 ,...,y n )^ t(x 1 , ...,x m ,zi,.. .,z n ). 

Let x\, . . . , x m be the first m elements of /. We now consider the following 
increasing n-termed sequences in /: Let uq be the sequence of first n indis- 
cernibles after x m , let ui be the first n indiscernibles after uq, etc.; for each 
a < k, let 

i (x 1 , . . . ,X m ,U a ). 

By indiscernibility applied to the formula (18.22), we have -f a ^ whenever 
a ^ [3. In fact, in (18.22) we have either < or > (in place of ^); but > is 
impossible since that would mean that 7 a > jp whenever a < (3. Thus 
(7 Q : a < k) is an increasing sequence of ordinals. 

We claim that J = {7^ : a < n} is a set of indiscernibles for L\. This is 
so because for any formula ip, the truth value of ip(fy a i j • • • ; la k ) m L\ does 
not depend on the choice of j ai < . . . < j ak in J because by the definition 
of the u a , the truth value of (f(t(xi . . . , x m ,u ai ), . . . , t(x\ . . . , x m ,u ak )) does 
not depend on the choice of a\ < . . . < o^. 

Hence {7^ : a < k} is a set of indiscernibles for L\. Since i u is the first 
member of u u , it follows by (18.21) that 7^ < i u . Now if A = H(J) and 
7r is the transitive collapse of A, then, as we proved in the first paragraph, 
tt(A) = L\, and K = ir(J) is a set of indiscernibles for L\ of order-type k such 
that H Lx (K) = L\. However, 77(7^) < 7^ < i u , and so the wth member of K 
is smaller than i u , contrary to our assumption. Hence (L\,I) is remarkable. 

□ 

This completes the proof of Theorem 18.1. Lemma 18.17 also gives the 
following equivalence: 



Corollary 18.18. 0" exists if and only if for some limit ordinal A, the model 
(L\,G) has an uncountable set of indiscernibles. □ 
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The set 0" is, strictly speaking, a set of formulas. But as formulas can 
be coded by natural numbers, we can regard 0" as a subset of u. This con- 
vention has become standard. Moreover, in Chapter 25 we show that 0* is 
a II2 singleton, and so {0*} is a A3 set. At this point we outline the proof of 
absoluteness of 0": 

Lemma 18.19. The property "E is a well-founded remarkable E.M. set" is 
absolute for every inner model of ZF. Hence M \= 0* exists if and only if 
0»eMm which case (0») M = 0 s . 

Proof. We first replace the property "E is an E.M. set" by a syntactical 
condition. 

Let L be the language {€, C\, c%, . . . , c n , . . .} where c„, n < u>, are constant 
symbols. For every G-formula <p(vi , . . . , v n ) let <p be the sentence <p(a ,c n ) 
of C. For each set of formulas £, let E be the set containing (i) all <p for 
ip e E, (ii) the sentence "ci is an ordinal and ci < c 2 ," and (iii) the sentence 
'V(c»i ,•■•,£»„) <-» ^(cji , • ■ • , Cj„)" for every ^ € S and any ii < . . . < i„, 
ji < . . . < j n , (iv) all axioms of ZFC + V = L. Let us consider the condition 

(18.23) S is consistent. 

Clearly, if £ is an E.M. set, then E is consistent, for we simply interpret 
the constants c„, n < ui, as some Silver indiscernibles. Conversely, if E is 
consistent, then E has a model and that model provides us with a (E,w)- 
model (with indiscernibles c„, n < u) and the proof of Lemma 18.7 goes 
through. Therefore (18.23) holds if and only if E is an E.M. set. 

As remarkability can also be expressed as a syntactical property, it follows 
that "E is a remarkable E.M. set" can be written as a A 0 property (with 
parameters and Form). As such it is absolute for transitive models. 

If E is a remarkable E.M. set, then for every limit ordinal a there is 
a unique (up to isomorphism) (E,a)-model and we can find one ((A,E),I) 
such that I = a and that < a (i.e., E) agrees with < on a. If ((A,E),a) 
is such, we say that "((A, E),a) is a (S, a)-model." This last property is 
a Ai property of E, (A, E), a, V u and Form. Then E = 0* if and only if 

(18.24) Va V(A,E) (if ((A,E),a) is a (E,a)-modcl, then (A,E) is well- 
founded) . 

As well-foundedness is absolute for transitive models of ZF, it follows that 
(18.24) is absolute for inner models of ZF (which contain all ordinals), and 
therefore "E = 0 J " is absolute. □ 



Elementary Embeddings of L 

In Chapter 17 we proved that a well-founded ultrapower of the universe 
induces an elementary embedding jjj : V —> Ult, and conversely, if j : V — > M 
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is a nontrivial elementary embedding, then (17.2) defines a normal measure 
on the least ordinal moved by j. 

Let j be a nontrivial elementary embedding of the universe, and let M 
be a transitive model of ZFC, containing all ordinals. Let N = j(M) = 
V) ae0rd j{M n V a ). Then N is a transitive model of ZF and j : M — > N is 
elementary: 

(18.25) M\= <p( ai ,...,a n ) if and only if N 1= (p(j(a\), . . . ,j(a n )). 

((18.25) is proved by induction on the complexity of <p). In particular, if 
M = L, then j(V) N (N is the constructiblc universe), and so N = L, and 
j \L is an elementary embedding of L in L. Note that by Scott's Theorem, the 
function j \L is not a class in L; thus if there exists an elementary embedding 
of L (into L), then V ^ L. 

If 0" exists, then there are nontrivial elementary embeddings of L. In 
fact, let j be any order-preserving function from the class / of all Silver 
indisccrniblcs into itself. Then j can be extended to an elementary embedding 
of L; we simply let 

(18.26) j(i L [7i, . . . , 7n ]) = i L [j(7i), . . • ,j(jn)] 

for every Skolcm term t and any Silver indiscernibles 71 < ... < 7„. We 
shall prove that the converse is true, that if there is a nontrivial elementary 
embedding of L, then 0* exists: 

Theorem 18.20 (Kunen). The following are equivalent: 

(i) 0" exists. 

(ii) There is a nontrivial elementary embedding j : L — > L. 

Toward the proof of Kunen's Theorem, let us investigate elementary cm- 
beddings j : M — > N where Mis a transitive model of ZFC. 

Definition 18.21. Let M be a transitive model of ZFC, and let k be a car- 
dinal in M. An M-ultrafilter on k is a collection D C P M (k) that is an 
ultrafilter on the algebra of sets P m (k). Explicitly, 

(18.27) (i) k£ D and 0 £ L>; 

(ii) if x e £> and y e d, then inyefl; 

(iii) if X e D and Y e M is such that X C F, then y e D; 

(iv) for every X C k such that IeM, either X or k — X is in D. 

D is k- complete if whenever a < /c and {X^ : £ < a} <G M is such that 
X^ e D for all £ < a, then Pl{< Q -^a is normal if whenever / g Mis 

a regressive function on I 6 fl, then / is constant on some Y E D. 

If j : M — > TV is an elementary embedding, then the least ordinal moved 
by j is called the critical point of j. 
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Lemma 18.22. If j : M — > N is an elementary embedding and k is the 
critical point of j then k is a regular uncountable cardinal in M, and D = 
{X E P m (k) : k E j(X)} is a nonprincipal normal n-complete M -ultrafilter 
on k. 

Proof. Exactly as the proof of Lemma 17.2. Note that ^-completeness of D 
implies that k is regular in M. □ 

If D is an M-ultrafiltcr on k, one can construct the ultrapower of M 
by D as follows: Consider, in M, the class of all functions / with domain n. 
Using D, define an equivalence relation =* and the relation E* as usual; 

/ =* g <-» {a < k : f(a) = g(a)} E D, 
f e* g^{a<n: f(a) E g(a)} E D. 

Then define equivalence classes mod =*, and the model Ult = Ulto(M). An 
analog of Theorem 12.3 is easily verified: 

Ult N ^([/x], . . . , [/„]) if and only if {a < 7 : M N V (/i(a), . . . , /„(<*))} E D. 
If for each a E M, c a denotes the constant function with value a, then 

j D (a) = [Ca] 

defines an elementary embedding of M in Ult. 

The ultrapower of M by an M-ultrafiltcr D is not necessarily well- 
founded, even if D is countably complete. 

If j : M — > N is an elementary embedding with M and N being transitive 
models, and if D is the M-ultrafiltcr {X : n E j(X)}, then, as in Lemma 17.4, 
we have the commutative diagram 

M N 



(18.28) 




Ult 



and it follows that Ultc(M) is well-founded. (If [/ 0 ] 3* [fi] 3* . . . were a de- 
scending sequence in Ult, then k([f 0 ]) 3 k([fx]) 3 ... would be a descending 
sequence in N.) 

We proceed with the proof of Kunen's Theorem. 

Let j : L — > L be an elementary embedding. We shall first replace j by 
a more manageable embedding. We let D be the L-ultrafilter {X E P L (-~f) ■ 
7 E j(X)} where 7 is the critical point of j. The ultrapower Ultu(L) is well- 
founded and so we identify Ult with its transitive collapse L; let jo be the 
canonical embedding, jjj : L —> L. The critical point of jo is 7 because D is 
7-complete. 
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Lemma 18.23. If n is a limit cardinal such that cf n > 7, then Jd{k) = k. 

Proof. Every constructible function / : 7 — > k is bounded by some a < 
k and hence [/] < [c a ] (where c a is the constant function with value a). 
Thus j'd(k) = lim Q _ +K _7£)(a). Now if a < k, then |j£>(a)| < |(a 7 ) L |, hence 
jij(a) < k. It follows that jd{k) = k - □ 

Let us drop the subscript -D and simply assume that j : L — > i is an 
elementary embedding, that 7 is its critical point and that = n for every 
limit cardinal k such that cf k > 7. 

Let Uq be the class of all limit cardinals k with cf n > 7; by transfinite 
induction we define a sequence of classes Uo D U\ D ... D U a D ... as 
follows: 

(18.29) U a+1 = {k€ U a : \U a r\n\ = k}, 

U x = 0 U a (A limit). 

a<\ 

(That is, [/q+i consists of fixed points of the increasing enumeration of U a .) 
Each U a is nonempty, and in fact a proper class. To see this, verify, by 
induction on a, that each U a is a proper class and is 5- closed, for each S 
with cf <5 > 7; that is, whenever (k^ : £ < <5) is an increasing sequence in {/ Q , 
then limj_^,5 e U a . Hence each U a is nonempty, and we choose a cardinal 
k £ U m . 

Thus k is such that cf k > 7 and k is the Kth element of each U a , a < w\. 
We shall find a set of Ni indiscernibles for (L K , £). 

Since j : L — > L is an elementary and j(k) = k, it is clear that the 
mapping i — j\L K is an elementary embedding of (L K , £) into (L K ,£). We 
shall use i and the sets U a ("1 «, a < wi, to produce indiscernibles 7 a , a < Wi, 
for L K . Let X Q = t/ a (~l k for each a < wi, and recall that 7 is the critical 
point of i. 

For each a < wi, we let 

(18.30) M Q = i7 iQ ( 7 UX Q ). 

M Q is an elementary submodel of L re . 

If 7r a is the transitive collapse of M a , then because \X a \ = k, we have 
n a (M a ) = L K . Thus if we denote i a = 7T" 1 , then i Q is an elementary embed- 
ding of L K in L K . Let 7« = ^(7). 

Lemma 18.24. 

(i) The ordinal j a is the least ordinal greater than 7 in M a . 

(ii) If a < (3 and x £ Mp, then i a (x) — x. In particular, i a {lf)) = 7/3- 

(iii) If a < f3, then 7 Q < 7/3. 
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Proof, (i) Since 7 C M a , i a (~f) is the least ordinal in M a greater than or 
equal to 7; thus it suffices to show that 7 ^ M a . If x € M a , then x — 
t[r)i, . . . , ri n ] where t is a Skolem term and the 77's arc cither smaller than 7 or 
elements of X a . For all such 77, i(rj) = 77 and hence i(x) — i(t(r)i, . . . , »j n )) = 
t(i(rji), . . . , i{r} n )) = x. However, 1(7) 7^ 7 and so 7 ^ M Q . 

(ii) Each x e M/3 is of the form t[r}\, . . . , rj n ] where the 77's are either < 7 
or in Xfj. If 77 < 7, then clearly i a (rj) = 77. If 77 e Xp, then because a < [3, we 
have |A" a n 77 1 = 77 and hence 71^(77) = 77; in other words, i a {v) = V- Therefore 

^ Ct ( *^ ) — ' 

(iii) If a < (3, then M a D Mp and hence j a < 7/3. To see that 7„ 7^ 7/3, 
note that because 7 Q > 7, we have 7 Q (7 Q ) > 7^(7) — 7 Q , while i a {lp) — 7/3- 

□ 

Lemma 18.25. //a < /3, £/ien i/iere is an elementary embedding i a ,p ■ Lk — > 
L K smc/i i/iat /or ejjer?/ £ £/iai is either smaller than a or greater than (3 we 
have i a .ji(li) = 76 and (7a) = 7/3- 

Proof. Let M Qj) 3 = H LK (-j a U A^), and let i ai/ g = 7r~^ where 7r Qi /3 is the 
transitive collapse of M a ^. The mapping z a ^ is an elementary embedding 
of L K in L K . 

If 77 < 7c, then clearly i a ,p{rj) — 77; in particular i a ,/3(7$) = 75 if £ < a. If 
a; G M/3+1, then a; = t(r)i, . . . , rj n ) where the 77's are either smaller than 7 or 
elements of ATj+i- If 77 e Xp +1 , then \Xp fl 77 1 = 77 and therefore i a ,p{rj) = 77. 
Hence i a p(x) = x for every ir € Mp + \, and in particular i a = 75 if 

Now we shall show that i a ,p{la) — 7/3- Since M a< p D Mp, we have jp G 
M 0i| g; and since 7 a C M a< p, i a .p(j a ) is the least ordinal in M ttil a greater than 
or equal to 7 a ; hence we have j a < i a ,p{la) < 7/5- 

Thus it suffices to show that there is no ordinal 5 e M Qj( 3 such that 
7 Q < <5 < 7/3. Otherwise there is some 5 — i(£i, 771, 77^) such that 

the £'s are < 7 Q and the 77's are in A7j (and t is a Skolem term) and that 
7« < <5 < 7/3. Thus we have: 

(18.31) (L K ,e) N 3£ < 7 Q such that 7q < i(£,r?) < 7(3 . 

The formula in (18.31) is a formula ip about j a , 77, and jp. At this point, we 
apply the elementary embedding i a : L K ^> L K backward. That is, j a , the 77's 
and 7/3 are all in the range of i a : j a — i a (l), V = ia{v)i an d 7/3 = ia{lfs)'i and 
since L K 1= <^[z a (7), i a (?7), i a (7/3)]i wc conclude that L K 1= (^[7,77,7/3], namely 

(L K , e) N 3£ < 7 such that 7 < 77) < 7/3 . 

Thus pick some £'s less than 7 such that 7 < t(£, 77) < 7/3. Since ( e 7 and 
77 G A/3, we have t(£,,rj) € M75, which means that t(£, 77) is an ordinal in M/3 
between 7 and 7/3, and that contradicts Lemma 18.24(i). □ 

The proof of Kunen's Theorem will be complete when we show: 
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Lemma 18.26. The set {j a : a < uo{\ is a set of indiscernibles for (L K ,G). 

Proof. Let ip be a formula and let ai < . . . < a n and [3\ < . . . < (3 n be two 
sequences of countable ordinals. We wish to show that 

(18.32) L K 1= <p[y ai , . . . , 7 a J if and only if L K \= Lp[ lj3ll . . . , 7/3 J. 

Let us pick 5\< ... <8 n such that a n < Si and /?„ < 5\. First we apply the 
elementary embedding i an .s n and get 

! 7a n -i 1 7a„] if an d only if L K t= y[7 Ql , • ■ • , 7a„_i > ls n \ 

because i an ,s n (la„) = 7<5„, and preserves the other 7's. The we apply 
*a„_i,(5„_i w ith a similar effect, and by a successive application of j a „_ 2 ,<5„-2> 
■ • • j iai,8i w e get 

i K 1= f[y ai , • • • , 7a„] if and only if L K \= tp[j 5l , • • • , Js n ]- 

Then we do the same for the /3's and <5's as we did for the a's and <5's, and 
(18.32) follows. □ 

This completes the proof of Theorem 18.20. 

The following result is related to Kunen's Theorem: 

Theorem 18.27. Let j : L a — > Lp be an elementary embedding and let 7 be 
the critical point of j. If 7 < \a\, then 0" exists. 

Proof. Let 7 be the critical point of j. Since 7 < |a|, every X C 7 is in L a , 
and soD= {X C 7 : 7 € is an L-ultrafilter. 

Let us consider the ultrapower Ult_o(L). If the ultrapower is well-founded, 
then we are done because then the canonical embedding jo ■ L — > JJlt d(L) 
is a nontrivial elementary embedding of L in L. Thus we shall prove that 
Ult d{L) is well-founded. 

Let us assume that /o, /1, /„, ... is a counterexample to well- 
foundedness of the ultrapower. Each /„ is a constructible function on 7 and 
{£ < 7 : /n+i(0 € /n(0} e D for all n < ui. Let 0 be a limit ordinal such 
that /„ e for all n and let M be an elementary submodel of (Lg, e) such 
that |M| = I7I, 7 C M, and /„ g M for all n. Let 7r be the transitive collapse 
of M, 7r(M) = L v , and let g„ = n(f n ), for all n. 

Since 7r(£) = ^ for all ^ < 7, we see that for each £ < 7 and all n, 
571+1(0 S ff„(0 if and only if /„ + i(0 e /„(0i and hence 

50i .91 1 • ■ • 1 5m • • • 

is also a counterexample to well-foundedness of the ultrapower. However, 
since each g n is in L and \rf\ — I7I < \a\, we have g n € Lq, for all n. Thus 
j(g n ) is defined for all n, and we have, 

U<7:ffn+i(0e5n(0}el> if and only if (jW))(7) 6 (j'(ff n ))(7)- 



Now we reached a contradiction because (j(<7o))(7) 9 (j(ffi))(7) 3 • • • would 
be a descending sequence. □ 
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Corollary 18.28. If there is a Jonsson cardinal, then 0" exists. 

Proof. Let k be a Jonsson cardinal and let us consider the model (L K ,£). 
Let A be an elementary submodel, of size k, such that A ^ L K . Let ir be 
the transitive collapse of A; clearly, n(A) = L K . Thus j = ir^ 1 is a nontrivial 
elementary embedding of L K in L K . Since n is a. cardinal, 0^ exists by Xhco- 
rem 18.27. □ 



Chang's Conjecture is the statement that every model of type (H 2 ,Hi) 
has an elementary submodel of type (Hi, Ho). 

Corollary 18.29. Chang's Conjecture implies that 0" exists. 

Proof. Consider the model (L a)2 ,w 1 ,e), and let 21 = (A, u>i n A, e) be its 
elementary submodel such that \A\ = Hi and \oj\ fl A\ = H 0 . Let n be the 
transitive collapse of A; we have tt(A) = L a for some a such that oji < 
a < u>2- Also, 7r(wi n A) is a countable ordinal, and hence 7r(wi) < wi. Then 
j = 7T _1 is an elementary embedding of L a in L W2 , and its critical point is 
a countable ordinal. Hence 0" exists. □ 

All results about 0" and Silver indiscernibles for L proved in the present 
section can be relativized to obtain similar results for the models L[x], where 
x C w. 

In particular, if there exists a Ramsey cardinal there is for every x C oj 
a unique class I x containing all uncountable cardinals such that for each un- 
countable cardinal k, I x n k is a set of indiscernibles for the model (L K [x],G, x) 
and all elements of L K [x] are definable in the model from I x C\k. Here x is con- 
sidered a one-place predicate. Also, for every regular uncountable cardinal k, 
I x n k is closed unbounded in k. 

The proof of the relativization of Silver's Theorem uses models with in- 
discernibles (21,/) where 21 is elementarily equivalent to some (L\{x] 7 £ 7 x) 
where A > oj is a limit ordinal. If k is a Ramsey cardinal, then (Z K [x], £,x) 
has a set of indiscernibles of size k, and the theorem follows. 

We define as the unique set E = Y,((L\{x], £,x),I) that is well-founded 
and remarkable. If x" exists, then we have 

at = W : [x], e, x) N (^[Hi, . . . , H„]}. 

Here ip is a formula of the language {€, P} where P is a one-place predicate 
(interpreted as x). Note that x is definable in the model (La[x], £, x) (by the 
formula P(v)). 

The real x" is absolute for all transitive models M of ZF containing all 
ordinals such that x" G M. 

Also, "x" exists" is equivalent to the existence of a nontrivial elementary 
embedding j : L[x] — > L[x\. 
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Jensen's Covering Theorem 

The theorem presented in this section shows that in the absence of 0* the 
universe does not differ drastically from the constructiblc model. In partic- 
ular, the cofmality function is closely related to the cofinality function in L, 
and every singular cardinal is a singular cardinal in L. Moreover, the Singular 
Cardinal Hypothesis holds and cardinal exponentiation is determined by the 
continuum function on regular cardinals. 

Theorem 18.30 (Jensen's Covering Theorem). If 0" does not exist, 
then for every uncountable set X of ordinals there exists a constructible set 
YD X such that \Y\ = \X\. 

The Covering Theorem expresses the closeness between V and L: Every 
uncountable set of ordinals can be covered by a constructible set of the same 
cardinality. In other words, every set X of ordinals can be covered by some 
Y e L such that \Y\ < \X\ ■ Ni. (This is best possible: In Chapter 28 we give 
an example of a forcing extension of L in which there is a countable set of 
ordinals that cannot be covered by a countable (in V) constructible set.) 

The converse of the Covering Theorem is also true: If 0" exists then every 
uncountable cardinal is regular in L, and in particular, since H w is regular 
in L, the countable set {H„ : n < uj} cannot be covered by a constructible 
set of cardinality less than This shows: 

0" exists if and only if H w is regular in L. 

Corollary 18.31. If 0" does not exist then for every A > K2, if X is a reg- 
ular cardinal in L then cf A = |A|. Consequently, every singular cardinal is 
a singular cardinal in L. 

The assumption A > K 2 is necessary: The forcing mentioned above yields 
a model where A = is such that |A| = Ni and cf A = ui. 

Proof. Let A be a limit ordinal such that A > lu 2 and that A is a regular 
cardinal in L. Let X be an unbounded subset of A such that \X\ = cf A. By the 
Covering Theorem, there exists a constructible set Y such that X C Y C A 
and that \Y\ = \X\-Hi. Since Y is unbounded in A and A is a regular cardinal 
in L, we have \Y\ = |A|. This gives |A| = Hi • cf A and since A > H2, we have 
|A|=cfA. □ 

Corollary 18.32. If 0" does not exist then for every singular cardinal k, 
(k+) l = k+. 

Proof. Let n be a singular cardinal and let A be the successor cardinal of k 
in L; we want to show that A = k + . If not, then |A| = k, and since k is singular, 
we have cfA < k. However, this means that cf A < |A| which contradicts 
Corollary 18.31. □ 



330 Part II. Advanced Set Theory 



Corollary 18.33. If 0" does not exist then the Singular Cardinal Hypothesis 
holds. 

Proof. Let n be such that 2 cf K < k, and let A — [k] c! k be the set of all subsets 
of k of size cf k. We shall show that \A\ < k + . By the Covering Theorem, 
for every lei there exists a constructiblc Y C n such that X C Y and 
\Y\ = A where A = Ni • cf «. Thus 

(18.33) i4 C |J{[*T fK : Y e C} 

where C = {Y C n : \Y\ = A and Y € L}. If Y G C, then |[Y] cf K | = A cf K = 
(Hi • cf «) cfK = 2 cfK < k. Since |C| < \P l (k)\ = \(n+) L \ < n+ it follows 
from (18.33) that \A\ < k+. □ 

Corollary 18.34. If 0" rfoes no< exist then if k is a singular cardinal and if 
there exists a nonconstructible subset of k, then some a < n has a noncon- 
structible subset. 

Proof. Let k be a singular cardinal and assume that each a < n has only 
constructiblc subsets; we shall show that every subset of k is constructiblc. 
It suffices to show that each subset of k of size cf k is constructible: If A C n, 
let {a u : v < cf k} be such that lim^ a u = k; then A = {A n a v : v < cf k} 
is a subset of L K of size < cf n and hence constructiblc. It follows that A is 
constructible. 

Let X C k be such that \X\ < cf(«). By the Covering Theorem, there 
exists a constructible set of ordinals Y D X such that \Y\ < k. Let it be the 
isomorphism between Y and its order-type a; the function tt is constructiblc 
and one-to-one. Since \a\ = \Y\ < k, we have a < n. 

Let Z = ir(X). Then Zcais constructible by the assumption, and hence 
X = n^ 1 (Z) is also constructiblc. □ 

The rest of this chapter is devoted to the proof of the Covering Theorem. 
Jensen's proof of the Covering Theorem used a detailed analysis of construc- 
tion of sets in L, the fine structure theory, see [1972]. The proof appeared in 
Devlin and Jensen [1975]. Subsequently, Silver and Magidor gave proofs that 
did not use the fine structure. The outline below is based on Magidor [1990] 
(and on Kanamori's presentation in [oo]). 

Let us assume that there exists an uncountable set X of ordinals that can- 
not be covered by a constructible set of the same size. The goal is to produce 
a nontrivial elementary embedding from L into L. In fact, by Theorem 18.27 
it suffices to find some j : L a — > Lp with critical point below \a\. 

Let t be the least ordinal such that there exists a set X C r that cannot 
be covered, and let X C r be such a set with \X\ least possible. Let v = \X\. 
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Lemma 18.35. 

(i) t is a cardinal in L. 

(ii) IfY e L covers X then \Y\ L > r. 

(iii) v is a regular cardinal, v < r, and v = Hi • cf r. 

Proof, (i) and (ii) follow from the minimality of r. 

(iii) |X| < t, because otherwise, F = r would cover X. Clearly, \X\ > 
Hi • cf r; thus assume that v > Hi • cf r. Let t = lim£_, c f T tj. For each £, let 
7{ £ L cover Xflr^. Let {£7 Q : a < t} be a constructible enumeration of 
all bounded constructible subsets of r, and let Z — {a < t : E a = for 
some £}. By the minimality of v, Z can be covered by some W € L of size 
Hi • cf t. Then the set Y = {J aeZ E a covers X, a contradiction. □ 

Now let M be an elementary submodel of (L T , e) such that X C M and 
|M| = j/. Let be the transitive collapse of M, and let j = tt^ 1 where tt is 
the collapsing isomorphism. Hence j : L v — > L T is an elementary embedding. 
As X is cofinal in r, and |ry| = v < r, j is nontrivial. 

The goal is to extend j : L v — > L T to an elementary embedding 
J : £5 — > L e where |<5| is greater than the critical point of j. This can be 
achieved by finding M -< L T that satisfies certain closure conditions. These 
closure conditions guarantee that if L v is the transitive collapse of M then 
77 is a cardinal in L, and furthermore, that for any S > r, j extends to an 
elementary embedding J with domain Lg. 

The precise nature of the closure conditions will be spelled out in (18.41). 
For the remainder of this chapter, we use the phrase "M is sufficiently closed" 
to indicate that M satisfies (18.41). 

We defer the issue of 77 being a cardinal in L, as its proof requires a finer 
analysis of the constructible hierarchy. We start with the proof of extendibility 
of j. 

Lemma 18.36. Let M be sufficiently closed, X C M -< L T such that \X\ = 
v = \M\, let 7r : M ~ L v be the transitive collapse, let j = ir^ 1 , and assume 
that rj is a cardinal in L. Then for every limit ordinal S > r\ there exists an 
elementary embedding J : L$ — > L £ such that J\L V = j. 

Proof. Let S > rj be a limit ordinal. We consider the following directed system 
of models: Let D be the set of all pairs i — (a,p) where a < rj and p is 
a finite subset of Lg, ordered by (a,p) < (P,q) if and only if a < (3 and 
p C q. (D, <) is a directed set. Let i — (a,p), and let Mi = H s (a Up) be 
the Skolcm hull of a U p in (Lg, e). Let L m be the transitive collapse of Mj 
and let ej : L Vi — > Lg be the inverse of the collapsing map ^ : M ~ £ r)i . For 
i < fc, let e iifc = 7r fe o 

Let us consider the directed system of models 



(18.34) 



{L m ,e itk :i,keD}. 
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Clearly, every x £ Lg is in some Mj, and so L$ is the direct limit of 
{L m , e.i t k}i,keD- F° r every i £ D, \Mi\ L < r), and since 77 is a cardinal in L, 
we have 77^ < 77. We claim that for all i,k £ D, e iik £ L, q . This is because 
L m = H Vi (a U 7Tj(p)), L^ fc = H Vk (f3 U n k (q)), and for every Skolem term i, 
e itk (t L ^(£,,x)) = t L vk(£ : ei, k (x)), so e iifc is definable in L,, from 77^ 7j fc , 7Tj(p), 
and 7Tfc(g). 

Now we consider the directed system 



The closure properties (18.41) of M guarantee that the direct limit of the 
system (18.35) is well-founded. Let N be the direct limit, and for each i £ D, 
e» : Lj( m ) — > N be an elementary embedding such that = efe o j{ei,k) 
whenever i < fc. As N is well-founded, we may assume that N is transitive, 
and then (by (13.13)), N — L e for some limit ordinal e. 
We can extend j : L v — > L T to J : — > L £ as follows: 



where i is some (any) i £ D such that x £ Mi. 

It remains to show that J(x) — j(x) for all x £ L v . So let x £ L v , and let 
a < 77 be such that x £ L a . Let i = (a, {x}). Since L a C M, = _ff 5 (a U {x}), 
it follows that ei\L a is the identity, as is e k ,i\L a whenever i < k < I. Thus 
j{ek,i)\j{L a ) is the identity, for all Z > k > i, and therefore ei\j(L a ) is the 
identity. Hence ei(x) — x and ei(jx) — jx, and therefore J(x) = j(x). □ 

The crucial step in the proof of the Covering Theorem is the following. 

Lemma 18.37. Let M be sufficiently closed, X C M ~< L T , such that \X\ = 
v = \M\, and let L v be the transitive collapse of M. Then 77 is a cardinal 
in L. 

The proof is by contradiction. Assuming that 77 is not a cardinal in L, we 
shall produce a constructible set of size v that covers X. It is in this proof 
that we need a finer analysis of constructibility. We start by refining Godel's 
Condensation Lemma: 

Lemma 18.38. For every infinite ordinal p, if M (L p , £) then the tran- 
sitive collapse of M is L 7 for some 7. Moreover, there is a II 2 sentence a 
such that for every transitive set M, (M, £) \= a if and only if M = L p for 
some infinite ordinal p. □ 

We omit the proof of Lemma 18.38. It can be found in Magidor [1990] or 
in Kanamori [00]. A related fact is the following lemma that is not difficult 
to deduce from Lemma 18.38: 

Lemma 18.39. Let {(L, qi , e), ei_ k : i,k £ D} be a directed system of models, 
e^fe being S 0 - elementary embeddings. Lf the direct limit of this system is well- 
founded, then it is isomorphic to some L 1 . □ 



(18.35) 



{j(£w),i(ea) : 



i,k £ D}. 



(18.36) 
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We also need the concept of S n Skolem terms and S n Skolem hull: 

Definition 18.40. Let n > 1. 

(i) A £„ Skolem term is a composition of canonical Skolem functions 
(18.5) for S n formulas. 

(ii) IfZc 7 P , the E„ SfcoZem/iuZZ of Z is the set 77£(Z) = {t L »[zi, . . . , z k ] : 
i is a S„ Skolem term and zi , . . . , z n £ Z} . 

While a S n Skolem function is not necessarily a £„ function, we have the 
following: 

Lemma 18.41. 

(i) HP{Z) is a T, n -elementary submodel of L p . 

(ii) If j : L a — > Lp is £„- elementary, then for every £„ Skolem term t 
and allxi, ...,x k £ L a , j(t La [xi, • ■ •,»*;]) = i L/3 [j( x i); ■ • • J{%k)]- □ 

Proof of Lemma 18.37. Let us assume that n is not a cardinal in L. Then 
there exists a constructible function that maps some a < n onto r\. Conse- 
quently, there exists an ordinal p > n, such that for some a < n and some 
finite set p C L p , 



We say that n is not a cardinal at p. Let p be the least ordinal such that n is 
not a cardinal at p. 

There are three possible cases. 

Case I. There exists some n > 1 such that 77£(a Up) D 77 for some a < n 
and some finite p c 7 p , but i?^_ 1 (/3U q) 75 77, for all /3 < 77 and all finite 
q C 

Case 77. H^(a Up) D r\ for some a < n and some finite p C 7 P . 

Case 777. 77£(a Up) 7S 77, for all a < 77 and all finite p C 7 P . 

We start with Case I. 

Case I. We consider the following directed system of models. Let D be the 
set of all pairs i = (a,p) where i <r\ and p C L p is finite, ordered by (a,p) < 
(/3, q) if and only if a < 0 and p C q. For each i £ 7J>, let Mj = iJ£_i(a U p). 
Let 7^ be the transitive collapse of Mj and let a : L Vi — > 7 p be the inverse 
of the collapsing map. For i < k, let = e^ 1 o e.- t . Clearly, L p is the direct 
limit of the directed system 



with ei.k being £„_i-clcmcntary embeddings. 

For each i £ D, r\i < r\ because otherwise 77 C H^_ 1 (a U e _1 (p)), con- 
tradicting the assumption about n. Also, e^fc £ 7,, for all i,k £ D, because 



(18.37) 



H p (aUp) D n. 



(18.38) 



{L m ,ei ik :i,k£D} 
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e^fc is defined in L v by its action on E n _i Skolcm terms: e i: k(t Lr,i (^,x)) = 
t £ ^{i,e itk {x)). 

Now we consider the directed system 

(18.39) {j{L Vi ),j{e i)k ):i,keD}. 

The closure properties (18.41) of M guarantee that the direct limit of (18.39) 
is well-founded, and by Lemma 18.39, it is equal to L 1 for some 7. Let 
ii be the embedding of j{L Vi ) into L 7 ; &i is S„_i-elementary. We extend 
j : L v — » L T to J : L p — > L 1 as follows: 

(18.40) J(x) = ei(j{er\x))) 

where i £ D is such that x £ Mi. As in the proof of Lemma 18.36, J extends j, 
and it is easily verified that J is S„^i-elementary. 

The key observation is that J is even S„-elemcntary. To prove that, it is 
enough to show that for every S n _i formula (p, if L 7 N Elx <^(x, </(?/)) then 
L p 1= 3x ip(x, y). Thus let y £ L p and 1 e L 7 be such that L 7 N ip(x,J(y)). 
Let i £ D be such that x € ran(ei) and y £ ran(ei). If u £ Lj(rn) and 
v £ L Vi are such that x — e~i{u) y = ei{v) then J(y) = e~i(j(v)), and L 1 \= 
ip(ei(u),ei(j(v))). Since e % is S„_i-elementary, we have L j( ^) 1= Lp(u,j(v)). 
The statement Lj^.) 1= 3z <^(z, j(u)) is So (with parameters j{L m ) and 
and true in L T ; hence in L v , L Vi \= 3zip(z,v). Let z £ L Vi be such that 
L m \= <p(z,v); since a is S„_i-elementary, we get L p t= <p(ej(z), ej(u)), and so 
L p 1= Eta<p(a;,j/). 

Now we reach a contradiction. Let a < r\ and a finite p C L p be such that 
77 C i?£(a! U p). First we have 

icin t = j u T] = j"t7, 

and since J is S„-elementary, Lemma 18.41 gives 

J"ry C J ll HP(a Up) = ff 7 (J"a U J"p). 

By the minimality of t, the set J"a C j(a) < t can be covered by a con- 
structible set Y of size \Y\ < v. Hence X can be covered by the constructible 
set H^(Y U J"p), which has cardinality < v, contrary to Lemma 18.35. 
This completes the proof of Case I. 

Case II. We use the fact that in this case, p must be a limit ordinal. This is 
an immediate consequence of this: 

Lemma 18.42. If 7 is infinite, a < 7 and p C L 7 +i is finite, then there 
exists a finite set q £ L 1 such that 



i?7 +1 (aUg)nL 7 C H"<{a{Jp). 
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Proof. This is quite routine when p = 0. When p is nonempty, the idea is to 
replace members of p by the parameters used in their definitions over L 7 . We 
omit the proof. □ 

Continuing Case II, we consider the directed system of models (18.38) 
with rji < rj where all embeddings are S 0 -clcmentary cmbcddings. The index 
set D is the set of all i = (a,p,£) where a < rj, p C L p is finite and £ < p 
such that p e . Each model L Vi is the transitive collapse of (a Up). 

The closure properties (18.41) of M guarantee that the direct limit of the 
system (18.39) is well-founded, say L 1 . We extend j to J : L p — > i 7 as before, 
and as in Case I prove that J is not just So-elementary, but Si-elementary. 
As in Case /, we reach a contradiction by covering X by a constructible set 
of size < v. 

Case III. In this case, we consider the directed system (18.38) indexed by 
triples i — (a,p, n) where a and p are as before and n > l;(a,p,n) < (/?, q, m) 
means a < [3, p C q and n < m. For each i — (a,p, n), Mi — H^{a U p); by 
the assumption on p, the transitive collapse of Mj is some L Vi with rji < rj, 
and if for each k > i, e^k is S„-elementary (and G L n ). 

Again, by (18.41) the direct limit of (18.39) is some L 1 , and for each 
i = (a,p,n), ii is S„-elementary. Extending j to J : L p — > L 7 as before, 
we get J elementary, and reach a contradiction in much the same way as 
before. □ 

It remains to find a model M D X with the right closure conditions. This 
is provided by the following technical lemma: 

Lemma 18.43. There exists a model M -< L T such that X C M, \M\ = v = 
\X\, and if j^ 1 is the transitive collapse of M onto L v , then 

(18.41) for every directed system {L m ,e it k ■ i,k € D} with L m ,ei t k € L v , 
with limit L p for some p > rj, and D as in the proof of Lem- 
mas 18.36 and 18.37, the direct limit of {j(L Vi ),j(ei,k) -i,k G D} 
is well-founded. □ 

The construction of M proceeds in v steps. At each step £ < v let 
(j?(0)P(0) be the least (rj, p) such that for some increasing {i n }^ = o C D, 
there are ordinals j3 n € L Vin such that /3 n +i < e i„.i„ + i {Pn) for n = 0, 1, 
2, .... We add the ordinals (3 n to M at this stage ^. Using the fact that v is 
a regular uncountable cardinal, one can verify that the resulting model M 
satisfies (18.41). As the proof is rather long and tedious, we omit it and refer 
the reader to either Magidor [1990] or Chapter 32 in Kanamori's book. 
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Exercises 

18.1. If there exists a cardinal k such that k — > (cji) < " then 0" exists. 

18.2. Let M be a transitive model of ZFC, let B be a complete Boolean algebra 
in M and let G be an M-generic ultrafilter on B. If M 1= 0* does not exist, then 
M[G] 1= 0 s does not exist. 

[All cardinals > \B + \ remain cardinals in M[G\. Let 71 < 72 < • . . < 7n < . • • < 
7„ be an increasing sequence of cardinals in M such that 71 > \B + \. If 0* exists 
in M[G], then 0 s = {ip : L 7u , 1= ^[71, . . . ,7„]} and hence 0 s G M.] 

18.3. Assume that 0" exists. If A C o»i is such that A n a 6 I for every a < wi, 
then AeL. 

[For every a G / flwi there is i Q such that A n a = £a(7f\ . . . , 7«( a ) > a ; 
5 i , • • • . Clearly An a = t a (7i > ■ ■ ■ , 7n( a ), a , N 2 , . . . , N fc(a)+1 ). Since there are 

only countably many Skolem terms, and by Fodor's Theorem, there is a stationary 
subset X of I n oji and t, 71, . . . , 7n such that for all a £ A, A n a — £(71, . . . , 7n, 
a,K 2 , . . . ,Nfe+i). Show that A = £(71, . . . ,7„, Ni,N 2 , • • ■ , Nfc+i)-] 

18.4. Let k be an uncountable regular cardinal. If 0* exists, then for every con- 
structive set X C k, either X or k — X contains a closed unbounded subset. 

[Let X — t(ai, . . . , a n , Pi, . . . , f3 m ) where ai < . . . < a n < f3i < . . . < (3 m 
are Silver indiscernibles such that a n < k < /3i . Show that either X or k — X 
contains all Silver indiscernibles 7 such that a n < 7 < k: The truth value of 
7 G t(ai, . . . , a„,/3i, . . . , Pm) is the same for all such 7.] 

18.5. Let us assume that for some uncountable regular cardinal k, every con- 
structive X C k either contains or is disjoint from a closed unbounded set. Then 
0" exists. 

[Let D be the collection of all constructible subsets of k containing a closed 
unbounded subset. D is an L- ultrafilter and every intersection of less than k ele- 
ments of D is nonempty; hence the ultrapower \J\tu(L) is well-founded and gives 
an elementary embedding of L in L.] 

18.6. If k is weakly compact and if |(k + ) l | = k, then 0" exists. 

[Let B be the least nontrivial K-complete algebra of subsets of k closed under in- 
verses of constructible functions / : n — > k\ we have \B\ = n. Let U be a K-complete 
ultrafilter on B containing all final segments {a : K 0 < a < k}. U n L is a non- 
principal L-ultrafilter, and UltunL,(L) is well-founded. Thus there is a nontrivial 
elementary embedding of L in L.] 

18.7. Let i n (n < uj) be the nth Silver indiscernible, and let : / — * I be order- 
preserving such that j(^n) = in for n < to and j(iu>) > i u . Then j extends to an 
elementary embedding j : L — > L with i u its critical point. 

18.8. Every Silver indiscernible is ineffable (hence weakly compact) in L. 
[Show that i w is ineffable in L, by Lemma 17.32.] 

18.9. If 0 s exists then L \= 3k k -» (to)^ . 

[Let k — iu,. If / : [n] <UJ — » {0, 1} is in L, there is some n < ui such that the set 
{ik : k < n < lo} is homogeneous for /.] 

18.10. If 0" exists then the Erdos cardinal rj u in L is smaller than the least Silver 
indiscernible. 

l(Vu) L is definable in L.] 
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18.11. II j : L —> L is elementary, then the critical point of j is a Silver indis- 
cernible. 

[Let k be the critical point, let D — {X : k € j(X)}, and let jo ■ L — ► Ulto(i) = 
L be the canonical embedding, k is the critical point of jo, and jo (A) = A for all 
regular A > k + . If k £ I then k = t(ai, . . . , a k , Ai, . . . , A n ) where q, < k < Aj and 
3d{oh) = Qi, jD(Xj) = Aj. Hence jd{k) = k, a contradiction.] 

18.12. If both wi and CJ2 are singular, then 0* exists. 

[Let n — uji and let A be the successor cardinal of k in L. Since cf k = cf A = uj, 
there are sets X C k and Y" C A, both of order-type ui such that supX = k and 
supY = A. Let M — L[X,Y]; M is a model of ZFC and in M, k is a singular 
cardinal, and A is not a cardinal. Hence 0* exists in M\ 

18.13. For every x C w, either 0 s G L[x] or a" £ L[0",x]. 

[If 0" ^ L[x], then the Covering Theorem for L holds in L[x] but fails in L[0",a;], 
and hence the Covering Theorem for L[x] fails in L[0",x]. Therefore a;' G L[0',x].] 



Historical Notes 

Theorem 18.1 was discovered by Gaifman (assuming the existence of a measurable 
cardinal). Gaifman's results were announced in [1964] and the proof was published 
in [1974], Gaifman's proof used iterated ultrapowers (see also Gaifman [1967]). 
Silver in his thesis (1966, published in [1971b]) developed the present method of 
proof, using infinitary combinatorics, and proved the theorem under the weaker 
assumption of existence of k with the property k — ► (Hi) < ". Gaifman proved that 
if there is a measurable cardinal, then there exists A d uj such that the conclusion 
of Theorem 18.1 holds in L[A\. Solovay formulated 0* and proved that it is a A3 set 
of integers; Silver deduced the existence of 0* under weaker assumptions. 

Construction of models with indiscernibles was introduced by Ehrenfeucht and 
Mostowski in [1956]. 

The equivalence of the existence of 0* with the existence of a nontrivial elemen- 
tary embedding of L (Theorem 18.20) is due to Kunen; the present proof is due 
to Silver. Kunen also derived 0* from the existence of Jonsson cardinals and from 
Chang's Conjecture. 

Theorem 18.30 (and its corollaries) is due to Jensen. A proof of the theorem 
appeared in Devlin and Jensen [1975]. Jensen's proof makes use of his fine structure 
theory, see Jensen [1972]. The present proof is due to Magidor [1990]. Lemma 18.38 
appears in Magidor [1990] and in Kanamori's book [00]; Magidor attributes the 
proof to Boolos [1970]. 

Exercise 18.3: Solovay. 

Exercise 18.6: Kunen. 

Exercise 18.12: Magidor. 
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In this chapter we investigate inner models for measurable cardinals, using 
Kuncn's technique of iterated ultrapowers. 



The Model L[U] 

Let k be a measurable cardinal and let U be a K-complete nonprincipal ultra- 
filter on k. Let us consider the model L[U]. By Lemma 13.23, L[U] — L[U], 
where U = U D L[U}. 

Lemma 19.1. In L[U], U is a n-complete nonprincipal ultrafilter on k. 
Moreover, if U is normal, then L[U] 1= U is normal. 

Proof. A straightforward verification. For instance if U is normal and / e 
L[U] is a regressive function on k, then for some 7 < n, the set X = {a : 
f(a) = 7} is in U; since X e L[U], L[U] \= f is constant on some X <G U. □ 

We shall eventually prove, among others, that the model L[U] satis- 
fies GCH. For now, we recall Theorem 13.22(iv) by which 2 N ° = 
holds in L[U] for all sufficiently large a. Specifically, using the Condensa- 
tion Lemma 13.24, we get: 

Lemma 19.2. IfV = L[A], and if A C P{w a ), then 2 N - = H a+1 . 

Proof. Let X be a subset of ui a . Let A be a cardinal such that A G L\[A] 
and X e L\ [A]. Let M be an elementary submodel of (L>[A], e) such that 
Lu a C M, A e A'/, X e M, and |M| = H a . Let 7r be the transitive collapse 
of M, and let = n(M). Since w Q C M, we have n(Z) = Z for every Z C oj a 
that is in M and in particular n(X) = X; also, 7r(A) = ir(A n M) = A n iV. 
Now = L 7 [A n TV] for some 7, and hence AT = Lj[A]. Since |AT| = H Q , we 
have 7 < uJa+i and hence X e L Wq+1 L4]. It follows that every subset of u a 
is in L Wct+1 L4] and therefore 2 N ° = N a+ i. □ 

Theorem 19.3 (Silver). If V = L[D] where D is a normal measure on 
a measurable cardinal n, then the Generalized Continuum Hypothesis holds. 
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Proof. If A > k, then D C P(A) and hence 2 A = A+ by Lemma 19.2. Thus 
it suffices to show that 2 A = A + for every infinite cardinal A < k. Let A < k 
and let us assume that there are more than A + subsets of A; we shall reach 
a contradiction. If 2 A > A+, then there exists a set X C A that is the A + th 
subset of A in the canonical well-ordering <l[d] of L[D]. Let a be the least 
ordinal such that X g L a [D]. Since the well-ordering <l[d] has the property 
that each L^[D] is an initial segment of <l[d] every subset of A preceding X 
is also in L a [D] and hence the set P(A) n L a [D] has size at least A + . 

We shall now apply Lemma 17.36. Let r\ be a cardinal such that rj > a 
and that D g L V [D], and consider the model 21 = (A, g) where A = L V [D]. 
We have n C A, and we consider the set P = P(A)n A Since 2 A < k, we have 
\P\ < k. By Lemma 17.36, there is an elementary submodel <8 = (P, g) -< 21 
such that A U {P, X, a} C B, k n P g P and |P n P| < A. Let tt be the 
transitive collapse of 25 onto a transitive set M; we have M — L 7 [tt(D)] for 
some 7. 

Using the normality of P, we show that 7r(P) = DtlM. Clearly, tt(k) = k 
because \k (1 B\ = k. The function tt is one-to-one, and for every £ < /c, 
""(O < £• Since Z) is normal, there is a set Z £ D such that 7t(£) = ^ for all 
£E Z. Hence if Y e B is a set in D, then tt(F) D tt(Y C\ Z) =Y 0 Z, and so 
7r(F) is also in D; similarly, if Y e B and w(Y) g D, then F g D. It follows 
that 7r(D) = DHM. 

Hence M — L 7 [Z)]. Since A C P, 7r maps every subset of A onto itself, 
and so P(A) n M = P(A) n P. In particular, we have tt(X) = X and so 
X g L 7 [D]. By the minimality assumption on a, we have a < 7, and this is 
a contradiction since on the one hand |P(A) flL a [P/]| > A+, and on the other 
hand |P(A) HL 7 [P]| < A. □ 

One proves rather easily that the model L[D] has only one measurable 
cardinal: 

Lemma 19.4. IfV = L[D] and D is a normal measure on n, then k is the 
only measurable cardinal. 

Proof. Let us assume that there is a measurable cardinal A^k and let us 
consider the elementary embedding jjj : V — > M where U is some nonprin- 
cipal A-complctc ultrafiltcr on A. We shall prove that M — L[D] — V thus 
getting a contradiction since C/^Mby Lemma 17.9(h). 

Since j is elementary, it is clear that M = L[j(D)]. If A > k, then j(D) = 
D and so M = L[D\. Thus assume that A < n. 

Since k is measurable, the set Z = {a < n : a is inaccessible and a > A} 
belongs to D. By Lemma 17.9(v), j(n) — n and j(a) = a for all a g Z. We 
shall show that j(D) = DtlM. It suffices to show that j(D) C D n M since 
j(D) is (in M) an ultrafiltcr. Let X g j(D) be represented by / : A — > D. Let 
Y = f| 5<A f(t); we have F g D, and clearly j(F) C X. Now if a g Y n Z, 
then j(a) = a and so X D D j"(FnZ) = FnZ g P and hence X E D. 

Thus j(P) = P n M, and we have M = L[j(D)} = L[D n M] = L[P]. □ 
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Iterated Ultrapowers 

Let k be a measurable cardinal and let U be a K-complctc nonprincipal ul- 
trafilter on k. Using U, we construct an ultrapower of V mod U ; and since 
the ultrapower is well-founded, we identify the ultrapower with its transi- 
tive collapse, a transitive model M = \Jltu(V). Let us denote this transitive 
model Ult^fV) or just Ult^. Let = ju be the canonical embedding 
of V in Ult«, and let k« = j (0) («) and E/« = j {a) (U). 

In the model UltW, the ordinal is a measurable cardinal and is 
a K^-complete nonprincipal ultrafilter on Thus working inside Ult^ 1 ), 
we can construct an ultrapower mod C/W; Ult^i) (lllt^). Let us denote this 
ultrapower Ult^ 2 ), and let be the canonical embedding of UltW in Ult^ 2 ) 
given by this ultrapower. Let = /^(k 1 ) and = (U^). 

We can continue this procedure and obtain transitive models 

Ult (1) , Ult (2) , Ult (n) , ... (n < u>). 

[That we can indeed construct such a sequence of classes follows from the 
observation that for each a, the initial segment V a nUlt( n ) of each ultrapower 
in the sequence is defined from an initial segment Vg of the universe (where 
(5 is something like n + a + 1).] 

Thus we get a sequence of models Ult^™\ n < uj (where Ult^ 0 - 1 = V). For 
any n < to, we have an elementary embedding i„ jTO : Ult( n ) — > Ult( m ) which 
is the composition of the embeddings j( n \ j^ n+1 \ ■ ■ • , j( m_1 ); 

i n , ro (x) = j {m - ^j {m ~ 2) ■ ■ -i (n) W (a e Ult<">). 
These embeddings form a commutative system; that is, 

im.k ° in,m = in,k (m < 71 < k) . 

We also let = i 0 , n {n), and U^> = i 0 . n (U). Note that «(°) < < ... < 
< . . ., and Ult(°) D Ult« D . . . D Ult^ D . . .. 
Thus we have a directed system of models and elementary embeddings 

(19.1) {Ult( n) ,t in , n :m,new}. 

Even though the models are proper classes, the technique of Lemma 12.2 is 
still applicable and we can consider the direct limit 

(19.2) (M, E) = limdir„^{Ult("), i n , m }, 

along with elementary embeddings i n ,u> '■ Ult(™) — > (M,E). The direct limit 
is a model of ZFC and we shall prove below that it is well-founded. Thus we 
identify it with a transitive model Ult^). (We shall also prove that Ult^) C 
Ult(") for every n.) 
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Let = i 0 ,U K ) and u(uj) = ioA 11 )- Since Ult(w) satisfies that is 
a K^-complete nonprincipal ultrafilter on we can construct, working 

inside the model Ult^, the ultrapower of Ult^ mod and the corre- 

sponding canonical embedding j( w h 

Let us denote Ult (a)+1) the ultrapower of Ult (w) mod and let be 
the corresponding canonical elementary embedding. For n < u>, let i n .u+\ = 

This procedure can be continued, and so we define the iterated ultrapower 
as follows: 

(uit(°),£(°)) = (v,e), 
(Ult( a+1 ), J B( a+1 )) = Vlt uM (Ult< a >,£7< a >), 

(Ult( A ),^( A )) = limdir Q ^ A {(Ult( Q ), £(«)), i a>/J } (A limit) 

where £/( a ) = io, a (U), for each a. We do not know yet that all the mod- 
els Ult(") are well-founded; but we make a convention that if lUt^ is well- 
founded, then we identify it with its transitive collapse. 

If M is a transitive model of set theory and U is (in M) a K-complete 
nonprincipal ultrafilter on k, we can construct, within M, the iterated ultra- 
powers. Let us denote by Ult[^(M) the ath iterated ultrapower, constructed 
in M. 

Lemma 19.5 (The Factor Lemma). Let us assume that Ult^ Q ^ is well- 
founded. Then for each j3, the iterated ultrapower Ult^ Q) (Ult( Q )) taken 
in Ult( a ) is isomorphic to the iterated ultrapower Urt( a+/3 ). 

Moreover, there is for each (3 an isomorphism such that if for all 
£ and rj, i^ denotes the elementary embedding of Ult^( o) (Ult( a )) into 

Ult^ a) (Ult( Q )), then the following diagram commutes: 

Ult^Ult^) — i^U Ult^UltW) 

^[ 

Ult£ +0 ► Ult[ / a+ " ) 

Proof. The proof is by induction on j3. If (5 = 0, then the 0th iterated 
ultrapower in Ult^ is Ult^); and we let be the identity mapping. 
If Ult^) and Ulty 1!+/3 ' ) are isomorphic and el"-* is the isomorphism, then 
Ult[f ( + 1} and Ult[ / a+/3+1) arc ultrapowers of Ult^i, and Ult[ / Q+/3) , respec- 
tively, mod io*p(U( a ^) and mod io, a +p(U), respectively; and since io, a +p(U) = 
ej^^i^ ([/("))), the isomorphism induces an isomorphism between 
Ult[f+ 1) andUlt[ / a+/3+1) . 
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If A is a limit ordinal, then Ult$ a) and Ult^ +A) arc (in Ult^) the di- 
rect limits of {Ult^.ig} : /3,7 < A} and {Ult^ +/3) , i a+l 3, a+1 ■ 0,7 < A}, 

(a 



respectively. It is clear that the isomorphisms e^"\ (3 < A, induce an isomor- 



phism between Ult^ o) and Ult[f +A ^. □ 

Corollary 19.6. For every limit ordinal A, if Ult( A ) is well-founded then 
Ult( A ) C Ult( Q ) for all a < A. 

Proof. Ult( A ) is a class in Ult^; it is the iterated ultrapower Ult^i, (Ult^) 
where a + (3 = A. □ 

Next we show that the iterated ultrapowers Ult[^ are all well-founded. 

Theorem 19.7 (Gaifman). Let U be a n-complete nonprincipal ultrafilter 
on k. Then for every a, the ath iterated ultrapower lilt' 0 ) is well-founded. 

Proof. Clearly, if Ult ( - Q - ) is well-founded, then Ult( a+1 ) is well-founded. Thus 
if 7 is the least 7 such that Ult' 7 ^ is not well-founded, then 7 is a limit 
ordinal. The ordinals of the model Ult^ 7 -' are not well-ordered; let £ be the 
least ordinal such that the ordinals of Ult 7 below io,~/(£) are not well-ordered. 

Let xq, xi, X2, ■ ■ ■ be a descending sequence of ordinals in the model Ult^ 7 ^ 
such that xq is less than io,-y(0- Since Ult (7) is the direct limit of Ult (a) , 
a < 7, there is an a < 7 and an ordinal v (less than io,a{0) such that 
2^0 = ia,-y{v). Let [3 be such that a + [3 = 7. 

By our assumptions, the following is true (in V"): 

(19.3) (V7' < 7)(V£' < 0 the ordinals below i 0 , 7 '(£') in Ult^ 7 ') are well- 
ordered. 



When we apply the elementary embedding «o, a to (19.3), we get: 



(19.4) UltW N (W < *o,a(7))(V^ < ioAO) the ordinals below ™ 
Ult^J ( 2) are well-ordered. 

Now (3 < 7 < io,a(j), and v < io, a {Q- Hence if we let 7' = (3 and £' = v 
in (19.4), we get 

Ult< a > N the ordinals below in Ultjf^, are well-ordered. 

By the Factor Lemma, Ult^ Q) is (isomorphic to) Ult(" +,3 \ and i^{v) 
is i Q ,a+/3(^)- Since a + (3 = 7 and i a ,~f{v) = x 0 , and since being well-ordered 
is absolute (for the transitive model Ult ( - Q - ) ), we have: 

The ordinals below xo in Ult^ are well-ordered. 

But this is a contradiction since x\, x 2 , £3, ... is a descending sequence of 
ordinals below x 0 in Ult^. □ 
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Thus for any given K-complete nonprincipal ultrafilter U on k we have 
a transfinite sequence of transitive models, the iterated ultrapowers Ult^ ( V) , 
and the elementary embeddings : Ult^") — > Ult^. Let , a («) for 

each a; we shall show that the sequence K^ a \ a G Ord, is a normal sequence. 

Lemma 19.8. 

(i) If '7 < K^ a \ then i a ^{l) — 7 f or all (3 > a. 

(ii) J/IC and X e Ult^, then X C i a ,/3p0 for all (3 > a; in fact 

X = m aJj (x). 

Proof. By the Factor Lemma, it suffices to give the proof for a = 0. 

(i) As we know, ^0,1(7) = 7 for all 7 < n. By induction on (3, if io,/3 (t) = 7j 
then io,/3+i(7) = */3,/3+i(7) = 7 because 7 < n^; if A is limit and io,^(0 = £ 
for all £ < 7 and [3 < X, then »o,a(7) = 7- 

(ii) Follows from (i). □ 

Lemma 19.9. TTie sequence (n^ : a G Ord) is normal; i.e., increasing and 
continuous. 

Proof. For each a, n^ a+1 ^ = i a ,a+i{^ a ^) > K^ a \ To show that the sequence is 
continuous, let A be a limit ordinal; we want to show that «( A ' = lim Q ^A ■ 
If 7 < k( x \ then 7 = i a ,\(S) for some a < A and 5 < Hence 7 = <5 and 
so 7 < n (a) . □ 

Lemma 19.10. Le£ D be a normal measure on k, and let for each a, Ult^ a ^ 
be the ath iterated ultra-power mod D, 

Le£ A be an infinite limit ordinal. Then for each X G Ult( A ), X C K^ A ^, 

(19.5) X e L> (A) »/ and on/y »/ (3a < A) X D {k (7) : a < 7 < A}. 

Proof. Since for no X can both X and its complement contain a final segment 
of the sequence (k^ : 7 < A), it suffices to show that if X G £)W, then there 
is an a such that G X for all 7 > a. 

There exists an a < A such that X — i a ,\(Y) for some Y G D^ a K Let us 
show that G X for all 7, a < 7 < A. Let 7 > a and let Z = i a ^(Y). 
Then Z G D (7) and since is a normal measure on in Ult^ 7 \ we have 
G i 1 . 1+ \(Z). However, i ltl+ i(Z) C i 7+ i ) ^(i 7)7+ i(Z)) = X and hence 
K ( 7 ) G X. a 



Representation of Iterated Ultrapowers 

We shall now give an alternative description of each of the models Ult 1 -") by 
means of a single ultrapower of the universe, using an ultrafilter on a certain 
Boolean algebra of subsets of n a . This will enable us to obtain more precise 
information about the embeddings io a : 
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We shall deal first with the finite iterations. Let U be a K-complctc non- 
principal ultrafiltcr on k. Let us use the symbol V*a for "almost all a < k:" 

V*aip(a) if and only if {a < n : <p(ot)} G U. 

If X C K n and a < n, let 

x (a) = {(ai,...,a n -i) : (a, a x , . . . , a„_i) e X}. 

We define ultrafilters {/„ on n n , by induction on n: 

U! = U, 

U n+1 = {XC K n+1 : y*aX (a) e £/„}■ 

Each [/„ is a nonprincipal K-complete ultrafiltcr on k™, and if Z £ U, then 
Z n £ U n . It is easy to see that for all X C n n , 

X £ U n if and only if V*ao V*ai . . . V*a„_i {a 0 , . . . , a„_i) G X. 

Note that £/„ concentrates on increasing n-sequences: 

{(a 0 , ■ ■ ■ ,a„_i) G k" : a 0 < • ■ • < a n -i} G U n 

(because Vao (Vai > a 0 ) . . . (Va n _i > a„_ 2 ) «o < • • • < 

Lemma 19.11. For every n, 

Here ju n is the canonical embedding j : V — > Ultj/ ll (V). 

Proof. By induction on n. The case n = 1 is trivial. Let us assume that 
the lemma is true for n and let us consider XJltu n+1 - Let / be a function 
on For each t = (ao, ■ ■ ■ , a n -i) G k", let /( t ) be the function on k 

defined by fm{0 = /( a o ; • • • , «n-i,0 and let F be a function on K n such 
that F(f) = f (t) for all f G k". In Ult^ = Ult^, the function F represents 
a function on ju n ( K ) = Let / = [-F]c/ n - This way we assign to each 

function / on n n+1 a function / G Ult^™' on 

Conversely, if /i G Ult^™^ is a function on there is an / on n n+1 such 
that h = f: There exists some F on «™ such that /i = [F](7 n an d that for 
each i G K n , F(t) is a function on n; thus we let /(ao, . . . , a„) be the value 
of F(a 0 , ■ ■ ■ , a n -i) at «„. 
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We shall show that the correspondence [f]u n+1 l— > [/][/(") is an isomor- 
phism between Vlt Un+1 and Ult(™ +1 ) = Ult uW (Ult^). We have 

[/]c/n+i = \g]u n+1 V*a 0 ... V*a„_i V*£ /(a 0 , . . . ,a„_i,0 = ff(a 0 , • • ■ , 

^V*tU<K:/ (t) (0=ff( t) (0}eI/ 
- Ult^ h < : /(0 = .9(0} € ju n (U) 

<-► Ult(") h {£ < : /(0 = .9(0} e [/(") 
<-> [/][/(") = [ff]t/(») 

and similarly for € in place of =. 

Thus UhV n+1 = Ult(™ +1 ). To show that j Un+1 = i 0 , n +i, let / = c x be 
the constant function on n n+1 with value x. It follows that / is the constant 
function on with value i 0 n (x), and therefore 

3U n +A x ) = i c 'Au n+1 = in,n+l{ioA X )) = io,n+l(x). □ 

The infinite iterations are described with the help of ultrafilters Ue on k e , 
where E ranges over finite sets of ordinal numbers. If E is a finite set of 
ordinals, then the order isomorphism n between n = \E\ and E induces, in 
a natural way, an ultrafilter Ue corresponding to U n : 

U E = {n(X) :XCK n } 

where 7r((ao, • • • , a„_i}) = t e n E with t(n(k)) = for all k = 0, . . . , n — 1. 

If 5 is any set of ordinals and E C 5 is a finite set, we define a mapping 
ins, 5 (an inclusion map) of P(k e ) into P(n s ) as follows: 

in^sPO = {i G k 5 : t^e X} (all X C 

Lemma 19.12. If E <Z F are finite sets of ordinals, then for each X C n E , 

X e Ue if and only if \iie,f(X) e [7f- 

Proof. By induction on (m, n) where m = and n = Let E C F be 
finite sets of ordinals. Let a be the least element of F, and let us assume 
that a £ E (if a ^ E, then the proof is similar). Let E' = E — {a} and 
F' = F-{a}. 

If X C k e , let us define for each a < k, the set -X"( Q ) C k b as follows: 
-X"(a) = T-E" : * € X and i(a) = a}; for Z C k f , let us define Z( Q ) C k f 
similarly (for all a < k). It should be clear that 

(19.6) X eU E ^V*aX (a) eU E > and Z e ?7 F <-» V*a Z (a) e Uf'- 

Now we observe that if Z = inF^(^), then = inF',F'(^( a ))i and the 
lemma for E, F follows from (19.6) and the induction hypothesis. □ 
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Let us now consider an ordinal number a. If E C a is a finite set, let us 
say that a set Z C n a has support E if Z = m E-a (X) for some X C k e . 
Note that if Z has support E and E C F, then Z also has support F. Let S a 
denote the collection of all subsets of k" that have finite support. (B a , c) is 
a Boolean algebra. 

Let U a be the following ultrafilter on B a : For each Z € B Q , if Z = 
w.E, a {X) where X C n E , let 



By Lemma 19.12, the definition of U a does not depend on the choice of 
support E of Z. 

We shall now construct an ultrapower mod U a . If / is a function on k°, let 
us say that / has a /mzie support E C a if /(i) = /(s) whenever t,s e n a are 
such that f|\E = sfiS. In other words, there is g on k 5 ' such that f(t) = g(t\E) 
for all t <G k q • Let us consider only functions / on k" with finite support and 
define 



The sets on the right-hand side of (19.7) have finite support, namely E U F 
where E and F are, respectively, supports of / and g. 

Let (Ultu a (V), E a ) be the model whose elements are equivalence classes 
mod =„ of functions on n a with finite support. 

We are now in a position to state the main lemma. 

Lemma 19.13 (The Representation Lemma). For every a, the model 
(Ult[/ Q (V), E a ) is (isomorphic to) the ath iterated ultrapower Ult[^(V), and 
the canonical embedding ju a : V — > Vltu a is equal to io, a - Moreover, if a < /3 
and [f]u a G Ult( a ), then i a ,p{[f]u a ) = [g]u fi where g is defined by g(t) = 
f(t\a) for allte . 

Proof. By induction on a. The induction step from a to a + 1 follows closely 
the proof of Lemma 19.11; thus let us describe only how to assign to [f]u a+1 
the corresponding [f]uM in Urt( Q+1 ). Let / be a function on n a+1 with 
support E U {a} where E C a. For each t e n a let /( t )(£) = /(i^O for all 
£ < k, and let F be a function on k" (with support i?) such that F(t) = /( t ) 
for all t e « a . Let / = [F] Ua ; f is in Ult< Q ) and is a function on . 

When A is a limit ordinal, a routine verification shows that Ult^ is the 
direct limit of {Ult^ a , i a ^ : a, (3 < A} and that the embeddings i a> \ commute 
with the i a>J g. □ 



Z eU a if and only if le U E - 



(19.7) 



f = a g if and only if {t : f(t) = g(t)} e U a , 
fE a g if and only if {t : f(t) € g(t)} € U a . 



348 Part II. Advanced Set Theory 



Uniqueness of the Model L[D] 

Theorem 19.14 (Kunen). 

(i) If V = L[D] and D is a normal measure on k, then k is the only 
measurable cardinal and D is the only normal measure on k. 

(ii) For every ordinal n, there is at most one D C P (k) such that D £ L[D] 
and 

L[D] 1= D is a normal measure on n. 
(iii) If Ki < k 2 are ordinals and if Di, D 2 are such that 

L[Di] \= Di is a normal measure on Ki (i = 1, 2) 

then L[D 2 ] is an iterated ultrapower of L[D\]; i.e., there is a such that 
L[D 2 ] = Ult^ (!,[£>!]), and D 2 = i 0 , a {D 1 ). 

The proof of Theorem 19.14 uses iterated ultrapowers. The following 
lemma uses the representation of iterated ultrapowers. 

Lemma 19.15. Let U be a K-complete nonprincipal ultrafilter on k and let, 
for each a, « 0 , Q : V — ► Ult^' be the embedding of V in its ath iterated 
ultrapower. 

(i) If a is a cardinal and a > 2 K , then «o,a( K ) — a - 

(ii) If X is a strong limit cardinal, A > a, and if cf A > k, then io, a (A) = A. 

Proof. It follows from the Representation Lemma that for all £, rj, the ordinals 
below io,t(v) are represented by functions with finite support from into r\ 
and hence |io,?(?7)| < ICI ' \v\ K - 

(i) We have io,«( K ) = lim^_ Q «o,$(k), and for each £ < a, \i 0 ^(n)\ < 
|£| • 2 K < a. Hence Io,k(k) = a. 

(ii) Since cf A > k, every function / : k" — > A with finite support is 
bounded below A: There exists 7 < A such that f(t) < 7 for all t € n a . Hence 
*o,a(A) = lim 7 ^A io,a(l)- Since A is strong limit, we have |zo, Q (7)| < A for all 
7 < A and hence io,\ = A. □ 

It is clear from the proof that in (ii) it is enough to assume that 7 K < A 
for all cardinals 7 < A, instead of that A is a strong limit cardinal. 

Let U C P(k). If 6 is a cardinal and U £ Lg[U], then by absoluteness of 
relative constructibility, every elementary submodel of (Lg[U],£) that con- 
tains U and all ordinals < n, is isomorphic to M = L a [U] for some a. (If 
7r is the transitive collapse of the submodel, then n(U) = U fl M £ M, and 
M = L a [U].) Let 0 be a cardinal such that U € Lg[U] and let us consider 
the model (Lg[U],£,U) where U is regarded as a constant. This model has 
a definable well-ordering, hence definable Skolcm functions, and so we can 
talk about Skolem hulls of subsets of Lg\U\. 
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Lemma 19.16. Assume that in L[D], D is a normal measure on k. Let A be 
a set of ordinals of size at least n + and let 6 be a cardinal such that D € Lg[D] 
and A C L g [D]. Let M ~< (L e [D],e,D) be the Skolem hull of kUA Then 
M contains all subsets of n in L[D}. 

For every X C K in L[D] there is a Skolem term t such that for some 
ai, . . . ,a n < k and j u . . . ,j m e A, 

L e [D] \= X = t[ai, ...,a„,7i,.. . 7 j m ,D}. 

Proof. Let it be the transitive collapse of M. We have ir(M) = L a [D] for 
some a, and since A C M, we have necessarily a > k + . By Lemma 19.2, 
every X C k in L[D] is in L K +[D], and since ir is the identity on k, we have 
X e M for all X C k in L[D\. □ 

The following is the key lemma in the proof of uniqueness of L[Z?]: 

Lemma 19.17. Let D C P(k) be such that D e L[D] and 

L[D] \= D is a normal measure on n. 

For each a, let Ult^ (L[-D]) denote the ath iterated ultrapower, constructed 
inside L[D]. Let i 0 a be the corresponding elementary embedding. Let X be 
a regular cardinal greater than n + , and let F be the closed unbounded filter 
on X. Then: 

(i) i 0 ,x(D) = Fnmt ( £ ) (L[D}); 

(ii) Ult£>(L[£>]) = L[F\. 

Proof. First, we have io,\(n) = X by Lemma 19. 15(i) because A > k + > 
(k+) l[d] = ( 2 «)i[-D]. Let = *o, A (D) and let M = Ult^ } (L[^]). If X e 
D^ x \ then by (19.5), X contains a closed unbounded subset and hence IeF. 
Since is an ultrafiltcr in M and F is a filter, it follows that = FtlM. 
As for (ii) we have 

M = Ult (A) (L[L>]) = L[D {X) } = L[F n M] = L[F]. □ 

We shall now prove parts (i) and (ii) of Kuncn's Theorem. We already 
know by Lemma 19.4 that in L[D], n is the only measurable cardinal. Thus 
(i) and (ii) follow from this lemma: 

Lemma 19.18. Let D X ,D 2 C P(k) be such that D 1 e L[D X ], D 2 G L[D 2 ] 
and 

L[Di] N Di is a normal measure on k (i = 1, 2). 



Then D 1= D 2 . 
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Proof. Let Di,D 2 C P (k) be such that L[Di] 1= Z?^ is a normal measure on k, 
for i = 1, 2; we want to show that D\ = D 2 . By symmetry, it suffices to show 
that if X C k is in Di, then X G D 2 . 

Let A be a regular cardinal greater than k + and let F be the closed 
unbounded filter on A. Let us consider the Ath iterated ultrapowers Mi = 
Ult^(I/[-Dj]) {i — 1, 2), and the corresponding embeddings i\ A , i$ A . 

By Lemma 19.17, M 1 = M 2 = L[F], and i\ X {D X ) = i\ X (D 2 ) = Ff~\L[F]. 
Let G = F n L[F]. 

Let A be a set of ordinals, \A\ = n + , such that all 7 e A are greater than A 
and that A (7) = i$ x (-f) for all 7 e A; such a set exists by Lemma 19.15(h). 
Let 9 be a cardinal greater than all 7 € A such that A (#) = ig A (6>) = 9. 

Now let X be a subset of k such that X £ D\ . By Lemma 1 9 . 1 6 , X belongs 
to the Skolcm hull of kU A in (Lg[Di\, e, Di). Thus there is a Skolem term t 
such that for some a\,. . . ,a n < k and 71 , . . . , -f m e A, 

(19.8) L e [D 1 }\=X = t[a u ...,a n , lu ..., lm ,D 1 ]. 
Let y <E ie[-D 2 ] be such that 

(19.9) L e [D 2 ]\=Y = t[a 1 ,...,a n ,ii,---,1m,D 2 }. 

We shall show that Y E D 2 and Y = X, hence X E D 2 . 

First we observe that i\ X (X) = i\ X (Y): Let Z\ = i\ X {X) and Z 2 = 

*o,A( y )- Wc have ^o.aW = *o,a(7) = 7, ^o.aW = 0 ' and ^.A^i) = G ; and 
thus when we apply x to (19.8), we get 

(19.10) Lg[G] \= Zx = i[ai,...,a„,7i,...,7 TO ,G]. 

Similarly, when we apply ip a to (19.8), we get (19.10) with Z 2 instead of Z\. 
Thus Z x = Z 2 . 

Now, by Lemma 19.8(h), we have X = Z\ n k and 7 = Z 2 (1 k. Hence 
X = Y. 

Finally, since i\ x {Y) e F, it follows that «q,a(^) *= *o.a(^2) and hence 
y € -D2 • Thus A" e £>2 and this completes the proof of D\ = D 2 . □ 

The key lemma in the proof of Theorem 19.14(iii) is the following: 

Lemma 19.19. Let k, D be such that L[D] \= D is a normal measure on k, 
and let 7 be an ordinal such that k < 7 < «o.i( K ), where io.i is the embedding 
of L[D] in Ult D (L[D]). Then there is no U C P(j) such that L[U] N U is 
a normal measure on 7. 

Proof. Let us assume that on the contrary there is such a U. Let j be the 
canonical embedding of L[U] in UhV(L[J7]). Let A = |7| ++ , and let F be the 
closed unbounded filter on A. Let G = F n L[F]. 

Since L[U] t= GCH, we have j(X) = A (see the remark following Lem- 
ma 19.15). In L[U], G is the Ath iterate of U, and in L[j(U)], G is the 
j(A)th iterate of j(U); hence j(G) = G. 
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Let f '. k — > k be a function in L[D] such that / represents 7 in Ult d {L[D\ ) . 
Since D is normal, the diagonal d(a) = a represents k, and thus we have 
(«o,i(/))(k) = 7- Let i 0 ,x be the embedding of L[D] in Ult^ } (L[D\) = L[G]. 
It is clear that (i 0 , x (/))(«) = 7- 

Now let A be a set of ordinals such that \A\ = k + , that all £ G A are 
greater than A, and that «o,a(£) = £ and = £ for all £ e A Let 0 be 
a cardinal greater than all £ G A, such that io,\(9) = 9 and j(8) = 9. 

By Lemma 19.16, the function / is definable in Lg\D] from iUsU {D}; 
thus «o,a(/) is definable in £e[G] from iU/tU {G}. Hence 7 is definable 
in L g [G] from 4UkU {G} U {k}, and so there is a Skolem term t such that 

(19.11) L g [G] t=7 = t[ai,...,a n ,£i,...,f m ,G,K]. 

for some ai , . . . , a n < k and £1 , . . . , £ m e A 

Now we apply the elementary embedding j to (19.11); and since j(9) = 9, 
j(G) = G, j(£) = £ for £ e A and j(a) = a for all a < 7 (hence j( K ) = K ) ; 
we have 

Le[G] \= j(~f) = t[ai, . . . ,a„,£i, . . • ,£ m ,G, k]. 
which is a contradiction because ,7(7) > 7. □ 

Proof of Theorem 19.14(iii). Let k\ < K2 and let D\, D2 be such that L[Di] \= 
D is a normal measure on Ki (z = 1, 2). Let io, a denote the embedding of 
L[Z?i] in Ult^ (L[Z?i]) and let a be the unique a such that io,a{i^i) < ^2 < 
^o,a+i(^i)* L^y Lemma 19.19 (if we let k = ^o,q 

(ki), L> = io, a (£>i), and 
7 = K2), it is necessary that K2 = *'o,q(ki)- Now the statement follows from 
the uniqueness of io, Q (-Di)- n 

Thus we have proved that the model V = L[D] (where D is a normal 
measure on k) is unique, has only one measurable cardinal and only one 
normal measure on k, and it satisfies the Generalized Continuum Hypothesis. 
The next lemma completes the characterization of L[D] by showing that for 
every K-complete nonprincipal ultrafiltcr U on k, L[U] is equal to L[D\. 

Lemma 19.20. Let U be a nonprincipal n-complete ultrafilter on k. Then 
L[U] = L[D] where D is the normal measure on k in L[D\. 

Proof. By the absoluteness of L[D], we have L[D] C L[U] because L[U] sat- 
isfies that k is measurable. Thus it suffices to prove that U n L[D] E L[D]. 
Let j = fu be the canonical embedding j : V — > Vltu(V), and let 7 = 
Let d(a) = a be the diagonal function and let S be the ordinal represented 
in Ult a (V) by d; thus 

(19.12) X e U if and only if S e j(X) 
for all X C k. 
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Since L[j(D)] N j(D) is a normal measure on 7, there exists an a such 
that 7 = i 0 , a {K), j(D) = i 0 , Q (£>), and L[j(D)} = Ult^ (L [D]). We shall show 
that for every X C k in L[D], 

(19.13) j{X)=i 0 , a (X). 
This, together with (19.12), gives 

(19.14) U n L[D] = {X e L[D] : X C k and (5 e io, a { X )} 

and therefore t/ n L[D] e £[£>]. 

The proof of (19.13) uses Lemma 19.16 again. We let A be a set of size k + 
of ordinals greater than a such that «o,a(0 = j(£) = £ f° r all £ G A and let 
0 be a cardinal greater than all £ e A, such that io,\(8) = = 0. 

If A" C k is in £[£>], then there is a Skolem term t such that 

L e [D] \=X = t[ai,..., a n , Z m ,D]. 

for some ai,...,a n < « and £i,...,£ TO € A. Since «o,a and j agree on 
kUAU {61}, and i 0 . a (D) = j(D), it follows that i 0 . a (X) = j(X). □ 

The proof of Lemma 19.20 gives additional information about K-complete 
ultrafiltcrs in L[D\. Let us assume that V — L[D] and let U be a nonprincipal 
K-complctc ultrafiltcr on n. By (19.14), we have 

(19.15) U = {X C k : 5 e i 0 , a ( x )} 

where a is such that j(k) = io,a( K ) ; and S < j(k). Note that for any (3 > a, 
we also have U = {X C k : S e i 0 ,^(A")}. Now a simple observation gives the 
following characterization of K-completc ultrafiltcrs on k in L[D\: 

Lemma 19.21. Assume V = L[D]. IfU is a nonprincipal n-ultrafilter on k, 
then there exists some S < io,u>{K) such that 

U = {Xd K :5ei 0 ^(X)}. 

Proof. Let j = ju be the canonical embedding of V — L[D] in Ultj/. We have 
j(n) = io, a ( K ) for some a. We shall show that a is a finite number; then the 
lemma follows by (19.15). 

First we note that because V = L[D] = L[U], we have Ult^ = Ulty = 
L[io,a(D)] = L[j(U)]. Now if a > u, then in Ult^\ io,u>(«0 is an inaccessible 
cardinal (because it is measurable in Ult^), while in UhV, io^(n) has cofi- 
nality uj (because it has cofinality iv in V and Ulty contains all w-sequences 
of ordinals). Hence a < u>. □ 

Corollary 19.22. IfV = L[D], there are exactly k + nonprincipal k- complete 
ultrafilters on k. 

Proof. If n is measurable, then it is easy to obtain 2 K nonprincipal K-complete 
ultrafiltcrs on k (because there arc 2 K subsets of k of size k such that |XnY| < 
k for any two of them). By Lemma 19.21, if V = L[D], there are at most 
|*o,w( K )| = K+ °f them. □ 
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Indiscernibles for L[D] 

If there exist two measurable cardinals, k < A, then it is possible to prove 
analogous theorems for the model L[D] as we did in Chapter 18 for L under 
the assumption of one measurable cardinal. More specifically, one can prove 
the existence of a closed unbounded set / C n and a closed unbounded class J 
of ordinals bigger than k, such that I Li J contains all uncountable cardinals 
except k, that every X G L[D] is definable in D from I Li J, and that the 
elements of I Li J are indiscernibles for L[D] in the following sense: The truth 
value of 

L[D] \= <p[ai, . . . ,a„,/?i, . . . ,(3 m ] 

is independent of the choice of ot\ < . . . < a n £ I and (3i < . . . < [3 m G J. In 
analogy with Silver indiscernibles, the above situations can be described by 
means of a certain set of formulas <p(xi, . . . , x n , y\, . . . , y m ), which is called 0* 
(zero- dagger). 

If 0^ exists, then one can prove the consistency of the theory ZFC + 
"there exists a measurable cardinal;" and hence one cannot prove the relative 
consistency of "0^ exists" with ZFC + "there exists a measurable cardinal." 

We shall not give details of the theory of indiscernibles for L[D\. Instead, 
let us present an argument showing that if there exist two measurable car- 
dinals, k < A, then there is a proper class of cardinals that arc inaccessible 
in £,[£>]. 

Let U be a normal measure on A and let for each a, io, a be the elementary 
embedding of V in Ult^; let i a>f) : Ult^ -> Ult^. Let C be the class of all 
cardinals a such that cf a > A and 7 A < a for all 7 < a. By Lemma 19.15, if 
a G C, then «o,a(^) = 01 and io, a {P) = P f° r all /? G C greater than a. Hence 
if a, (5 G C, then i a ,p(a) — (3 and i a jj(~f) — 7 for all 7 e C that are greater 
than j3 or less than a. 

Now if D is a normal measure on k, then because k < A, we have i a ,p(D) = 
D for all a,P G C. Thus each i aj| g (a,/3 € C), restricted to is an 

elementary embedding of L[D] in L[Z?] such that i a ,p(a) = f3 and ia^i'f) = 7 
for all 7 G C below a or above /3. Using these embeddings (as in the 
proof of Lemma 18.26), one shows that the elements of C are indiscernibles 
for the model L[D]. 

Since some elements of C are regular cardinals, and some are limit cardi- 
nals, it follows that all elements of C are inaccessible cardinals in L[D\. 

In the above argument, it was not necessary that k be a measurable 
cardinal, only that k be measurable in L[D]. Thus we have proved: 

Lemma 19.23. Let n be a measurable cardinal, and assume that: 

(19.16) For some 7 < n, there exists a D C P (7) such that L[D] 1= D is 
a normal measure on 7. 

Then there are arbitrarily large successor cardinals that are inaccessible 
in L[D]. 
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We have proved in Lemma 19.21 that if U is a nonprincipal K-complete 
ultrafiltcr on k, then ju( K ) < *o,w( K ), where i 0 ,w is the embedding of L[D] in 
Ult^ (L[D\). We can prove a stronger statement: 

Lemma 19.24. If there is a K-complete nonprincipal ultrafilter U on k such 
that ju(n) > zo, w (k), then (19.16) holds. 

Proof. Let us work in the model M — Ulty(V). The cardinal j(n) is mea- 
surable while tQ,u{K) has cofinality lu, and so io,w(K) < Let F be the 
collection of all subsets X of io.lu(k) such that X D {io,n(«) ■ n > n 0 } for 
some no- Using Lemma 19.10, we proceed as in the proof of Lemma 19.17 to 
show that 

L[F] 1= F fl L[F] is a normal measure on io^( K )- 

Thus (19.16) holds in M for j(«)- Since j is an elementary embedding, 
(19.16) holds in V for k. □ 

Corollary 19.25. If k is a measurable cardinal and 2 K > n + , i/ien (19.16) 
holds. Consequently, it is impossible to prove the consistency of "k is mea- 
surable and 2 K > k + " relative to ZFC + "k is a measurable cardinal." 

Proof. On the one hand, |io,w(«)| = (k + ) l ^ < n + ; on the other hand, if 
U is any K-complctc ultrafiltcr on k, we have ju(^) > 2 K > k + . □ 



General Iterations 

We shall now describe two generalizations of iterated ultrapowers. The first 
deals with iteration of ultrapowers of transitive models by ultrafilters that 
are not necessarily members of the model. 

Let M be a transitive model of set theory. In fact, it is not necessary 
for the theory of iterated ultrapowers to assume that M satisfies all axioms 
of ZFC. It is enough to assume that M is a model of ZFC~ , set theory without 
the Power Set Axiom. Thus M can be a set (e.g., (L a , e) is a model of ZFC - 
when a is a regular uncountable cardinal in L) . 

Let k be a cardinal in M, and let U be an M-ultrafilter on k (Defini- 
tion 18.21). 

Definition 19.26. An M -ultrafiltcr U on k is iterable if 

(19.17) {a < k : X a G U} G M whenever (X a : a < n) G M. 

We shall consider normal iterable M-ultrafilters, i.e., M-ultrafilters that 
are nonprincipal, K-complete, normal (as in Definition 18.21) and iterable. 

Let U be a normal iterable M-ultrafilter on k. Using functions in M, we 
form an ultrapower Ult[/(M), which may or may not be well-founded. Let 
3 = iu be the canonical elementary embedding j : M — > Ult[/(M). 
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Lemma 19.27. If Ult(/(M) is well-founded, and N is the transitive collapse 
of the ultrapower, then 

(i) P m (k) = P n {k). 

(ii) j u U is a normal iterable N -ultrafilter on 

Proof, (i) It is a routine verification by induction that j(a) = a for all a < k. 
For every X g P m (k), we have X = j(X) n k, and therefore X g P n (k), 
verifying P m (k) C P n (k). 

If y e F^W, let / g M be such that Y g [/][/• Then Y g P m (k) follows 
(by (19.17)) because for all a < n, 

aeY if and only if {£ < k : a g /(£)} € E7. 

(ii) Let W = j ll U. To verify that N and W satisfy (19.17), let (X Q : 
a < j{n)) E N be represented in the ultrapower by / € M. We may assume 
that for each a, X a c j(n), and that /(£) = (X^ : n < k) for each £ < k. 
By (19.17), we have {(£,77) : X« g C/} g M. Thus if we define #(£) = {n < k : 

g [/}, we have g g M. Now it is routine to show that [(?][/ = {a < j(n) : 

x a ew}. a 

If j is an elementary embedding j : M — > TV with critical point k, and 
if P m (k) = P n (k), then the M-ultrafilter {X : k g j(X)} is iterable; see 
Exercise 19.8. 

Let [/ be a normal iterable M-ultrafilter on k. If the ultrapower XJltu(M) 
is well-founded, let Mi be its transitive collapse, let j : M — > M 1 be the 
canonical elementary embedding, and let = j ll U; is a normal iter- 
able Mi-ultrafiltcr on = We can now proceed with the iteration 
as when M = V and U £ M, as long as the iterated ultrapowers are well- 
founded. At limit stages we take direct limits, and use the following lemma 
that is quite routine to verify: 

Lemma 19.28. let a be a limit ordinal, and let for each [5 < a, be 
a normal iterable Mp -ultrafilter on and assume that the direct limit 

of {(M^,g,C/W),^ i7 : /3,7 < a} is well-founded. If (M a ,e,U (a '>) is the 
transitive direct limit then is a normal iterable M a -ultrafilter on = 
lim^a K (/3) . □ 

The Representation Lemma 19.13 holds true in the present context as well. 
The M-ultrafilters U a are defined as before, starting with M-ultrafiltcrs U n 
on P M (n n ): 

(19.18) X g U n+ i if and only if < k : X (i) g U n } g U 

where X^ = {(£1, • ■ • : (£, £1, . . . , £„) g X}. By induction on n one 
proves that each U n is an iterable M-ultrafilter on n n . 

To define the ultrafilters U a and the ultrapowers Vltu a (M), we restrict 
ourselves, as before, to sets Zee" and functions / on n a with finite support, 
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with the additional restriction imposed by M: If E = {a\, . . . ,a n } with 
ai < . . . < a n is the support of Z or / then the restriction of Z or / to k e 
is such that its isomorph Z C K n or / : n n —> M is an element of M. 

In general, iterated ultrapowers of M by an M-ultrafilter need not be 
well-founded. If, however, all countable iterations are well-founded then all 
iterations are well-founded (Exercise 19.9). An important sufficient condi- 
tion for well-foundcdness of iterated ultrapowers is the following (external 
a-completeness) : 

(19.19) For any {X n } neLU C U, 0^=0 X « is nonempty 

(see Exercise 19.10). 

The other generalization deals with iterated ultrapowers of an inner model 
where each successor step a + 1 of the iteration is obtained as an ultrapower 
of M a by an arbitrary measure in M a . 

Definition 19.29. An iterated ultrapower of an inner model M is a sequence 
(M 7 : 7 < A) constructed as follows: 

(i) M 0 — M. 

(ii) M 7+ i = Ult^c-y) (M 7 ) where € M 7 is a K 7 -complctc ultrafiltcr 
on k 7 , and the ultrapower is constructed in M 7 ; i 7i7 +i : M 1 — > M 7+1 
is the canonical embedding, and for all a < 7, « Q , 7 +i = « 7 , 7 +i 0 * Q , 7 - 

(iii) If 7 is a limit ordinal, then M 1 is the direct limit of {M a ,i a p : a < 

P<l}- 

Theorem 19.30 (Mitchell). Let M be an inner model of ZFC. Every it- 
erated ultrapower of M is well-founded. 

Proof. First we outline the proof of the theorem for M = V. The idea is to 
represent each iterated ultrapower M 7 as an ultrapower by an ultrafiltcr L/ 7 . 
The ultrafiltcrs U 1 are defined by induction on 7. For each 7 we define an 
ordinal function k 7 (that represents k 7 in the ultraproduct by U 7 ), the set D 1 
(the domain of fc 7 ), the algebra P 7 of subsets of D 7 , the class F 1 of functions 
on Dj and the ultrafilter J7 7 on P 7 . 
The domain D 1 of fc 7 is the set 

{p G Ord 1 : \/a < 7 p(a) < fc a (pfo!)}. 

The algebra P 7 and the class F 1 are 

P 7 = {X C -D 7 : X has finite support}, 
F 7 = {/ E V D -> : f has finite support}. 

If 7 is a limit ordinal, we let C/ 7 = U Q <7 If 7 = a + 1, then assume that 
M a is transitive and isomorphic to XJlt(j a (V). Let k a e f a be a function 
that represents n a , and let g e F a be a function that represents C/^, in 
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the ultrapower M a , i.e., [fcJ(y Q = K a , [g] Ua = [/■(«). Thus for f7 Q -almost all 
p G D a , g a {p) is an ultrafilter on k a (p). For X G -P a +i we let 

X G t/a+i if and only if {p <E D a : X^ G g(p)} G £/ a 

where X( p ) = {£ < fc a (p) : pU {(«,£)} G X}. It is now routine to verify that 
Ult[7 Q+1 (y) is isomorphic to Ult^a) (M„). 

The proof that each Ult[/ Q (V) is well-founded uses the argument presented 
in Exercise 19.10. 

Now if M is an arbitrary inner model, and (M 7 : 7 < A) is an iterated 
ultrapower that is not necessarily defined inside M, we use an absoluteness 
argument. We can still use the representation of M 7 by Ult[/ Q (M); in this 
case the functions p G Ord 1 , the sets X C Dj and the functions / G V D ~ I 
are all assumed to be members of M. 

If E G 7 is a finite set, then P E and F E denote the subsets of P 7 and F 7 , 
respectively, of those sets or functions whose support is E. Let Ue he the 
restriction of U 1 to Pe, and let Me be the ultrapower of M mod JTe (using 
functions in Fe). For E C E', let be the canonical elementary embed- 

ding of Me in Me> and let z_e i7 be the embedding of Me in M 7 . 

If some iterated ultrapower of M is not well-founded, then, as in Exer- 
cise 19.9, one can show that there is a countable A such that an iterated 
ultrapower (M 7 : 7 < A) is not well-founded. Let n be the supremum of all 
the K~f, 7 < A, in this iteration. Let {a„} n < w be a decreasing sequence of ordi- 
nals in M\, and let E 0 C E\ C . . . C E n C . . . be a sequence of finite subsets 
of A such that U^Ln ^ n = ^' an< ^ ^ na * eac h i s a support for (a function 
representing) a n . For each n, let b n G be such that a n — iE n ,\{b n ). Let 
r] be sufficiently large so that b n G for all n. Thus there exists a sequence 
{(£?„, M n , 6 n )}^ 0 such that Eo C £1 C ... C £„ C ... are finite subsets 
of A, that each M n is an iterated ultrapower of M indexed by E n , b n is an 
ordinal in M n = Ult_E„(M), and for each n, M n+1 \= iE n ,E n+1 {b n ) > b n+ i. 

As each M n is a finite iteration, it is clear that it is a class in M. Consider, 
in M, the set of all triples (E, N, b) such that E is a finite subset of A, N is 
a finite ultrapower iteration indexed by E and using measures on ordinals < 
k, and b is an ordinal in N represented by a function in V v . Let (E' , N' , b') < 
(E,N,b) if E' D E and if N' h i B) ^(6) > 6'. We have established that 
this relation < is not well-founded (in the universe). Thus by absoluteness 
of well-foundedness, this relation is not well-founded in M. However, that 
means that there is an iterated ultrapower constructed in M that is not well- 
founded, contrary to the result of the first part of this proof. □ 

The Mitchell Order 

Definition 19.31. Let n be a measurable cardinal. If U\ and U2 are normal 
measures on k, let 

Ui < U 2 if and only if Ui G UhV 2 (V). 
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The relation U\ < XJi is called the Mitchell order. 

The Mitchell order is transitive, and by Lemma 17.9(h) is irreflexive. 
Moreover, it is well-founded: 

Lemma 19.32. The Mitchell order is well-founded. 

Proof. Toward a contradiction, let k be the least measurable cardinal on 
which the Mitchell order is not well-founded, and let Uq > U\ > . . . > U n > 
. . . be a descending sequence of normal measures on n. Let M = UhV 0 (V) 
and let j : V — > M be the canonical elementary embedding. As k < 
and j{n) is the least measurable cardinal in M on which the Mitchell order 
is not well-founded, we reach a contradiction once we show that U\ > U2 > 
...>£/„>... is a descending sequence in M. 

The measures U n , n > 1, are in M, and so is the sequence {U n }^ =1 , so 
we need to verify that U n +i < U n still holds in M. Since U n +i £ \Jltu n {V), 
U n +i is represented in the ultrapower by a function / = (u a : a < k). As 
P m (k) = P{k) and M K C M, the function / is in M, and represents U n +i 
in the ultrapower Ult^(M). Hence M \= U n+1 < U„. □ 

Definition 19.33. If U is a normal measure on n, let o(U), the order of U, 
denote the rank of U in <. Let o(k), the order of n, denote the height of <. 

Lemma 19.34. Let o be the function (o(a) : a < n) . If U is a normal 
measure on k then o{U) — [o]u- 

Proof. Clearly, [o]u = o M (k) where M = \Mu(V). The set {U 1 : U' < U} 
is the set of all normal measures in M, and since < is absolute for M (see 
Lemma 19.32), the order of U in V is the order of k in M. □ 

Thus o(U) > 0 if and only if [/-almost all a < k arc measurable. If 
k is a measurable cardinal of order > 2 then k has a normal measure that 
concentrates on measurable cardinals a < k. Thus the consistency strength 
of o(k) > 2 is more than me asur ability. Measurable cardinals of higher order 
provide a hierarchy of large cardinal axioms. A consequence of Lemma 19.34 
is that \o(U)\ < 2 K and therefore o(k) < (2 K ) + . In particular, if GCH holds, 
then o(k) < k ++ for every measurable cardinal n. 

There exist canonical inner models for measurable cardinals of higher 
order, analogous to the model L[U]. We shall now outline the theory of these 
inner models. 

The key technical device is the technique of coiteration. It is the method 
used in the proof of Lemma 19.35 below. Let Wbea set of normal measures 
(on possibly different cardinals). U is closed if for every measure U G U 
on n, every normal measure on k in ju(M) is in U. If U is a closed set of 
normal measures and U, W £ U, let U <u W mean that U £ jw{M)- As 
<u is a suborder of the Mitchell order it is well-founded and we define o u (U) 
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and o u (k) accordingly. The length oiU, l(U), is the least i? such that n < 
for all k with o u (n) > 0. 

Let M and AT be inner models of ZFC, and let U e M and W G iV be 
closed sets of normal measures in M and N, respectively. We say that U is 
an initial segment of W if 

(19.20) (i) 1{U) < l(W), 

(ii) for every a < 1(14), o u (a) = o w (a), 

(iii) for every k < 1(14), if U e M and If £ iV are on k and 
o w (J7) = o w (W), then C/nMnJV = WnMnJV. 

Lemma 19.35. Let M and N be inner models of ZFC and let 14 and W be 

closed sets of measures in M and N , respectively. Then there exist iterated 
ultrapowers ?o,a : M — ► Ma jo, a : -/V — » ATa, wszng measures in hi and W, 
respectively, such that either io,\(l4) is an initial segment o/jo,a(W), or wee 
versa. 

Proof. By induction on 7, we define iterated ultrapowers M 7 and JV 7 , and 
the embeddings ip tl : Mp —> M 7 and jp n : Np — > AT 7 . We let M 0 = M 
and Nq — N, and if A is a limit ordinal, Ma and N\ are direct limits of 
{M 7 ,i^ i7 : /3, 7 < A} and {N 7 ,jp tl : (3, 7 < A}, respectively. 

If at stage 7, W 7 = io n (U) and W 7 = jo,7(W) are not initial segments 
of one another, then there exist ordinals a 1 and <5 7 such that o; 7 < i(W 7 ), 
a 7 < W 7 , i/ 7 |a 7 and W 7 \ou t agree on M 7 n AT 7 , the measures on a 7 of 
order < 5 1 in U 7 and in W 7 agree on M 7 n A^, and 

(19.21) cither (i) 5 1 = <f~>(a) < o w ~<(a), or 

(ii) S 7 = o w ~<(a 1 ) < o u i(a 7 ), or 

(iii) 5 j < o w T(a 7 ), <5 7 < </^(a 7 ) and for some U 1 e W 7 and W 7 e 
W 7 of order o~ 7 there exists an AT 7 € M 7 niV 7 such that X 7 e [/ 7 
but AT 7 <^ VF 7 . 

If (i) occurs, let « 7l7 +i be the identity and j 7l7 +i : N 1 — > A" 7+ i = \]\tw(N 1 ) 
where W is any W £ W 7 such that o w ^(W) — <5 7 . Similarly, if (ii) occurs, 
then j 7l7 +i is the identity and M 7+ i is an ultrapower. If (iii) occurs, let 
i 7i7+ i : M 7 M 7+ i = UhV 7 (M 7 ) an d j 7:7+ i : N 7 -» N 7+1 = UhV^A^). 

Note that if [3 < 7 then cn/j < a 7 . Moreover, in cases (i) and (ii) we have 
a 1+ i > a 7 as o u ~t+ 1 (a 1 ) = o w ~i+ 1 (a 1 ) — 5 1 , and the measures of order < <5 7 
agree. 

We will show that the process eventually stops. Thus assume the contrary. 

For every limit ordinal 7, M 7 is a direct limit, and so there exists some 
[3 = /3(-f) < 7 such that a 7 is in the range of ip n , c* 7 = ip tJ (a) for some 
a = a(-f) < I (lip). There is a stationary class Ti of ordinals such that /3(-f) is 
the same (3 for all 7 g Ti. Also, there is a stationary class r 2 C Ti such 
that a (7) is the same a < I (Up) for all 7 e T 2 . It follows that if (3 < 7 are 
in T 2 then ip n (ap) = a 7 . Similarly there is a stationary class T 3 C T 2 such 
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that jp n (ap) = a 7 whenever 0 < 7 arc in L 3 . Continuing in this manner, 
we find a stationary class r C L3 such that for all 0 < 7 in L, ip t7 (ap, dp) = 
jp, 7 (ap,6 0 ) = (a 7 ,(5 7 ), and (in Case (iii)) ip,j(X 0 ) — jp n {X f3 ). 

Let 0 e T and assume that (19.21) (i) occurs. Let 7 e L be greater than /?. 
Since i/3,/3+1 is the identity, and crit(L^) = > a/3+1 > a/3 for all £, > 0, 
we have ip n (ap) — a@, while jp^otp) > jp,/3+i(otp) > a/3, contrary to 
ip,-y{&p) = jp.,j( a f>)- Thus (i) docs not occur, and similarly, (ii) leads to 
a contradiction. 

Case (iii) gives a contradiction as follows: Let 7 > /? be in L. Since AT^ e 
[//3, we have a/3 € ip n (Xp), and since ^ Wjg, we have a/3 ^ j@ !7 (Xp). This 
contradicts ip n (Xp) — jp n (Xp), and therefore the process must eventually 
stop. □ 



The Models L[U] 

If ^4 Q , a < 9, is a sequence of sets, let us define the model 

(19.22) L(A a :a<9) 

as the model L[A] where A = {(a, A") : X e A a }. Under this definition, 
L(A a : a < 6) = L[(B a : a < 9)}, where B a = A a n L(A Q : a < 9) for all 
a < 0. 

If K a , a < 0, is a sequence of measurable cardinals, and for each a, U a is 
a K Q -complctc nonprincipal ultrafiltcr on ac q , then in L(U a : a < 0), each 
J7„ n i(C/ Q : a < 0) is again a K a -complete nonprincipal ultrafilter on K a . 

More generally, let U be a set of normal measures indexed by pairs of 
ordinals (a,0) such that U a ,p is a measure on a. Then denotes the 

model L{U a jj : a,0). 

The technique described in the preceding section can be used to gener- 
alize many results about the model L[U] to obtain canonical inner models 
for measurable cardinals of higher order. We shall illustrate the method by 
constructing a model with exactly two normal measures on a measurable 
cardinal of order 2. 

Definition 19.36. A canonical inner model for a measurable cardinal k of 
order 2 is a model 

(19.23) L[U] = L(U a , U°, U 1 ) ae A 
such that in L[U] 

(19.24) (i) U 1 is a normal measure on n of order 1. 

(ii) U° is a normal measure on k of order 0 and U° < U 1 . 

(iii) 4 £ f 1 , each U a is a normal measure on a of order 0, and 
(U a : a e A) represents U° in the ultrapower by U 1 . 
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If o(k) > 2 then a canonical model L[U] is obtained as follows: Let A C k 
be the set of all measurable cardinals below k, let U 1 be a normal measure 
on k of order 1, let U° be a normal measure on k such that U° < U 1 , 
and let U a , a € A, be normal measures such that [(U a : a G ^4)]c/ 1 = 
Then L(U a , U°, C/ 1 ) a e J 4 is a canonical inner model (with W = ([/ a fl i[W], 

[/"nilWj.^nilW])^). 

The canonical model is unique (for the particular choice of the set A) , in 
the sense that if W = (W a , W°, W l ) a ^A is any other sequence that satis- 
fies (19.24), then L[U] = L[W]. We prove below a more general result. 

Theorem 19.37 (Mitchell). Let A C n, and letU = (U a ,U° ', ?7 1 > Q , eJ 4 and 
W = (W a , W°, W^aeA be such that for each a e A, U a and W a are normal 
measures on a of order 0, U and W° are normal measures on k of order 0, 
and U 1 and W 1 are normal measures on k of order 1. Then L[U] = L[W] 
and 

(19.25) (i) U a H L[14] = W a n L[W] (all a e A), 
(ii) U £ n = n L[W] (e = 0, 1). 

Proof. We use Lemma 19.35. Let I? be the following set of measures: 
The U a 's, the W a 's, U 1 , U°, W 1 , W°, and all the normal measures on k 
in j u i (U U W) and jV 1 (W U W) (so that I? is a closed set of measures). 

By Lemma 19.35 (applied to T>) there exist iterated ultrapowers i = : 
V — > M and j = j'^a : V — > iV such that i(T>) is an initial segment of j(T>). 

We have l(i(V)j = i(n) + 1, and by (19.20), o^) («(«)) = 6> (j («)) = 2 
and for all a < i(/c), (^(a) = (^(a) = 1 if a e and o^a) = 
o>( v )(a) = 0 if a i i(A). It follows that i(n) = j{n) and = j(A). 

By (19.20) (iii) , if D € i(T>) and E e j(£>) are normal measures on some 
a e i(A) then DnMniV = SnMniV; the same is true if L> € i(X>) and E e 
j(X>) are measures on and o 4 ( X) )(D) = o i( P\E). It follows that L[i(W)] = 
L[j(U)} = L[j(W)} = L[i(W)] CM ON, i(U £ ) n £[*(«)] = j{U £ ) n £[*(«)] = 
j(W £ ) nL[i(W)] = i(r)(lL[i(W)] (e = 0, 1), and for every a e i(A), 
(iU) a = (iW) a , where ((iU) a ,iU° ^U 1 ) aeiA = iU = i((U a ,U° ,U 1 ) aeA ). 
(By induction on 7, one shows that L^[i(U)] — L 7 [i(W)]). 

Now (19.25) follows since i is an elementary embedding, and i : L[U] — > 
L[*(W)], i : -» □ 

The analog of Theorem 19.14(i) for is the following: 

Theorem 19.38 (Mitchell). In L[U], k and a E A are the only measurable 
cardinals, and U a , U° and U 1 are the only normal measures. 

Proof. For every ordinal 7 < n, let U [7 — (U a : a e An^); if 7 > k, U I7 = U. 
Toward a contradiction, let 7 be the least ordinal such that in L[Wf7] there 
are normal measures other than those in IA\^, and let T> — U\j. Let a be the 
least cardinal in L[D] that carries a normal measure not in V, and let D be 
such a measure of least Mitchell order. 
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If a £ A U {«}, let M = L[V], N = \J\t D (L[V]) = L[j D (V)}, and apply 
Lemma 19.35 to M, N and (closed) sets of measures T> and jjj(T>). There 
are iterated ultrapowers i — i a _\ : M — > M\ and j = j' 0 ,a : N ^> N\ such 
that is an initial segment of j{jD{T^)) or vice versa. Now because of 
the choice of I? as a minimal counterexample in L[T>] to the theorem, no 
proper initial segment of either i(T>) or j{jD{P)) can be a counterexample, 
and consequently, M\ = N\ = L[i(V)} = L[j(j D {V))}. As j D (V)\(a + l) = 
T>\(a + 1), we have i(a) = j(a) = a, which contradicts the fact that D e M 
but D £ N. 

The same argument works if a e A and U a < D, or if a = n and U 1 < D. 

If a e A and o(D) = 0, let U = U a ; if a = n and o(D) = e (e = 0, 1), let 
U = U e . Let M = \J\tu(L[V}) = L{ju(V)] and N = \Jlt D {L[V]) = L[j D (V)}. 
By Lemma 19.35 there are iterated ultrapowers i : M — > Ma and j : N ^> N\ 
such that i(ju(T>)) is an initial segment of jijoi'D)) or vice versa. Using 
the minimality argument again, we get M\ — N\ — L[i(ju(D))] — L{£) 
where £ = i(ju(V)) - j(j D (V)). Again, j v {V) \{a + 1) = j D (I?) t(a + 1), so 
i(a) = j(a) = a. 

To reach a contradiction we show that X S U if and only if X € £>, 
for every X C a in L[2?]. We proceed as in the proof of Lemma 19.18. If 
X g P L ^(a) then X is definable in L[D] from V and ordinals that are not 
moved by ju, jo, i or j. As in (19.8)— (19.10) it follows that X = ZC\a where 
Z = i(X), that Z = j(Zna) = j(X) and that X € U if and only if a € i(AT) 
if and only if a € j(A") if and only if X e D. □ 

Theorems 19.37 and 19.38 admit a generalization to yield canonical inner 
models for measurable cardinals of higher order. We shall state the following 
result without proof: 

Theorem 19.39 (Mitchell). There exists an inner model L[U] such that 

(i) for every a, o L ^ u \a) = o u (a) = min{o(o;), (a ++ ) L ^}; 

(ii) U= (U a ,p :{3<o u {a)); 

(hi) each U a ^ is in L[U] a normal measure of order j3; 

(iv) every normal measure in L[U] is U a ,p for some a and f3; 

(v) L[u]\=GCn. a 



Exercises 

19.1. Let k be a measurable cardinal and j : V — » M be the corresponding ele- 
mentary embedding. Let Mo = V , Mi — M, and for each n < to, M n +i = j{M„) 
and i n ,n+i = j \M n . The direct limit of {M n ,i n ,m ■ n, m < lo} is not well-founded. 

[«o,w(«0, in,ut{n), ... is a descending sequence of ordinals in the 

model.] 

19.2. Show that if m < n, then for each / on K m , im,n([f]u m ) = \s]u n where g is 
the function on k° defined by g(ao, ■ ■ ■ , a n -i) = f{ao, ■ ■ ■ , a m -i). 
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19.3. Prove this version of Los's Theorem (for functions with finite support): 
{\J\t Ua ,E a ) \= ¥>([/!], . . . , [/„]) if and only if {t : <fi(fi(t), f n (t))} G U a . 

Let D„ be the measure on k° defined from a normal measure D, and let fi^ n ' = 
^o,n(^) where zo,n : V -> Ult£\ 

19.4. The ordinal /t' n_1 ' is represented in UltD„ by the function d„(ai, . . . , a„) — 
ct n - 

19.5. AeD n if and only if (k, , . . . , ) € j Dn {A). 

19.6. If A G D„ then there exists a B € D such that [B] n C A. 

[Let n = 3. Let B 1 = {aj : (ai, «, G io,2(^)}, #2 = {«2 £ #i : (Vai G BiH 
02) (ai, 0:2, k) G io,i(^4)} an d B = B3 — {03 G B2 : (Vo?2 £ -E>2na3)(Vai G i?2na2) 
(ai,a2, 0:3) £ A}.] 

Compare with Theorem 10.22. 

19.7. Assume V = L[D]. If f/ is a K-complete nonprincipal ultrafilter on k and if 
U =fc D, then there is a monotone function / : n — > k such that k < [/][/ < 
(Hence (7 does not extend the closed unbounded filter.) 

[U satisfies (19.15) for some 5; if S = k'™' for some n, then U = D. Let n be 
such that K (n_1) < 5 < K (n) ; let g : K n — > k represents 5 in Ultr>„. Let /(£) = 
least a such that g(ai, . . . , a n -i,a) > £ for some an < ... < a n _i < a. The 
function / is monotone. To show that \f]u < [d]u, we argue as follows: For almost 
all (mod D n ) ai, . . . , a n , g(ai, . . . , a n ) > h«; hence for almost all on, . . . , a n , 
f(g(ai, . . . ,a n )) < g(ai, . . . , a n ). Hence (jD n (f)){8) < 8, and hence for almost 
all £ (mod U), /(£) < £. Thus [/]„ < [d]c] 

19.8. If M and iV are transitive models of ZFC~, if j : M — » iV is an elementary 
embedding with critical point k, and if P m (k) = P n (k), then {X G P M (k) : k G 
j(X)} is a normal iterable M-ultrafilter. 

19.9. If Ulti; a (M) is well-founded for all a < wi, then Ultt/ a (M) is well-founded 
for all a. 

[Assume that Ultu,, (M) is not well-founded and let fo, fi, ...,/„,.. . constitute 
a counterexample. Each /„ has a finite support E n . Let (5 be the order- type of 
UJ^Lo ^ n > we have /3 < u>i. Produce a counterexample in Ulti/ (S (Af).] 

19.10. If arbitrary countable intersections of elements of U are nonempty, then 
Ultjy a (M) is well-founded for all a. 

[Let /o, /1, f n , ••• be a counterexample, let X n = {t £ n a : f n (i) 9 
/n+i(t)}- To reach a contradiction, find t G fl^o^™- Construct t by induction 
such that for each v < a. \{ a. = v + r\, then t pi/ has the property that for all n, 
{s G k" : (t|V)' - "s G A„} G t/j,: Given tfi/, there is t(v) such that the condition is 
satisfied for t\(u+ 1). Then t G fl^o^"-] 

19.11. Assume that every constructible subset of wi either contains or is disjoint 
from a closed unbounded set. Let F be the closed unbounded filter on ui. Then 
D — F PI L is an iterable L-ultrafilter and Ult £>„(!,) is well-founded (and hence 
equal to L) for all a. 

19.12. If L[U], U = <(7 a , U°, U 1 }^, is a canonical inner model for a measurable 
cardinal of order 2, if B € [7 1 is a subset of A, and if W = VK^ces, 
W a = U a D L[W], W £ = U S (1 L[W], then L[W] is also a canonical inner model. 

19.13. If there exist two different normal measures of order 1 on k, then there 
exist canonical inner models L[U] and L[W] such that U = {U a ,U°, U 1 }^, W = 
(Wp, W°, W 1 ) f3 eB and such that A = U 1 and B = W 1 are disjoint subsets of k. 
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Historical Notes 

Most of the results in the first part of Chapter 19 are due to Kunen, who 
in [1970] developed the method of iterated ultraproducts invented by Gaifman 
(cf. [1964] and [1974]). Kunen found the representation of iterated ultraproducts 
(Lemma 19.13) and generalized the construction for M-ultrafilters. Kunen applied 
the method to obtain the main results of the model L[D] (Theorem 19.14). 

Theorem 19.3 (the proof of the GCH in L[D\) is due to Silver [1971d]. 

The description of K-complete ultrafiltors on n in L[D] (Lemma 19.21) is due 
to Kunen [1970] and Paris [1969]. Lemma 19.4 was first proved by Solovay. The- 
orem 19.7 is due to Gaifman; cf. [1974]. The proof of well-foundedness in Exer- 
cise 19.10 is due to Kunen. Lemmas 19.20 and 19.24 are results of Kunen [1970]. 
0^ was formulated by Solovay. 

Kunen generalized the basic results on L[D] to the model L{D a : a < 9) 
constructed from a sequence of measures (with 9 < the least measurable cardinal 
in the sequence). Mitchell [1974] and [1983] generalized the theory of L[D] to inner 
models for sequences of measures. The definition of o(k), Theorem 19.30 (well- 
foundedness of iterated ultrapowers) as well as the results on L[U] are all due to 
Mitchell. 

The results in Exercises 19.9, 19.10 and 19.11 are due to Kunen [1970]. 
Exercise 19.7: Jech [1972/73]. 
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This chapter studies properties of large cardinals that generalize measurabil- 
ity. We are particularly interested in the method of elementary cmbeddings, 
and introduce two concepts that have become crucial in the theory of large 
cardinals: supercompact and Woodin cardinals. 

Strongly Compact Cardinals 

In Chapter 9 we proved that weakly compact cardinals are inaccessible car- 
dinals satisfying the Weak Compactness Theorem for the infinitary lan- 
guage C KjW . If we remove the restriction on the size of sets of sentences in 
the model theoretic characterization of weakly compact cardinals, we obtain 
a considerably stronger notion. This notion, strong compactness, turns out to 
be much stronger than me asur ability. 

Strongly compact cardinals can be characterized in several different ways. 
Let us use, as a definition, the property that is a natural generalization of 
the Ultrafilter Theorem: 

Definition 20.1. An uncountable regular cardinal n is strongly compact if 
for any set S, every K-complctc filter on S can be extended to a K-complctc 
ultrafilter on S. 

Obviously, every strongly compact cardinal n is measurable, for any ul- 
trafilter on k that extends the filter {X : \n — X\ < k} is nonprincipal. 

Let us say that the language (or C KjK ) satisfies the Compactness 

Theorem if whenever X is a set of sentences of C K ^ (C K . K ) such that every 
ScS with \S\ < k has a model, then £ has a model. 

Let A be a set of cardinality greater than or equal to k. For each x € 
P K (A), let x = {y E Pk(A) : x C y}, and let us consider the filter on P K (A) 
generated by the sets x for all x e P K {A); that is, the filter 

(20.1) {X C P K (A) : X D x for some x G P K {A)}. 

If k is a regular cardinal, then the filter (20.1) is K-complete. We call U a fine 
measure on P K (A) if U is a K-complctc ultrafilter on P K (A) that extends the 
filter (20.1); i.e., x £ U for all x G P K {A). 
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Lemma 20.2. The following are equivalent, for any regular cardinal k: 

(i) For any set S, every n-complete filter on S can be extended to a Hi- 
complete ultrafilter on S . 

(ii) For any A such that \A\ > k, there exists a fine measure on P K (A). 

(iii) The language £ K , W satisfies the compactness theorem. 

Proof, (i) — > (ii) is clear. 

(ii) — ► (iii): Let E be a set of sentences of £ K . W and assume that every 
S c E of size less than k has a model, say 2lg. Let t/ be a fine measure 
on P K (E), and let us consider the ultraproduct 21 = Ult(y{2ls : S G P K (E)}. 
It is routine to verify that Los's Theorem holds for the language £ K . W provided 
the ultrafilter is K-complete; in order to prove the induction step for infinitary 
connective A{< Q V£i one uses the ^-completeness of J7. Thus we have, for any 
sentence a of 

(20.2) 21 1= ct if and only if {S : Ql s N ct} G *7. 

Now if cr G E, then {cr} A G {/ and since Qls N cr whenever S 3 a, (20.2) implies 
that a holds in 21. Hence 21 is a model of E. 

(iii) — > (i): Let S be a set and let F be a K-complete filter on 5. Let us 
consider the £ K ^-language which has a unary predicate symbol X for each 
X C S, and a constant symbol c. Let E be the set of L K ^ sentences consisting 
of: 

(a) all sentences true in (S, X)xcS, 

(b) X(c) for all X G F. 

Every set of less than k sentences in S has a model: Take S as the universe, 
interpret each X as X and let c be some element of S that lies in every X 
whose name is mentioned in the given set of sentences; since F is K-complete, 
such c exists. 

Hence E has a model 21 = (A, A" 21 , c)xcs- Let us define U C P{S) as 
follows: 

XeU if and only if 9L\=X(c). 

It is easy to verify that U is a K-complctc ultrafilter and that U D F: 
For instance, U is K-complete because if a < n and X = C\^ <a X^, then 
21 satisfies the sentence A^< a ^?( c ) — * ^( c )- 1=1 

Every strongly compact cardinal is measurable, but not every measurable 
cardinal is strongly compact (although it is consistent that there is exactly one 
measurable cardinal which is also strongly compact). We shall show that the 
existence of strongly compact cardinals is a much stronger assumption than 
the existence of measurable cardinals. We start with the following theorem: 

Theorem 20.3 (Vopenka-Hrbacek). If there exists a strongly compact 
cardinal, then there is no set A such that V = L[A]. 
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Proof. Let us assume that V = L[A] for some set A. Since there is a set of 
ordinals A' such that L[A] = L[A'j, we may assume that A is a set of ordinals. 
Let k be a strongly compact cardinal, and let A > k be a cardinal such that 
A C A. There exists a /{-complete ultrafilter U on A + such that \X\ = A+ for 
every X e U (let f7 extend the filter {X : |A+ - X\ < A}). 

Since {/ is K-complete, the ultrapower \Jltu(V) is well-founded, and thus 
can be identified with a transitive model M. As usual, if / is a function 
on A + , then [/] denotes the clement of M represented by /. Let j = jjj be 
the elementary embedding of V into M given by U. 

Let us now consider another version of ultrapower. Let us consider only 
those functions on A + that assume at most A values. For these functions, we 
still define / =* g (mod U) and / €* g (mod U) in the usual way, and there- 
fore obtain a model of the language of set theory, which we denote Ult^(V). 
Los's Theorem holds for this version of ultrapower too: If /, . . . are functions 
on A + with |ran(/)| < A, then 

(20.3) Ult" 1= ip(f, .. .) if and only if {a : <p(f(a), . . .)} G U. 

(Check the induction step for 3.) Hence Ult" is a model of ZFC, elementarily 
equivalent to V. Also, since U is K-complete, Ult - is well-founded and thus 
is isomorphic to a transitive model N. Every element of N is represented by 
a function / on A + such that | ran(/)| < A. We denote [/]~ the clement of 
represented by /. We also define an elementary embedding i : V — > N by 
i(x) = [c x ]~ where c x is the constant function on A + with value x. 
For every function / on A + with | ran/| < A, we let 

(20.4) fc([/]-) - [/]■ 

It is easy to see that the definition of k ([/]") does not depend on the choice 
of / representing [/]~ in N, and that k is an elementary embedding of N 
into M. In fact, j = k o i. 

If 7 < A + , then every function from A + into 7 has at most A values, and 
hence [/] _ = [/] for all / : A + — > 7. If / : A + — > A + has at most A values, 
then / : A + — > 7 for some 7 < A+; it follows that i(A + ) = lim 7 ^ A + i(-f), and 
we have k(£) = £ for all ^ < «(A + ). 

Similarly, i(A) = j(A), and we have M = L[j(A)} = L[i(A)] = N. 

Now we reach a contradiction by observing that j(A+) > «(A + ): Since 
the diagonal function d{a) — a represents in M an ordinal greater than 
each ,7(7), 7 < A+, we have j(X + ) > lim 7 ^ A +j(7)- While N thinks that 
i(A + ) is the successor of i(X), M thinks that j(A+) is the successor of j(X) 
(and j(X) = i(A)). Thus M ^ N, a contradiction. □ 

The following theorem shows that the consistency strength of strong com- 
pactness exceeds the strength of me asur ability: 

Theorem 20.4 (Kunen). If there exists a strongly compact cardinal then 
there exists an inner model with two measurable cardinals. 
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Kunen proved a stronger version (and the proof can be so modified) : For 
every ordinal i? there exists an inner model with iS measurable cardinals. 
This was improved by Mitchell who showed that the existence of a strongly 
compact cardinal leads to an inner model that has a measurable cardinal k 
of Mitchell order n ++ . 

We begin with a combinatorial lemma: 

Lemma 20.5. Let k be an inaccessible cardinal. There exists a family Q of 
functions g : n — > k such that \Q\ = 2 K , and whenever H C Q is a subfamily 
of size < k and {j3 g : g E H.} is any collection of ordinals < k, then there 
exists an a such that g(a) — (3 g for all g E 7i. 

Proof. Let A be a family of almost disjoint subsets of k (i.e., \A\ = k for each 
A E A and \A D B\ < n for any distinct A,B e A), such that \A\ = 2 K . For 
each A € A, let /a be a mapping of A onto k such that for each (3 < k, the 
set {a E A : /a (a) = 0} has size k. Let s a , a < k, enumerate all subsets 
s C k of size < k. 

For each A E A, let gA ■ k k be defined as follows: li s a 0 A — {x}, 
then <m(o0 = /a(^); 9a{oi) = 0 otherwise. Let Q = {gA ■ A e ^4}. 

If A ^ B E A, then it is easy to find s a such that gA(ct) ^ 0 and 
9b((x) = 0; hence \Q\ = 2 K . If W C A has size < k and if {/?a : A E H} are 
given, then for each A E H we choose xa E A such that xa ^ B for any other 
B ETL and that /a(xa) = /3a- Then if a is such that s a — {xa ■ A E A}, we 
have 5a(«) = Pa for every A EH. □ 

Lemma 20.6. Let k be a strongly compact cardinal. For every S < (2 K ) + 
there exists a n-complete ultrafilter U on k such that Ju{k) > S. 

Proof. Let S < (2 K ) + . Let Q be a family of functions g : k — > k of size |<5| 
with the property stated in Lemma 20.5; let us enumerate Q — {g a : a < S}. 

For any a < (3 < 6, let X a . (i = {£_ : g a (£) < gp{&}. Using the property 
of Q from Lemma 20.5, we can see that any collection of less than k of 
the X at p has a nonempty intersection and hence F = {X : X D X a ,p for 
some a < [3 < 6} is a K-complete filter on k. There exists a K-complctc 
ultrafilter U extending F. It is clear that if a < (3 < 5, then g a < gp mod U, 
and hence ju( K ) > S. □ 

Combining Lemma 20.6 with Lemmas 19.23 and 19.24, we already have 
a strong consequence of strong compactness. 

We shall apply the technique of iterated ultrapowers to construct an inner 
model with two measurable cardinals. 

Let I? be a normal measure on k, and let io, a denote, for each a, the 
elementary embedding z 0 ,a : V — > Ult^"^; let = «o,a( K ) an d = 
io, a {D). 

First recall (19.5): If A is a limit ordinal, then X E Ult (A) belongs to L> (A) 
if and only if X D {n^ : a < 7 < A} for some a < A. Let 

(20.5) C — {v : v is a strong limit cardinal, v > 2 K , and civ > k}. 
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By Lemma 19.15, if v G C then «M = u, and io, a { v ) = v f° r an a; < za Thus 
if 70 < 7i < • • ■ < 7n < ■ • • are elements of the class C, and if A = linin^oo 7„, 
then k^ a ^ = A, and X e Ult( A ) belongs to just in case X D {7„ : n 0 < n} 
for some n 0 . 

If A is a set of ordinals of order-type uj, A = {-f n : n e ui}, we define 
a filter F(A) on A = sup A as follows: 

(20.6) X e if and only if 3n 0 (Vn > n 0 ) 7„ G X. 

The above discussion leads us to this: If A c C has order- type w, and if 
A = sup A, then for every X e Ult( A ), X e £> (A) if and only if X e In 
other words, 

(20.7) D w = F{A) nUlt (A) . 

Hence F(A) n Ult^ A ) e Ult< A ); and so, = i[L>< A )]. Thus F(A) n 

L[F(yl)] = L>( A ) n L[Z)( A )], and we have 

(20.8) 1= ^(-4) n i[F(A)] is a normal measure on A. 

The only assumption needed to derive (20.8) is that k is measurable and 
A is a subset of the class C. We shall now use Lemma 20.6 and a similar 
construction to obtain a model with two measurable cardinals. 

Suppose that A = {j n : n e ui} is as above, and that A' = {j' n : n E u>} 
is another subset of C of order-type u, such that 7q > A = sup A; let A' = 
sup^'. Let F = F(A) and F' = F(A'). Our intention is to choose A and A' 
such that the model L[F, F'] has two measurable cardinals, namely A and A', 
and that F n L[F, F'\ and F' n L[F, F' ] are normal measures on A and A', 
respectively. 

The argument leading to (20.8) can again be used to show that FP\L[F, F'\ 
is a normal measure on A in L[F, F']. This is because we have again 

L> (A) = FnlXlt (A) ; 

moreover, io.\(-f' n ) = j' n for each n, and hence io,\(A') = A' and we have 

(20.9) io,x(F') = F'nUlt^. 
Therefore 

L[F,F'] = L[DW,F>] = L[rt x \i 0 , x {F')] 

and 

(20.10) F n L[F, F'] = L» (A) n L[D( X \ io,x(F% 
which gives 

(20.11) L[F, F'] N F n L[F, F'\ is a normal measure on A. 

In order to find A, A' so that F' also gives a normal measure in L[F, F'], let 
us make the following observation: Let us think for a moment that A C k and 
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A 1 C C. Then i 0 ,x'(A) = A and D< A ') = F' n Ult (V) , and the same argument 
as above shows that 

(20.12) L[F, F'] NF'n L[F, F'] is a normal measure on A'. 

We shall use this observation below. 

Let us define the following classes of cardinals (compare with (18.29)): 

(20.13) C 0 = C, C a+1 = {v G C a : \C a n u\ = v}, 
C 1 = f| C a (7 limit). 

Each C a is nonempty; in fact each C a is unbounded and 5-closed for all S of 
cofinality > k. 
Now we let 

(20.14) 7„ = the least element of C„, 

A = {7„ : n G u}, A = limn^oo 7„ 

and let A' — {-f' n : n e be a subset of C^+i. 

Let us consider the model L[^4, A'], and let for each n < lo 

(20.15) M„ = the Skolcm hull of C n in L[A, A'] 

= the class of all x € L[A, A'] such that 

L[A, A']\= x = t[ui, . . . , i/fe,7o, . . . ,7fc,7o) • • ■ j 7fe> A 
where t is a Skolem term and ^1 , . . . , ^ e C„ . 

(Let us not worry about the problem whether (20.15) is expressible in the 
language of set theory; it can be shown that it is, similarly as in the case 
of ordinal definable sets. Alternatively we can consider the model L$[A, A'] 
where 9 is some large enough cardinal in C u +i.) 

Each M n is an elementary submodel of L[A, A']; let 7r„ be the transi- 
tive collapse of M n ; then ir n (M n ) — L[ir n (A) , n n (A')] and j n — n^ 1 is an 
elementary embedding 

j n :L[ir n (A),n n (A')]^L[A,A'}. 

Lemma 20.7. For each n < lo, 7r„(7„) < (2 K ) + . 

Proof. By induction on n. First let n = 0. Let a < 70 be in M 0 . Then 
a = t(i>i, . . . , ffc, A, A') for some Skolem term t and some V\, . . . , vy. G Cq. 
Let i 0 , a be the elementary embedding into Ult^ for some U on k. Since 70 is 
the least element of Co, we have a < v for all v e Co and hence ?o,q(^) = ^ 
for all v G Co- Hence also io,a(^.) = ^4 and io, a (A') = A' and it follows that 
io,<x{ct) — a - Now io, a {&) ~ a is possible only if a < k. Hence each a < 70 
in M 0 is less than k and therefore 7r 0 (7o) < k. 
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Now let us assume that n n (-f n ) < (2 K ) + and let us show that 7r n+ i(7„ + i) < 
(2 K ) + . By Lemma 20.6 there exists a U such that ju( K ) > ^niln)- We shall 
show that n n (a) < ju{^>) for all a < J n +i in M„ +1 ; since n n+ i(a) < 7r n (a) 
it follows that ^ n +i(ln+i) = sup{7r„ +1 (a:) : a < 7„+i and a e Af„ +1 } < 
ju(K) < (2")+. 

First notice that it follows from the definition of C„+i in (20.13) that 
7r„(V) = for all v e C„+i. Note also that -f m e C„+i for all m > n + 1, and 
-4' c C n+ i. 

Let a < 7„ + i be in M n+ i. Then (in L[A,A'\), 

a = t(-f 0 , . . . ,j n ,vi, . . .,v k ,A,A') 
where t is some Skolcm term and vi,...,Uk € C„+i. Hence (in i[7r„(^4), 

ir n (a) = t(n n (jo), . . . , n n (~f n ), v> lt . . . , v k , ir n (A), A'). 

Now we argue inside the model Ulty(V) (which contains both n n (A) and A'): 
Consider the ath iterated ultrapower (modulo some measure on ju( K ))- Since 
7r n (7o), . . . , 7r„(7„) are all less than ju(n), we have io, a {^n{n)) = ^n{n) for 
alH — 0, . . . , n. We also have io,a(f) = f for each v e C„+i (because a < v 
for each v e C„+i and C„+i C C). It follows that io,a{^n{(x)) — n n (a). Now 
(because Tr n (a) < a) this is only possible if 7r„(a) < ju(n). □ 

We can now complete the proof of Theorem 20.4. Let us consider the 
model M u , the Skolcm hull in L[A, A'] of C u . Let it^ be the transitive collapse 
of and B = n ul (A). Since A' C C u +i, we have 7r w (A') = A' , and j w = 7TJ 1 
is an elementary embedding 

j u :L[B,A']^L[A,A']. 

By Lemma 20.7, 7r w (7„) < ir n (-f n ) < (2 K )+ for all n, and hence n UJ (X) < 
(2 K ) + . Let U be a K-complete ultrafilter on k such that ju( K ) > ^(A). 

In Ult[/, _B is a subset of an d A' is a subset of the class C. Thus we 

can apply (20.12) and get 

mt v N (L[F(B),F{A')] N F(A') n is 

a normal measure on A'). 

Hence 

L[B, A'] N (L[F(£), F(A')] N F(A') n L[F(B), F(A')} is 

a normal measure on A'), 

and applying j u , we get 

L[A, A 1 } N (L[F(A), F(A')] \= F(A') n is 

a normal measure on A'). 

Therefore F'nL[F, F'] is (in L[F, F']) a normal measure on A'. This completes 
the proof of Theorem 20.4. □ 
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The following theorem provides further evidence of the effect of large 
cardinals on cardinal arithmetic. 

Theorem 20.8 (Solovay). If n is a strongly compact cardinal, then the 
Singular Cardinal Hypothesis holds above k. That is, if A > k is a singu- 
lar cardinal, then 2 cfA < A implies A cf A = A + . (Consequently, if A > k is 
a singular strong limit cardinal, then 2 A = A+.) 

We shall prove the theorem in a sequence of lemmas. An ultrafiltcr on A 
is uniform if every set in the ultrafilter has size A. 

Lemma 20.9. If k is a strongly compact cardinal and A > k is a regular 
cardinal, then there exists a n-complete uniform ultrafilter D on A with the 
property that almost all (mod D) ordinals a < A have cofinality less than k. 

Proof. Let U be a fine measure on P K (A). Since U is fine, every a < A belongs 
to almost all (mod U) x e P K (A). Let us consider the ultrapower \J\tu{V) 
and let / be the least ordinal function in UhV greater than all the constant 
functions c 7 , 7 < A: 

(20.16) [/]=lim 7 ^ Ajc/ ( 7 ). 

We note first that f(x) < A for almost all x: Let g : P K (X) — > A be the 
function g(x) = supx. If 7 < A, then 7 < g(x) for almost all x and hence 
j (7) < [<?]; thus [/] < [g] < j(X). 

Let D be the ultrafiltcr on A defined as follows: 

(20.17) XeD if and only if f-i{X) e U (X C A). 

It is clear that D is K-complete, and since / is greater than the constant 
function, D is nonprincipal. For the same reason, the diagonal function d(a) = 
a is greater (in Ultu) than all the constant functions c 7 , 7 < A, and since A is 
regular, D is uniform. In order to show that almost all (mod D) a < A have 
cofinality < n, it suffices by (20.17), to show that cf(/(x)) < k for almost 
all x (mod U). 

That will follow immediately once we show that for almost all x (mod U), 

(20.18) f(x) = sup{a e x : a < f(x)}. 

We clearly have > in (20.18). To prove <, consider the function h(x) = 
sup{a £i:a< f( x )}- For each 7 < A, 7 is in almost every x and hence 7 < 
h(x) almost everywhere. Thus [h] > ju(l) for all 7 < A and so f(x) < h(x) 
almost everywhere. □ 

Lemma 20.10. If n is strongly compact and A > k is a regular cardinal, 
then there exist a n-complete nonprincipal ultrafilter D on A and a collection 
{M a : a < A} such that 

(20.19) (i) \M a \ < k for all a < A, 

(ii) for every 7 < A, 7 belongs to M a for almost all a (mod D). 
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(An ultrafilter D that has a family {M a : a < A} with property (20.19) 
is called (n, \)-regular.) 

Proof. Let D be the ultrafilter on A constructed in Lemma 20.9. It follows 
from the construction of D that [d]u = lim 7 ^A 3d(i)- For almost all a 
(mod D), there exists an A a G (x of size less than k and cofinal in a. If 
cf a > n, let A a = 0. Let ^4 be the set of ordinals represented in Ultij(V) by 
the function (A a : a < A) . The set A is cofinal in the ordinal represented by 
the diagonal function d; and since [d] = lim 7 ^A Jd{i), it follows that for each 
f] < A there is n' > r\ such that A n {£ : 3d(j\) < £ < ir> (*?')} i s nonempty. 

We construct a sequence (jy 7 : 7 < A) of ordinals < A as follows: Let 
770 = 0 and ?7 7 = lim,5^ 7 775 if 7 is limit; let t] 7+ i be some ordinal such that 
there exists £, £ A such that joiv-i) ^ £ < ir>( r ?7+i)- 

In other words, if we denote 1 1 the interval {£ : ?? 7 < £ < ?7 7 +i }, then 
for every 7, the interval 7 7 has nonempty intersection with almost every A a . 
Thus if we let 

M a = {7 < A : 7 7 n A a ^ 0} 

for each a < A, then {M a : a < A} has property (20. 19) (ii) . To see that 
M a has property (i) as well, notice that \A a \ < k for all a and that since 
the Ij are mutually disjoint, each A a intersects less than k of them. □ 

Lemma 20.11. If k is strongly compact and A > k is a regular cardinal, 
then there exists a collection {M a : a < A} C f K (A) such that 

(20.20) P K (X) = U P(M a ). 

a<\ 

Consequently, \ <K = A. 

Proof. Let {M Q : a < A} be as in Lemma 20.10. If a; is a subset of A of 
size less than k, then by (20.19)(ii) and by ^-completeness of D, x C M Q for 
almost all a. Hence x £ P(M a ) for some a < A. This proves (20.20); since 
k is inaccessible, it follows that |P K (A)| = A. □ 

Proof of Theorem 20.8. Let n be a strongly compact cardinal. If A > k is an 
arbitrary cardinal, then we have, by Lemma 20.11 

a <k < ( A +)<« = A + 

In particular, we have A N ° < A + for every A > n. This implies that the 
Singular Cardinal Hypothesis holds for every A > n. □ 



Supercompact Cardinals 

We proved in Lemma 20.2 that a strongly compact cardinal k is characterized 
by the property that every P K (A) has a fine measure. If we require the fine 
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measure to satisfy a normality condition, then we obtain a stronger notion — 
a supercompact cardinal. Ultrapowers by normal measures on P K {A) induce 
elementary embeddings that can be used to derive strong consequences of su- 
percompact cardinals. For instance, Theorems 20.3 and 20.4 become almost 
trivial if the existence of a strongly compact cardinal is replaced by the exis- 
tence of a supercompact cardinal. It is consistent to assume that a strongly 
compact cardinal is not supercompact, or that every strongly compact car- 
dinal is supercompact, but it is not known whether supercompact cardinals 
are consistent relative to strongly compact cardinals. 

Definition 20.12. A fine measure U on P K (A) is normal if whenever / : 
P K (A) — > A is such that f(x) € x for almost all x, then / is constant on a set 
in U. A cardinal n is supercompact if for every A such that \A\ > k, there 
exists a normal measure on P K (A). 

Let A > k be a cardinal and let us consider the ultrapower Ultj/(V) by 
a normal measure U on P K (X); let j = ju be the corresponding elementary 
embedding. Clearly, a set X C P K (X) belongs to U if and only if [d] e j(X), 
where d, the diagonal function, is the function d(x) — x. 

Lemma 20.13. If U is a normal measure on P K (X), then [d] = ■ 7 < 

A} = j ll X, and hence for every X C P K (X), 

(20.21) X e U if and only if j"A € j(X). 

Proof. On the one hand, if 7 < A, then 7 E x for almost all x and hence 
j (7) G [d]. On the other hand, if [/] € [d], then f(x) e x for almost all x and 
by normality, there is 7 < A such that [/] = .7(7). □ 

It follows from (20.21) that if / and g are functions on P K (X), then 

[/] = [g] if and only if (jf) (j "A) = (jg) (j "A) . 

and 

[/] G [g] if and only if (Jf) (j "A) e (jff)(j"A). 

Consequently, 

(20.22) [/] = (j/)(j"A) 

for every function / on P K (X). 

For each x e P K (A), let us denote 

(20.23) k x — x n k, and 

Aa; = the order-type of x. 

Note that the order-type of j"A is A and hence by (20.22), A is represented 
in the ultrapower by the function x ^ X x . Also, since X x < n for all x, we 
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have j(n) > A. By the K-complctcncss of U, we have ^(7) = 7 for all 7 < k; 
and since k is moved by j, it follows that j"A n j(n) = k and therefore k is 
represented by the function 

This gives the following characterization of supercompact cardinals: 

Lemma 20.14. Let A > k. A normal measure on P K (X) exists if and only if 
there exists an elementary embedding j : V — > M such that 

(20.24) (i) i( 7 ) = 7 /or a// 7 < k; 

(ii) > A ; 

(iii) M A C M; i.e., every sequence (a a : a < A) of elements of M 
is a member of M . 

A cardinal k is called X- supercompact if it satisfies (20.24). 

Proof, (a) Let [/ be a normal measure on P K (A). We let M — Ult [ /(V r ) and 
let j be the canonical elementary embedding j : V — > Ult. We have already 
proved (i) and (ii). To prove (iii), it suffices to show that whenever (a a : 
a < A) is such that a a £ M for all a < X, then the set {a a : a < X} belongs 
to M. Let f a , a < X, be functions representing elements of M: [f a ] £ M. We 
consider the function / on P K (X) defined as follows: f(x) = {f a (x) : a € x}; 
we claim that [/] = {a a : a < A}. 

On the one hand, if a < X, then a e x for almost all x and hence [f a ] £ [/]. 
On the other hand, if [g] £ [/], then for almost all x, g(x) — f a (x) for some 
a £ x. By normality, there exists some 7 < A such that g{x) — / 7 (x) for 
almost all x, and hence [g] = o 7 . 

(b) Let j : V — > M be an elementary embedding that satisfies (i), (ii), 
and (iii). By (iii), the set {,7(7) : 7 < A} belongs to M and so the following 
defines an ultrafilter on P K (X): 

(20.25) X £U if and only if j«\ £ j(X). 

A standard argument shows that U is a K-complete ultrafilter. U is a fine 
measure because for every a £ X, {x : a £ x} is in U. Finally, U is normal: If 
f(x) £ x for almost all x, then (j/)(j"A) £ j u X. Hence (j/)(j"A) = for 
some 7 < A, and so f{x) = 7 for almost all x. □ 

We have seen several examples how large cardinals restrict the behavior of 
the continuum function (e.g., if k is measurable and 2 K > k + , then 2 a > a + 
for cofinally many a < k). This is more so for supercompact cardinals: 

Lemma 20.15. If k is X- supercompact and 2 a = a + for every a < n, then 
2" = a + for every a < X. 

Proof. Let j : V — > M witness that n is A-supercompact . If a < A, then 
because A < j(n) and by clcmentarity, (2") M = (a + ) M . Now M x C M 
implies that P M (a) = P{a) and so 2" < (2 Q ) M = (a+) M = a+ . □ 
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See Exercises 20.5-20.7 for a more general statement. 

Lemma 20.16. If n is supercompact, then there exists a normal measure D 
on k such that almost every a < k (mod D) is measurable. In particular, k is 
the nth measurable cardinal. 

Proof. Let A = 2 K and let j : V — > M witness the A-supercompactness of n. 
Let D be denned by D = {X : k £ j(X)}, and let j D : V -> Ult D be the 
corresponding elementary embedding. Let k : Ultu — > M be the elementary 
embedding defined in Lemma 17.4: 

k([f] D ) = (jf)(n). 

Note that k(n) = k. 

Now, P(k) C M and every subset of M of size A is in M; hence every 
U C P(k) is in M and it follows that in M, n is a measurable cardinal. Since 
fc is elementary and k(n) — n, we have Ultp 1= k is a measurable cardinal, 
and the lemma follows. □ 

In contrast to Lemma 20.16, it is consistent that the least strongly com- 
pact cardinal is the least measurable. The following lemma and corollary also 
show that strongly compactness and supercompactness are not equivalent. 

Lemma 20.17. Let k be a measurable cardinal such that there are n strongly 
compact cardinals below k. Then k is strongly compact. 

Proof. Let F be a nonprincipal K-complete ultrafilter on k such that C e F 
where C — {a < n : a is strongly compact}. Let A be such that |^4| > n; we 
shall show that there is a fine measure on P K (A). 

For each a e C, let U a be a fine measure on P a (A), and let us define 
U C P K (A) as follows: 

X e U if and only if {a e C : X n P a (A) e U a } e F. 

It is easy to verify that U is a fine measure on P K (A). □ 

Corollary 20.18. If there exists a measurable cardinal that is a limit of 
strongly compact cardinals, then the least such cardinal is strongly compact 
but not supercompact. 

Proof. Let k be the least measurable limit of compact cardinals. By Lem- 
ma 20.17, k is strongly compact. Let us assume that k is supercompact. Let 
A = 2 K and let j : V — > M be an elementary embedding such that k is the 
least ordinal moved, and that M A C M. If a < n is strongly compact, then 
M \= j(a) is strongly compact, but j(a) — a and therefore M \= k is a limit of 
strongly compact cardinals. Since every U C P(k) is in M, n is measurable 
in M and hence in M, k is a measurable limit of strongly compact cardinals. 
This is a contradiction because M thinks that j{n) is the least measurable 
limit of strongly compact cardinals. □ 
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The assumption of Corollary 20.18 holds if there are extendible cardinals 
(defined in the next section) . There is also a consistency proof showing that 
not every strongly compact cardinal is supercompact. (And another consis- 
tency proof gives a model that has exactly one strongly compact cardinal and 
the cardinal is supercompact.) 

The construction of a normal measure from an elementary embedding 
in (20.25) yields a commutative diagram analogous to (17.3). Let j : V — > M 
be an elementary embedding with critical point k such that j(n) > X and 
M A C M, cf. (20.24). Let 

U = {XeP K (X) :j u \e j(X)} 

be the normal measure defined from j. Let Ult = Ulty(V), and jjj : V — > Ult. 
For each [/] G Ult, let 

(20.26) k([f\) = (j/)(j"A). 

As in Lemma 17.4, one verifies that k : Ult — > M is an elementary embedding, 
and j = ko j v . 
We claim that 

(20.27) k(a) = a for all a < X. 

To prove (20.27), let a < X, and let us denote, for each x G f*«(A), 

a x = the order-type of x n a 

(compare with (20.23)). Since the order-type of ic/"Anjc/(a) is a, it follows 
from (20.22) that the function f(x) — a x represents a in the ultrapower: 
[/] = (ic//)(j"A) = the order-type of ju ll \nju(a) = a. Now (20.27) follows: 

k(a) = k([f]) = 07)(.f A) = the order-type of j"A n j(a) = a. 

Lemma 20.19. 

(i) If A > K and if k is fi- supercompact, where /i = 2 A< , then for every 
X C P(P K (X)) there exists a normal measure on P K (X) such that X e 

mtu(v). 

(ii) If K is 2 K -supercompact, then for every X C P(n) there exists a normal 
measure D on k such that X G Ultn(U). 

Proof, (i) Assume on the contrary that there exists some X C P(P K (X)) such 
that (p(X, k, X) where ip is the statement 

(20.28) X ^ Ult y for every normal measure U on P K (X). 

Let j : V — > M be a witness to the ^-supercompactness of k. As = M, 
the ultrapowers by normal measures on P K (X) are correctly computed in M, 
and so M \= 3X tp(X, k, A). 
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Let U = {X e P„(A) : j"A e j(AT)} and let fc : Ultj/ ^ M be such 
that j = k o jif. By (20.27), fc(z-c) = k and fc(A) = A, and since fc : Ult — > 
M is elementary, we have Ult 1= 3 A" <^(A", k, A). Let A e Ult be such that 
Ult 1= (p(X,K,X). By (20.27) again, k(a) — a for all a < A, and it follows 
that fc(A') = X. By elementarity again, M \= (p(k(X),k(K,),k(X)) and so 
M 1= <p(#, k, A). This contradicts (20.28) because X e Ulty. 

(ii) Similar, using (17.3). □ 

Corollary 20.20. 

(i) If K is supercompact then there are 2 2 " normal measures on^n. 

(ii) If k is supercompact then for every A > k there are 2 2 normal 
measures on P K (X). 

(iii) If k is supercompact then the Mitchell order of k is (2 K ) + > k ++ . 

Proof, (i) If I? is a normal measure on k and X C P (k) is in Ultu, then 
X is represented by a function / on k such that /(a) C P(a) for all a < k. 
Since the number of such functions is 2 K , it follows that Ult^ contains only 
2 K subsets of P(k)- However, by Lemma 20.19(h), each X C P{n) is contained 
in some ultrapowcr Ult^ where I? is a normal measure on k, and therefore 
there must exist 2 2 normal measures on n. 

(ii) Similar, using Lemma 20.19(i). 

(iii) There is an increasing chain of length (2 K ) + of normal measures on k 
in the Mitchell order: Given at most 2 K such measures, one can code them as 
some X C P{k). By Lemma 20.19(h) there exists a normal measure U on k 
such that X eUltu. □ 

We conclude this section with the following theorem reminiscent of the 
Diamond Principle. 

Theorem 20.21 (Laver). Let n be a supercompact cardinal. There exists 
a function f : n — > V K such that for every set x and every A > k such that A > 
|TC(x)| there exists a normal measure U on P K (X) such that jV (/)(«) = x. 

(Such an / is called a Laver function.) 

Proof. Assume that the theorem is false. For each / : k — > V K , let A/ be the 
least cardinal A/ > n for which there exists an x with |TC(x)| < A^ such 
that ju 7^ x f° r every normal measure U on P K (Xf). Let v be greater 
than all the A/ and let j : V — > M be a witness to the ^-supercompactness 
of K. 

Let ip(g, 5) be the statement that for some cardinal a, g : a — > V a and 
5 is the least cardinal S > a for which there exists an x with | TC(x)| < S 
such that there is no normal measure U on P a (S) with {jug){a) = %■ (Let A g 
denote this 5.) Since M y C M, we have M t= </?(/, A/), for all / : k U K . 

Let A be the set of all a < k such that ip(g 7 X g ) holds for all .g : a — > U Q . 
Clearly, k e j'(-A). 
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Now we define / : k — > V K inductively as follows. If a € A, we let f(a) — 
x a where x a witnesses ip(f\a, A/|- a ); otherwise, f(a) = 0. 

Let x — (j.f)(n). It follows from the construction of / that x witnesses 
ip(f, Xf) in M, and hence in V. Let U = {X e P K (X) : j"X € j(A)}; we 
shall reach a contradiction by showing that (juf)( K ) = %■ Let fc : Ultjy — > A'/ 
be the elementary embedding from (20.26) such that j — k o j u . By (20.27), 
k(x) = x, and therefore 

= ^(C?/)^)) = fc" 1 ^) = x. a 
Beyond Supercompactness 

Elementary embeddings can be used to define large cardinals that are stronger 
than supercompact. 

Definition 20.22. A cardinal k is extendible if for every a > n there exist 
an ordinal (3 and an elementary embedding j : V a — > Vp with critical point k. 

Lemma 20.23. Let A > k be a regular cardinal and let k be X- supercompact. 
Let a < k. Lf a is 7 -supercompact for all 7 < k, then a is X- supercompact. 

Proof. Let U be a normal measure on P K (X), and let us consider ju : V — > 
Ulty. Since j(a) — a, we have Ult N (a is 7-supercompact for all 7 < m 
particular, Ult 1= a is A-supercompact. Hence there is £> such that Ult 1= D is 
a normal measure on P a (X). Now, |P Q (A)| = A and Ult A C Ult, and hence 
every subset of P a (X) is in Ult. It follows that D is a normal measure on P a (X). 

a 

Theorem 20.24. 

(i) If k is extendible, then k is supercompact. 

(ii) If k is extendible, then there is a normal measure D on n such that 
{a < K : a is supercompact} G D. 

Proof, (i) Let a > n be a limit cardinal with the property that if V a \= (k is 
A-supercompact for all A), then k is supercompact. (Such an a exists by the 
Reflection Principle.) Thus it suffices to show that k is A-supercompact for 
all regular A < a. 

Let j : V a — > V/3 be such that k is the critical point. Consider the sequence 
k 0 = k, Ki = j{n), . . . , K n+ \ = j{n n ), . . . , as long as j(n n ) is defined. First 
we note that by Exercise 17.8 either there is some n such that n n < a < j{n n ) 
or a = lim„^oo n n . Therefore, it is sufficient to prove, by induction on n, that 
k is A-supercompact for each regular A < n n (if A < a). 

Clearly, k is A-supercompact for each A < K\. Thus let n > 1 and let 
us assume that n is A-supercompact for all A < K n . Applying j, we get: 
Vp \= (j(n) is A-supercompact for all regular A < n n +i)- Now we also have 
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Vp 1= (k is 7-supercompact for all 7 < and we can apply Lemma 20.23 

(in Vp) to conclude that Vp N (k is A-supercompact for all regular A < K n+1 ). 
This completes the induction step. 

(ii) Let a be some limit ordinal greater than k and let j : V a — > Vg be 
such that k is the critical point. Let £) = {X C k : k £ j(X)}. By (i), 
k is supercompact, and so Vp t= (k is 7-supercompact for all 7 < 
Hence A £ D, where A = {a < k : a is 7-supercompact for all 7 < k}. By 
Lemma 20.23, every a £ A is supercompact. □ 

Let us consider now the following axiom schema called Vopenka's Prin- 
ciple (VP): 

(20.29) Let C be a proper class of models of the same language. Then 
there exist two members 21, 23 of the class C such that 21 can be 
elementarily embedded in 03. 

Lemma 20.25. If Vopenka's Principle holds, then there exists an extendible 
cardinal. 

Proof. Let A be the class of all limit ordinals a such that cf a — uj and that for 
every n < a, if V a t= (k is extendible), then k is extendible; and for k < 7 < a, 
if there is an elementary embedding j : Vy — > V$ with critical point k, then 
V a 1= (there is an elementary embedding). Using the Reflection Principle, we 
see that A is a proper class. Let C consist of the models (V Q+ i, e), for a E A. 

By Vopenka's Principle, there exist a, (3 £ A and an elementary embed- 
ding j : V a+ i — > Vg + i. Since j( a ) = /?, j moves some ordinal; its critical 
point is measurable and so it is not a (which has cofinality uj). Let n be the 
critical point. 

Now V a 1= [k is extendible) because for every 7 < a, j\V y reflects to 
a witness to extendibility. By definition of A, k is extendible. □ 

A similar argument shows that Vopenka's Principle implies existence of 
arbitrarily large extendible cardinals. 

Definition 20.26. A cardinal k is huge if there exists an elementary em- 
bedding j : V — > M with critical point k such that M- 7 ^ C M. 

"Huge" is expressible in ZF: see Exercise 20.11. 

Lemma 20.27. If k is a huge cardinal, then Vopenka's Principle is consis- 
tent: (V K ,£) is a model of VP. 

Proof. We shall show that if C is a set of models and rank(C) = k, then 
there exist two members 21, 23 £ C and an elementary embedding h : 21 — > 23. 

Let j : V — > M be such that k is the least cardinal moved and that 
M^'M c M. Since rank(C) = k, there exists an 2l 0 £ j(C) such that 2l 0 i C. 
It follows that j'(2t 0 ) + 2l 0 . 
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Let e 0 = j f2lo; it is easy to see that eo is an elementary embedding of 2lo 
into j(2l 0 ), and since |2l 0 | < we have e 0 € M. Hence 

M \= there exists an 21 e j(C), 21 ^ j(2lo), and there 
exists an elementary e : 21 — > j(2to); 

and so there exists some 21 <E C, 21 ^ 2lo, and there exists an elementary 
e : 21 — > 2to- Let 21, e be such; clearly, 

M 1= e is an elementary embedding of 21 into 2to, 

and because rank(2l) < k, we have 21 = j(2l), and hence 21 € j(C), and so 

M N there exist distinct 21, 03 € j(C), and there exists 
an elementary h : 21 — > 03. 

It follows that there exist distinct 21, 03 G C, and an elementary embedding 
fe:2t^03. □ 

While the least huge cardinal is greater than the least measurable cardinal 
(see Exercise 20.13), it is smaller than the least supercompact cardinal (if 
both exist) even though the consistency of "there exists a huge cardinal" is 
stronger than the consistency of "there exists a supercompact cardinal." See 
Exercise 20.12. 

Finally, consider the following axiom: 

(20.30) There exists a nontrivial elementary embedding j : V\ — > V\ where 
A is a limit ordinal. 

Let k be the critical point of an elementary embedding j : V\ — > V\. The 
necessarily A > K n for each n (where n n are as in Theorem 17.7), and it 
follows from Exercise 17.8 that A = lim^oo n n . It is easily seen that n is 
huge (by Exercise 20.11), in fact n-hugc for all n; see Exercise 20.15. 

In view of Kuncn's Theorem 17.7, axiom (20.30) (and its variants) is the 
strongest possible large cardinal axiom. 

Extenders and Strong Cardinals 

In this section we show how elementary embeddings can be analyzed using 
direct limits of ultrapowers. An elementary embedding can be approximated 
by a system of measures called extenders. The theory of extenders plays 
a crucial role in the inner model theory. While this theory is too weak to 
describe supercompactness, it is strong enough to describe a weak version of 
it that is considerably stronger than me asur ability. 

Definition 20.28. A cardinal n is a strong cardinal if for every set x there 
exists an elementary embedding j : V — > M with critical point k such that 

x e M. 
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Clearly, every supercompact cardinal is strong. Strong cardinals have 
more consistency strength than measurable cardinals, and allow some of the 
techniques associated with supercompactness; see Exercises 20.16-20.19. 

It follows from the theory of extenders below that "strongness" is express- 
ible in ZF. As with supercompactness, one can also define local versions of 
strongness: k is X-strong, where A > k, if there exists some j : V — > M with 
critical point k such that > A and V\ C M. A cardinal k is strong if and 
only if it is A-strong for all A > n. 

Let j : V — > M be an elementary embedding with critical point k and let 
k < X < We shall define the (k, X)-extender derived from j. 

For every finite subset a C A, let E a be the measure on [n] <u> defined as 
follows: 

(20.31) X e E a if and only if aej(X); 

note that E a concentrates on [k]' 0 '. The (k, X)-extender derived from j is the 
collection 

(20.32) E={E a :ae [A] <w }; 

k is the critical point of E and A is the length of the extender. 

Let a E [X] <u> . The measure E a on [k] <u> is K-complete; let UltE a denote 
the ultrapower of V by E a and let j a : V — » Ult E a be the corresponding ele- 
mentary embedding. If for each equivalence class [/] of a function / on [k] <u> 
we let 

(20.33) k a (\f\) = j(f)(a), 

then k a is an elementary embedding k a : Ult_E a — > M and fc a o j Q = j. 

The measures E a , a € [A] <w , are coherent, in the following sense: Let 
a C 6, where 6= {ai,...,a n } with ai < ... < a„. Then 7r 6ia : [A] |b| -» [A]l a l 
is defined by 

(20.34) 7T 6 , a ({6,...,^}) = te 1 ,---,^„ > }, «1<"-<W 
where a = , . . . , a im }, and 

(20.35) X eE a if and only if {s : 7r 6;0 (s) el}e E 6 . 

(Compare with Lemma 19.12.) 

It follows that i a ,b ■ Ults a — > Ult^,, defined by 

io,&([/]Ea) = [/ ° ""b.olBt 

is an elementary embedding, and 

(20.36) {Ult Ea ,i a , b :acbe [X]<"} 

is a directed system. The direct limit XJHe of (20.36) is well-founded: Note 
that the embeddings k a have a direct limit k : VHe — > M such that koj E = j 
where je is the elementary embedding j E ■ V — > Ults- 



20. Very Large Cardinals 383 



There is another description of the direct limit Ult^: The elements of Ults 
are equivalence classes [a, f] E where a G [A] <w and / : [k]'"' — > V". Here 
(a,/) and (6,5) are equivalent if {s G [K]l aUfc l : /(s) = <?(s)} G -E a ub ; where 
/ = /°7i"aub,a and g = gon aUb ^ b . The embedding j E : V -> Ult B is defined by 
j E (x) = [0, c x ] where c x is the constant function with value x. The embedding 
k : \Jlt E -» M is defined by 

(20.37) fc([a,/])=j(/)(a). 
Now ko j E — j follows. 

Lemma 20.29. 

(i) = a for all a < A. 

(ii) ifi critical point k and j E (n) > A. 

(iii) Ult £ = {j E (f)(a) : a G [A]«", / : [«] <w - V}. 

Proof. For each a G [A] <w , let j a!OC : Ult^ — > Ult s be the direct limit 
embedding such that j Qi00 o j a = j E \ then k o j a oa = k a . If x G Ult# then 
x = io,oo([/]) for somc [/] € Ult Ea , and 

k(x) = k(j a!00 ([f])) = k a ([f]) = j(f)(a) 

(see also (20.37)). Hence 

(20.38) fc"Ult B = {3(f)(0) : a G [A] <w , / G [«]<" - V}. 

(i) By letting / be the identity function, we get from (20.38) that a G 
fc"Ult£, for each a G [A] <w . Hence A C fc"Ult.E, and therefore k(a) = a for 
all a < A. 

(ii) This follows from (i), because j = k o j E . 

(iii) Since k(a) = a for every a G [A] <w , it follows from (20.38) that for 
every x G Ult B , k(x) = j(f)(a) = k(j E (f))(k(a)) = k(j E (f)(a)) for some a 
and /, and hence x = j E (f)(a). □ 

Hence j E is an elementary embedding, j E : V — > Ult#, with critical 
point k. Since j = k o j E and since fc(a) = a for all a G [A] <w , it follows that 
for all X G a G j E (X) if and only if a G i(^). Hence E is the extender 

derived from j E . 

Extenders can be defined directly, without reference to an embedding j. 
The following, somewhat technical, properties guarantee that the (k, A)- 
extender is derived from the direct limit embedding j E : Let n < A, and 
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let E={E a :a£ [A] <w }. E is a (k, A)-extendcr if 

(20.39) (i) Each E a is a K-complete measure on and 

(a) at least one E a is not K + -complctc, 

(b) for each a £ k, at least one S a contains the set {s G : 
a e s}. 

(ii) (Coherence) The E a 's are coherent, i.e., satisfy (20.35). 
(hi) (Normality) If {s e [k] |q| : f{s) € maxs} e S a , then for some 

bDa, {te [k]W : (/o7T b , a )(i) Gt}GE b . 
(iv) The limit ultrapower Ult^ is well-founded. 

We leave out the verification that the extender derived from some j satis- 
fies (20.39), and that the properties (20.39) suffice to prove (ii) and (iii) of 
Lemma 20.29, and that E is derived from ]e- 

An immediate consequence of the above technique is the following char- 
acterization of strong cardinals: 

Lemma 20.30. A cardinal k is strong if and only if for every A > k there 
is a (k, \V\\ + )- extender E such that V\ C Ult^; and A < Je{k)- □ 

Hence "strongness" is expressible in ZFC. 

We conclude by introducing a large cardinal property that was isolated 
by Woodin and that has played a central role in the study of determinacy 
and inner models: 

Definition 20.31. A cardinal 8 is a Woodin cardinal if for all A C V$ there 
are arbitrarily large n < 8 such that for all A < 8 there exists an elementary 
embedding j : V — > M with critical point k, such that > A, V\ C M, 
and AnV x =j(A)nV x . 

Being a Woodin cardinal is expressible in ZFC, in terms of extenders. Ev- 
ery supcrcompact cardinal is Woodin, and below a Woodin cardinal 8, there 
are 8 cardinals that are A-strong for every A < 8. While Woodin cardinals are 
inaccessible (and Mahlo), the least Woodin cardinal is not weakly compact, 
as 8 being Woodin is a 11} property of (Vs,G). 

Exercises 

20.1. If k is strongly compact then C K , K satisfies the Compactness Theorem. 
[Verify Los's Theorem] 

20.2. If k is strongly compact, A > k, and A C A, then A + is an ineffable cardinal 
in L[A]. 

[Let U be as in Theorem 20.3, let M = Ulty(L[A]), N = Ult~(LL4]), let 
j : L[A] -> M, i : L[A] -> N, and let k : N -» M be as there. Again, M = N, and 
i(A + ) is the least ordinal moved. By Lemma 17.32, N thinks that i(A + ) is ineffable; 
hence A + is ineffable in L[j4].] 
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20.3. The following are equivalent, for k < A: 

(i) There is a fine measure on P K (X). 

(ii) For any set S, every K-complete filter on S generated by at most A sets can 
be extended to a K-complete ultrafilter on S. 

20.4. If U is a normal measure on P re (A), then every closed unbounded subset 
of P K (X) is in U. 

[If C C -Pk(A) is closed unbounded, then D = {j(x) : x G C} is a directed subset 
of j{C) and \D\ = \ <K < j{n). Hence \J D G j(C), and since \JD = {.7(7) : 7 < A}, 
we have C £ [/.] 

20.5. Let A > k and let (7 be a normal measure on P K (A). The ultraproduct 
UltcH(Vx x ,€) : a ' e P «( A )} is isomorphic to (V A , €). 

20.6. If k is inaccessible then V K -<e x V . 

20.7. If k is supercompact then V K -<s 2 V. 

[Let x G Vic such that 3y<^>(x,y) where <p is LIi . Let j : V — » M be such that 
y G MflVj W . In M, V jW 1= 3y<p(x, y), hence V K 1= 3yy?(x,y).] 

Let k be supercompact and let A > k be a cardinal. A normal measure D 
on -Pk(A) is strongly normal if there exists X £ D such that for every function / 
on X, if for each nonempty x G X, f(x) is in X, f(x) C x and /(x) 7^ x, then / is 
constant on some Y £ D. 

20.8. The following are equivalent: 

(i) D is strongly normal. 

(ii) There is X G D such that if {Z x : x G X} C D, then A xex Z x £ D where 
A lEX Za; = {y : y € Z x for each x C y such that x / y and a; £ X}. 

(hi) D has this partition property: If F : [P K (A)] 2 — > {0, 1} is a partition, then 
there is X G D such that F is constant on {{x, y} G [X] 2 : x C y or y C x}. 
(iv) There is X G -D such that if x, y £ X, x =fc y and x C y, then A^ < K y . 

[(i) — > (ii): Let I 6 fl be a witness to strong normality. Prove by contradiction 
that D is closed under A xex Z x . 

(ii) -> (iii): Let F : [P«(A)] 2 -> {0,1}; for each x, let F x : x ~* {0,1} be 
F x (y) = F(x,y). For each x there is ^ C x, G P>, such that is constant 
on Z x . Let I € fl be as in (ii) and such that the constant value of F x is the same 
for all x £ X. Then X n A iex ^ is homogeneous for F in the sense of (iii). 

(iii) — > (iv): Note that if X £ D, then there exist x,y £ X such that x ^ y and 

Ax *C . 

(iv) — > (i): Let X G D be as in (iv) and let / : X —> X be such that f(x) C x 
and /(x) 7^ x for all x. In Ult_o, if x G jo(X) and x C j"A, then |x| < j"X fl k = k 
and hence x = j(y) for some y € P re (A). Hence {jf){j"X) = j(y) for some y and so 
/(x) = y for almost all x.] 

It has been proved that if k is supercompact, then every P K (A) has a strongly 
normal measure; however, not every normal measure is necessarily strongly normal: 

20.9. If A > k is measurable, then there is a normal measure U on P K (X) that is 
not strongly normal. 

[Let j : V — » M be elementary, k least moved, > A, and M x C M. Let D 
be a normal measure on A. Let us define a normal measure U on P K (A) as follows: 
X e U if and only if {a < A : j"a G j(X)} G D. If X G 17, then there exist a < (3 
such that j"a and are in j(X); hence M \= 3x, y G j(X) such that x is an 
initial segment of y. Thus 3x, y G X such that x is an initial segment of y, and so 
Ax ^ ^y - ] 
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20.10. If k is extendible then V K ^e 3 V. 

[Use Exercise 20.7, and show that there are arbitrarily large inaccessible A > n 
such that V K -< V\ .] 

20.11. A cardinal k is huge, with j : V — > M and j{n) = A if and only if there is 
a normal ft-complete ultrafilter U on {X C A : order-type(A) = k}. 

[X € U if and only if j"A G 

20.12. Let k be the least huge cardinal and let /i be the least supercompact car- 
dinal. Then k < fi. 

[If k = yt then by 20.27, 20.25, 20.24, and 20.23 we get: 1= VP, V„ \= (3 super- 
compact a), there is a supercompact a < a contradiction. If k < u, let j : V — > M 
with A = and M A C M. Since /i is supercompact, let i : V — » TV be such that 
> A and Va+2 C iV. If U is a normal measure witnessing the hugeness of k, 
then U £ N, and hence N 1= (3 huge cardinal below Thus there exists a huge 

cardinal below /i, a contradiction.] 

20.13. The least huge cardinal is greater than the least measurable cardinal. 
[Show that M \= n is measurable; hence there exists a measurable cardinal less 

than k.] 

A cardinal k is n-huge if there exists an elementary j : V — > M with critical 
point k such that M i " (K) C M. 

20.14. If k is (n + l)-huge then there is a normal measure D on k such that 
{a < k : a is n-huge} € D. 

20.15. If there exists an elementary j : V\ — » Va with critical point k then k is 
n-huge for every n. 

20.16. If there is a strong cardinal, then V 7^ £[A] for any set A. 

20.17. If k is strong then o(k) = (2 K ) + . 
[As in Corollary 20.20(iii).] 

20.18. If k is strong then V K ^e 2 V. 
[As in Exercise 20.7.] 

20.19. If k is strong, then there exists a function g : k — » V K such that for every x 
and every A > k such that A > | TC(a;)| there exists a (k, A)-extender E such that 
3E{g){n) = x. 

20.20. A (k, A)-extender {E a : a € [A] < "} has well-founded limit ultrapower if 
and only if for every {a m : m € lj) and every sequence (X m : m £ to) such that 
X m G Ea m , there exists a function h : {j meuj such that h G X m for 
all m. 



Historical Notes 

Strongly compact cardinals were introduced by Keisler and Tarski in [1963/64]; 
supercompact cardinals were defined by Reinhardt and Solovay. Theorem 20.3 is 
due to Vopenka and Hrbacek [1966]; Theorem 20.4 is due to Kunen [1971b]. 
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Solovay discovered that the Singular Cardinal Hypothesis holds above a compact 
cardinal (Theorem 20.8); see [1974]. 

Menas and Magidor obtained several results on the relative strength of compact 
and supercompact cardinals. Menas in [1974/75] showed that it is consistent (rela- 
tive to existence of compact cardinals) that there is a compact cardinal that is not 
supercompact. Magidor in [1976] improved Menas' result by showing that it is pos- 
sible that the least measurable cardinal is strongly compact (while by Lemma 20.16 
it is not supercompact) and also showed that it is consistent (relative to supercom- 
pact cardinals) that there exists just one compact cardinal and is supercompact. 

Kunen's proof of Theorem 20.4 uses a lemma of Ketonen (Lemma 20.5); Lemmas 
20.9 and 20.10 which Solovay used in his proof of Theorem 20.8, are also due to 
Ketonen; see [1972/73]. 

Most results on supercompact cardinals (e.g., Lemmas 20.16 and 20.19) are due 
to Solovay; see Solovay, Reinhardt, and Kanamori [1978]; Magidor's paper [1971a] 
gives a number of normal measures on -Pk(A) (Corollary 20.20(h)). The example of 
a strongly compact nonsupercompact cardinal (Lemma 20.17 and Corollary 20.18) 
is due to Menas [1974/75]. Theorem 20.21 is due to Laver [1978]. 

Extendible cardinals were introduced by Reinhardt; he proved that extendible 
cardinals are supercompact; see [1974]. The present proof of Theorem 20.24, as well 
as Lemmas 20.23 and 20.25 are due to Magidor [1971b]. 

Lemma 20.27: Powell [1972]. 

A good source for further results on very large cardinals is the paper [1978] of 
Kanamori and Magidor, as well as Kanamori's book [1994]. 

Strong cardinals were used by Mitchell [1979a] to develop a theory of inner mod- 
els for weak versions of supercompactness, and further studied by Baldwin [1986]. 
Extenders were introduced by Jensen and Dodd; see Dodd [1982]. 

Woodin cardinals were introduced by Woodin in 1984. They were used, among 
others, in the proof of projective determinacy by Martin and Steel [1989]. 

Exercises 20.7, 20.10, 20.11, 20.14, and 20.15: Solovay, Reinhardt and Kanamori 
[1978]. 

Exercise 20.9: Solovay. 

Exercise 20.12: Morgenstern [1977]. 

Exercise 20.19: Gitik and Shelah [1989]. 
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21. Large Cardinals and Forcing 



Many forcing techniques have been developed specifically for use with large 
cardinals. Firstly, when investigating the effect of large cardinals on cardinal 
arithmetic, it is desirable to establish the relative consistency of statements 
about the continuum function with the existence of various large cardinals. 
The main technical question here is whether large cardinal properties are pre- 
served under various forcing extensions. Secondly, it follows from the Cover- 
ing Theorem that an attempt to violate the Singular Cardinal Hypothesis, or 
even to change cofinalities, necessarily involves large cardinals. Indeed, forc- 
ing techniques have been developed for changing cofinalities and for violating 
SCH that use large cardinals. And thirdly, as the large cardinal hierarchy 
serves as a gauge of consistency strength, forcing that uses large cardinals 
provides an upper bound for the consistency strength of the problems that 
the forcing proves consistent. 



Mild Extensions 

We begin with an early discovery that "mild" forcing extensions do not effect 
large cardinal properties, i.e., whether k is a large cardinal is not changed by 
forcing of size less than n. 

Theorem 21.1 (Levy-Solovay). Let n be a measurable cardinal in the 
ground model. Let (P,<) be a notion of forcing such that \P\ < n. Then 
k is measurable in the generic extension. 

Proof. We give a proof using elementary embeddings since similar arguments 
will be used in subsequent constructions; for a direct proof, see Exercise 21.1. 
Let B = B(P); since \B\ < k, we may assume B £ V K . We can also assume 
that P is a dense subset of B. Let G be a generic ultrafiltcr on B; let us work 
in V[G]. 

Since k is measurable in V, there is an elementary embedding j : V — > M 
with critical point n, and M transitive. We shall extend j to an elemen- 
tary embedding (denoted also j) of V[G] into M[G], thus showing that n is 
measurable in V[G\. 

Since B e V K , we have j(B) = B, and B is a complete Boolean algebra 
in M. Since G is generic over V, G is also generic over M. Note that the 
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interpretation of Boolean names in M B by G is the same whether computed 
in V or in M. We define j(x) for x e V[G] as follows: Let x e V B be a name 
for x, x — x G . Let 

(21-1) 3(x) = (j(i)f- 

Since x E V B , we have j(x) € M B and so (j(i)) G € M[G]. However, we have 
to show that the definition (21.1) does not depend on which name for x we 
choose. 

Let y be another B- valued name and let p € G be such that 

(21.2) p\\-x = y. 
When we apply j to (21.2), we have (in M) 

j(p) lh j(x) = j(y). 
But j(p) — p e G and therefore 

(mf - (i(y)) G . 

Finally we show that j : V[G] — > M[G] is elementary. Let <p be a formula 
such that 

I/[G]N^(x,...). 

Let x, . . . be such that (x) G — x, .... There is some p € G such that 

(21.3) p »-¥>(*,...). 
Applying j to (21.3), we get (in M) 

pi= <^(i (*),-••) 

(because j(p) = Hence 

M[G\\=<p(j{x),...) 

and since ip was arbitrary, j is elementary. □ 

It turns out that practically every large cardinal property is unchanged 
by mild extension: 

Theorem 21.2. Let K be an infinite cardinal, and let (P,<) be a notion 
of forcing such that \P\ < K. Let G be a V -generic filter on P. Then k is 
inaccessible (Mahlo, weakly compact, Ramsey, measurable, strongly compact, 
supercompact, huge, strong, Woodin) in V if and only if it is inaccessible 
(Mahlo, weakly compact, Ramsey, measurable, strongly compact, supercom- 
pact, huge, strong, Woodin) in V[G]. 
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Proof. If k is inaccessible in V, then firstly n is regular in V[G] because all 
cardinals and cofinalities above \P\ are preserved. Secondly, if a < n, then 
(2 a ) v ^ < \B(P)\ a < k and hence k is inaccessible in V[G]. Conversely, if 
k is inaccessible in V[G], then n is inaccessible in V. 

If k is Mahlo in V, then firstly n is inaccessible in V[G]. Secondly, every 
a > |P| is a regular cardinal in V[G] if and only if it is a regular cardinal in V 
and so the set S = {a < n : \P\ < a and a is regular in V[G]} is stationary 
in V. It is easy to see that every closed unbounded set C C k in y[G] has 
a closed unbounded subset D in V (Exercise 21.2). Thus, S is also stationary 
in V[G] and hence k is Mahlo in V[G]. Conversely, if k is Mahlo in V[G], 
then k is Mahlo in V because V C V[G]. 

If k is weakly compact in V, let F : [k] 2 — > {0, 1} be a partition of [k] 2 
in V[G]. Let F e V s be its name such that ||F : [n] 2 -> {0, 1}|| = 1. For all 
a ^ (3 e k, let G(a,P) = \\ F(a,/3) = 0||; G is (in V) a partition of [k] 2 into 
|£>(P)| pieces. Since \B(P)\ < k, there is an H C n of size k homogeneous 
for G, and it is easy to see that H is homogeneous for F. 

Conversely, if k is weakly compact in V[G], let F : [k] 2 — > {0,1} be 
a partition of [k] 2 in V. There is, in V[G], a set K C /c of size k, homogeneous 
for F. As in Exercise 21.2, K has an unbounded subset H € V; hence F has 
in V a homogeneous set of size k. 

The argument for Ramsey cardinals is exactly the same as for weakly 
compact cardinals. 

If k is measurable in V, then it is measurable in V[G] by Theorem 21.1. 
Conversely, if k is measurable in V[G], let U e V[G] be a K-complete non- 
principal ultrafiltcr on k, let J be the dual prime ideal, and let J <G V B be 
its name. (Without loss of generality we assume that || J is a K-complete non- 
principal prime ideal || = 1.) Let I = {X C k : \X e J\\ = 1}. It is easy to 
verify that / is a K-complete ideal containing all singletons. We claim that / is 
|P|+-saturated: If p lh X £ j and p lh Y £ j, then p lh X n Y £ j (because 
J is prime). Hence if X and Y are such that X £ I, Y £ I, and X P\Y E I, 
then \\X £ J\\ ■ \\Y £ J\\ = 0, and it follows that / is |P| + -saturated. However, 
since I is ^-saturated for some v < k and n is inaccessible, k is measurable, 
by Exercise 21.3. 

If k is strongly compact, let A > k and let us show that in V[G], there 
is a fine measure on P K (A). Let U be a fine measure on P K (X) in V, and 
let j = ju be the canonical elementary embedding jjj : V — > XJltu(V). The 
standard argument shows that X e U if and only if H e i(^), where i7 is 
the set in Ult[/(V) represented by the function d(Z) = Z on P K (a); also, 
H D j"A (and is equal to it if {/ is normal). Similarly, as in the proof of 
Theorem 21.1 we extend j to V[G] as follows: 

j(x) = (j(x)f 

where x is a name for x; the definition is legitimate because we assume, 
without loss of generality, that P <G V K and hence j(p) = p for all p e P, and 
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j{P) = P. Now we define, in V[G], an ultrafilter W on P K (X) as follows: 

X eW if and only if H g j(X). 

It is routine to verify that W is a fine measure on P K (A); for instance, if 
Z 0 € P K (X), then {Z g P K (A) : Z D Z 0 } e W because j(Z 0 ) - {j{a) : 
a g Z 0 } c P. 

Conversely, if k is strongly compact in V[G], let 5 be a set in V and let 
F be a K-complete filter on 5 (in V); let us show that there is a K-complete 
ultrafilter in V extending F. Every set X C F of size < k in V^G] is included 
in some Y C F of size < k such that Y e V (this is because \P\ < n). 
Hence F generates a K-completc filter in V[G] and that in turn is included 
in a K-complete ultrafilter on U. Let J be the dual prime ideal. As in the 
proof for measurable cardinals above, the ideal / = {X C S : \\X e J|| = 1} 
is K-complete and |P| + -saturated, and clearly X g F implies S — X £ I. 
Since /c is inaccessible and / is ^-saturated for some is < n, I has an atom A. 
If X g F, then 1(14^ J and so {X C 5 : X n A <£ 1} is a K-complete 
ultrafilter extending F. 

The proofs for the remaining large cardinal properties are similar. □ 

There are numerous examples when k ceases to be large when we use a no- 
tion of forcing of size > k (a good example is the Levy collapse) . The example 
in Exercise 21.4 is quite interesting since inaccessibility of n is preserved by 
any notion of forcing that is a-distributive for all a < n. 



Kunen-Paris Forcing 

It is an immediate consequence of the Levy-Solovay Theorem that if n is 
a measurable cardinal, A < k, and F is a function on regular cardinals below A 
such that (i) F(a) < F(/3) if a < j3, (ii) cf(F(a)) > a, and (iii) F(a) < k 
for all a in its domain, then there is a model in which k is measurable and 
2" = F(a) for all a g dom(F). 

One can also prescribe the values of the continuum function on regular 
cardinals greater than the measurable cardinal; this can be done by a K-closed 
forcing; see Exercise 21.5. 

The proof of the next theorem uses a method that preserves measurability 
of k while adding subsets to an unbounded set of cardinals below k. It is vital 
however that the set A C k has a normal measure 0. 

Theorem 21.3 (Kunen-Paris). Assume GCH and let n be a measurable 
cardinal. Let D be a normal measure on n and let A be a set of regular 
cardinals below k such that A D; let F be a function on A such that 
F(a) < K for all aei, and: 

(i) cf F(a) > a; 
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(ii) F(ati) < F(a 2 ) whenever at\ < a 2 . 

Then there is a generic extension V[G] of V with the same cardinals and 
cofinalities, such that k is measurable in V[G], and for every a G A, 

(21.4) V[G] 1= 1 a = F(a). 

Moreover, given any regular cardinal A > k + , we can find V[G] so that there 
are A normal measures on k in V\G\. 

Proof. Let j : V — > M be the elementary embedding given by the ultra- 
power Ult£). As we assume that A ^ D, we have k j(A). 

Let (P, <) be the Easton product of P a , a G A, where each P a is the no- 
tion of forcing that adjoins F(a) subsets of a. Thus conditions are 0-1 func- 
tions whose domain consists of triples (a, £, i]) where a G A, £ < a, and 
r\ < F(a), and such that for every regular cardinal 7, 

\{(a,€,rf) G dom(p) : a < j}\ < 7. 

In particular, |p| < k for all p G P, hence PcK and so j(p) = p for each 
V G P. 

We shall however use not P but j(P) as our notion of forcing. Thus 
j(P) is, in M, the Easton product of P a for a G j(A). Note that P C j(P) 
and that j(P) is isomorphic to P x Q where P = (jP) <K and Q = {jP)- K - 

Let G be a ^-generic filter on j(P). We claim that V[G] has the same 
cardinals and cofinalities as V and satisfies (21.4) and that n is a measurable 
cardinal in V[G\. Let G\ = G n P; since j(-P) i s isomorphic to P x Q, there 
is a V[Gi]-generic filter G 2 on Q such that V[G] = V[G X x G 2 \. 

As we have noted before, k ^ j(^4), and so Q = (jP)- K is in fact = 
(jP) >K , and hence is, in M, K-closed. But since M K C M, Q is K-closed 
in V. Moreover, we have |P| = n and \j{P)\ = |j(k)| = n + . Thus for each 
regular A < k, we can break j(P) into a product of two notions of forcing, 
one that satisfies the A + -chain condition and one that is A-closed, and hence 
all cardinals < k + are preserved. Since \j(P)\ = n + , all cardinals > k + are 
also preserved. 

We prove (21.4) similarly to Easton's Theorem. For a G A, we regard j(P) 
as a product (jP) >a x {jP)- a ; and since (jP)^ a = P^ a and (jP) >a is en- 
closed, we conclude that (2 a ) v ^ = F(a). 

The crucial step is to show that k is a measurable cardinal in V[G). We 
shall first extend j : V — > M to an elementary embedding 

(21.5) j : V[Gi] — » M[G]. 

We define j( x ) f° r x € ^[Gi] as follows: If i G is a name for x, we let 

(21.6) j(x) = (j(x)) G 

where j(x) is, in M, a j(P)-n&me. As in the proof of Theorem 21.1, we show 
that (21.6) does not depend on the choice of x. Since j(p) = p for all p G P 
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and because Gi c G, it follows that if some p £ G\ forces x = y, then (in M) 
p lh j(x) = j(y) and therefore (j(x)) G = (j(y))°- The same reasoning shows 
that j : V[Gi] -> M[G] is elementary. 

Using (21.5), we define an y[Gi]-ultrafilter U on re as follows: 

(21.7) X£U if and only if k £ j(X), 

for all X C re in U[Gi]. A standard argument shows that U is re-complete; 
and since j extends the original j = jo , U is nonprincipal. 

Now we use again the fact that j(P) is isomorphic to P x Q, where 
\P\ = k and Q is re-closed. Thus every subset of re is in V^Gi] and therefore 
U is in V[G] a re-complete nonprincipal ultrafilter on re. 

To get a model with A normal measures on re we modify the construction 
above as follows: Let R be the re + -product of A copies of Q, i.e., the set of all 
functions / £ Q x such that \{i < A : f(i) ^ 0}| < n. We consider the notion 
of forcing P x R. 

Let G x H be a generic filter on PxR. We claim that the model V[GxH] 
has the required properties. 

Since R is K-closed, all subsets of k are contributed by G; hence 2 K = k + 
holds in V[G x H]. Standard arguments show that cardinals are preserved 
and 2 K+ = A in V[G x H]. 

To find A distinct normal measures, let us look more closely at the defini- 
tion (21.7) of U: U has a name U £ V PxQ such that for all p £ P and q £ Q, 
and any name X £ V p for a subset of k, 

(21.8) pUq lh (X £ U <-» k e j(AT)). 

If g is represented in Ultc by (g Q : a < k) (with g Q £ P a for each a < k), 
we have 

(21.9) p\JqhX£U if and only if {a : p U q a lh a G X} £ D. 

For each i < A, let denote the ith copy of Q and let I7j be the canonical 
name for a normal measure using Qi instead of Q in (21.8). It suffices to show 
that for any i ^ k < A, Ui and denote different measures in V[G x H]. 

The last assertion follows by a standard argument using genericity, and 
we leave its proof to the reader: Given i ^ k and a condition (p, r) in P x R, 
use (21.9) to find a stronger condition (p',r') and some P-valued name X 
such that {p 1 ,r') forces X £Ui but X <£U k . □ 

Silver's Forcing 

We shall now construct a model that has a measurable cardinal re for which 
2 K > re + . By Corollary 19.25, the consistency strength of this is more than 
me asur ability. It has been established that the failure of GCH at a measurable 
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cardinal is equiconsistent with the existence of a measurable cardinal k of 
Mitchell's order n ++ . The lower bound is obtained by Mitchell's method of 
iterated ultrapowers from Chapter 19, while the upper bound follows from 
improvements (due to Woodin and Gitik) on Silver's forcing construction 
presented below. 

Theorem 21.4 (Silver). If there exists a supercompact cardinal n, then 
there is a generic extension in which k is a measurable cardinal and 2 K > n + . 

Silver's construction uses iterated forcing. As 2 K > n + for a measurable 
cardinal implies that 2" > a + for many a below k, the iteration adjoins not 
only subsets of k, but, iteratively, subsets of regular cardinals below k. The 
iteration combines direct and inverse limits, in a manner similar to Easton's 
forcing. 

Definition 21.5. Let a > 1, and let P a be an iterated forcing of length a 
(see Definition 16.29). P a is an iteration with Easton support if for every 
p G P a and every regular cardinal 7 < a, \s(p) n 7I < 7. Equivalcntly, for 
every limit ordinal 7 < a, P 7 is a direct limit if 7 is regular, and an inverse 
limit otherwise. 

When using iterated forcing that combines direct and inverse limits, we 
can apply Theorem 16.30 to calculate the chain condition, and Exercise 16.19 
to calculate the degree of closedness. We shall need the following variant: 

Definition 21.6. A notion of forcing (P, <) is X-directed closed if whenever 
DcPis such that \D\ < A and for any d\, d 2 & D there is some e £ D with 
e < di and e < d 2 , then there exists a p £ P such that p < d for all d € D. 

Lemma 21.7. 

(i) If P is X-directed closed, and if Ihp Q is X-directed closed, then P*Q is 
X-directed closed. 

(ii) If da > X, if P a is a direct limit and if for each [3 < a, Pp is 
X-directed closed, then P a is X-directed closed. 

(iii) Let P a be a forcing iteration of (Qp : (3 < a) such that for each limit 
ordinal (i < a, Pp is either a direct limit or an inverse limit. Assume 
that for each (3 < a, Qp is a X-directed closed forcing in V Pf3 . If for 
every limit ordinal (i < a such that cf (3 < X, Pp is an inverse limit, 
then P a is X-directed closed. 

Proof, (i) Let D = {(p a , q a ) ■ ct < X} be a directed subset of P * Q. Clearly, 
D 1 = {p a ■ ct < X} is a directed subset of P and hence there is p € P 
stronger than all p a , a < X. Since for any a, (3 < X there is 7 < A such that 
(p 7 ,g 7 ) < (p a ,q a ) and (p-y,q 7 ) < (pp,qp), it is clear that p lh {q~ t < q a and 
q-i < qp) and thus p forces that {q a : a < X} is a directed subset of Q. Hence 



p lh 3q S Q stronger than all the q a 
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and therefore there is a q such that \\q £ Q\\ = 1 and 

p\\- q < q a for all a < A. 

It follows that (p, q) < (p a , q a ) for all a < X. 

(ii) Let D be a directed subset of P, \D\ < A. For each d G D there is 
7d < a such that if = (p^ : (3 < a), then pi = I for all i > 7^. Since 
A < cf a, there is 7 < a such that each e? G Z) is as follows: 

d= (dh)~l~l~l~ .... 

Now D 7 = {(c?|"7) : d G £>} is a directed subset of P 7 ; and since P 7 is A- 
directed closed, D 7 has a lower bound p G P 7 . Then pT'~T'~ s l'^ ... is a lower 
bound for D in P. 

(iii) By induction on a. It follows from (i) and (ii) that the assertion is 
true if a is a successor or if P a is the direct limit. Thus assume that P a is an 
inverse limit. 

Let D = (p v : v < A) be a directed subset of P a ; for each v let p v = (p^ : 
(3 < a). We shall construct, by induction on j3 < a, a function p — (pp : 
[3 < a) <G P a stronger than all p u , v < A. 

We construct p such that for each (i < a, p\(3 is in Pp and is stronger 
than all p v \f3, v < A. Having constructed p\(3, we let p/3 be such that 

P\P ^ pp < Pp for all v < A. 

Moreover, if p^ = 1 for all v < A, we let pp = 1 too. 

If 7 < a is a limit ordinal, we have to show that (pp : (3 < 7) G P 7 . If P 7 is 
the inverse limit, then there is nothing to prove, so let us assume that P 7 is 
the direct limit. By the assumption, we have cf 7 > A and therefore there is 
a 5 < 7 such that for all v < A, pp 1 = 1 for all (3 such that (5 < (3 < 7. Hence 
we have pp = 1 for all (3 such that <5 < (3 < 7, and so (pp : (3 < 7) G P 7 . 
Thus we have p = (p^ : /3 < a) G P Q , and it is clear from the construction 
that p < p v for all v < A. □ 

An important feature of iterated forcing is that often, under reasonable 
assumptions, an iteration P a +p is equivalent to P a * Pp where pjf ^ is an 
iteration of length (3 inside V Pa . The following lemma is used in applications 
of iteration with Easton support: 

Lemma 21.8 (The Factor Lemma). Let P a +p be a forcing iteration 
°f (Q(, '■ £ < a + P)i where each P^, < a + (3 is either a direct limit 
or inverse limit. In V P " , let Pjf"^ be the forcing iteration of (Q a+ £ : £ < (3) 
such that for every limit ordinal £ < [3, P^ is either a direct or inverse 
limit, according to whether P a +£ is a direct limit or inverse limit. If P a +£ is 
an inverse limit for every limit ordinal £ < (3 such that cf £ < \P a \, then 
P a +f3 is isomorphic to P a * Pg^- 
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This formulation is not quite accurate. The name Q a +£ is in V Pa+i while 
P^** is an iteration in V Pa+l3 that at stage £ should use a T^ Pa -name for 
a name g F p 5 . However, the Factor Lemma yields, for each £, an 

isomorphism between l/ p «+« and the Boolean- valued model V P ( ( inside V" p = , 
and so Q a +£ is identified with a V" Q -name for some 

Proof. By induction on (3. Let (3 be an ordinal number; we shall construct an 
isomorphism tt between P a * Pg^ and P a +[j- 

li (3 = 0, then P Q * Pp = {(p, 1) : p g P Q } and we let 7r(p, 1) = p. Thus 
let /3 > 0. A typical clement of P Q * P^ is a pair (p, g) where p g P Q and 
g is an element of V Pa such that in V p< " , q is a /3-sequence and satisfies the 
conditions on iterated forcing; in particular, for each £ < /3, g|"£ is in P^ 
and the £th term of g is in Q a +£- 

We shall define a /3-sequencc (p Q+ £ : £ < (3) and let 7r(p, q) = p^{p a ,p a+ i, 
. . . ,p a +£, ■ ■ ■)■ This mapping tt will be an isomorphism between P a * Pg°^ 
and P a+ fj. For £ < (3, let g^ g V Pa be such that g^ is the £th term of g. 
Hence 

By the induction hypothesis, P Q +£ is isomorphic to P Q * P^. Let p a +£ € 
\/ p Q+e be the element corresponding to g^ under the isomorphism between 
(\/ PQ ) P e <a) and y p °+e. 

Let 7r(p, g) = p^ (p a ,Pa+i, ■ ■ ■ ,Pa+i, • • •)■ All we have to do now is to show 
that tt is an isomorphism between P a * Pi a ^ and P a +/3. We shall show that 
for each (p, g) g P a * Pg a \ 7r(p, g) is in P a +/3 and leave the rest to the reader, 
namely to show that 

(p, q) < (p', q') if and only if ir(p, g) < ir(p', q'). 

We want to show that for each 7 < (3, p""{p a +i ■ S, < 7) is an element 
of P a + 7 . We need to show that if 7 is a limit ordinal and P Q+7 is the direct 
limit, then there exists io < 7 such that p a +i = 1 for all i, io < i < 7. 

Thus let 7 < /? be a limit ordinal such that P Q + 7 is the direct limit of 
Pa+ii £ < 7- Hence in y p °, P 7 a ^ is the direct limit, and therefore 

(21.10) lh Pa (3£ 0 < 7)(V£ > Co) the £th term of g is 1. 

Now we have made an assumption that if P Q + 7 is the direct limit, then 
cf7 > \P a \- It is easy to see that because \P a \ < cfj, (21.10) implies that 
there exists £0 < 7 such that for all £ > £0, H~p q Qi = 1- Thus for all £ > £0, 
lhp Q+5 p Q +5 = 1 and hence p a +£ = 1 for all £ > £ 0 - n 

Proof of Theorem 21.4. Let k be a supercompact cardinal and assume 2 K = 
k + . We shall construct a generic extension in which k is measurable and 

2 K = 



398 Part II. Advanced Set Theory 



We use iterated forcing with Easton support, successively adjoining to 
each inaccessible cardinal a < n, a ++ subsets of a. At limit stages of the 
iteration we use direct limits when the ordinal is a regular cardinal and inverse 
limits otherwise. 

Let us define, by induction on a, the ath iterate P a (and the corresponding 
forcing relation lh Q and the algebra B a = B(P a )) and the B a - valued notion 
of forcing Q a : 

(21.11) (i) If a is an inaccessible cardinal, let Q a be the notion of forcing 
in V Pa that adjoins a ++ subsets of a; that is, we let Q a be in V p <*, the set 
of all 0-1 functions p whose domain is a subset of size < a of a x a ++ (and 
Q a is ordered by D). If a is not an inaccessible cardinal, let Q a — {1} (as 
usual, 1 denotes the greatest element of each notion of forcing) . 

(ii) P a is the set of all a-sequences (p^ : £ < a) satisfying the following: 

(a) For every 7 < a, p\-f e P 1 and lh 7 p 1 e Q 1 . 

(b) If a is a regular cardinal, then 3£o V£ > £0 Pi = 1 • 

(iii) If p, q G P a , then p < a q if and only if 

(V7 < a)(p|"7 < 7 q\"f and p\j lh 7 p 1 is stronger than q 7 ). 

Finally, let P = P K+1 , and let B = B(P). 

Let G be a generic filter on P and let V[G] be the generic extension 
of V by G. We shall prove that k is a measurable cardinal in V[G] and that 
V[G] lh 2 K = Since P is isomorphic to the two-step iteration P K * Q K , 

we have V[G] — V[G K ][H K ], where G K is ^-generic on P K and H K is I/[G K ]- 
generic on Q K = (Q k ) Gk - Now P k is the direct limit of P a , a < n; and since 
k is a Mahlo cardinal, there is a stationary set of a < k such that P a is also 
a direct limit. Since \P a \ < k for all a < k, it follows by Theorem 16.30 that 
P K satisfies the K-chain condition and hence k is a regular cardinal in V[G K ]. 
Also, \P K \ = k, and hence V[G K ] satisfies (Va < k) 2 a < k. In y[G K ], Q K is 
a notion of forcing that adjoins k ++ subsets of k and preserves all cardinals. 
Thus V[G] lh (k is a regular cardinal and 2 K = k ++ ). 

It remains to prove that k is a measurable cardinal in V[G]. This will 
be done by first constructing an elementary embedding of V[G] and then 
showing that the induced measure is in V[G]. 

Let A = k ++ . Since k is supercompact, there is an elementary embedding 
j : V — > M with critical point k such that M x c M and > A. It 

follows that \P\ = \, P E M, and moreover, P is defined in M by the same 
definition (21.11). 

Since Pe M, G is also an M-generic filter on P, and we can consider the 
model M[G]. We need the following lemma: 

Lemma 21.9. (M[G]) X n V[G] C M[G\. 

Proof. It suffices to show that if / G V[G] is a function from A into ordinals, 
then / € M[G]. Let / be a name for / and let p 0 G G be a condition that 



21. Large Cardinals and Forcing 399 



forces that / is a function from A into the ordinals. For each a < A, let 

A a = { P < Po ■ 3/3p Ih f(a) = 13}. 

Each A a is dense below p 0 (and hence A a n G ^ 0). For each a < A and each 
p £ A a , let g(a,p) be the unique /3 such that p Ih /(a) = /3. Since \P\ = A, 
we have \g\ = A and hence g G M. Now it is easy to see that / G M[G] 
because it is defined in M[G] as follows: f(a) = the unique (3 such that for 
some peG, g(a,p) — S3- □ 

Let us now consider j(P). In M, j(P) is a notion of forcing obtained by 
iteration up to + 1- We claim that in M we can apply the Factor Lemma 
to j(P) at a = k + 1. First we note that {jP) a = Pa for all a < k, and since 
(jP) K is the direct limit, we have (jP) K = P K - Since Q K is the same in V 
and M, it follows that (jP) K +i = P K +\. The first nontrivial step above a in 
the iteration occurs at the least inaccessible cardinal (in M) above k, thus 
the first nontrivial direct limit is taken far above A and then only at regular 
cardinals. Since |P K +i| = A, the assumption of the Factor Lemma is satisfied. 

Hence j(P) is isomorphic to a two-step iteration (in M) 

(21-12) {jP) K+ i*{jP) { £)lv 

Now the first factor of (21.12) is equal to P K+ i = P. Let us denote Q the 
second factor. By the Factor Lemma, Q is, in M p , a notion of forcing obtained 
by iteration, with Easton support, from k + 1 to + 1. At each £ > k, the 
iteration uses a notion of forcing in M P{ that is either trivial or adjoins 
£ ++ subsets of £ (if £ is inaccessible in M); in either case, the notion of 
forcing is A-directed closed in M p «. By Lemma 21.7, Q is A-directed closed 
in M p . Thus we can write 

(21.13) j(P)=P*Q 

where Q e M p is a A-directed closed notion of forcing. Thus Q = Q G is 
a A-directed closed notion of forcing in M[G]. 

Let p e P. Then by (21.13), j(p) is (represented by) a pair (s,q) where 
s E P and q G M p is in Q. By the definition of P, p = (p^ : £ < k + 1) and 
there is £ 0 < K suc h that = 1 for all £, £ 0 < £ < «• Thus = (p^ : 
£ < j(k) + 1) and = 1 for all £, £ 0 < £ < j( K )- In particular, p' K = 1; and 
since = p^ for all £ < k, and s = j(p) f(/t +1), we have s = (p\n)^l. This 
implies that if p e G and j(p) = ( s j <?); t ncn s € G. 

Now let 

D = {geQ: for some p G G, q — (q) G where j(p) = (s, q)}. 

Since P has size A, we have j\P e M and therefore Z) G M[G]. It is easy 
to see that D is directed, i.e., if qi,q2 G D, then there is g G D such that 
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q < qi and q < q 2 (this is because G is directed). We have (in M[G]), 
\D\ < \G\ < \P\ = A; and because Q is A-directed closed, there exists some 
a e Q (a master condition) such that a < q for all q € D. 

We shall now consider a generic extension of V[G]. Let H be a F[G]- 
generic filter on Q such that H contains the master condition a. Since H is 
also M[G]-generic, and j(P) — P *Q, there is an M-generic filter K on j(P) 
such that M[K] = M[G] [H] ; in fact 

K={(s,q) : s e G and (g) G e ff}. 

Now we extend the elementary embedding j : V — > M to an embedding 
of V[G] into M[K]. We work in F[G] [H] and define, for all x e V[G], 

(21.14) j(^) - 

where i is some P-name for a;. 

We have to show that the definition (21.14) does not depend on the choice 
of the name x; the verification of elementarity of j is then straightforward. 
Here we use the master condition a. If p € G, then j(p) = (s, g) where seF 
and lh g € Q. We have shown that s e G, and if g = (q) G , then, because 
p € G, we have q > a and therefore q ^ H. Thus (s, g) e if, and it follows 
that 

i"Gc X. 

Now if p e G forces x = y, then e if forces j(x) — j(y) and hence 

Thus we have (in V[G][.ff]) an elementary embedding 

j : V[G] -» M[JT] 

and we can define, in the usual way, a V[G]-ultrafilter on k: 

U = {X C k : /s e i(X)}. 

[/ is nonprincipal and K-complete. It suffices to show that U G V^[G]; then 
y[G] satisfies that k is a measurable cardinal. 

By Lemma 21.9, Q is A-closcd not only in M[G], but also in V[G\. Thus 
the generic extension I/[G][ii] of V[G] does not add any new A- sequences 
in V[G], and because \U\ = A we have U e V[G]. □ 

Prikry Forcing 

Let us address the following problem: Can one construct a generic extension 
in which all cardinals are preserved but the cofinality of some cardinals is 
different from their cofinality in the ground model? Obviously, in order to 
do this we have to change some (weakly) inaccessible cardinal into a singular 
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cardinal. Corollary 18.31 of Jensen's Covering Theorem tells us that for this, 
it is necessary to assume at least 0" in the ground model. Thus we formulate 
the problem as follows: Let k be some large cardinal and let A < n be a regular 
cardinal. Find a cardinal preserving generic extension, in which cf k = A. 

The forcing presented below was devised by Karcl Prikry and has become 
a standard tool of the large cardinal theory. 

Theorem 21.10 (Prikry). Let k be a measurable cardinal. There is a generic 
extension in which cf k = uo and no cardinals are collapsed. Moreover, every 
bounded subset of n in V[G] is in the ground model. 

Proof. Let n be a measurable cardinal and let D be a normal measure on k. 
Let (P, <) be the following notion of forcing. A forcing condition is a pair 
p = (s,A) where s g [k] <w , i.e., s is a finite subset of k, and A g D. 
A condition (s, A) is stronger than a condition (t, B) if: 

(21.15) (i) t is an initial segment of s, i.e., t — s n a for some a; 

(ii) icB; 

(iii) s-tcB. 

We immediately note that any two conditions (s,A), (s,B) with the same 
first coordinate are compatible, and hence any antichain W C P has size at 
most k. We also note that if (s, A) and (t, B) are compatible, then either s is 
an initial segment of t, or £ is an initial segment of s. 

Let G be a generic filter on P. We shall show that in V[G], k has cofi- 
nality u>, that every bounded subset of n is in V, and that all cardinals and 
cofinalities above k are preserved. 

The last statement is immediate since P satisfies the K + -chain condition. 
It is also easy to show that cf n — lo in V[G] : If (s, A) and (£, B) are in G, then 
cither s is an initial segment of t or vice versa; hence S = [J{s : (s, A) g G 
for some A} is a subset of k of order type w. By the genericity of G, 5 is 
clearly an unbounded subset of k, and hence cf k = lj. 

It remains to show that if X g V[G] is such that X C A for some A < k, 
then le V. For this, we need the property of P stated in Lemma 21.12 be- 
low. The proof uses Theorem 10.22 which states that every partition of [k] <w 
into less than k pieces has a homogeneous set H G D. 

Lemma 21.11. Let a be a sentence of the forcing language. There exists 
a set A g D such that the condition (0, A) decides a, i.e., either (0, A) lh a, 
or (0, A) lh -na. 

Proof. Let S + be the set of all s g [k] <uj such that (s, X) lh <r for some X and 
let S~ = {s: 3X(s,X) lh ^cr}.LctT= [k] <w -(S'+US'-). By Theorem 10.22, 
there is a set A £ D such that for every n, either [A] n C S* + or [A]™ C S 1- or 
[A] n C T. We shall prove that (0, A) decides a. 

If not, then there are conditions (s, X) and (t, Y), both stronger than (0, A) 
such that one forces a and the other forces ~^a. We may assume that \s\ = \t\, 
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say |s| = \t\ = n. Since (s,X) < (0,^4), we have s e [A] n ; and similarly, 
t e [^4]™- But s e S + and t e S - , which is a contradiction since S ,+ 
and S~ are disjoint and therefore cannot both have a nonempty intersec- 



Lemma 21.12. Let a be a sentence of the forcing language and let (s 0 , A 0 ) 
be a condition. Then there exists a set A C A n in D such that the condi- 
tion (so. A) decides a. 

Proof. A slight modification of the preceding proof; we may assume that 
min(A 0 ) > max(s 0 ). Let S + be the set of all s e [A)] <w such that 
(sq U s, X) Ih (7 for some X C Aq and let S~ be defined similarly. As be- 
fore, there exists some A C A n in D such that for no n, [A] n intersects both 
S + and S~ . It follows that (so, A) decides a. □ 

Now let A < k and let X C A; we will show that X e V. Let Xbea name 
for X , and let po € G be a condition such that p Ih AT C A. It suffices to show 
that for each p < p 0 there is a q < p and a set Z C A such that q Ih X = Z. 

Let p < po, P = (s,A). For each a < A, there is, by Lemma 21.12, 
a set A Q c A in D such that (s,A a ) decides the sentence a E X. Let 
B = f] a<x A a ; we have B e D and g = (s, B) decides a € AT for each a < A. 
Thus if Z = {a < A : q Ih a G AT}, we have q Ih AT = Z. 

This completeness the proof of Theorem 21.10. □ 

An immediate consequence of Theorems 21.4 and 21.10 is the indepen- 
dence of SCH: 

Corollary 21.13. It is consistent (relative to the existence of a supercom- 
pact cardinal) that there is a strong limit singular cardinal n such that 
2 K > K+. 

Proof. Let k be a supercompact cardinal. First we construct a generic ex- 
tension in which k is measurable and 2 K > k + . Then we extend the model 
further to make k a singular cardinal. The new model still satisfies 2 K > k + , 
and k is a strong limit cardinal. □ 

We now prove a characterization of Prikry generic sequences due to Math- 
ias. Let us first generalize the diagonal intersection as follows: If {A s : s e 
[k] <w } is a collection of subsets of k, let 



It is routine to show that every normal ultrafilter on k is closed under diagonal 
intersections (21.16). 

Theorem 21.14 (Mathias). Let M be a transitive model of ZFC, let U 
be, in M, a normal measure on k, and let P be the Prikry forcing defined 
from U . For every set S C n of order-type ui, S is P-generic over M if and 
only if for every X e U, S — X is finite. 



tion with [A] n . 



□ 



(21.16) 



A s A s = {a < k : a e P|{^4 S : max(s) < a}}. 
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Proof. In the easy direction, let G be a generic filter on P and let S = 
[J{s : (s,A) G G}. For every X e U, S — X is finite because for every 
condition (s,A), the stronger condition (s,AC\X) forces that every a G 5 
above s is in X. 

For the other direction, let 5 C k, of order-type u>, be such that S — X is 
finite for all X G [/. We want to show that the filter 

G = {(s, A) G P : s is an initial segment of S and S-scA} 

is M-generic; let D G M be an open dense subset of P and let us show that 

For each s e [«] <w , let F : [k] <w -» {0,1} be a partition such that 
F(t) = 1 if and only if max(s) < min(f) and 3X (s U i, X) G D. Let A s e [/ 
be a homogeneous set for F; if there is an X such that (s,X) G D, let 
£? s = A s nl, and otherwise, let B s = A s . Let A = A s B s be the diagonal 
intersection. Since D is open dense, we have for all s e [k] <w : 

(21.17) If 3X (s, X)eD then (s, A\s)eD 

where A \ s = A — (max(s) + 1). 

By the assumption on S, S has an initial segment s such that S — s C A. 
By density of D there exist ate [B \ s] <UJ and X such that (s Ut,X) E D. 
Let u C 5 — s be such that |u| = \t\; the homogeneity of 4 \ s C 4 S for F s 
implies that for some Y, (s \Ju,Y) e D. By (21.17) we have (sLiu, A\u) G I? 
and since (s U u, A \ u) e G, D D G ^ ®. □ 

The following theorem shows the relationship between Prikry forcing and 
iterated ultrapowers. Let U be a normal measure on k, and consider the 
iterated ultrapowers M a — Ult( Q ), and the embeddings i a .j3 ■ M a — » Mp. Let 
K a = = io,a{n), and let = io,u(U) be the measure on n a in M a . 

Theorem 21.15. Let M = M u , N = f] n<u M n and let P e M be the 

Prikry forcing for the measure on k u in M . The set S = {n n : n < lu} 

is P-generic over M, and M[S] — N. 

Proof. The genericity follows from Lemma 19.10 and Theorem 21.14. N is 
easily seen to be a model of ZF, and since M[S] C M n for all n, we have 
M[S] C N. In order to prove N C M[S], it suffices, by Theorem 13.28, to 
prove that every set of ordinals in N is in M [S] . 
First we claim that for every ordinal £ 

(21.18) for eventually all n < lu, i n ,u{C) = Vw+^(£)- 
As £ G M u , let n be such that £ = i n , w (£ n ) for some £„. Thus 

M„ 1= £ is the image of £„ under the embedding from M„ into M u . 
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Applying i niU , we have 

i n ^(M n ) \= i n ,u(£) is the image of i n , w (£ n ) under the 
embedding from i„^(M n ) into i n ,u{M u ). 

Since i„ tU (M n ) = M w and i„ jW (M w ) = M w+W , we get 

Vw(0 is the image of £ under 

establishing (21.18). 

Now let a; be a set of ordinals in N. Hence x G M n for each n. By the 
representation of iterated ultrapowers, there is for each n < to a function /„ 
on [k]™ such that x = io,n(/n)('«o, • • • , /tn-i). Since in jt j(Ki) = «j for i < n, we 
have i„,o;(a;) = io,w(/)(«o, ■ • ■ , «n-i)- Now the sequence (io, w (/n) : n < = 
io,uj{(fn ■ n < u>)) is in M w and therefore the sequence {i n .^{x) : n < w) is in 
M w [(k„ : n< u)] = M[S] . 

If £ is an ordinal then £ e a; if and only if for any n, i n ,tj(Q € i n ,a>( a; )i an d 
by (21.18), if for eventually all n < us, i u ,w+w(Q € k^W- ^ince is 
definable in M, x is definable from the sequence (i n ,w{%) ■ n < uj) in M[S\. 
Hence x G M[S], and N C M[S]. □ 



Measurability of H x in ZF 

In ZF (without the Axiom of Choice), one can still define measurability in 
the usual way: An uncountable cardinal n is measurable if there exists a k- 
complctc nonprincipal ultrafiltcr on k. In the absence of the Axiom of Choice, 
a measurable cardinal is still regular, but not necessarily a limit cardinal. The 
absence of AC has no effect on the consistency strength: If U is a nonprin- 
cipal K-complctc ultrafiltcr on k > u>, then in L[U] (a model of ZFC), k is 
a measurable cardinal. The following theorem shows that in ZF, Hi can be 
measurable: 

Theorem 21.16. Let M be a transitive model of ZFC+ "there is a measur- 
able cardinal." There is a symmetric model N D M of ZF such that N N Hi is 
measurable. 

We shall construct a symmetric extension of M. Recall the theory of 
symmetric models from Chapter 15. We consider a complete Boolean al- 
gebra B, a group Q of automorphisms of B, and a normal filter T on Q 
(see (15.34)). For every x £ M B we let sym(i) be the symmetry group of x, 
sym(i) = {it G Q : ir(x) = x}, and call x symmetric if sym(x) G T . We denote 
HS the class of all hereditarily symmetric names. If G is an M-generic ultra- 
filtcr on B, we let N be the G-interpretation of the class HS; N is a model 
of ZF and N D M. 

Let us call a subset A C B symmetric if 



{it eQ : tt{o) = a for all a G A} G T. 
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Lemma 21.17. Let k be measurable in M, and let N be a symmetric exten- 
sion of M (via B, G, T, Q). If every symmetric subset of B has size < k, 
then k is measurable in N . 

Proof. Let U be, in M, a K-completc nonprincipal ultrafilter on k. We show 
that U generates a re-complete nonprincipal ultrafilter on k in N. It suffices 
to show that if 7 < n and {X a : a < 7} is a partition of k in N, then for 
some a < 7, X a includes some Y £ U. 

We give the proof for 7 = 2 since the general case is analogous. Let 
X £ N be a subset of k, and let X £ HS be a symmetric name for X. Let 
^4 = {|| a £ X|| : a < k}. If 7r e Q is such that 7r(X) = X, then (because 
7r(d) = a for all a) 7r(a) = a for all a £ A; thus A is a symmetric subset of B. 

Hence \A\ < n. For each a E A, let Y a = {a : \\a € X\\ = a}. Clearly 
{Y a : a e A} is a partition of k into fewer than k pieces, and hence one 
Y = Y a is in U. Now if a £ G, then we have Y C X, and if a ^ G, then 
F C k — X. Hence either X or k — X has a subset that is in U. □ 

Proof of Theorem 21.16. Let k be a measurable cardinal in M. Let P be the 
set of all one-to-one finite sequences p = (ao, ct\, . . . , a n -i) of ordinals less 
than k; p is stronger than q if p extends q (P collapses k; cf. Example 15.20). 
Let Q be the set of all permutations of k; every tt € Q induces an automor- 
phism of (P, <) as follows: 

n((a 0 , • • • , a n -i}) = (ir(a 0 ), 7r(a„_i)) 

and, in turn, an automorphism of B = B(P). Thus we identify Q with the 
group of automorphisms so induced. 
For each 7 < k, let 

i? 7 = {-7T G C? : 7r(a) = a for all a < 7} 

and let be the normal filter on Q generated by {H^ : 7 < k}. Thus i £ M B 
is symmetric if and only if there is some 7 < k such that n(x) — x whenever 
7r(a) = a for all a < 7. 

Let G be an M-generic filter on B and let TV be the symmetric model 
given by B, G, T, Q. We shall show that n = (Ni)^ and that k is measurable 
in N. 

If 7 < k, then 7 is countable in N: Let / be the name such that 

\\f(n) = a|| = £{P £ P : p(n) = a} 

for all n < ui and a < 7. Clearly, / is symmetric because ir(f) = f for every 
7r e H 7 , and hence / S HS . The interpretation of / is a one-to-one function 
of a subset of w onto 7. 

It remains to show that k is measurable in N. By Lemma 21.17 it suffices 
to show that every symmetric A C B has size < k. Let Ac Bbe symmetric. 
There exists a 7 < n such that 7r(a) = a for all a £ A and all 7r £ iJ 7 . 
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For every a G A, let S a = {p G P : p < a}. If n G _ff 7 and p G S a , 
then tt(p) G 5 a because 7r(p) < 7r(a) = a. Let T a = {p £ S a : p{n) < 7 + u> 
for all n G dom(p)}. If 7r G i? 7 and p G T a , then 7r(p) G S^. Conversely, if 
p G S a , there is a 7r <G H 1 that maps all a G ran(p) greater than 7 into 7 + w; 
since n G i? 7 and p e S„, we have 7r(p) G S* a and hence ir(p) G T a . Thus 
S'a = {tt(p) : p G Tq and 7r G i? 7 }, and consequently 

(21.19) if a ^ b e A, then T a ^ T 6 . 

However, each T a is a set of finite sequences in 7 + u>; and since k is inacces- 
sible, (21.19) implies that \A\ < k. □ 



Exercises 

21.1. Let k be measurable and |P| < k; let U be a K-complete ultrafilter on re. 
Then in V[G], the filter W = {X C re : X D F for some Y € [/} is a re-complete 
ultrafilter on re. 

[For instance, to show that W is an ultrafilter, consider X G V B such that 
\\X C re|| G G. The function a 1— » ||a € X|| is a partition of re into |B| < re pieces, 
and by the re-completeness of U there is a Y G U such that ||a G X\\ is the same 
for all a £ Y. Now either X £ W or n — X £ W according to whether this B-value 
is in G or not.] 

21.2. If re is an inaccessible cardinal and \P\ < re, then every closed unbounded 
set C G re in V[G] has a closed unbounded subset in V . (See Lemma 22.25 for 
a stronger result.) 

[For each b G B(P), let C b = {a : \\a G C\\ = b}. Using |B| < re, show that for 
some b £ G, Cb is unbounded. Let D be the closure of Cb-] 

21.3. Let re be a regular uncountable cardinal and let v < k. If / is a re-complete 
^-saturated ideal on re then either re is measurable or re < 2". 

[Use the proof of Lemma 10.9.] 

21.4. Let re be an inaccessible cardinal. There is a notion of forcing (P, <) such 
that \P\ = k and P is a-distributivc for all a < re, and such that re is not a Mahlo 
cardinal in the generic extension. 

[Forcing conditions are sets p G re such that \pf] 7 < 7 for every regular 7 < re; 
p < q if and only if p is an end-extension of q, i.e., if q — p n a for some a. To show 
that for any a < re, P does not add any new a-sequence, observe that for every p 
there is a q < p such that P q = {r £ P : r < q} is a-closed.] 

21.5. If re is a measurable cardinal and P is a re-closed notion of forcing (or just 
re-distributive), then re is measurable in the generic extension. 

21.6. It is consistent that 2 cfK < re and re+ < re cfK < 2 K . 

[Extend the model in Corollary 21.13 by adding a large number of subsets of wi.] 

The Prikry model V[G] of Theorem 21.10 provides an example of a singular 
Rowbottom cardinal. The exercise below shows that re has in V[G] the combinatorial 
property equivalent to being a Rowbottom cardinal. 
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21.7. In the Prikry model, for every partition F : [k] <u — > A into A < k pieces 
there exists a set H C k of size k such that F takes at most Ho values on [H] <u . 

[Let F be a name for F and let (so, Ao) be a condition (such that max(so) < 
min( J 4o))- Let g be a partition of [k] <w x [k] <u; into A pieces, defined as follows: 
If s e [A 0 ] <u and for some X C A 0 , (so U s,X) lh F(i) = a, then let g(s,t) = a; 
otherwise, let g(s,t) = 0. Show that there is A C Ao in D and a countable ScA 
such that g([A] <u x L4<"]) C S. Then (s 0 , A) lh F([^] < ") C S.] 



Historical Notes 

Theorem 21.1 is due to Levy and Solovay [1967]. Theorem 21.3 was proved by 
Kunen and Paris in [1970/71] Theorem 21.4 is an unpublished result of Silver; 
an account of Silver's forcing appeared in Menas [1976]. Theorem 21.10 is due to 
Prikry [1970]. The characterization of Prikry sequences (Theorem 21.14) appeared 
in Mathias [1973]. Theorem 21.15 was proved by Bukovsky [1973, 1977] and by 
Dehornoy [1975, 1978]. Theorem 21.16 is due to Jech [1968] and Takeuti [1970]. 

Exercise 21.4: Jensen. 

Exercise 21.7: Prikry [1970]. 
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22. Saturated Ideals 



One of the key concepts in the theory of large cardinals is saturation of ideals. 
In this chapter we investigate cr-saturated, K-saturated and K + -saturated k- 
complete ideals on k. 

Let k be a regular uncountable cardinal. Let 7 be a K-complctc ideal on k 
containing all singletons; thus X £ I whenever X C n is such that \X\ < k. 
We shall be using the following terminology: X has measure zero if X £ I, 
measure one if k — X £ 7, and positive measure if X ^ 7; the phrase almost 
all a means that the set of all contrary a's has measure 0. 

Let us consider the Boolean algebra B = P(k)/I. Recall that if A is 
a cardinal, then B is called X-saturated if every pairwisc disjoint family of 
elements of B has size less than A; sat (7?) is the least A such that B is 
A-saturated. Let us say that 7 is \-saturated if B is A-saturated and let 

sat (7) = sat(E). 

In other words, 7 is A-saturated just in case there exists no collection W of 
size A of subsets of k such that X ^ 7 for all X £ W and X n Y £ I whenever 
X and Y are distinct members of W. If sat (7) is finite, then n is the union 
of finitely many atoms of 7; if sat (7) is infinite, then it is uncountable and 
regular, by Theorem 7.15. If A < k, then 7 is A-saturated if and only if there 
is no disjoint collection W of size A of subsets X of k such that X ^ 7 (see 
Exercise 22.1). Clearly, every 7 on n is (2 K )+-saturated. Thus if 7 is atomless, 
then sat (7) is a regular cardinal and 

Hi < sat(7) < (2 K ) + . 

Since 7 is K-complete, it follows that B = P{n)/I is a K-complete Boolean 
algebra. 

Real- Valued Measurable Cardinals 

By Ulam's Theorem 10.1, if there exists a nontrivial cr-additive measure then 
either there exists a measurable cardinal or there exists a real-valued mea- 
surable cardinal. 

In this section we prove the following theorems: 
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Theorem 22.1 (Solovay). 

(i) If k is a real-valued measurable cardinal, then there is a transitive 
model of set theory in which re is measurable. 

(ii) If k is a measurable cardinal, then there exists a generic extension in 
which re = 2 N ° and re is real-valued measurable. 

Theorem 22.2 (Prikry). If 2 N ° is real-valued measurable, then 2 A = 2 N ° 
for all infinite X < 2 H ° . 

If \i is a re-additive real- valued measure on re, then the ideal 1^ of all sets 
of measure 0 is a cr-saturated re-complete ideal on re. We have proved that if 
an uncountable cardinal re carries a cr-saturated re-complete ideal, then re is 
weakly inaccessible. 

We shall prove Theorem 22. 1 (i) and Theorem 22.2 for this generalization 
of real- valued measurability, namely under the assumption that re is uncount- 
able and carries a cr-saturated re-complete ideal. Thus let re be an uncountable 
cardinal and let I be a cr-saturated re-complete ideal. Thus let re be an un- 
countable cardinal and let / be a cr-saturated re-complete ideal on re. 

Let us call A C re an atom if A has positive measure and is not the union 
of two disjoint sets of positive measure. / is atomless if it has no atoms. What 
we proved in Lemma 10.9(ii) can be formulated as follows: If / is atomless, 
then re < 2 N ° . It follows that if 2 N ° < re, then every set X of positive measure 
contains an atom Ad X, and hence there exists an at most countable disjoint 
collection W of atoms such that re = \J{A : A e W}. 

We start with the following analog of Theorem 10.20. We recall that a re- 
complete ideal on re is normal if every function / : S — > re regressive on a set 
S C re of positive measure is constant on some T C S of positive measure. 
A real-valued measure \i is normal if 1^ is normal. 

Lemma 22.3. 

(i) If I is a a-saturated n-complete ideal on an uncountable cardinal re, 
then there exists a function f : re — > re such that 

J = /*(/) = {X C re: /_!(*)€/} 

is a normal a-saturated n-complete ideal on re. 

(ii) If fi is a K-additive real-valued measure on re, then there exists a func- 
tion f : re — > re such that v — defined by 

v{X)=n{f_ 1 {X)) (Xcre) 

is a normal K-additive real-valued measure on re. 

Proof. We shall prove (i) and leave the completely analogous proof of (ii) to 
the reader. Let us say that a function g : S — > re is unbounded on a set S of 
positive measure if there is no 7 < re and no T C S of positive measure such 
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that g(a) < 7 for all 7 G T. Let us consider the family T of all functions g 
into k defined on a set of positive measure and unbounded on its domain. 
Let us define g < h if dom(g) C dom(/i) and if g(a) < h{a) everywhere on 
dom(p). Let us also define g < h if dom(g) C dom(/i) and if g(a) < h(a) 
everywhere on dom(g). Let us call g G T minimal if there is no h G T such 
that h < g. 

We shall first show that there exists a minimal g G F. Otherwise, for 
every g (z J 7 there is ft G F such that h < g. Thus let g G T be arbitrary. 
Let W be a maximal collection of elements of F such that ft < g for each 
ft G TL", and that dom(fti) (~l dom(ft 2 ) = 0 whenever hi and ft-2 are distinct 
elements of W. Since / is er-saturated, W is at most countable and by our 
assumption, the set dom(g) — lJ{dom(ft) : ft G W} has measure zero. Thus 
if we let / = {J{h : ft G W}, we have dom(g) — dom(/) G /, and / < g. 
Since g was arbitrary, we can construct a countable sequence go > gi > ■ ■ ■ > 
g n > ... such that dom(g„) — dom(c/„ + i) G / for each n. It follows that 
n^Lo dom(g„) has positive measure and we get a contradiction since for any 
a G n^Lo dom(g„) we would have go{a) > 51(a) > . . .. 

The same argument shows that for every h G T there exists a minimal 
g G T such that g < h. Thus if W is a maximal family of minimal functions 
g G T such that dom(gi) n dom(g2) = 0 whenever g\ and 172 are distinct 
elements of W, W is at most countable and lJ{dom(g) : g G W} has measure 
one. Thus if we let / = {J{g : g G W}, then dom(/) has measure one and 
/ is a least unbounded function: On the one hand, if 7 < k, then there is no 
S C k of positive measure such that f{a) < 7 everywhere on S; on the other 
hand, if S is a set of positive measure and g is a function on S such that 
17(a) < /(a) everywhere on S, then g is constant on some T C S of positive 
measure. We can clearly assume that dom(/) = k. 

Let / : k — » k be a least unbounded function; we shall show that J = 
/*(/) is a normal cr-saturated K-complete ideal on k. It is obvious that J is 
a K-complctc ideal. For every 7 G k, /_i({7}) has measure zero and hence 
{7} G J. If X £ J, then f-i{X) £ I, and if X n Y = 0, then /_i(X) n 
f-i(Y) = 0, and hence J is cr-saturated because / is cr-saturated. 

To show that J is normal, let S £ I, and let g(a) < a for all a G S. Then 
ff(/(0) < /(£) f° r a ^ C € f-i(S) and since / is a least unbounded function, 
g(f(£,)) is constant on some X C f-i(S) of positive /-measure. Hence g is 
constant on /(X) and ,f(X) £ J. □ 

Lemma 22.4. Le£ I be a normal a-saturated K-complete ideal on k. If S is 
a set of positive measure and f : S — > k is regressive on S, then f is bounded 
almost everywhere on S; that is, there exists 7 < n such that {a G 5* : 
/(a) > 7} e /. 

Proof. For every I C 5 of positive measure there exists Y C X of positive 
measure such that / is constant on Y. Thus let VF be a maximal disjoint 
family of sets IcSof positive measure such that / is constant on X. Let 
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T = {}{X : X e W}. The family W is at most countable and hence there 
is 7 such that /(a) < 7 for all a e T. Clearly, S — T has measure 0. □ 

Corollary 22.5. If k is real-valued measurable (or if k carries a a-saturated 
K-complete ideal), then k is a weakly Mahlo cardinal. 

Proof. Let J be a normal <7-saturated K-complete ideal on k. Since I is normal, 
every closed unbounded set has /-measure one (see Lemma 8.11). Because 
k is weakly inaccessible, it suffices to show that the set of all regular cardinals 
a < k has measure one. 

Let us assume that the set S of all limit ordinals a < k such that cf a < a 
has positive measure. Considering the regressive function a cf a, we find 
a set T of positive measure and some A < k such that cf a = A for all a e T. 
For each a £ T, let (a„ : v < A) be an increasing A-sequence with limit a. 

For each v < A, the function a h a„ is regressive on T and so, by 
Lemma 22.4 there is 7„ such that a v < 7^ for almost all a e T. Let 7 = 
sup{7„ : v < A}. Since A < k, we conclude, by K-completeness of /, that for 
almost all a e T, a u < 7 of all v < A. But this means that for almost all 
a e T, a = limy ot v < 7. This is a contradiction since T is unbounded. □ 

Since every closed unbounded set has measure one (if J is a normal o- 
saturated K-complctc ideal on k) , every set of positive measure is stationary. 
It can even be proved that if S has positive measure, then 5n a is stationary 
in a for almost all a. Then it follows that k is the reth weakly Mahlo cardinal, 
Kth cardinal which is a limit of weakly Mahlo cardinals, etc. We shall return 
to this subject later in this chapter. 

We shall now show that every real- valued measurable cardinal is a Row- 
bottom cardinal; we shall show that the statement of Lemma 17.36 for 
a measurable cardinal holds under the weaker assumption that n carries a a- 
saturated K-complete ideal. 

Lemma 22.6. Let I be a normal a-saturated K-complete ideal on k, and let A 
be an infinite cardinal less than n. Let 21 = (A, . . .) be a model of a language C 
such that \C\ < A, and let Ad k. If P C A is such that \P\ < k, then 21 has 
an elementary submodel *B = (B, . . .) such that B n n has measure one and 
\P fl B\ < A. Moreover, if X d A has size at most A, then we can find 05 
such that X C B. 

The proof of Lemma 22.6 uses Skolcm functions and arguments similar to 
those in Theorem 17.27 and Lemma 17.36. The key ingredient is the following 
lemma: 

Lemma 22.7. Let I be a normal a-saturated K-complete ideal on k, let') < K 
and let f : [k] <u} — > 7 be a partition. Then there exists H C k of measure one 
such that the image of [H) <UJ under f is at most countable. 
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Proof. We proceed as in the proof of Theorem 10.22. It suffices to show that 
for each n = 1, 2, ... there is H n of measure one such that f([H] n ) is at 
most countable; then we take H = H^Li H n . 

We prove, by induction on n, that for every partition of [n] n into less 
than k pieces there is H C n of measure one such that f([H] n ) is at most 
countable. For n — 1, let / : k — > 7 and 7 < k; let IV be a maximal 
pairwise disjoint family of subsets X C k such that X has positive measure 
and / is constant on X. Let H = [j{X : X e W}. Since |W| < Ho, we have 
\.f(H) I < H 0 , and since 7 < k and 7 is K-complete, we clearly have k — H £ I. 

Let us assume that the assertion is true for n and let us prove that it 
holds also for n + 1. Let / : — > 7 where 7 < k. For each a < k, we 
define / a on [k — {a}]™ by / a (#) = /({a} U x). By the induction hypothesis, 
there exists for each a < n a set X a of measure one such that f a ([X a ] n ) is 
at most countable; let A a be the image of [X a ]™ under f a . Let X be the 
diagonal intersection 

X = {a < k: a e f] X^} 

The set X has measure one since / is normal; also if a < a\ < . . . < 
a n arc in X, then {ai, . . . ,a n } e [X a ] n an d so f({a,ai, . . . ,a n }) = 
f a {{ai, ■ ■ -,a n }) e A Q . 

For each a € X, let A a = {a a , n ■ n < u>}. For each n, consider the 
function g n : X — > 7 defined by ,g n (a) = o-a.n- There exists a set H n cXof 
measure one such that g n (H n ) is at most countable. Thus let H — H^Lo H n \ 
the set H has measure one, and moreover lj{^a : a •= H} = U^Lo-9™(^) isi 
at most countable. It follows that f([H] n+1 ) is at most countable. □ 

We can now proceed as in Theorem 19.3 and prove that if 7 is a normal 
ex-saturated K-complete ideal on k and V = L[I], then GCH holds. In fact, 
if D denotes the filter dual to /, that is, the filter of all sets of /-measure 
one, then the proof of Theorem 19.3 goes through in the present context (use 
P={Yd \:Y < L[D] X}). 

Now we recall the results of Chapter 18: If k carries a cr-saturated n- 
complete ideal then either k < 2 N ° or k is measurable. Thus we conclude: 
If I is a normal cr-saturated K-complete ideal on k and V = L[I], then n is 
measurable. 

Proof of Theorem 22.1 (i) . Let k be real-valued measurable. Then there is 
a normal K-additivc measure \i on n by Lemma 22.3. Let I be the ideal of 
sets of measure zero. I is a normal cr-saturated K-complete ideal on k. Let 
J = I n L[I\. We have L[J] = L[I], and in L[I], J is a normal Hi-saturated 
K-complete ideal on k. (If we could assume that KfM = Hi, it would now 
follow that k is a measurable cardinal in L[I].) 

Since we are not able to show directly that if I is cr-saturated, then J (~l L[I] 
is cr-saturated in L[I], let us consider a somewhat more general situation. 
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Let v be a regular uncountable cardinal less than k, and let us consider 
^/-saturated K-complete ideals on k. 

Lemmas 22.3 and 22.4 hold again; in Lemma 22.7 we have to replace "at 
most countable" by "of size less than ia" Lemma 22.6 holds for all A > v and 
the analog of Theorem 19.3 is: If V = L[I] and I is normal, then 2 <u = v 
and 2 A = A+ for all \ >v. 

Lemma 10.9 can also be generalized, and we get: If I is atomless, then 
k < 2 <u . Hence if V = L[I], every set of positive measure contains a subset 
that is an atom, and therefore k is the union of a disjoint family W of atoms 
such that \W\ < v. 

Lemma 22.8. Let v < k be a regular uncountable cardinal, and let I be 
a normal v-saturated K-complete ideal on n; let F be the dual filter. Then 
in L[F], Ffl L[F] is a normal measure on n (and L[F] is the model L[D] of 
Chapter 19). 

Proof. It is easy to verify that L[F] — L[I], and that in L[F], I fl L[I] is 
a normal ^-saturated K-complete ideal on k. Thus we may assume that V = 
L[F]; we want to show that F is an ultrafilter. 

We know that k is the union of a disjoint family W of atoms. (What we 
want to show is that W has only one element.) For A G W, let 

Fa = {X C k : X n A has positive measure}. 

Since A is an atom, Fa is a filter, and Fa is in fact a normal measure on k. 
Hence Fa fl L[Fa] is the unique normal measure D in L[-Fa], and L[Fa] is 
the model L[D]. 

We shall now show that F n L[D] = D. Let X e L[D] be a subset of k. If 
X e F, then X e F A for all A e W and hence X e F A C\L[F A ] = D.liX <£ F, 
then there is A <s W such that X £ F A and hence X F A n L[F A ] = D. It 
follows that F n L[D] = D and so F n L[D] e L[D}. 

Consequently, L[F] = L[D\; since we assumed that V = L[F] and because 
F n L[D] = D, we have F = D. □ 

Proof of Theorem 22.1(h). Let k be a measurable cardinal, and let A > k be 
a cardinal such that A N ° = A. We shall construct a generic extension in which 
2 N ° = A and n is real-valued measurable. 

Let F be a cr-algebra of sets and let /i be a measure on F. Let / C F be the 
ideal of sets of measure 0 and let us consider the Boolean algebra B — F/I. 
That is, the members of B are equivalence classes [X] where X E F and 
where X = Y if and only if fi(X AY) =0. 

Since both F and I are countably complete, it follows that B is countably 
saturated and X^^LoI^™] = [U^Lo^™]- Since \i is a measure, 7 is countably 
saturated and so B satisfies the countable chain condition. Now a Boolean 
algebra that is both er-complete and cr-saturated is complete, and so B is 
a complete Boolean algebra. 
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For [X] £ B, let us define m(LY]) = n(X). Clearly, the definition of m 
does not depend on the particular choice of X, and furthermore, m has the 
following properties: 

(22.1) (i) m is a real- valued function on B; 

(ii) m(0) = 0, m(a) > 0 if a ^ 0, and m(l) = 1; 

(iii) if a < 6, then m(a) < m(£>); 

(iv) if a„, n = 0, 1, . . . , are pairwise disjoint, then 

(OO \ oo 

E a n) = E ™( a n)- 

A Boolean algebra B with a measure m (satisfying (22.1)) is called a measure 
algebra; a set S with a field of sets J 7 and a measure /z on T is called a measure 
space. 

We need from measure theory the following basic fact about products of 
measure spaces. Let / be a set (of indices), and for each i £ I let (Si, Ti, Hi) 
be a measure space. Let us consider the product S = Y\ ieI Si, and let us 
consider the following cr-algebra of subsets of S: Let E be a finite subset of I, 
and for each i £ E, let Zi £ Ti. Let 2 C 5 be as follows: If t € Ilie/ then 

(22.2) f e Z if and only if t(i) £ Z t for all i £ E. 

Let T be the least cr-algebra of subsets of S such that T contains every Z C S 
of the form (22.2), for any finite E £ I and any Zi £ jFj, i £ E. 

There exists a unique measure /x on T (the product measure) such that 
for every Z of the form (22.2), fi(Z) is the product of ^(Zf), i £ E. (In case 
of the product S = Si x S2, the measure of a "rectangle" Z\ x Z 2 is equal to 

We shall use the following simple example of a product measure space (cf. 
Example 15.31). Let I be an infinite set, and for each i £ I let us consider 
the space {0, 1} of two elements. We give measure 1/2 to both {0} and {1}: 

(22.3) # = {0,1}, Fi = P{Si), 

Mi({0}) = /*({!}) = 1/2, Mi(0)=O, ^({0,1}) = 1. 

Let S — Yliei Si, and let fx be the product measure on T, the least cr-algebra 
of subsets of S containing the sets {t £ {0, l} 1 : t(i) = 0} for all i £ I. 

Let M be a transitive model of ZFC (the ground model) . In M let A be 
an infinite cardinal such that = A. Let (S, T, y) be the product measure 
space {0,1} 7 defined above, where J = A x u. Let B be the corresponding 
measure algebra J 7 /the ideal of sets of measure 0. 

Let G be an M-generic ultrafiltcr on B. Since B satisfies the countable 
chain condition, the generic extension M[G] preserves cardinals. We shall 
show that in M[G], 2 N ° = A. 
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On the one hand, an easy computation gives \T\ = A (because A N ° = A) 
and since B satisfies the c.c.c, we get \B\ = A. Therefore 

( 2 Ko)M[G] < (|_B|No)M = A 

and we have (2 N °) M l G l < A. 

On the other hand, we shall exhibit A distinct subsets of u> in M[G]. For 
each a < A and each n < u, let u a:U = [U a , n ], where U a , n is as follows: 

(22.4) U a , n = {te {0, 1} AXW : t(a, n) = 1}. 
For a < A, let x a be the B- valued subset of u> such that 

(22.5) \\n e x a \\ = u a , n (n<u). 

Let x a be the G-interprctation of x a . 

We shall show that x a ^ xp whenever a ^ (3, and in fact that 
\\%a = %p\\ = 0. Let k be any natural number. Then 

\\± a n k = xp n fe|| = [N ail3ik ], 

where 

N a j.k = {t : t(a, n) — t((3, n) for all n < k}. 

It is easy to verify that for each k, n(N a> p t k) = l/2 fe . But ||± Q = xp\\ = 
YlT=oi N ^^,k} = [r\kLo N <x,p,k] = 0 since MdlfeLo N cP,k) = °- Tnis completes 
the proof that 2 N ° = A in M[G]. 

Now let us assume that k is a measurable cardinal in the ground model, 
and let A > k be such that A N ° = A. We construct a generic extension M[G] 
of M, using the measure algebra described above. In M[G], we have 2 N ° = A, 
and we show that k is real- valued measurable in M[G]. This follows from this 
general lemma: 

Lemma 22.9. Let n be a measurable cardinal in the ground model M, let 
B be (in M) a measure algebra, and let G be an M-generic ultrafilter on B. 
Then in M[G], there exists a nontrivial n-additive measure on k. 

Proof. Let U be a K-complete nonprincipal ultrafilter on k. Let Bbea com- 
plete Boolean algebra and let m be a measure on B. We shall define a B- 
valued name ji and show that if G is a generic ultrafilter, then the G- 
interpretation of jj, is a nontrivial K-additive measure on k. 

Let a be a nonzero element of B, and let A € M B be a B-valued name 
such that a lh A C k. For each a < k, we let 



(22.6) 
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Since U is a K-complete, there is a unique real number r such that f a (A, a) = 
r for almost all a (mod U). Thus let 

(22.7) Ha(A) = the unique r such that f a (A,a) = r almost everywhere 

(mod 17). 

Note that if a lh A = A', then fi a (A) = n a {A'). Also, if a lh A 1 C A 2 , 
then ^a(^i) < Ma(^2)- If X C k is in A7, then f a (X,a) = 1 for all a e X 
and / a (X, a) = 0 for all a £ X. Hence ^t a (X) = 1 if X e U and /j a (A) = 0 
XX<£U. 

Let 7 < k and let Aj, £ < 7, be such that a\\- A^ C n for all £ < 7, and 
that a lh A$ n A, = 0 whenever £ 7^ 77. Let A be such that a lh A = U^< 7 
Then f a (A,a) = ^2^ <7 fa(A^,a) for all a < k, and hence (because U is 
K-complete), 

(22.8) Ma (i) = £ Ma(i«). 

?<7 

Let r be a real number, 0 < r < 1, and let {a n }^ =Q be a partition of a e B. 
If /i ari (A) < r for all n, then for almost all a, m(a n ■ \\a G A\\) < r-m(a n ), and 
it follows that for almost all a, m(a ■ \\a e A\\) < r ■ m(a); hence fJ, a {A) < r. 

As a consequence, we obtain: 

(22.9) If for every nonzero b < a there is a nonzero c < b such that 
Hc(A) < r, then fJ, a {A) < r. 

(And a similar statement holds when < is replaced by <, > or >.) 
Now if b lh A C k, we define 

(22.10) pl(A) = mi a < b n a (A). 

Again, if b lh A x C A 2 , then £t£(ii) < £t£(A 2 ), and if X <= M, then /^(A) = 1 
if A e [/ and /z£(A) = 0 if X ^ £7. However, [i% is not additive and we only 
have (using (22.8)), for 7 < k: 

(22.11) ti(A) > E »t(As) 

?<7 

under the assumption that b lh i^fli, = 0 whenever £ 7^ 77, and that 

• -i U. ■ -U- 

Note that if h <b 2 , then /^(A) > Hb 2 {A). 

Now we are ready to define fi. Let G be a generic ultrafiltcr; in M[G], we 
define fi : P(k) — > [0, 1] as follows: 

(22.12) /i(A)=sup 66G ^(A) 

where A is a name for A. Let fi be the canonical name for /1 (defined in M B 
by (22.12) using the canonical G). 
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It is clear that \i does not depend on the name A for A, that A\ C A 2 
implies m(^i) < K A 2) and that if X S M, then fj,(X) = 1 if X e U and 
/j,(X) = 0 if X U. It remains to show that /i is K-additive. 

Let r be a real number (in M) such that 0 < r < 1. We claim that 

(22.13) nl(A) > r if and only if 6 Ih /i(A) > f. 

If nl(A) > r, then for every generic G such that b <G G, > r, and hence 

& Ih fi(A) > f. Thus assume that b Ih /i(i) > f. Then 

6lhVq < f 3de G n* d {A) > q, 

that is, 

(22.14) yq < r Vc < b 3d < c fi* d (A) > q. 

Let q < r; we claim that nl(A) > q. If a < b, then \/c < a 3d < c such that 
> q and hence (by a variant of (22.9)), /U a (A) > q. Thus /Zj(-A) > q. 
Since this holds for any q < r, we have > r. 

Next we show that fj, is finitely additive. Let A, A\, and A 2 be such that 
every condition forces that A is the disjoint union of A\ and A 2 . If ri and r 2 
are real numbers and if b Ih > f\ and /x(^4 2 ) > r 2 ), then by (22.13) 

and (22.11), b Ih /i(i) > f i + r 2 ; hence ,u(A) > + fi{A 2 ). Conversely, 

let us assume that fJ,(A) > n{A\) + n(A 2 ). There are reals r\,r 2 G M and 
b e G such that 

6 Ih fi(Ai) < fi, /i(A 2 ) < f 2 , and > fi + f 2 . 

Since 6 Ih /t(Ai) < fi, there is for each c < b some d < c such that 
Md(-4i) < rr, hence by (22.9), /Xb(Ai) < r\. Similarly, ^b(A 2 ) < r 2 , and so 
^t{A) < Hb{A) < n + r 2 . This is a contradiction. 

Now when we know that \i is finitely additive, it suffices to show that 
MU{< 7 ^) < E|< 7 / U ( j4 c) for an y family {A 4 : £ < 7} of fewer than k 
subsets of k. Thus let 7 < k and let A^, £ < 7, and A be such that \\A = 
U^ <7 || = 1, and let us assume that 11(A) > X^< 7 A*(^)- Then there exist 
r e M and b e G such that 

b ih tt A e) < f and tt A ) > 

Let B C 7 be an arbitrary finite set, let A E = \J^ eE A^. Since ||/i(^4,E) < 
E ?eS A(^)ll = 1, we have 6 Ih fi(A E ) < f. By (22.9), we get n b {A E ) < r. 

Since Hb{A E ) < r for all finite E C 7, it follows from (22.8) that 
Mb(^) ^ r - Hence /J-l(A) < r, a contradiction. 

This completes the proof that in M[G] ^ is a nontrivial K-additive measure 
on k. □ 
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Example 22.10 (A model in which 2 N ° carries a cr-saturated ideal). 

Let k be a measurable cardinal, and let A > k be a cardinal such that A N ° = A. 
We shall construct a generic extension that satisfies 2 N ° = A and such that 
there is a cr-saturated K-complete ideal on k. 

Let P be the notion of forcing that adjoins A Cohen reals; i.e., a condition 
is a finite 0-1 function p with dom(p) C A. If G is a generic filter on P, then 
V[G] \= 2 N ° = A, and all cardinals are preserved in V[G] because P satisfies 
the countable chain condition. That k carries in V[G] a cr-saturated ideal 
follows from this lemma: 

Lemma 22.11. Let k be a measurable cardinal and let I be a nonprincipal 
K-complete prime ideal on k. Let P be a notion of forcing that satisfies the 
countable chain condition. Then in V[G\, the ideal J generated by L is a a- 
saturated K-complete ideal on k. 

Proof. Let J be the ideal in V[G] defined as follows: 

X E J if and only if X <zY for some Y E I. 

First we show that J is K-complete. Let X = {X^ : £ < 7} be a family of 
fewer than k elements of J; let A" be a name for X and let po E G be such 
that po lh V£ < 7 X£ E J. 

For each £ < 7 and each p < Po, there exist q < p and some Y E I 
such that q lh X^ C Y. Let Wj be a maximal antichain of q < po for which 
there is Y^, q such that q lh X^ C Y^ q . Since P satisfies the countable chain 
condition, each is countable, and hence Y = U{^,<? : £ < 7 an d Q G W^} 
belongs to /. Now it is easy to verify that p 0 lh U^< 7 X% C Y and hence 
U X E J. 

To prove that J is countably saturated, let us assume that X = {X^ : 
£ < LOi} is a family of pairwise disjoint sets of positive J-measurc. Let X be 
a name for X and let p E G be such that p lh X^ £ J, for each £ < u>i, and 
p\\- X i r\X v = <D for all £ ^ 77. 

For each let Y^ = {a < k : some q < p forces a E X^}. Clearly 

p lh X^ C Yt, and so Y% £ L. By the ^-completeness of /, we have Y = 
C\^ <LUl Y% £ I. Thus Y 7^ 0, and let a be some element of Y. For each £ < wi, 
let c/{ < p be such that c/£ lh a e X^. Since P satisfies the countable chain 
condition, there are £, 77 such that gj and c/^ are compatible. Let q be stronger 
than both and c/,,; then q lh a e X^ n -X",,, a contradiction. □ 

Proof of Theorem 22.2. We shall prove that if 2 N ° carries a cr-saturated 2 N °- 
complete ideal then 2 A = 2 N ° for all A < 2 N ° . Let A be a regular cardinal; two 
functions /, g on A are almost disjoint if there is 7 < A such that f(a) ^ g(a) 
for all a > 7. 

Lemma 22.12. Le£ /t carry a a-saturated K-complete ideal, and let A < k be 
a regular uncountable cardinal. Lf T is a family of almost disjoint functions 
f : A — > K, then \T\ < K. 



420 Part II. Advanced Set Theory 



Proof. If \T\ > k, then because every / : A — > k is bounded by some (3 < k, 
there exist some Q C T and some [5 < n such that |£| — k and every / £ Q 
is bounded by (3. 

Let F : [£] 2 — > A be the following partition: F({f, g}) = some 7 such that 
/(a) 7^ g(a) for all a > 7. By Lemma 22.7, there exists H C Q of size k 
such that the image ^4 of [H] 2 under F is at most countable. Let a > sup(A). 
Then f(a) ^ g(a) whenever /, g e H, which is a contradiction since \H\ = k 
and f (a) < (3 for all / e H. □ 

Now we are ready to prove the theorem. Let k = 2 N °. We prove 2 A = k 
by induction on A < k. If A is a singular cardinal and 2 U = n for all v < A, 
then 2 A = k by Corollary 5.17. Thus let A < n be regular and let us assume 
that 2^ = k for all v < A. 

For each X C A, let / x = (X n a : a < A). If X ^ F, then / x and /y 
are almost disjoint. For each a < A, the set {/jf(a) :Ic)} has size k, and 
hence {/x :IcA} yields a family of 2 A almost disjoint functions from A 
into k. By Lemma 22.12 we get \T\ < n and therefore 2 A = n. □ 



Generic Ultrapowers 

We shall now introduce a powerful method for dealing with ideals on regu- 
lar uncountable cardinals. The method is a generalization of the method of 
ultrapowers from Chapter 10. 

Let k be a regular uncountable cardinal and let I be an ideal on k. Let 
us view the universe as a ground model, let us denote this ground model M 
and let us consider the generic extension of M given by the completion of 
the Boolean algebra P(k)/I. In other words, consider the notion of forcing 
(P, C), where P is the collection of all subsets of n of positive measure: 

(22.15) (i) X £ P if and only if X I; 

(ii) X is stronger than Y if and only if X C Y 

Let G be a generic filter on P. 

Lemma 22.13. 

(i) G is an M -ultrafilter on n extending the filter dual to I. 

(ii) If I is K-complete in M, then G is a K-complete M -ultrafilter. 
(hi) If I is normal, then G is normal. 

Proof, (i) If X C k has measure one, then {Y e P : Y C X} is dense in P 
and hence X & G. That G is an M-ultrafiltcr is obvious. 

(ii) If {X a : a < 7}, 7 < k, is (in M) a partition of k, then by the k- 
completeness of /, the set {Y e P : Y C some X a } is dense in P and hence 
X a e G for some a. 
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(iii) If X £ G and if / £ M is a regressive function on X, then {Y C X : 
f is constant on Y} is dense below X, and hence / is constant on some 
Y £ G. □ 

From now on assume that J is a K-complete ideal on n containing all 
singletons. Then G is a nonprincipal /{-complete M-ultrafiltcr on k. Note 
that if I is atomless, then G £ M (if 7 is prime, then G is the dual of I and 
so G £ M). 

Let us consider (in M[G]) the ultrapower Ultc;(M); let us call this ultra- 
power a generic ultrapower. The generic ultrapower is a model of ZFC, but 
is not necessarily well-founded. We have the analog of Los's Theorem, in this 
form 

(22.16) mt G (M)h ¥>([/!],...,[/„]) 

if and only if {a : M t= tp(fi(a), . . . , /„(«))} £ G 

whenever ft,. . . ,f n £ M are functions defined on a set X £ G. In particu- 
lar, we have an elementary embedding, the canonical embedding jo ■ M — > 
Ult G (M), defined by 

3g(x) = [c x ] 

where c x is the constant function on k with value x, and [c x ] is its equivalence 
class in the ultrapower. 

Let us denote the generic ultrapower by N and jc = j. The ordinal 
numbers of the model N form a linearly ordered class, not necessarily well- 
ordered, but we shall show that (because I is K-complete), Ord N has an 
initial segment of order-type k. If x £ Ord N , let us call the order-type of x 
the order-type of the set {y £ Ord N : y < N x}. If the order-type of x is an 
ordinal number, we take the liberty of identifying x with this ordinal. 

Lemma 22.14. 

(i) For every 7 < n, j(t) = 7! hence Ord N has an initial segment of 
order-type k. 

(ii) ^ k. 

(iii) If I is normal, then there exists x £ Ord such that x — n; in fact 
[d] = k where d is the diagonal function d{a) — a. 

Proof. G is K-complete, nonprincipal, and if I is normal then G is normal. □ 

Let us mention again the fact that we already mentioned and that is fairly 
easy to verify: If P is the notion of forcing (22.15) then B(P) = B(P(k)/I); 
the mapping X 1— > [X] gives the natural correspondence. 

To illustrate the method of generic ultrapowers we present two examples. 
The first is (a modification of) Silver's proof of Theorem 8.12; the other is 
a theorem of Jech and Prikry. 
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Example 22.15 (Proof of Silver's Theorem 8.12). Let us consider this 
typical special case: Let k be a singular cardinal of cofinality Hi, and assume 
that 2 A = A+ for all A < n. We shall show that 2 K = k+, using a generic 
ultrapower. 

Let / be the ideal of nonstationary subsets of u>i, let P be the correspond- 
ing notion of forcing (i.e., forcing conditions are stationary sets) and let G be 
a generic filter on P. Note that since \P\ = 2 Nl < k (in M), all cardinals > n 
remain cardinals in M[G]. 

Let us work in M[G]. G is a normal c-complete M-ultrafiltcr on u)^ 1 . Let 
N — \JMg{M) be the generic ultrapower and let j : M — > N be the canonical 
elementary embedding. N is not necessarily well-founded. 

Let (n a : a < u>\) be (in M) an increasing continuous sequence of cardi- 
nals converging to k. Let e be the cardinal number in N represented by the 
function e(a) = n a . Let e + denote the successor cardinal of e in N. 

For each X C n in M let fx be the function on ivf 4 defined by fx{ot) = 
X n n a . Clearly, each fx represents in TV a subset of e. Moreover, if X ^ Y, 
then fx and fy are almost disjoint and hence represent distinct subsets of e. 
It follows that |P m (k)| < \P N (e)\, where P N (e) denotes the collection of all 
subsets of e in N. 

Now N \= 2 e = e + (because M t= 2 K ° = k+ for all a), which means that 
in the model N there is a one-to-one correspondence between the power set 
of e and e + . It follows that there is a one-to-one correspondence between 
P N (e) and the set ext(e+) = {x e Ord N : x < N e + }. Thus we have so far 
\P m (k)\ < |ext(e+)|. 

Next we observe that e = sup{j(K 7 ) : 7 < uf 1 }. This is because if / rep- 
resents an ordinal less than e, then there is a set of limit ordinals X £ G such 
that f(a) < K a for all a £ X; thus f(a) < k 7 ( q ) for some 7(a) < a, and 
by normality of G, there is 7 such that [/] < N k 7 . Now for each 7 < ujf 1 , 
|ext(j(/t 7 ))| < |(k 7 1 ) m | < k, and therefore |ext(e)| < k. 

If x < N e + , then there is in TV a one-to-one mapping of x into e, and 
therefore, |ext(x)| < |ext(e)| < k. Thus ext(e + ) is a linearly ordered set 
whose each initial segment has size at most k. Therefore | ext(e + )| < n + , and 
we have 

\P M (k)\ < K+. 

We have argued so far in M[G]; in other words, we have proved that 
|P m (k)| m[g 1 < (k + ) m[g 1. But since all cardinals > k in M remain cardi- 
nals in M[G], it is necessary that \P m (k)\ m < (k + ) m ; in other words we 
have proved that 2 K = k + (in M). □ 

Theorem 22.16. Let I be a a-complete ideal on oj\. If 2 N ° < K Wl then 
2 Nl < 2 No -sat(/). 

Corollary 22.17. If there exists an ^saturated ideal on uj\, then 
(i) 2 No = Hi implies 2 Nl = H 2 ; 
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(ii) Hi < 2 N ° < H Wl zmp/zes 2 N ° = 2 Nl . □ 

Proof of Theorem 22.16. Let 2 N ° = H 7 < H Wl and let I be a cr-complete 
A-saturated ideal on uj\. We shall show that 2 Nl < H 7 • A. 

Let P be the notion of forcing corresponding to /, and let G be generic 
on P. Since sat(P) = sat (J) < A, all cardinals > A in M are cardinals 
in M[G\. 

Let us work in M[G], and let N = Ult G (M) and j = j G : M -> N. For 
each X C u\ in M let fx be the function on cuf 1 defined by fx(ct) = Ifl«. 
Each fx represents in N a subset of the countable ordinal d represented by 
the function d(a) — a; moreover, if X = Y, then fx and fy are almost 
disjoint and hence [f x ] + \fv\- It follows that \P M {ujf )| < \P N {d)\. Let e 
be the cardinal number in N such that N \= 2 N ° = e (we recall that ut N = uS). 
Since N \= \P(d)\ = e, we have \P N (d)\ = |ext(e)| and so 

(22.17) |P M K M )| < |ext(e)|. 

Next we shall compute the size of ext(e). Since M \= 2 N ° = N 7 and j : 
M — > N is elementary, we have e = j(w 7 ). We shall now prove by induction 
on 7 < wf f that 

(22.18) |ext(j(w^))|<A-|w^|. 

Let us denote j(u>^f) = e 7 for all 7 < ujf 1 . By Lemma 22.14, the ordinals 
of iV have an initial segment of order- type uf 1 ; thus the infinite cardinals 
of N also have an initial segment of order-type uf 1 , namely {e 7 : 7 < wf 1 }. 

If 7 = 0, then e 7 = uj and (22.18) is true. If 7 is a limit ordinal, then 
e 7 = sup{ea : 5 < 7} and (22.18) is again true provided it is true for all 
5 < 7. If 7 = 1, then ext(ei) is a linearly ordered set whose each initial 
segment is countable, and hence |ext(ei)| < Hi. Since A is a cardinal (now 
we are in M[G}), we have Hi < A, and (22.18) holds. 

Let us assume that (22.18) holds for 7 and let us show that it also 
holds for 7 + I. Every function / : w\ — » ^ 7 +i in M is bounded by some 
constant function, and therefore j(oj 7+ i) = sup{j(£) : £ < cj 7+ i}. Hence 
the linearly ordered set ext(e 7+i ) has a cofinal set of order-type co^f +1 and 
each its initial segment has size < A • \oj^\ (because if £ < then 
|ext(j(0)| < |ext(e 7 )| < A - It follows that |ext(e 7+ i)| < A - \u)™ +1 \. 

Now we put (22.17) and (22.18) together and get 

\P M {u¥)\ < A-<- 

This we proved in M[G]; but since all cardinals > A in M remains cardinals 
in M[G], the same must be true in M. Hence (in M) 

2 Nl <A-H 7 . □ 
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Precipitous Ideals 

In an early application of generic ultrapowers, Solovay proved that if / is 
K + -saturated then the generic ultrapower is well-founded (see Lemma 22.22 
in the next section). It has been recognized that this property of ideals is 
important enough to single out and study such ideals. 

Definition 22.18. A K-complete ideal on k is precipitous if the generic ul- 
trapower Ultc(M) is well-founded. 

We give below several necessary and sufficient (combinatorial) conditions 
on I to be precipitous. 

Let / be a ft-complctc ideal on k containing all singletons. Let S be a set 
of positive measure. An I-partition of S is a maximal family W of subsets 
of S of positive measure such that X n Y G / for any distinct X,Y G VK. An 
/-partition W\ of S is a refinement of an /-partition W2 of S, W\ < W2, if 
every X G W\ is a subset of some Y G W 2 - A functional on S is a collection F 
of functions such that Wf — {dom(/) : / G F} is an /-partition of S and 
dom(/) ^ dom(<7) whenever / ^ g G F. 

We define F < G for two functionals on £ to mean that: 

(i) each / G F U G is a function into the ordinals; 

(ii) W F < W G ; and 

(iii) if / G F and 5 G G are such that dom(/) C dom(g), then /(a) < g(a) 
for all a G dom(/). 

The reason we define functionals is that they represent functions in the 
Boolean- valued model M B (and so are canonical representatives for elements 
of Ult G (M)): Let / G M B be such that 

(22.19) S lh ./ is a function with dom(/) G G and / G M. 

Then there is an /-partition W of S, and for each X £ W a, function fx on X 
such that for all X G W, X lh /[X = / x . Thus the functional {/ x : X eW} 
represents the Boolean-valued / on S. 

Conversely if F is functional on S, then there is some / G M B such that 

(22.19) holds; and for each / G F, if X = dom(/), then X lh f\X = f. 
Note also that if F < G are functionals on S and /, g are corresponding 

Boolean- valued names, then 

(22.20) Sir- f,5 G M and dom(/) C domj and /(a) < g(a) for all a G 

dom(/). 

Conversely if / and (7 satisfy (22.20), then there are functionals F and G 
that represent / and g, and F < G. 

Lemma 22.19. The following are equivalent: 
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(i) I is precipitous. 

(ii) Whenever S is a set of positive measure and {W n : n < uj} are I- 
partitions of S such that Wo > W\ > . . . > W n > . . ., then there exists 
a sequence of sets X a D Xi D . . . D X n D . . . such that X n E W n for 
each n, and H^Lo ^ n * s nonem pty- 

(iii) For no set S of positive measure is there a sequence of functionals 
on S such that F 0 > F\ > . . . > F n > 

Proof. In view of the preceding discussion on junctionals, (ii) is equivalent 
to (i): If i*o > Fi > . . . are functionals on S, and /o, /i, ■ • • , the corresponding 
elements of M B , then S forces that [/ 0 ], ... is a descending sequence of 
ordinals in the generic ultrapower. Conversely, if S forces that Ult c(M) has 
a descending sequence of ordinals, we construct F 0 , Fi, ... on S such that 
F 0 >Ft > .... 

The implication (ii) — > (iii) is easy. If F 0 > Fi > . . . are functionals 
on S, then the partitions Wf 0 , Wf 1 , ■■■ constitute a counterexample: If 
Xq D Xi D . . . are elements of Wf 0 , Wf 1 , ■ ■ ■ , let fo £ Fq be the function with 
domain X 0 , fi G F\ with domain X\, etc.; now if H^Lo^™ were nonempty, 
we would get fo(a) > fi(a) > . . . for a e fl^Lo X n - 

To show (iii) — » (ii) , let Wo > W\ > ... be partitions of some S I that 
fail (ii) . We shall construct functionals on S such that F 0 > Fi > — 

Without loss of generality, let us assume that if X S W n+ i, Y e W n , and 
X C Y, then X ^Y. Let T = U^Lo n0 * e * na * * ne P ar tially ordered set 
(T, c) is an upside-down tree (of height u>). 

For each z E S, let us consider the set T z = {X E T : z E X}. Since every 
descending sequence X 0 D X\ D . . . in T has empty intersection, it follows 
that for every z, T z has no infinite descending sequence X 0 D X\ D . . .; 
hence the relation C on T z is well-founded. Thus there is, for each z, an 
ordinal function p z on T (the rank function) such that p z (X) < p z (Y) when 
X C Y. It is clear that if X e W n+ i, Y E W n , and z E X C Y, then 

p z pO < Pz (y). 

Thus we define, for each X ET, & function fx on X as follows: 

f x (z) = Pz (X) (allzeX). 

Now it is clear that if we let F n = {fx ■ X E W n } for each n, then Fq, F\, . . . 
are functionals on S and F 0 > Fi > . . .. □ 

Lemma 22.20. Le£ k be a regular uncountable cardinal. The ideal I = 
{X E k : \X\ < n} is not precipitous. 

Proof. Let / = {X C k : |X| < /t}. A set X C k has positive measure just 
in case |X| = k. For each such X, let /x be the unique order-preserving 
function from X onto k. 

For each set X of positive measure there exists a set Y C X of positive 
measure such that _/y(a) < fx(ct) for all a e Y; namely if we let Y = 
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{a G X : fx(a) is a successor ordinal}, then fx (a) = .fy(a) + 1 for all 
a G Y. Thus for each X £ I there is an /-partition Wx of X such that for 
all YeW x , fy(a) < f x (a) on Y. 

Now we construct /-partitions W 0 > W\ > ... as follows: We let W 0 = 
{«}, and for each n, we let W n +i = |J{^x : X G W n }. For each n, we let 
F n be the functional F n = {f x : X G W n }. It is clear that F 0 > Fi > . . . > 
F n > . . ., and therefore I is not precipitous. □ 

An alternate characterization of precipitousness is in terms of infinite 
games. Gi is the infinite game played by two players, Empty and Nonempty, 
who alternately choose sets S n of positive /-measure such that S n+ i C S n . 
Empty plays first and wins if H^Lo &n = 0- 

Lemma 22.21. / is precipitous if and only if Empty has no winning strategy 
in the game Qj. 

Proof. If / is not precipitous then there is a set S of positive measure and 

a sequence of functionals on S such that i<b > F\ > . . . > F n > Empty 

chooses So — S for his first move. When Nonempty plays S^n-i, Empty finds 
some / € F n such that the set X = dom(/) n S2 n -i has positive measure and 
chooses S2n = X for his move. It follows that H^Lo is empty, and hence 
Empty wins. 

Now suppose that / is precipitous and a is a strategy for Empty; we will 
show that a is not a winning strategy. Let So be Empty's first move by a. 
Then So forces that in M[G] there is an infinite sequence (S n : n e u>) of 
moves in which Empty follows a and each S n G G. If j : M — ► Ultc(Af) is 
the canonical embedding then (j(S n ) ■ n G w) is an infinite sequence of moves 
(of j(Gi)) in which Empty follows j(a) and k G H^Lo J Since Ultc;(M) is 
well-founded, there exists (by absoluteness) such a sequence in Ultc(M), and 
since j is elementary, there exists a sequence (S n : n G lo) in M in which 
Empty follows a but for some a < n, a G H^Lo ^n- Thus ct is not a winning 
strategy. □ 



Saturated Ideals 

Results from Chapter 10 and those proved earlier in this chapter establish the 
following facts about the existence of a cr-saturated /{-complete ideal on k: 
If k carries a cr-saturated K-complcte ideal then cither n is measurable, or 
k < 2 N ° and n is weakly inaccessible (Lemma 10.9 and 10.14). If a cr-saturated 
ideal exists then there exists a normal one (Lemma 22.3), and its consistency 
strength is that of a measurable cardinal (Lemma 22.8). These results gener- 
alize easily to //-saturated ideals for v < k; the analog of Lemma 10.9 (with 
the same proof) is that either k is measurable, or n < 2 <v . 

In this section we investigate K-saturated and K + -saturated ideals. We 
shall employ the technique of generic ultrapowers; this is particularly useful 
because the generic ultrapower is well-founded: 
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Lemma 22.22. Let k be a regular uncountable cardinal. Every k + -saturated 
K-complete ideal on k is precipitous. 

Proof. Let / be a K + -saturated K-complete ideal on n. Let S be a set of 
positive measure and let Wo > W\ > ... be /-partitions of S. We shall find 
X 0 D X\ D ... in Wo, Wi, . . . such that H^Lo -^n is nonempty. 

We shall first modify each W„ to obtain a new /-partition W' n that is 
almost like W n but is disjoint. We proceed by induction on n. Since |Wo| < k, 
let Wo = {X a : a < 9} where 9 < k, and for each a < 9, let X' a = 
X a — Up <a Xf); then we let Wq = {X 1 : X £ W}. Since / is K-complete, 
we have X — X' £ / for all X £ Wo and thus Wq is an /-partition of S; 
moreover, Wq is disjoint, and is a partition of So = 1J Wq and S — Sq G I. 
Having constructed W' n , we enumerate W„+i = {X a : a < 9} where 9 < n, 
and for each a < 9, let X' a = (X a — U/3< a Xp) H Z where Z is the unique 
Z € W^ that is almost all of the unique Y e W„ such that X a C F. 
We let W' n+1 = {X 1 : X e W„ +1 }; W^ is a partition of 5„ +i = U^+i, 
5 - 5 n+ i e /, and X - X' e I for all X e W n+1 . 

Since each 5„ is almost all of S, the set H^Lo ^™ ^ s nonempty; let z be an 
element of this intersection. For each n there is a unique Y n £ W' n such that 
z £ Y n ; let X n be the unique X n £ W n such that F„ C X n . It is clear that 
X 0 D Xi D . . . D X n D . . ., and 0^=0 X « ^ 0- D 

In the next section we shall generalize Lemma 22.8: We shall prove that 
if k carries a precipitous ideal then it is measurable in an inner model. 

Let us first consider K-saturated ideals. First we observe that the proof 
of Lemmas 22.3(i) and 22.4 works as well when / is only K-saturated, and so 
we have: 

Lemma 22.23. 

(i) // there exists a n-saturated n-complete ideal on an uncountable car- 
dinal k, then there exists a normal K-saturated K-complete ideal on k. 

(ii) Let I be a normal K-saturated K-complete ideal on k. If S £ I and if 
f : S — > k is regressive on S, then there is 7 < k such that f(a) < 7 
for almost all a £ S . □ 

Also, the proof of Lemma 10.14 works also for K-saturated ideals, and so 
we have: 

Lemma 22.24. // k carries a K-saturated K-complete ideal then k is weakly 
inaccessible. □ 

It is consistent (relative to the existence of a measurable cardinal) that 
an inaccessible cardinal k carries an ideal / such that sat(Z) = k. (Such k 
cannot be weakly compact, see Exercise 22.13.) 

We shall now prove the main result on K-saturated ideals, using generic 
ultrapowers. First we need a lemma on preservation of stationary sets by 
forcing: 
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Lemma 22.25. Let k be a regular uncountable cardinal. Let V[G] be a generic 
extension of V by a k-c.c. notion of forcing. Then every closed unbounded 
C C k in V[G] has a closed unbounded subset D € V. Consequently, if S E V 
is stationary in V, then S remains stationary in V[G]. 

Proof. Let C be a name such that every condition forces that C is a closed 
unbounded subset of k. Let D = {a : \\a G C\\ = 1}. Clearly, D is a subset 
of C and is closed; we have to prove only that D is unbounded. 

Let a 0 < k; we wish to find a > a 0 such that every condition forces a £ C. 
For every p, there is q < p and some (3 > ao such that q lh j3 e C. Thus there 
is a maximal incompatible set W of conditions, and for each q e W an ordinal 
(3 = (3 q such that q lh [3 E C. Since \W\ < k, we let cti = sup{/3 q : q <G W}; 
we have a\ < k and 

p lh (3/3 e C) a 0 <f3< ai 

for all conditions p. Similarly, we find a.\ < ct2 < a 3 < . . . such that for 
every n and every condition p, 

plh (3/3 e C) a n < (3 < a n+1 . 

If we let a = lim„ a n , it is clear that ||a e C\\ = 1. □ 

Theorem 22.26 (Solovay). Let k be a regular uncountable cardinal and 
assume that k carries a n-saturated ideal. 

(i) k is weakly Mahlo; 

(ii) {a < K : a is weakly Mahlo} is stationary; 

(iii) if X C k has measure one in a normal K-saturated ideal, then X n 
M(X) has measure one, where 

M(X) = {a < k : cf a > v and X n a is stationary in a}. 

Proof. If there exists a K-saturated ideal on k, then n is weakly inaccessi- 
ble by Lemma 22.24, and there exists a normal K-saturatcd ideal on k (by 
Lemma 22.23). Let / be a normal K-saturated ideal on k. We first prove: 

Lemma 22.27. If S C n is stationary, then for I -almost all a < k, S n a is 
stationary in a. 

Proof. If not, then there is a set X of positive measure such that Sfla is not 
stationary in a (or cf a — lo) for all a e X. Let G be a generic ultrafiltcr on k 
(corresponding to I) such that X E G. Let N = Ultc(M). N is a transitive 
model. Since I is normal, k is represented in N by the function d(a) = a. 
Since S = j(S) n k, we have TV 1= 5 is not stationary. 

However, the notion of forcing is K-saturated and hence k is a regular 
cardinal in M[G], and by Lemma 22.25, M[G] \= S is stationary. Now N C 
M[G] and so N \= S is stationary. A contradiction. □ 
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Since / is normal, every set of positive measure is stationary. Thus (iii) fol- 
lows since if X has measure one then M(X ) has measure one by Lemma 22.27, 
and so does X n M(X). 

To prove (i) , it suffices to show that almost alia < k are regular cardinals. 
Otherwise, let X be a set of positive measure such that all a £ X are singular. 
Let G 3 X be generic and let N — Ultc(M). Then N \= n is singular, contrary 
to the fact that k is regular in M[G] and N C M[G]. 

Now (ii) follows by an application of (iii): Let X — {a < n : a is regular}, 
then X n M (X) = {a < k : a is weakly Mahlo}. □ 

As a corollary of Theorem 22.26 we have Solovay's original proof of The- 
orem 8.10: 

Let k be a regular uncountable cardinal and let S be a stationary subset 
of k. We claim that S is the disjoint union of k stationary subsets. 

Otherwise, the ideal I = {X C n : X n S is nonstationary} is a normal 
K-saturated ideal. By Lemma 22.27, S — M(S) has measure zero and hence 
is nonstationary, which contradicts Lemma 8.9. □ 

Now let us consider K + -saturated ideals. 

Lemma 22.28. Let I be a k + -saturated n-complete ideal on k. 

(i) There exists a least unbounded function, i.e., a function f : k — > k such 
that for any 7 < k there is no S of positive measure such that f{a) < 7 
on S (unbounded) and that for any g : k — > n, if g(a) < f(a) on a set 
of positive measure then g is constant on a set of positive measure. 

(ii) There exists a normal n + -saturated n-complete ideal on n. 

Proof. By Lemma 22.22 I is precipitous. Since I is K + -saturated, the Boolean- 
valued names for functions on k in the ground model can be represented 
not by functionals but by ordinary functions: Let F be a functional (on k). 
Let W = {dom(/) : f e F}; since I is K + -saturated, W can be replaced 
by a disjoint W such that for each X e W there is X' e W' such that 
X' C X and X — X' £ I. If we replace each / £ F by its restriction to 
the corresponding X' £ W , we get a functional F' whose elements have 
disjoint domains. Then / = \J F' is a function, and if / £ V B is the name 
corresponding to F, then ||/ = /|| = 1. 

Let / £ V B be such that \\f represents k in the generic ultrapower|j = 1 
and let f : k — > k be such that ||/ = /|| = 1. Then / is the least unbounded 
function. 

If / is the least unbounded function then /*(/) = {X C k : f-i(X) £ 1} 
is a normal K-complete ideal and is K + -saturated. □ 

Unlike K-saturation, the existence of a K + -saturated ideal on k does not 
imply that k be a limit cardinal. However, the consistency strength of a k + - 
saturated ideal on a successor cardinal k is considerably stronger than mea- 
surability (while the existence of an ideal / on an inaccessible n such that 
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sat (J) = k + is equiconsistent with measurability) . It is consistent, relative 
to a Woodin cardinal, that the nonstationary ideal on Hi is H 2 -saturated; we 
shall study this problem in Part III. We shall also return to the subject of 
saturation of the nonstationary ideal in general in Chapter 23. 

Saturated ideals have influence on cardinal arithmetic, similar to measur- 
able cardinals: 

Lemma 22.29. Let k be a regular uncountable cardinal and let I be a k + - 
saturated ideal on n. If 2 A = A + for all A < k, then 2 K = n + . 

Proof. Let M be the ground model. Let P be the notion of forcing corre- 
sponding to /, let G be generic on P, and let TV = UltG(M). Since / is 
« + -saturated, TV is well-founded and hence we identify it with a transitive 
model TV C M[G]. Let j : M — > TV be the canonical embedding. We have 
j (7) = 7 for all 7 < k, and > k. If X C k and X e M, then X e TV 
because X = j(X) n k. Thus P M (k) C P n (k). 

We assume that M \= (2 A = A+ for all A < k) and hence TV 1= (2 A = A+ for 
all A < j(n)), and in particular, TV 1= |P(k)| = n + , where a + denotes the least 
cardinal greater than a. Now (n + ) N < (k + ) m ^; and because sat(P) = k + 
(in M), (k+) m is a cardinal in M[G] and we have also (k+) m ^ = (k+) m . 
Thus we have, in M[G], 

\P m (k)\ < (k+) m 

and since all cardinals above k + in M are preserved, the last formula is also 
true in M, and we have 2 K = n + . □ 

Lemma 22.30. Let I be an ^saturated ideal on Then 

(i) If 2 No = Ni, then 2 Nl = H 2 . 

(ii) If Hi < 2 No < H W1 , then 2 Nl = 2 No . 
(hi) If 2 No = H Wl , then 2 Nl < H^ 2 . 

(iv) If H Wl is strong limit, then 2 N "i < H W2 . 

(v) Let <f>(a) denote the ath member of the class {k : H K = n}. If $(wi) is 
strong limit, then < $(w 2 ). 

Proof, (i) and (ii) are as in Corollary 22.17. 

Let G be a generic ultrahltcr on 101, let TV — Ultc(M) and let j : M — > TV. 
TV is a transitive model, TV C M[G]. 

Let us denote k = uif 4 . We have j(7) = 7 f° r an 7 < K , an d j( K ) > K - 
Thus k is a countable ordinal in TV. Moreover, every / : k — * Ord in M 
belongs to TV, and so every 7 < uj^ 1 is countable in TV. Since sat(I) = H 2 , 
uj^ 1 is a cardinal in M [G], hence in TV, and so 

jH m ) = - 2 m 

We shall now prove (hi), (iv), and (v). To prove (iii), let us assume that 
M 1= 2 No = H Wl . Since TV N \ujf \ = H 0 , and j is elementary, we have M[G] \= 



22. Saturated Ideals 431 



\P M (n)\ < (2*°)^ and N \= 2 N ° = H J{lt) . Now < HW; and since 

= , itW is the th cardinal in M[G]. However, all cardinals > Hf 
are preserved and hence = • Thus 

|P M «)|<^ 

holds in M[G]; and because cardinals above H2 are preserved, this also holds 
in M. 

To prove (iv) or (v), note that if K Wl (or $(o;i)) is strong limit, then 
2 N -i = (2*^ 1 ) = ($( Wl )) Nl )- Let A denote N Ul in (iv) and $( Wl ) in (v). 
It is easy to see that j(X) > A. Now N \=Va < j(X) \a K \ < j(X), and because 
(A K ) M c (X K ) N , we have M[G] N |(A K ) M | < j(A). 

In case (iv) we have j(X) < as in (iii); and in case (v) we obtain 
similarly j(X) < $(j(«;)) < < &(a> 2 )- The rest of the proof of either (iv) or (v) 
is as before. □ 

To conclude this section we prove a generalization of Lemma 22.11; we 
show in Lemma 22.32 that for all A < k + , if V[G] is a generic extension by 
A-saturated forcing, then a A-saturated ideal in V generates a A-saturated 
ideal in V[G\. 

Lemma 22.31. Let I be a k + -saturated n-complete ideal on n. Let G be 
a corresponding generic ultrafilter and let N = Ultc(M) be the generic ultra- 
power. Then every s : k — > M in M[G] is in N. 

Proof. Let s be a name for s; for each a < k, let s a be a name such that 
\\s(a) = s a \\ = 1. Each s a is represented by a function f a e M on n. Let 
h '. k — > k be the least unbounded function. Let / be the function on k 
defined by f(a) = (//3(a) : (3 < h(a)). Then / represents s in the generic 
ultrapower. □ 

Lemma 22.32. Let B be a complete Boolean algebra, let G be a V -generic 
ultrafilter on B and let k be an uncountable regular cardinal. Let X < k + be 
regular and assume that sat(-B) < A and sat(B) < k. Lf I is a X-saturated 
n-complete ideal on k, then in V[G], L generates a X-saturated n-complete 
ideal. 

Proof. Let J e V[G] be the ideal generated by /. Since sat-B < n, J is n- 
complete. Let J e V B be the canonical name for J, and let C <G V B be the 
Boolean algebra C — P(k) / J. 

We want to show that V B \= C is A-saturated; by Lemma 16.5 it suffices 
to show that B*C is A-saturated because B is A-saturated. Let D = P(n)/I. 
We shall find in V D a Boolean algebra E such that V D \= E is A-saturated, 
and such that D * E is isomorphic to B * C. Since D is A-saturated, it will 
follow that D * E is A-saturated and we shall be done. 

In V D , consider the generic ultrapower N = \Jlt^(V), where G is the 
canonical ultrafilter on D. Let j : V — > N be the corresponding elementary 
embedding. Let E — j(B). 
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Let sat(B) = v < k. Since j is elementary, we have N N sa,t(j(B)) = 
and since = v and by Lemma 22.31 all ^-sequences in V D are in N, we 
have V D \= sat(E) = v. Thus V D 1= E is A-saturated. 

It remains to show that B * C and D * E are isomorphic. Let c £ B * C. 
Then c £ V B and ||c G C*||b = 1. Thus there is some X £ V B such that 
\\X C k\\b = 1 and that 

|| c is the equivalence class of X mod J\\b = 1. 

Let / : k — > B be the function /(a) = ||a G X||. Since /(a) G B for all 
a < k, f represents in N — Ultc(S) C V D an element e G j(B) — E; and 
e £ D * E. We let ft(c) = e. 

The proof is completed by verifying that the definition of h(c) does not 
depend on the choice of X and that h is an isomorphism. □ 

Consistency Strength of Precipitousness 
Theorem 22.33. 

(i) If K is a regular uncountable cardinal that carries a precipitous ideal, 
then k is measurable in an inner model of ZFC. 

(ii) If k is a measurable cardinal, then there exists a generic extension in 
which k = Hi, and k carries a precipitous ideal. 

The proof of (i) uses the technique of iterated ultrapowers (compare with 
(20.5)-(20.8)). 

Let k be a regular uncountable cardinal, and let I be a precipitous ideal 
on k. Let C be the class of all strong limit cardinals v > 2 K such that 
civ > sat(I). Let 70 < 71 < . . . < j n < . . . (n < u), be elements of C such 
that I'fn n C| = 7„, let A = {j n : n = 0, 1, . . .} and let A = sup (A). 

Lemma 22.34. There exists an L[A]-ultrafilter W on n such that W is 
nonprincipal, n-complete normal and iterable, and every iterated ultrapower 
Ultj^(LL4]) is well-founded. 

Proof. Since I is precipitous, the generic ultrapower is well-founded, and so 
the diagonal function d(a) = a represents some ordinal number in Vlto(V). 
Thus there is a set S of positive measure, and an ordinal 7 such that 

(22.21) S lh d represents 7 in Ult G (V). 

We shall first show that for every X £ L[A], X C n, cither S (1 X 01 S - X 
has measure 0, and so 

(22.22) U = {X £ P(k) n L[A] : X n S has positive measure} 
is an L[A]-ultrafilter. 
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Let H = H l ^(k U C U {A}) be the class of all sets definable in L[A] 
from elements of n U C U {^4} (this is expressible in ZF similarly to the way 
in which ordinal definability is; or we can use Lg[A] for some large 9). Since 
|C H 7„| — "fn for eac h n, it follows that if 7r is the transitive collapse of H, 
then tt(A) = A and n(H) = L[A]. Now if X C k and X £ L[A], then 
because n is the identity on n, we have X = n(Y) = Y n k for some Y £ H, 
and y = {£ : LL4] N ^(£,£,,4)}. Thus for every X £ P(k) n LL4] there is 
a formula <p and a finite set i? C k U if such that 

(22.23) X = U < k : L[A] N ^(^, £, A)}. 

We shall now show that (22.22) defines an L[A]-ultrafilter. Recall that 
for any generic ultrafiltcr G on k, jo is the identity on k, and moreover, 
Jg{ v ) = v for all v £ C (this follows from the definition of C). 

If X £ L[A], and X C\ S has positive measure, then because X \\- X £ G 
and because (22.21) holds, we have 

xnS\\-*f£j G (x). 

Now using (22.23), and the fact that jc(A) = A and jc(E) = E, we have 

(22.24) XDS\h (L[A] Ih <p(j,E,A)). 

But the formula forced by X n S in (22.24) is about V, and thus true. Hence 

||7ej G (X)|| = i, 

and by (22.21), 

S\hX £ G. 

This, however, means that S — X has measure 0. 

Since I is K-complcte, it is clear that U is L[v4]-K-complete, and moreover 
the intersection of any countable family of elements of U is nonempty. It is 
less clear that U is iterable: Let (X a : a < k) £ L[A]; it suffices to show 
that S Ih ({a : X a £ U} £ L[A]). If G is generic such that S £ G, then 
{a < k : X a £ U} = {a < n : 7 £ jc(X a )}, but this is in L[A] because 
ja({X a :a<n))£ L[j G (A)] and j G (A) = A. 

By Exercise 19.10, Ult[/(L[.A]) is well-founded; let / : k — > k be the 
function that represents k in Ult[/(i[A]). Let W = f*(U). 

It is easy to verify that W is a normal, L[y4]-ft-complctc, iterable L[A]- 
ultrafiltcr on k, and that the intersection of any countable family of elements 
of W is nonempty. By Exercise 19.10, every iterated ultrapower Ult[^(LL4]) 
is well-founded. □ 

Proof of Theorem 22.33(i). Let A = {-f n : n = 0, 1, . . . } be as above, let 
A = sup(A), and let W be an L[A]-ultrafilter as in Lemma 22.34. Let us 
define in L[A] 



(22.25) 



F = {X C A : 3n a Vn > n 0 7„ £ X} 
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(compare with (20.6)). We claim that D = F n L[F] is a normal measure 
on A in L\D\. 

For each a, let i 0 , a : L[A] — > Ult^(L[^4]) be the canonical elementary 
embedding. It follows from the definition of the class C that: 

(22.26) if a < j n , then io,a(7n) = In, 

*0, 7 „( K ) = In, 

if a < A, then ia_ a (X) = A. 

Hence for all a < A, zo, Q (L[.A]) = L[A], io, a (F) = F, and io. a (D) = D. 

We shall now prove that D is an ultrafiltcr in L[D\. Otherwise, let X C A 
be the least X (in the canonical well-ordering of £[£>]) such that X ^ D and 
A — X £ D. Since io, a (D) = D for all a < A, we have io, a {X) = X for all 
a < A; in particular, i 0 ,7„(^) = f° r a U n - Now for any n, if 7„ G X, then 
«o,7n( K ) ^ *o,7„(^) an d hence k E X , and vice versa. Hence either all 7„ are 
in X or none, and so either lef orA-IeF,a contradiction. 

The proof that D is A-complete (in L[D\) and normal is similar and is 
left to the reader. 

Thus we have proved that there exists a D in L[A] such that 

(22.27) ^[-D] 1= -D is a normal measure on A. 

The proof will be complete if we find a transitive model M and an elementary 
embedding i : M — > £[Z?] such that z(k) = A. Then k is measurable in some 
transitive model. 

Let us recall that for each a, io. a is the elementary embedding io iQ : 
L[A] — > Ult^(L[A]). As we have seen, if a < A, then io, Q (A) = A and 
io, a (i[A]) = L[A\. Let Ci be a proper class of ordinals, greater than A such 
that io,\{v) = v for all v € C\. 

Let iJ = H l ^ d \k U {A} U Ci) be the class of all sets definable in L[D] 
from elements of kU{A}UCi. (As before, the problem of cxpressibility of H 
in ZF can be overcome by replacing L[D] by a suitable large segment Lg[D].) 
H is an elementary submodel of L\D\. 

If a < A, then io, a {v) = v for all v £ k U {A} U Ci; it follows that 
io,a(x) = x for all x e Observing that for every such that k < v < A 
there exists a < A such that io,a{v) > v, we conclude that H contains no 
ordinal v such that n < v < A. Hence if ir is the transitive collapse of H, 
and M = n(H), then 7r(A) = k; thus i = tt^ 1 is an elementary embedding of 
some transitive model M into L[D], and i(n) = A. □ 

The proof of (ii) uses the notion of forcing which collapses all a < k 
onto lu and makes k = Ki (the Levy collapse). 

Proof of (ii). Let ft be a measurable cardinal. We shall show that if V[G] is 
the generic extension by the Levy collapse such that k becomes Hi, then V[G] 
has a precipitous ideal on Hi. 
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Let P be the set of all functions p such that dom(p) is a finite subset of 
k x uj and such that p(a, n) < a for all (a, n) S dom(p); p is stronger than 5 
if p D q. Let G be a V~-generic filter on P. In V~[G], k is Hi. 

Let I? be a normal measure on k, let M = Ult£>(V~) and let j : V — » M be 
the elementary embedding j = In V~[G], let / be the ideal on k generated 
by the dual of D; i.e., 

(22.28) X el if and only if X n Y = 0 for some Y e £>. 

A routine argument (using satP = n) shows that / is in V[G] a countably 
complete ideal containing all singletons. It can be proved that I is precipitous; 
instead, we shall prove a weaker (but sufficient) property, namely that there 
exists an S C Hi, S <£ I, such that I\S = {X C Hi : X n S e 1} is 
a precipitous ideal. 

For that, it suffices to show that there exists an S £ I such that (when 
forcing with sets X I) S forces that the generic ultrapower is well-founded. 
In turn, it suffices to construct an extension of V[G] in which there exists 
a F[G]-ultrafilter W on k, generic over V[G] (with respect to forcing with 
sets X I) such that the generic ultrapower Ult^V^G]) is well-founded. 

For every v, let P v be the set of all p e P such that a < v whenever 
(a, n) <G dom(p), and let P" = {p £ P : a > v for all (a, n) <G dom(p)}; P is 
isomorphic to the product P v x P v . 

Let us consider the notion of forcing j(P). Clearly, (j(P)) K = P, and thus 
j(P) is isomorphic to P x Q where Q = (j(P)) K . Every q £ Q is represented 
in the ultrapower M by a function (q a : a < n) such that q a e P a for all 
a < k. 

Let H be a V[G] -generic filter on Q; thus G x H is ^-generic on P x Q. 
As in Theorem 21.3 we define in V[G x H] a I/[G]-ultrafilter If on k as 
follows: 

(22.29) leW if and only if k e (j(A)) GxH . 

The definition (22.29) does not depend on the choice of the name X because 
peG implies j(p) e Gx H. Let IF be the canonical name for W. As in (21.8) 
we have for any p e P, q e Q, 

(22.30) (p, q) \\- X <EW if and only if for almost all a, pUq a \\- a e X 

(here A" is a P- valued name and (q a : a < k) represents q in M ; "almost all" 
refers to the normal measure D). 
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First we observe that the ultrapower Ultw(V[G]) is well-founded. This is 
because the following commutative diagram holds: 

V[G] — - M[G x H] 




mt w (v[G}) 



In the diagram, j is the extension of j : V — > M defined by 

j(x) = (j(x)) GxH 

and k is defined as follows: If / £ V[G] is a function on k representing [/] 
in mt w (V[G}), then 

k([f}) = (i(/))(«). 
Both j and k are elementary and the diagram commutes. 

It remains to show that W is F[G]-generic with respect to forcing with 
sets X I. It suffices to show that if X = {Xi : i < 9} is an /-partition of k, 
then Xi £ W for some i. Let X € y p be a name for X and let Xi, i < 6, be 
names for the X, . Let us assume that there are conditions p € G and q e iJ 
such that 

p I h A" is an /-partition of k 

and for each i < 9, 

(p,q)\\-Xi^W. 

We shall derive a contradiction. 

Let q be represented in M by (q a : a < k) . By (22.30) there is for each i 
a set At G D such that for all a e Ai, 

(22.31) pU^lha^AV 
Let us define (in V[G]), 

(22.32) T={a<n:q a eG}. 

We shall prove that T ^ I and that T n Xi £ I for all « < 9, thus reaching 
a contradiction since A is an /-partition. 

For each i < 9, if a £ T and a £ Ai, then pUq a £ G and hence, by (22.31), 
a i X t . It follows that T n n = 0, and so by (22.28), TnX,£ I. 

Let us finally show that T £ I .It suffices to show that TDZ ^ 0 whenever 
Z £ D. Thus let Z £ D, and let us prove that q a £ G for some a £ Z. Let 

£ = {r e P : r < g a for some a £ Z}. 

It is easy to see that £7 is dense in P because Z is unbounded and q a £ P a 
for each a < k. Thus BflG^fl and hence T n Z ^ 0. □ 
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Exercises 

22.1. Let 7 be a K-complete ideal and let A < k. If 7 is not A-saturated then there 
exists a family {Z a : a < A} of pairwise disjoint sets of positive /-measure. 

[If {X a : a < A} is such that X a n Xp G 7 whenever a =fc /?, let Z a = X a — 

22.2. Let 7 be a K-complete cr-saturated ideal on k. If g is a minimal unbounded 
function then g*(I) is a normal K-complete cr-saturated ideal. 

22.3. Let x a be as in (22.5). Show that x a £ M. 

[Let a € M. Show that for each k, ||x a nfc = anfc|| = [D k \ where n(D k ) = l/2 k .] 

22.4. Let J be a cr-saturated ft-complete ideal on k, and let {Y$ : £ < uji} be 
a family of sets of positive measure. Then there is an uncountable W C uji such 
that fl^ew ^£ ^ s nonempty. 

[Assume that {Yj : £ < u>i} is a counterexample. For each v < u)i, let Z v = 
n ?>ly (^ — Yj). Show that Zo CZi C... C & C ... and that {J l/<Ul Z v = k. Hence 
there is 7 < u>i such that Z — [_] v<1 Z v , then k — Z € 7. This is a contradiction 
since Y 7 C «; — Z.] 

22.5. If J is a cr-saturated K-complete ideal on k and P is a cr-saturated notion of 
forcing then in V[G], the ideal generated by I is a cr-saturated K-complete ideal. 

[Proceed as in Lemma 22.11 and use Exercise 22.4 to show that J is cr-saturated.] 

If k is measurable and if we adjoin A > k Cohen reals, then k carries a cr- 
saturated K-complete ideal but is not real- valued measurable: 

22.6. Show that in V[G] there are functions f a : uo — > w, a < A, such that whenever 
g : lj — > w, then for at most countably many q's we have / a (n) < <?(n) for all n. 

[V[G] is also obtained by forcing with the product of A copies of the notion of 
forcing that adjoins a generic function / : oj — > w, thus V[G] = V[(f a : a < A}]. 
Show that if g : uj — > u, then there is a countable A C A such that # £ Y[(/ Q : 
a < A)]; if /? ^ A, use the genericity of fp over V[(/ a : a < A}] to show that 
fp(n) > g(n) for some n.] 

22.7. In V[G], k is not real-valued measurable. 

[Use Exercise 22.6 and the proof of Lemma 10.16.] 

22.8. If 7 is K + -saturated, then P{k)/I is a complete Boolean algebra. 

[By Exercise 7.33 it suffices to show that B is K + -complete. Show that Yl W 
exists in B for every incompatible W C B. Extend W to a partition Z of B; 
Z = {[X a ] :a<n}. Let Y a = X a - U«< a */3, and Y = (J{Y a : [X«] £ W}. Show 
that [y]=EW in B.] 

22.9. If the GCH holds and B — P{k)/I is complete, then 7 is K + -saturated. 

[If B is not K + -saturated, let W be an incompatible subset of B of size k + . 
For each X C W let u x = J^X. It follows that |B| > 2 K+ , but clearly |B| < 2 K ; 
a contradiction.] 

22.10. If 7 is normal, then P(k)/I is K + -complete. 

[Let X a , a < k, be disjoint subsets of k such that X a ^ 7 for all a. For each 
a < k let Y a be X a without the least element of X a ; let Y = [J a<K Y a . On the 
one hand, [Y] > [X a ] for all a; on the other hand, if Z C Y and Z 7, let / be 
the function on Z defined such that for all x € Y a , f(x) = the least element of X a . 
Since / is regressive, and 7 is normal, / is constant on some S £ 7, and hence 
Z n Y a i I for some a. Thus [Y] = £*<«[*«].] 
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22.11. Let / be a normal K-complete ideal on k. If / is not k -saturated, then 
there exists an almost disjoint family of k + sets of positive measure. 

[Let Xi, i < k + , be sets of positive measure such that Xi n Xj has measure 
zero. For each i < k + , enumerate {Xj : j < i} by {Z a : a < k,}, and let be the 
diagonal intersection of {Xi — Z a : a < n}. Now F< contains almost all elements 
of Xi, and Yi n Z a C a + 1 for every a < k. Thus any F», Yj are almost disjoint.] 

22.12. If J is a K-complete ideal on k with the property that every regressive 
function is bounded almost everywhere (i.e., if f(a) < a for almost all a, then 
there is 7 < k such that /(a) < 7 for almost all a), then I is K-saturated (and 
normal) . 

[Otherwise, let X a , a < k, be a partition of k into disjoint sets of positive 
measure. For a > 0, let Y a = X a — {a a } where a a — minX a , and let Yq = 
Xo U {a a : a > 0}. The function / that has value a a on each y a is regressive almost 
everywhere but is not bounded almost everywhere.] 

22.13. If / is an atomless ft-complete ^-saturated ideal on an inaccessible cardi- 
nal k, then k is not weakly compact. 

[Show that k does not have the tree property. Use / to construct a tree (T, d) 
whose elements are sets of positive measure. At successor steps, split each X on 
the top level into two disjoint sets of positive measure. At limit steps, take all those 
intersections along branches that have positive measure. Since I is K-saturated, 
each level has size < k; each level a < k is nonempty because k is inaccessible and 
/ is K-complete. Then use sat(7) < k to show that T has no branch of length n.] 

22.14. If J is a precipitous ideal on k, then there exists a minimal unbounded 
function. 

[There is a set X of positive measure and a function / on X such that X forces 
that / represents k in the generic ultrapower.] 



Historical Notes 

Saturated ideals, a concept introduced by Tarski in [1945], were brought to promi- 
nence in Solovay's work [1971]. Solovay introduced the technique of generic ultra- 
powers and proved Theorems 22.1 and 22.26 (as well as Theorem 8.10). 

Theorem 22.2 is due to Prikry [1975], and so is the model in Example 22.10 in 
which k carries a cr-saturated ideal [1970]. Theorem 22.16 is due to Jech and Prikry 
([1976] and [1979]). 

Precipitous ideals were introduced by Jech and Prikry in [1976]; their pa- 
per [1979] investigates generic ultrapowers. Lemma 22.21: Jech [1976]. Lemma 22.28: 
Solovay [1971]. Lemmas 22.29 and 22.30: Jech and Prikry [1976, 1979]. 

Kunen's paper [1978] contains a number of results on saturated ideals. Kunen 
constructs several generic extensions with saturated ideals, including a model (using 
a huge cardinal) in which carries an ^-saturated ideal. In [1970], Kunen proves 
that if k carries a K + -saturated ideal then there is an inner model with a measurable 
cardinal; in [1971a] Kunen shows that if moreover k is a successor cardinal then 
there is an inner model with many measurable cardinals. Mitchell [1983] improved 
this to measurable cardinals of order k + . Part (i) of Theorem 22.33 is due to Jech 
and Prikry and part (ii) was proved by Mitchell; see Jech et al. [1980]. 

Exercise 22.4: Silver. 

Exercises 22.5, 22.6 and 22.7: Prikry [1970]. 
Exercise 22.8: Smith and Tarski. 
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Exercise 22.9: Solovay [1971]. 

Exercise 22.11: Baumgartner, Hajnal, and Mate [1975]. 
Exercise 22.12: Kanamori [1976] 
Exercise 22.13: Levy, Silver. 
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23. The Nonstationary Ideal 



Stationary sets play a fundamental role in modern set theory. In particular, 
the analysis of the nonstationary ideal Ins on uj\ has been used in the study 
of forcing axioms, large cardinals and determinacy. These will be dealt with in 
later chapters; this chapter continues the investigations began in Chapters 8 
and 22. Throughout this chapter "almost all" means all except nonstationary 
many. 



Some Combinatorial Principles 

We begin with combinatorial principles that involve stationary sets. Let us 
recall Jensen's Principle (^>): There exist sets S a C a such that for every 
Xcwi, the set {a < u>i : X n a = S a } is stationary. There are several vari- 
ants of 0 (see e.g. Exercise 15.25); most notably the following weak version: 

Lemma 23.1. The following principle is equivalent to (}: There exists a se- 
quence (S a : a < u)i) of countable sets such that for each X C uo\ the set 
{a < lox : X (1 a £ S a } is stationary. 

Proof. Let (S a : a < loi) be a sequence as in the lemma; we shall produce 
a diamond sequence. First, let / be a one-to-one mapping of u)\ onto wjxw 
such that /"a — a x w for all limit ordinals a. For every limit ordinal a, let 
A a = {f u x : x e S a } (and A a = 0 otherwise). Note that for each Y C uii x uo 
the set {a < lj\ : Y n (a x oj) £ A a } is stationary. 

For each a, let A a = {a™ : n e lo}. It follows that for each X C uj\ x u 
there exists some n such that the set {a : X n (a x lo) = a™} is stationary. 

For each a < uo\ and each n, let = < a : n) e a™}. We complete 
the proof by showing that for some n, (S™ : a < uii) is a diamond sequence. 
If not, there exist sets X n C u)\ such that {a < ivi : X n C\ a — S 1 ™} are 
nonstationary. Letting X = {J netJ (X n x {n}), it follows that for each n, 
{a < lo\ : X n (a x u) ^ a™} is nonstationary; a contradiction. □ 

The Diamond Principle admits a generalization from lo\ to any regular 
cardinal n. Even more generally, let £ be a stationary subset of a regular 
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cardinal k. 0(E) is the following principle (and Ok is 0(k)): 

(23.1) There exists a sequence of sets (S a : a <E E) with S a C a such that 
for every Ick, the set {a e £ : Ifla = 5 a } is a stationary subset 
of K. 

The proof of Theorem 13.21 generalizes to show that if V = L, then 
0(E) holds for any regular cardinal k and any stationary set E C n. 

For a successor cardinal k + and a stationary subset E, consider the fol- 
lowing: 

(23.2) There exists a sequence of sets (S a : a G E) such that \S a \ < k for 
each a, and for every X C n + , the set {a e £ : I fl a £ S a } is 
stationary. 

The proof of Lemma 23.1 generalizes and shows that (23.2) is equivalent 
to 0(E). 

While the Diamond Principle holds in L, as well as in L[U] and other 
inner models for large cardinals, restrictions of 0 to various stationary sets 
can be proved just from assumptions on cardinal arithmetic. Let A < k + be 
a regular cardinal, and recall (8.4) that E% is the set of all ordinals a < k + 
of cofinality A. 

Theorem 23.2 (Gregory). If X is regular such that k x = k and if 2 K = k + , 
then <>(Ef) holds. 

In particular, if 2 N ° = Hi and 2 Nl = H 2 then O(E^) holds. 

Proof. We prove the version of 0(E) from (23.2) where E = E^ + ; by 
Lemma 23.1, 0(E) follows. Let (x a : a < n + ) enumerate all bounded subsets 
of k + (this is possible by 2 K = n + ). For each a £ E, we let S a be the set of all 
Y C a such that Y is the union of at most A elements of the set {xp : (5 < a}. 
Since k a = n, we have \S a \ < k. 

We claim that (S a : a e E) satisfies (23.2). Let I C k + ; we will show 
that Ifla e 5 a for almost all a G E. Let C be the set of all a < k + such that 
for every (3 < a, X n (3 — x 1 for some 7 < a. The set C is closed unbounded. 

We claim that if a E C P\ E then X P\ a E S a . Let Z C a be a set cofinal 
in a such that \Z\ = A. If for each [3 £ Z, j(f3) < a is such that ln/3 = £ 7 (/3), 
then X n a = U{ x 7(/3) : P G an d hence IflaG 5 Q . □ 

A property related to <^> is club- guessing. This has been introduced and 
investigated in detail by Shclah. Let k be a regular uncountable cardinal and 
let E be a stationary subset of k. If C C k is closed unbounded and if each 
c a , a G E, is cofinal in a, we say that (c a : a G E) guesses C if for all a E E, 
C contains an end segment of c a , i.e., C 3 c a — [3 for some (3 < a. 

Theorem 23.3 (Shelah). Let k > H 3 be a regular uncountable cardinal, and 
let X be a regular uncountable cardinal such that X + < k. Then there exists 
a sequence (c a : a G E%) with each c a C a closed unbounded, such that for 
every closed unbounded set C C k, the set {a G E^ : c a C C} is stationary. 
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Proof. It suffices to find a family {c a : a £ E£} such that each c a is a closed 
subset of a, and for every closed unbounded C C k, the set {a £ E£ : c a is 
unbounded in a and c Q C C} is stationary. 

Assume that no such {c a : a e E 1 ^} exists. Let {c' : a £ EJ} be any 
collection of closed unbounded subsets of the a's of order-type A. By induction 
on v < A+, we construct closed unbounded sets C„ C k and collections 
{c v a : a e E%} as follows: = c" n p| ?<ly and C„ is such that the set 
{a e £^ : is unbounded in a and C C u } is nonstationary. 

Let C be the closed unbounded set C = H^<a+ ^"j an( ^ f° r eacn a let 
c Q = c° n C. The set S 1 = {a e : C n a is unbounded in a} is stationary, 
and for each a e S there exists a i/(a) < A + such that c a — (because 
c° D c^D ... of length A+). 

There exist a v < A+ and a stationary set T C S 1 such that c a = c v a for 
all a E T. If a G T then cj; = c^ +1 =<nC„, and so C C„, contrary to 
the choice of C„. □ 

The sequence (c a : a € £7£) guesses every closed unbounded set at sta- 
tionary many a's. The same proof shows that for every stationary E C E% 
there exists a sequence (c a : a e E) that guesses every closed unbounded set 
at stationary many a € E (Exercise 23.1). We state, without proof, a fur- 
ther refinement that will be used later in this chapter in the proof of the 
Gitik-Shelah Theorem 23.17. 

Lemma 23.4. Let k and A be regular uncountable cardinals such that A + < 
K. For every stationary set E C E% there exists a sequence (c a : a € E) with 
each c a C a closed unbounded, such that for every closed unbounded C C k, 
the set {a e E : c a G C} is stationary, and moreover, 

(23.3) if a € E is a limit of ordinals of cofinality greater than A, then all 
nonlimit elements of c a have cofinality greater than A. 

Proof. For proof, sec Gitik and Shclah [1997]. □ 

This cannot be improved much further; see Exercise 23.2. 
One of the most fundamental combinatorial principles is Jensen's Square 
Principle. Let k be an uncountable cardinal; D K (square-kappa) is as follows: 

(23.4) (D K ) There exists a sequence (C a : a e Lim(K + )) such that 

(i) C a is a closed unbounded subset of a; 

(ii) iifJe Lim(C Q ) then C fi = C a n (3; 

(iii) if cf a < k then \C a \ < k. 

The sequence (C a : a £ Lim(« + )) is called a square-sequence. Note that by 
(ii) and (iii), the order-type of every C a is at most k. 

Using the fine structure theory of L, Jensen proved that in L, D K holds 
for every uncountable cardinal k. (We elaborate on this in Part III) . This has 
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been extended to most inner models for large cardinals: the Square Principles 
hold in £[[/], L[U], an in more general inner models. 

Squares are relatively easy to obtain by forcing; as an example, see Exer- 
cise 23.3. 

Definition 23.5. Let k be a regular uncountable cardinal and let a < k be 
a limit ordinal of uncountable cofmality. We say that a stationary set Sck 
reflects at a if S n a is a stationary subset of a. 

Corollary 17.20 states that if k is a weakly compact cardinal then every 
stationary subset of k reflects. We address the subject of reflection of sta- 
tionary sets later in this chapter. See also Exercises 23.4 and 23.5. In general, 
squares provide examples of nonreflecting stationary sets: 

Lemma 23.6. 0 Ul implies that there exists a stationary set S C that 
does not reflect. 

Proof. Let (C a : a £ Lim(w 2 )) be a square-sequence. For each a < uj 2 of 
cofmality u\ , the order-type of C a is uj\ . It follows that there exists a count- 
able limit ordinal rj such that the set S = {7 £ E^ 2 : 7 is the 77th element of 
some C a } is stationary. But for every a of cofmality u>\, S has at most one 
clement in common with C a . Hence S does not reflect. □ 



Stationary Sets in Generic Extensions 

If k is a regular uncountable cardinal then a closed unbounded subset of k 
in the ground model remains a closed unbounded subset of k in a generic 
extensions (but n may fail to remain a cardinal or its cofmality may change) . 
It follows that if S £ V is stationary in V[G] then S is stationary in V. 
A stationary set in V may, however, be no longer stationary in V[G], as 
there may exist a new closed unbounded set in V[G] that is disjoint from it. 

We recall Lemma 22.25 that states that if the forcing satisfies the K-chain 
condition then every stationary subset of k in V is preserved; i.e., remains 
stationary in V[G]. Another condition on preservation of stationary sets is 
the following: 

Lemma 23.7. Let n be a regular uncountable cardinal and let P be a notion 
of forcing. If P is <K-closed then every stationary S C K remains stationary 
in V[G\. 

Proof. Let p lh C is closed unbounded; we find a 7 £ S and a q < p such 
that q lh 7 £ C as follows: We construct an increasing continuous ordinal 
sequence (j a : a < k) and a decreasing sequence (p a : a < k) of conditions 
such that Pu+i lh 7 Q +i £ C. If a is a limit ordinal then 7 Q = lim^ <a 7^ and 
p a is a lower bound of {p^ : £ < a}. There exists a limit ordinal a such that 
7 Q £ S. It follows that p a lh 7^ £ C. □ 
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The basic method for destroying stationary sets by forcing is the following 
forcing known as "shooting a closed unbounded set." 

Theorem 23.8. Let S be a stationary subset of uj\. There is a notion of 
forcing Pg that adds generically a closed unbounded set C C u>\ such that 
C C S, and such that P$ adds no new countable sets. 

Since Ps adds no countable sets, Hi is preserved. The set u\ — S is non- 
stationary in V[G\; thus if 5* is chosen so that its complement is stationary, 
the forcing destroys some stationary set. 

Proof. Ps consists of all bounded closed sets of ordinals p such that p C S; 
p is stronger than q if p is an end-extension of q (if q — p D a for some a). 

If G is a generic filter, let C = {J G. Clearly, C is a subset of S, and 
because for every a < to\ the set {p € P : max(p) > a} is dense in Ps, C is 
an unbounded subset of u)\. Also, sup(C n a) e C holds for every a < uo\, 
and so C is a closed unbounded set. It remains to prove that Hi is preserved 
and that there are no new countable sets of ordinals. 

Lemma 23.9. Ps is lo- distributive. 

Proof. Let p lh f : uo — > Ord; we shall find a q < p and some / so that 
q IK/ = /• 

By induction on a we construct a chain {A a : a < u>i} of countable 
subsets of Ps- Let A 0 = {p}, and A a = U/3< Q As ^ a 1S a li m it ordinal. 
Given A a , let "f a = sup{max(g) : q e A a }. For each q £ A a and each n, we 
choose some r = r(q, n) <G Ps so that r < q,r decides f(n), and max(r) > j a . 
Then we let A a+ i = A a U {r(q, n) : q e A a , n < o>}. 

The sequence (7 Q : a < w\) is increasing and continuous. Let C = {A : if 
a < A then 7„ < A} . As C is closed unbounded, there exists a limit ordinal A 
such that A G C n 5. Let (a n : n < ui) be an increasing sequence with limit A; 
then lim„ 7 Qri = A as well. 

There is a sequence of conditions (p„ : n < lo) such that po = P and 
that for every n, p n +\ € A an+1 , p n +\ < p n , and p n +i decides f{n). Since 
7 Qri < max(p n+ i) < 7q„ +1 , we have lim n max(p„) = A, and because A € S, 
the closed set q e U^Lo^" u ^ s a condition. Since q < p n for all n, 
q decides each /(n), and so there exists some / such that q lh / = /. □ 

The forcing Ps can be generalized for cardinals k greater than Hi but 
additional assumptions on S must be made in order to preserve k. See, e.g., 
Exercises 23.7 and 23.8. 



Precipitousness of the Nonstationary Ideal 

In Theorem 22.33(h) we showed that if n is a measurable cardinal and P is 
the Levy collapse (with finite conditions, making k = Hi) then in V[G], 
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there exists a precipitous ideal on Hi. We now improve this to making the 
nonstationary ideal precipitous: 

Theorem 23.10 (Magidor). It is consistent, relative to the existence of 
a measurable cardinal, that the nonstationary ideal on Hi is precipitous. 

Proof. Let k be a measurable cardinal, and let us assume that 2 K = n + . Let 
U be a normal measure on k. Let M be the ultrapower M — XJltjj(V) with 
j : V — > M the canonical embedding. 

Let P be the Levy collapse: a condition p £ P is a finite function with 
dom(p) C k x uj such that p(a, n) < a for every (a, n) £ dom(p). 

Let G be a P-generic filter. In V[G] (where n = Hi) let To be the ideal 
generated by the dual of U: I 0 = {X C k : X n F = 0 for some F e [/}. 
The proof of Theorem 22.33(h) shows that in V[G], for every I C k, I ^ 4 
there exists an io _ g ener i c ultrafilter D 0 with X £ D 0 such that Ulto 0 (V[G]) is 
well-founded. Let G x H be j(P)-generic that contains some condition (p, q) 
with (p, g) ll~j(p) k G j(^)i then j : V — > M extends in V[G x P] to an 
elementary j : V[G] — > M[G x iJ] by setting j(x G ) — (j(x)) GxH for every 
P-name i, and D a = {X G : k £ (j(X)) GxH }. 

Our model will be of the form V[G, C] where G is P-generic and C — (C a : 
a < k + ), with each C a a closed unbounded subset of k, is V [G]-generic on 
a set Q K + of conditions. The sets Q a , a < k + , will be defined by induction 
on a, together with ideals I a on n in V[G,Cfa;]. 

Since 2 K = n + , we can define a sequence (A a : a < n + ) such that for 
each a < n + , A a is a name for a subset of n in V[G, C \a] and for all a < k + 
every subset of k in y[G,C|"a] has a name A 1 for some 7 > a. We will show 
that Q K + satisfies the K-chain condition; it will follow that every subset of k 
in V[G,C] is in V[G,C\a] for some a < k+ . 

The forcing Q K + is, in V[G], a countable support iteration of shooting 
a closed unbounded subset C a of k — A a , if A a £ I a . More precisely: 

(23.5) A condition q £ Q a is a sequence {qp : [3 < a) in V[G] such that 

(i) 9/3 = 0 for all but countably many (3 < a, 

(ii) #0 is a closed countable subset of k, for all (3 < a, 

(iii) qp\j3 £ Qp for all (3 < a, 

(iv) if a = (3 + 1 then cither q\[3 lh ^ ^ 7/3 or lh qp n Ap = 0. 

(The ideals J Q , a < k + , will be defined in Lemma 23.12 below.) If q, q' £ Q a 
then q < q' if for each /3 < a, qp is an end-extension of q^. 

In a generic extension of V[G] by Q K +, for every a < n + the union of 
all q a , with q — (q a : a < n + ) in the generic filter, is a closed unbounded 
subset of k. 

Lemma 23.11. Q K + satisfies the -chain condition. 

Proof. Let W be a maximal antichain. Since \Q a \ < k for each a < k + there 
exists an a < k + such that for every q £ W there is some q' £ W n Q a with 
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q' < q\a. But q U q' is a condition, so q' and g are compatible, and so q = q' . 
Hence W C Q a and |W| < n. □ 

Working in 7[G x fl], let us consider again the elementary embedding 
j : V[G] -> M[G x 77]. If a < k+ , then \P(Q a ) V[G] \ = k+ < and 
therefore P(Q a ) V ^ is countable in V[G x 77], and hence there exists a Q a - 
generic set C = (Cp : j3 < a). Because each Cp C n and \a\ < k, it follows 
that C e M[G x 77] (for the proof see Lemma 21.9). 

In the following arguments, wc consider sequences C = (Cp : (3 < a) of 
closed unbounded subsets of k, and q = (qp : [3 < a) of conditions in Q a , 
and use the notation q € C to mean that each g^ is an initial segment of Cp. 

For any a < k + , we define (in M[G x 77]), for any Q Q -generic sequence C, 
the sequence q c = (q^ : 7 < j( a )) 

(23.6) ^=P UW ^ = i(/3) ' 

10 otherwise. 



Lemma 23.12. q c G j(Q a ) and q c < j(q) for any q G C. 

Proof. By induction on a. Simultaneously, we define the ideals I a for a > 0. 
Assuming that the lemma holds, we define I a as follows: If X e y[G,Cfa], 
then X e I a if and only if for some p € G and some g e C fa 

(23.7) p U- j{P) (for every C 3 q, Q a -generic over M[G], q c lh, (Qa) k <£ j(X)). 

Now assume that the lemma has been proved for all (3 < a. When we 
define q c by (23.7), we have q c G M[G x 77], and once we verify that q c is 
a condition in j(Q a ) then the rest of the lemma follows. The only nontrivial 
verification of q c e j(Q a ) is clause (iv) of (23.5). 

Thus let a = (3+1 and assume that q c \j((3) does not force j(Ap) ^ j{Ip)\ 
we want q c \j{(3) Ih tf m n = 0. 

Let £ < k = max^Lj), and first consider the case £ < k. Assume 
that (in some extension of M[G n 77] by a generic filter containing q c fj (/?)), 
£ € g?^ n j(j4/3). Since £ = j(£)> we have £ G G^, and there is some g e Q Q 
such that g G C, £ G g^, and gf/3 Ih £ e A^. Hence gf/3 Ih ^ ^ 7^, therefore 
j(gf/3) Ih j(i^) £ I m and because g c fj(/3) < j(q\0), we have g c fj(/3) Ih 
j{Ap) £ Ij(p), a contradiction. 

Now consider the case £ — k. Let g e C \(3 be such that g decides e 7^. 
The assumption g Ih Ap £ Ip leads to a contradiction as in the preceding 
case; thus assume that g Ih Ap e Ip. Then, by definition of Ip, we have 
q C II- « £ i(i/3), and so g c fj(/J) Ih gC (/J) n j(^) = 0- 

Hence g c satisfies (23.5) (iv). □ 



Lemma 23.13. If [3 < a then Ip=I a n V[G,C\0\. 
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Proof. It is clear that Ip C I a . Thus let X be a P * Q^-name for a subset 
of k, and let p G P and g G Q a be such that (p, g) forces X G I a and X ^ J^. 
By the latter, 

p ll"j(p) BQ^-generic C over M[G] with g|"/3 G C and 
3g' < q c such that g' Ihj^) k G j(X). 

In M[G x H], Q a is countable, so C G M[G,PT<5] for some (5 < In 
M[G x P], find a Q Q -generic C" over M[G] such that C\0 = C and q G C". 
Then g' U q c is stronger than q c and forces k G j(X). It follows that (p, q) 
does not force X G I a , a contradiction. □ 

We let I = \J a<K+ I a . 

Lemma 23.14. / is a normal ideal. 

Proof. Let / G V[G,C] be a function / : k — > k, and assume that 

(23.8) (p, g) Ih {a : /(a) < a} £ I and (V 7 < k) {a : f{a) = 7} G /. 

By Lemma 23.11, / G V[G,C|a] for some a < k+ , and (23.8) holds for I a in 
place of I. Let G x H be j(P)-gcneric with p G G, and work in M[G x P]. 
There exists a Q^-generic C with q £ C such that some g' < g c forces 
j(f)( K ) < K - Then some q" < q' forces j(/)( K ) = 7, for some 7, and hence 
(p, g) does not force {a : /(a) = 7} G I Q , a contradiction. □ 

Lemma 23.15. / is, in V[G,C], the nonstationary ideal on Hi = k. 

Proof. That k = N x in V[G, C] follows from the normality of I. Each C a is 
a closed unbounded subset of u)i, and since C a n A Q = 0 if Aq, G J, every set 
in / is nonstationary. On the other hand let G be a name for a subset of k 
and let g G C be such that g Ih C is a closed unbounded set. Then for every 

g c Ih j(C) is closed and j(G) n k is unbounded in k 

and so g c Ih k G j(G). It follows that g Ih k — C G 7 Q and so every nonsta- 
tionary set is in P □ 

It remains to show that / is precipitous. 

Let R(I) denote the forcing with /-positive sets; a generic filter on R(I) 
is an ultrafilter that extends the dual of I. Let (pi, gi) be a condition in P*Q 
and let X be a name for a subset of k, such that (pi, gi) Ih X £ I. We want 
to find generic G and C with pi G G and gi G C, and an P(/)-generic D with 
X £ D such that Ult D V[G,C] is well-founded. 

Since (pi,gi) forces X £ I, there exist p[ G j(P) and a < k + such that 
pi < pi, pi Ih X G V [G, C fa] and 

(23.9) pi ll-j(p) 3Q Q -gcncric C over M[G] with gi G C 

such that g c ll~j(Q a ) k ^ j(X). 

Let G x P be j(P)-generic over V with pi G G x P. Let C G M[G x P] be 
as in (23.9), and pick gi G j(Q a ) such that gi < q c and gi Ih k G j(X). 
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We shall find C and C* so that j extends to j : V[G,C] -> M[G x if,C*]. 
We require that j(q) G C* whenever g G C, or C = {q G Q : j(q) G C*}. 

Let Q* be the following subordering of j(Q) in V[G x i?]. For each q G 
i(Q) let C, = {g'eQ: j(g') > g}, and let 

(23.10) Q* = {q g j(Q) : (3a < k+) C 9 C Q a and 

C q is Q a -generic over V[G]}. 

Then q[ g Q*, so we can find a set C* that is Q*-generic over V[G x if] with 
q{ g C*, and let C = j_i(C*). 

Lemma 23.16. C is Q-generic over V[G] and C* is j(Q)-generic over 
M[GxH\. 

Proof. We first show that for all a < k + , the set 

B a = {q g Q* : C q \a is Q Q -gcneric over T^[G]} 

is dense in Q* . Let q £ Q* . If q ^ B a then by (23.10) there exists some 
(3 < a such that C q C Qp and C q is (^-generic over V[G]. But P(Q a ) n V[G] 
is countable in M[G x if] so there exists a C Q^-generic over V[G] such 
that C'\(3 — C q . Since |Q Q | = n, this C is in M[G x if] and we can take 
q' = qUq c '. Then q' < q and g' g Q* n B Q . 

Now let A be an open dense subset of Q in V[(7]. Since Q satisfies the 
K + -chain condition in V[G], A contains a maximal antichain of cardinality k. 
Thus for some a < k + , Ar\Q a is dense in Q a . Since B a is dense in Q* , there is 
a q g C* such that C g fa is Q Q -generic over V[G] and hence CC\A D C q (lA ^ 0, 
and so C is Q-generic over V[G\. 

Similarly, if A g M[G x ff] is open dense in j(Q) then (because j(Q) sat- 
isfies the j(/e + )-ch.ain condition in M[G x if] and j(n + ) = {J a<K +j(ct)) 
A n j(Q a ) is dense in j(Q a ) for some a < k + . Since -B a is dense in Q* , 
C* \j(a) is j(Q Q )-generic over V[G x if] and hence A n C* 7^ 0, and so C* is 
j(<2)-generic over M[G x if]. □ 

Hence j extends to an elementary embedding j : V[G, C] — > M[G x if , C*] . 

Let 

D-{ze P(k) n V[G,C] : k G j(z)}; 

D is an ultrafilter extending the dual of I, and Ult£> V[G,C] is well-founded. 
Also, X g D because (p' l7 gi) g G x ff x C*; it remains to show that D is 
f?(f )-generic over V[G,C]. 

Toward a contradiction, let T4 7 be a subset of R(I) in V[G,C] such that 
W n f? = 0; we will show that W is not dense in R(I). Since is disjoint 
from D, there exist p 2 G G x ff and g 2 G C*, and some A such that (p2, Q2) < 
(pi,gi) and 



(23.11) 



P2 ll-j(p) <?2 ll-Q* i e If and k ^ j(i). 
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Since (p 2 , 92) G M = Ult(y(V), there is a function f : k ^> P * Q such that 
02,92) = .7 (/)(«)■ Let T = {a : /(a) G G x C}. Then since k G j(T) if and 
only if (p2,Q2) E G x H x C * , we can rewrite (23.11) as 

(23.12) ^j(P)^Q* (VA eW) k<£ j(A n T). 

For any A £ W, let be such that q 2 G j{Qa A ) and A G V[G, C |o!a] ■ 
By (23.12) and (23.10) we have 

lhj(p) for every Q QA -generic C over V[G], g c ' H~j(Q) K $ 3 (A H T). 

This says that ,4 n T G J for all A G W. But Tefl, and hence T <£ I. This 
contradicts W being dense. □ 

Thus the consistency strength of "Ins on &i is precipitous" is exactly 
the existence of a measurable cardinal. For cardinals greater than lo\ the 
consistency is considerably stronger. For instance, "Ins on L02 is precipitous" 
is equiconsistent with a measurable cardinal of order 2 (Gitik); for larger 
cardinals it is much stronger. Most of the best results to date are due to 
Gitik. 



Saturation of the Nonstationary Ideal 

By Solovay's Theorem 8.10, the nonstationary ideal Ins on K is nowhere k- 
saturated. For k = Ki it is consistent that 7ns is K + -saturated; its consistency 
strength is roughly that of a Woodin cardinal. We shall return to this subject 
in Part III. 

For k greater than Hi, the nonstationary ideal is not re+-saturated: 

Theorem 23.17 (Gitik-Shelah). For every regular cardinal k > H 2 , the 
ideal Ins on K is n °t k + -saturated. 

The proof of Theorem 23.17 appears in Gitik and Shclah [1997]. Most 
special cases were proved earlier by Shelah, and we present this proof first, 
as it is somewhat easier. The complete proof will follow. 

The results presented here are somewhat more general as they apply to 
other normal ideals. If I is a normal ideal, I + denotes the collection {Sck: 
S 1} of sets of positive /-measure. For S G I + , I\S denotes the ideal 
{X C k : X n S G /}; we say that I\S concentrates on S. 

We shall use the method of generic ultrapowers, and start with several ob- 
servations. Let I be a normal K + -saturated K-complete ideal on a regular un- 
countable cardinal n. The generic ultrapower M — \J\tciV) is well-founded, 
and since the forcing with sets of positive /-measure satisfies the « + -chain 
condition, n + is a cardinal in V[G], and hence in M. 
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Lemma 23.18. Let I be a normal k + -saturated K-complete ideal on k, let 
R(I) be the forcing with I -positive sets, let G be the R(I)-generic ultrafilter 
and let M = Ult G (F). Then P M (k) = P v ^ g \k), and all cardinals (and 
cofinalities) < k are preserved in V[G]. 

Proof. The Boolean algebra B = P(n)/I is complete (see Exercise 22.9). If 
A is a name for a subset A — A G of k in V[G], let S a G I + be, for each 
a < k, such that \\a G A\\ = [S a ]. If j : V — > M is the canonical embedding, 
we have, for each a, a G A if and only if S a G G if and only if n G j(S a ), 
and so the set A = {a G k : n G j(S a )} is in M. 

If A < k is a cardinal then since /t is the critical point of j, A is a cardinal 
in M. Since P V ^ G \\) = P M (A), A is a cardinal in V[G]. □ 

We shall use a combinatorial lemma due to Shclah. Let A be a cardinal 
and let a < A + be a limit ordinal. A family {X^ : £ < A + } of subsets of a is 
strongly almost disjoint if every C a is unbounded, and if for every $ < A + 
there exist ordinals <5^ < a, for £ < such that the sets X$ — 6%, £ < are 
pairwisc disjoint. If k is a regular cardinal then there exists a strongly almost 
disjoint family of k + subsets of k (see Exercise 23.10). 

Lemma 23.19. If a < A + and cf a ^ cf A t/ien there exists no strongly 
almost disjoint family of subsets of a. 

Proof. Assume to the contrary that {X^ : £ < A + } is a strongly almost 
disjoint family of subsets of a. We may assume that each X^ has order- 
type cf a. Let / be a function that maps A onto a. Since cf A ^ cf a there 
exists for each £ some 75 < A such that AQ n /"7£ is cofinal in a. There exist 
some 7 and a set W C A + of size A such that 7^ = 7 for all £ G W. Let 
z9 > sup W. By the assumption on the X^ there exist ordinals 6% < a, £ < 1?, 
such that the X^ — 6^ are pairwise disjoint. Thus / _1 (AQ — S^), £ G W, are 
A pairwise disjoint nonempty subsets of 7. A contradiction. □ 

Corollary 23.20. If k is a regular cardinal and if a notion of forcing P 
makes cf n ^ cf \n\, then P collapses k + . 

Proof. Assume that k+ is preserved; thus in V[G], (k + ) v = A + where A = |k|. 
In V there is a strongly almost disjoint family {X^ : £ < (k + ) v }, and it 
remains strongly almost disjoint in V[G], and has size A + . Since cf k ^ cf A 
(in V[G]), this contradicts Lemma 23.19. □ 

Corollary 23.21. If k = A + , if v 7^ cf A is a regular cardinal, and if I is 
a normal K-complete n + -saturated ideal on n, then E£ — {a < n : cf a = 

v}el. 

Proof. Assume that E£ G I + , and let G be a generic ultrafilter on P(k)/I. 
By Lemma 23.18, all cardinals < A, as well preserved in V[G]. If 

E* G G, then in M, cf k = v, and so (by Lemma 23.18) cf n = v in V[G]. Thus 
we have, in V[G], cf k — v and |k| = A while n + is preserved, contradictory 
Corollary 23.20. □ 
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It follows that if k is a successor cardinal greater than Hi then the nonsta- 
tionary ideal on k is not K + -saturated: In fact Ins \E* is not K+-saturated, 
for all regular v ^ cf A where A is the predecessor of k. 

We complete the proof of Theorem 23.17 using Lemma 23.4 on club- 
guessing. We shall show that for every regular k > H3 and every uncountable 
regular A such that A + < n, the ideal Ins \E% is not K+-saturated. 

Thus let k and A be regular uncountable such that A + < k. Let E be 
a stationary subset of E%. By Lemma 23.4 there exists a sequence (c a : a € E) 
with each c a cofinal in a, that satisfies (23.3) and such that for every closed 
unbounded C, the set 

G(C) ={aeE:(3f3<a)CDc a -(3} 

is stationary. 

Lemma 23.22. If /ns \E^ is k + -saturated then there exists a stationary set 
E C E such that for every closed unbounded C, E — Q{C) is nonstationary 
(C is guessed at almost every a <G E). 

Proof. If not, then for every stationary S C E there exists a closed unbounded 
set C such that S — G(C) is stationary. By the K + -saturation, there exists 
a collection {(Si,Ci) : i < k} such that W — {Si — Q(Ci) : i < k} is 
a maximal antichain in P(k)/Jns below E. Let C — A i<K d. For every i < n, 
Ci contains an end-segment of C, and hence Q{d) contains an end-segment 
of Q{C). As G(C) is stationary this contradicts the maximality of W. □ 

Now we use the K + -saturation again, and using Lemma 23.22 obtain 
a maximal antichain {Si : i < n} of pairwise disjoint stationary subsets 
of E", and for each i a sequence (c a '■ a G 5») of cofinal c a satisfying (23.3) 
such that every closed unbounded C is guessed at almost every a £ Si. Then 
(c a : a e Ui< K S*) g uesses every C almost everywhere, contrary to Exer- 
cise 23.2. 

This completes the proof of Theorem 23.17. □ 

The question whether various restrictions of the nonstationary ideal can 
be K + -saturated has been studied extensively. For instance, it is proved 
in Jech and Woodin [1985] that it is consistent, relative to a measurable 
cardinal, that k is a Mahlo cardinal and Ins \ Reg is K + -saturated, where 
Reg = {a < k : a is a regular cardinal}. It is open whether (for instance) 
-^ns t-E-Ki can be ^-saturated. 

Reflection 

There has been a large number of results on reflecting stationary sets. Let us 
recall that a stationary set S reflects at a if S C\a is a stationary subset of a. 
In this section we investigate the simplest case, namely k — H 2 . 
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There are two kinds of limit ordinals below u> 2 ■ those of cofinality H 0 and 
those of cofinality Hi; the sets E® 2 and E^ 2 . By Exercise 23.4, the set E^ 2 
does not reflect (at any ordinal a < uj 2 )- By Exercise 23.5, the set E^ 2 reflects 
at every a e E^ 2 ; the question is whether every stationary S C can 
reflect. By Lemma 23.6, if every S C E^ 2 reflects then fails, and this is 
known (due to Jensen) to imply that K2 is a Mahlo cardinal in L. On the 
other hand, it is consistent relative to the existence of a Mahlo cardinal, that 
every stationary S C E H 2 reflects (Harrington and Shelah [1985]). 

The following theorem shows that a stronger version of reflection is con- 
sistent, if fact equiconsistent with weak compactness: 

Theorem 23.23 (Magidor). The following are equiconsistent: 

(i) the existence of a weakly compact cardinal, 

(ii) every stationary set S C E^ 2 reflects at almost all a e E^ 2 . 

This result does not generalize to cardinals greater than K2; see Exer- 
cise 23.12. Reflection for stationary subsets of k > K2 is considerably more 
complicated. 

We shall prove that (ii) implies that H2 is weakly compact in L, and then 
give a brief account of the consistency proof of (ii). If every stationary set S C 
E* 2 reflects then H 2 is a Mahlo cardinal in L. Using Jensen's Theorem 27.1 
we prove a somewhat weaker statement. 

Lemma 23.24. If every stationary S C E^ 2 reflects then H 2 is inaccessible 
in L. 

Proof. Let k = H 2 . Assume that n is in L the successor of some A, k = (A+) L . 
In L, there exists a square-sequence (C a ■ ot e Lim(«)), and the order-type 
of each C a is at most A. By Fodor's Theorem, there exists a stationary set 
A C E^ 2 such that all C a , a e A, have the same order-type. 

The set 1J{C Q : a <G A} is stationary, and it follows that there exists 
a limit ordinal 77 such that the set S — {7 € E^, 2 : 7 is the 77th clement of 
some C a } is stationary. As in Lemma 23.6, S docs not reflect. □ 

Note that if every stationary S C E^ 2 reflects at almost every a e E^ 2 
then every two stationary sets 01,02 C E^ 2 reflect at the same a. The 
following lemma completes the proof: 

Lemma 23.25. If for any stationary sets 81,82 C E^, 2 there exists an 
S e E^ 2 such that both Si (1 S and 5 2 H S are stationary, then H 2 is n}- 
indescribable in L. 

Proof. Let <p(X) be a second order formula with only first order quantifiers 
and assume that for each a < 0J2 there exists some X a G L, X a C a, such 
that L a 1= (p(X a ). We shall find an X e L, X C u>2, such that L W2 1= (p(X). 
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Let X a be the least such X a in L. There exists a (3 < (a + ) L such that 
X a e Lp, and let (3 be the least such (3. Let Z a g L be such that Z Q e {0, 1} Q 
and that Z a codes the model (Lp, G,X a ). 

For every 5 < ll> 2 of cofinality of 07, let 

C5 = {a < 5 : Z a = Zg \a and X a = Xg \a}. 

The set Cs is a closed unbounded subset of 5. 

For each 7 < w 2 and each t g L such that f g {0, l} 5 , let 

S t = {«£ < 2 : * C Z a }. 

Since H2 is inaccessible in L, there exists for each 7 < UJ2 some t g {0, l} 7 
such that St is stationary. Now let 71 < 72 and £j g {0,l} 7i (i = 1, 2), 
and assume that both St 1 and St 2 are stationary. By the assumption of the 
lemma, there exists a <5 < w 2 of cofinality uj\ such that both S tl n 6 and 
S t2 n <5 are stationary. Let ct\, a-i g C«5 be such that on £ S ti (i = 1, 2). Since 
ii C C Zg, it follows that fi C £2- 

Hence for each 7 < k there is a unique t 7 such that St contains almost all 
ordinals in E^; St^ D n_D 7 with D 1 closed unbounded. Let D = A 7 D 1 ; 
then for every a € E^ 2 fl D we have i Q = Z Q . Now let Z = lj{i 7 : 7 < 0^2}- 
The set Z codes some model (L v , E,X) with X C L02 and 1 e L It follows 
that X n a = X Q for almost all a e E^ 2 ■ 

We finish the proof by verifying L U2 1= tp(X a ). This holds because L a \= 
<p(X a ) for all a and therefore L W2 1= ip(X n a) for almost all a g □ 

This completes the proof that the existence of a weakly compact cardinal 
is necessary for the consistency of (ii). We shall not present the consistency 
proof of (ii) and instead give a brief description of the methods involved. 

One starts with a ground model where k is a weakly compact cardinal, 
and GCH holds. First one uses the Levy collapse Q with countable conditions 
that makes k = H 2 (all cardinals between Hi and n are collapsed). In V® , 
one constructs a forcing iteration P of length k + , with Hi-support. At every 
stage a of the iteration, one considers (in V®) a P a -name for a stationary set 
S C E£ and shoots a closed unbounded set through the set T = Tr(S) U E£. 
Forcing conditions are closed bounded subsets of T. It is not difficult to 
verify that such forcing is cj-closed, and that the iteration satisfies the k- 
chain condition. Thus one can arrange the iteration so that every potential 
stationary set S C E£ is considered. 

The main point of the proof is to show that Hi is preserved by the iter- 
ation, and that at each stage, if S c E£ is stationary then Tr(S) n E£ is 
unbounded. This is proved using arguments similar to those used in Theo- 
rem 23.10. 

Weak compactness of k is used as follows: At a given stage a of the 
iteration, there is a transitive model M D a of size n of a sufficiently large 
fragment of ZFC, and (by weak compactness) there is an elementary j : 
M N, cf. Lemma 17.17. This j extends to j : -» N^ Q \ 
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For details, consult Magidor [1982]. 



Exercises 

23.1. Let k and A be regular, A > Ki and A + < re. For every stationary E C E% 
there exists a sequence {C a '■ a G E) of closed unbounded subsets of the a's such 
that for every closed unbounded C C re, the set {a G E : c a C C} is stationary. 

23.2. Let k and A be regular, A > Ki and A + < re. There exists no sequence 
(C a : a G El) with each c a C a closed unbounded, that guesses every closed 
unbounded C C re almost everywhere (i.e., C contains an end-segment of c a for 
almost all a G E%) and satisfies (23.3). 

[Assume (c a ■ a G E^) is such. Let E — {£ < re : cf £ > A} and let Co = -E'. For 
each n, let Cn+i C C' n be closed unbounded such that C' n contains an end-segment 
of c a , for all a G E% n C n +i. Let C = r) n <w ^ n an< ^ ^ a ^ e ^ ne l eas ^ element of 
CPiEx; C contains an end-segment of C a - There is a f3 G Cf\c a such that cf (3 > A. 
It follows that there exists some 7 G C PI /3ni5£, contradicting the minimality of a.] 

23.3. There exists an No-closed, Hi-distributive notion of forcing such that V[G] sat- 
isfies n wi . 

[A forcing condition is a sequence p = (C a : a < 7}, where 7 < U2 is a limit 
ordinal, and the C a satisfy (23.4). A condition (C a : a < 7) is stronger than 
{C' a : a < 7'} if 7 > 7' and C" a = for all a < 7'. To verify Hi-distributivity, let / 
be a name for a function on uii and let po be a condition. Construct an wi-chain of 
conditions po C pi C ... Cp tt C Q < wi, such that each p a +i decides /(a) and 
that each limit ordinal a < wi, if j a = lim^^ a (domp^), then j a G domp a , and for 
each limit ordinal (3 < a, C 7f3 is an initial segment of C la . Then if 7 = lim^^^ j a , 
let C% = U a<ui C 7q and p = (Cj : £ < 7); p is a condition and decides f(a) for all 
a < wi.] 

23.4. Let k be regular uncountable, a < k and cf a > u>. If S C k is stationary 
and if cf (3 > cf a for all f3 £ S, then S does not reflect at a. 

[There is a closed unbounded C C a such that cf (3 < cf a for all f3 G C] 

23.5. Let k and a be as above, let A < k be regular and A < cf a. Then El reflects 
at a. 

23.6. Let Ps be the forcing (in Theorem 23.8) for shooting a closed unbounded 
subset of S. Show that every stationary subset of S (in V) remains stationary. 

[Let T C S be stationary and let p lh C is closed unbounded; find a q < p and 
some A G T such that q lh A G C: As in Lemma 23.9, construct a chain {4„} a of 
countable subsets of Ps and an increasing continuous sequence {-y a : a < ui), such 
that for each q G A a there exist some stronger r{q) G A a +i and (3(q) > 70 with 
r(g) lh f3 € C. Then find A G T, and a sequence (p„ : n G to) of conditions such that 
lim„ max(p„) = lim n (3(p n ) = A.] 

23.7. Let S be a stationary subset of 0J2 such that S 3 E^ and that S n E^ 
is stationary. Let Ps be the set of all bounded closed subsets of S (ordered by 
end-extension). Then Ps preserves K2. 

23.8. Let k be inaccessible and let S C k be such that S contains every singular 
limit ordinal a < k. Then Ps is essentially <n-closed, i.e., for every regular A < k, 
Ps has a dense subset that is A-closed. Hence Ps preserves n (and adds no A- 
sequences for A < k). 

[For each A < re, consider {p G Ps ■ max(p) > A}.] 
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23.9. If 7ns on u)\ is ^-saturated then every nontrivial normal K-complete ideal 
on uj\ is N 2 -saturated. 

[Use Exercise 22.11, and that every S G is stationary.] 

23.10. If k is a regular cardinal then there exists a strongly almost disjoint family 
{X^ : £ < k + } of subsets of k. 

23.11. It is consistent that sat(7 N s) < 2 Nl . 

[Assume GCH and add more than Cohen reals. Let {Si : i < 014} G V[G] be 
a family of stationary sets such that each Si (1 Sj is nonstationary. Let i =fc j. There 
exists a nonstationary set Aij D SiDSj in V. Since the forcing notion is c.c.c, there 
exists an A itj G Ins such that lh Si n Sj C Aij. Apply the Erdos-Rado Theorem 
(namely N4 — ► (^3)^) to find some set 77 C UJ4 of size H3 and some A G 7ns such 
that lh Si (1 Sj C A for all i,j G 77. Get tt 3 disjoint subsets 5 4 - A of wi in V[G], 
a contradiction.] 

23.12. There exist stationary sets S C 75^ and A C 75^ such that S does not 
reflect at any a £ A. 

[Let Si, i < UJ2 , be pairwise disjoint stationary subsets of E* 3 . For each a G 75^ , 
let Col C a be closed unbounded of size Ki. For every a there exists an i a such that 
Si PI C a = 0 for all i > i a . There exists a stationary set ^4 C 75^ such that i a is 
constant on A, i a = i. The set Si does not reflect at any a G A.] 



Historical Notes 

The equivalence in Lemma 23.1 is due to Kunen. Theorem 23.2 is due to Gre- 
gory [1976]. Club-guessing principles were introduced by Shelah; see Gitik and 
Shelah [1997] for details. Lemma 23.6 is due to Jensen. 

The construction in Theorem 23.8 (shooting a closed unbounded set) appears 
in Baumgartner et al. [1976]. Theorem 23.10 uses a construction of Magidor, see 
Jech et al. [1980]. There is a sequence of results on the strength of precipitousness 
of 7 NS on cardinals k > Ki: Jech [1984], Gitik [1984, 1995, 1997] See the detailed 
discussion in Jech [00]. 

Theorem 23.17 uses the work of Shelah [1982] (Lemma 23.19 and Corollaries 
23.20 and 23.21) and Gitik and Shelah [1997]. The paper Jech and Woodin [1985] 
investigates saturation of 7ns \ Reg f° r inaccessible cardinals. 

Theorem 23.23 appears in Magidor [1982]. 

Exercise 23.2: Gitik and Shelah [1997]. 

Exercise 23.9: Baumgartner et al. [1977], 

Exercise 23.11: Baumgartner. 

Exercise 23.12: Shelah. 



24. The Singular Cardinal Problem 



In this chapter we use combinatorial methods to prove theorems (in ZFC) on 
cardinal arithmetic of singular cardinals. We introduce a powerful theory of 
Shclah, the pcf theory, and apply the theory to present a most remarkable 
result of Shclah on powers of singular cardinals. 



The Galvin-Hajnal Theorem 

Following Silver's Theorem 8.12 on singular cardinals of uncountable cofinal- 
ity, Galvin and Hajnal proved a related result: 

Theorem 24.1 (Galvin-Hajnal [1975]). Let H a be a strong limit singular 
cardinal of uncountable cofinality. Then 2 N ° < H 7 where 7 = (2^) + . 

Note that the theorem gives a nontrivial information only if H Q is not 
a fixed point of the aleph function. 

In order to simplify the notation, we consider the special case a = uii . The 
following lemma implies the theorem (as in the proof of Silver's Theorem). 
Two functions / and g on u>\ are almost disjoint if {a : f{a) — <?(«)} is at 
most countable. 

Lemma 24.2. Assume that H^ 1 < H Wl for all a < uo\. Let F be an almost 
disjoint family of functions 

fc n A a 

a<wi 

such that \A a \ < H Wl for all a < w\. Then \F\ < H 7 where 7 = (2 Nl ) + . 

Proof. We first introduce the following relation among functions ip : uii — > u\ 

(24.1) ip <ip if and only if {a < ivi : (p(a) > tp(a)} is nonstationary. 

Since the closed unbounded filter is er-complctc, it follows that there is no 
infinite descending sequence 
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Otherwise, the set {a < ui\ : p n {ct) < p n +i(a) for some n} is nonstationary 
and so there is an a such that 

ip 0 {a) > <Pi{a) > <P2{a) > 

a contradiction. 

Hence the relation p> < ip is well-founded and we can define the rank \\ip\\ 
of ip in this relation (called the norm of <p) such that 

|M|=sup{W + l: V><^}- 

Note that \\ip\\ = 0 if and only if p(a) — 0 for a stationary set of a's. 
Lemma 24.2 follows from 

Lemma 24.3. Assume that H^ 1 < H Ul for all a < u>\. Let p : u>i — > u>i and 
let F be an almost disjoint family of functions 

fc n A a 

a<wi 

such that 

\A a \ < ^a+ip(a) 

for every a < u\. Then \F\ < ^• LUl + \\ ip \\- 

To prove Lemma 24.2 from Lemma 24.3, we let <p be such that \A a \ < 
^a+<p(a)- If ^ is the length of the well-founded relation <p < ip, then certainly 

< 2 Nl and so ■& < (2 Nl ) + . Hence wi + \\p\\ < (2 Nl )+ for every ip and 
Lemma 24.2 follows. □ 

Proof of Lemma 24.3. By induction on \\(p\\. If ||</?|| = 0, then <p(a) = 0 on 
a stationary set and the statement is precisely Lemma 8.16. 

To handle the case \\p\\ > 0, we first generalize the definition of <p < ip. 
Let S C u>i be a stationary set. We define 

(24.2) ip <s ip if and only if {a <G S : p(a) > tp(a)} is nonstationary. 

The same argument as before shows that ip <s tp is a well-founded relation 
and so we define the norm \\(p\\s accordingly. Note that if S C T, then ||<£>||t < 
\\p\\s- In particular, ||<^|| < ||<^||s, for any stationary S. Moreover, 

(24.3) lkllsur = niin{|| V ||s,||^||r} 

as can easily be verified. 

For every ip : uii — > u>i, we let L v be the collection of all nonstationary 
sets along with those stationary S such that \\p\\ < ||</?||s. If S is stationary 
and X is nonstationary, then ||(^||sux = \\<p\\s- This and (24.3) imply that 
I v is a proper ideal on ui\ . 
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If \\ip\\ is a limit ordinal, then 

S = {a < uii : tp(a) is a successor ordinal} £ I v 

because if S £ I v , then \\tp\\ = \\<p\\s = \\i>\\s + 1> where = <fi{ a ) ~ 1 f° r 
all a £ S. Hence 

{a < bj\ : if (a) is a limit ordinal} ^ I v . 
Similarly, if \\tp\\ is a successor ordinal, then 

{a < uii : f(a) is a successor ordinal} ^ I v . 

Now we are ready to proceed with the induction. 

(a) Let \\ip\\ be a limit ordinal, \\(p\\ > 0. Let 

S = {a < u)i : (p(a) > 0 and is a limit ordinal}. 

It follows that S £ I v . 

We may assume that A a C ^ a +<p(a) f° r every a, and so we have /(a) < 
N a + V ( a ) for every f £ F. Given / e F, we can find for each a £ S some (3 < 
f(a) such that /(a) < w Q+ ^; call this f3 = ip(a). For a S, let tp(a) = <p(a). 
Since 5 g 7 y , we have ||^|| < ||^|| s < ||<p|| s = \\ip\\. We also have / £ F^, 
where 

F tf) = {f £ F : f(a) < u) a+ ^ a) for all a}, 

and so 

^ = U{^: W<IMI}- 

By the induction hypothesis, \F^\ < < for every ip such 

that \\ip\\ < \\tp\\. Since the number of functions ip : uj\ — > Wi is 2 Nl , and 
2 Nl < we have |F| < 

(b) Let ||(^|| be a successor ordinal, |(^j =7+1. Let 

So = {a < loi : (p(a) is a successor}. 

It follows that S 0 ^ I v . 

Again, we may assume that A a C w a + v ( a ) f° r each a < us\. First we 
prove that for every / £ F, the set 

F f = {g £ F : 3S C S 0 , S i I v , (Va e 5) </(a) < f(a)} 

has cardinality H Wl+7 . If S C So and S I v , let 

f> >s = {g £ F : (Va e S) «/(a) < /(a)}. 

Let -0 : — > be such that ip(a) = f{cx) — 1 for a £ S, and ip(a) = y(a) 
otherwise. Since S £ I v , we have ||V>|| < \\ip\\s < IMIs = IMI =7+1 and so 
IIV'H = 7- Since F f . s C Y\ a<LUl B a , where \B a \ < N a+ ^ (a) for all a, we use the 
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induction hypothesis to conclude that |-F/,s| < H Wl+7 . Then it follows that 

l*>l<*W 7 . 

To complete the proof, we construct a sequence 

(24.4) (f e 
such that d < H wl+7+1 and 

(24.5) F = {J{F h : £ < 0}- 

Given f v , v < £, we let £ F (if it exists) be such that f^ ^ Ff v , for all 
v < £. Then the set 

{a £ So : A (a) < /„(<*)} 

belongs to I v , and so /„ G Fj. , for each z/ < £. 

Since \Ff t \ < H wl+7 and Ff ( D {/^ : ^ < £}, it follows that ^ < H^ 1+7+1 
if /| exists. Thus the sequence (24.4) has length d < H wl+7+1 . Then we have 

F = l){F k 

and so |F| < H^ 1+7+1 . □ 



Ordinal Functions and Scales 

The proof of the Galvin-Hajnal Theorem suggests that ordinal functions play 
an important role in arithmetic of singular cardinals. We shall now embark 
on a systematic study of ordinal functions and introduce Shclah's pcf theory. 
Let A be an infinite set and let / be an ideal on A. 

Definition 24.4. For ordinal functions /, g on A, let 

/ =i .9 if and only if {a E A : f(a) ^ g(a)} £ I, 
f </ 9 if and only if {a e A : f(a) > g(a)} £ I, 
f <i g if and only if {a £ A : f(a) > g(a)} £ I. 

If F is a filter on A, then / < F g means f <i g where / is the dual ideal, 
and similarly for / < F g and / —p g. 

The relation <j is a partial ordering (of equivalence classes). If S is a set 
of ordinal functions on A then g is an upper bound of S if / </ g for all 
/ £ S, and g is a least upper bound of S if it is an upper bound and if g <j h 
for every upper bound h. 

The relation <j is also a partial ordering (different from <j unless / is 
a prime ideal), and if I is cr-complete then </ is well-founded. If / is the 
nonstationary ideal on a regular uncountable cardinal k, then the rank of an 
ordinal function / on n is the (Galvin-Hajnal) norm ||/||. 

The following lemma shows that for every r\ < k + there is a canonical 
function f v on k of norm n: 
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Lemma 24.5. Let n be a regular uncountable cardinal. There exist ordinal 
functions f v , rj < k + , on k such that 

(i) fo(ct) = 0 and f n+ i(a) = f n (a) + 1, for all a < k, 

(ii) if r\ is a limit ordinal then f. q is a least upper bound of {/^ : £ < rf\ 
in </ NS . 

The functions are unique up to =/ NS , and for every stationary set S C k, 
WfJs=V- 

Proof. Let (£„ : v < cirj) be some sequence with limit rj. If cf r\ < k, let 
frj(ct) = sup{/£„(a) : ^ < cf?7}, and if cf rj — k, let /jj(a) = supj/^a) : 
f < a} (for every limit ordinal a), the diagonal limit of /e, £ < 77. □ 

For r/ > k + , canonical functions may or may not exist. The existence of f^ 
for all ordinals rj is cquiconsistcnt with a measurable cardinal. For the relation 
between canonical functions and canonical stationary sets, see Exercise 24.10. 

A subset A of a partially ordered set (P, <) is cofinal if for every p G P 
there exists some o€i such that p < a. The cofinality of (P, <) is the small- 
est size of a cofinal set (it need not be a regular cardinal — see Exercise 24.11). 
The true cofinality of (P, <) is the least cardinality of a cofinal chain (if it 
exists — see Exercise 24.12). The true cofinality is a regular cardinal (or 1 if 
P has a greatest element). 

Consider again an infinite set A, an ideal I on A, and an indexed set 
{70 : a G A} of limit ordinals. 

Definition 24.6. A scale in riaeA Ta ^ s a </-increasing transfinite sequence 
(f a : a < A) of functions in riaeyi 7a that is cofinal in Ilaeyi m ^ ne P ar tial 
ordering </. 

If rideA^ 0 nas a A-scafe (i.e., a scale of length A) and A is a regular 
cardinal then it has true cofinality A, and is X-directed, i.e., every set B C 
riaeA^ 0 °f s ^ ze < 7 nas an u PP er bound. The ordinal function (j a : a £ A) 
is the least upper bound of riaeA'~>' a ' moreover, it is an exact upper bound: 

Definition 24.7. In a partially ordered set (P, <), g is an exact upper bound 
of a set S if S is cofinal in the set {/ e P : / < g}. 

The following theorem is a precursor of the pcf theory. We note that the 
pcf theory shows, among others, that different sequences (A„ : n < oj) with 
the same limit will generally result in different cofinalities of ri n <w 

Theorem 24.8 (Shelah). Let k be a strong limit cardinal of cofinality u. 
There exists an increasing sequence (X n : n < u>) of regular cardinals with 
limit K such that the true cofinality of [] n<tJ A„ modulo the ideal of finite 
sets is equal to k + . 
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Proof. Let I be the ideal of finite subsets of uj. We shall find the A„'s and 
a « + -scale in JT A„ in the partial ordering </. 

First we choose any increasing sequence n n , n < u>, of regular cardinals 
with limit k. As every subset of Iln<w K " °f s i ze K nas an upper bound in 
(Yln<Lu K n,<i), we can construct inductively a < /-increasing K + -sequence 
F = (f^ : £ < k + ) of functions in JJ n k„. 

Lemma 24.9. There exists a function g : lo — > k £/iat is an upper bound of F 
in <j, and is <i-minimal among such upper bounds. 

Proof. Let g 0 = (k„ : n < oj); we shall construct a maximal transfinite </- 
decreasing sequence {g v ) v of upper bounds of F . It suffices to show that the 
length of the sequence {g v ) v is not a limit ordinal: Then the last function is 
</-minimal. 

Thus let i? be a limit ordinal, and let (g v : v < i9) be a <j-decreasing 
sequence of upper bounds for F. We shall find a function g such that g >j 
for all £ < k + , and g <j g v for all v < ■&. 

First we claim that \d\ < 2 N °. Thus assume that > (2 N °)+ and consider 
the partition G : [fl] 2 ^> lj defined as follows (for a < j3): 

G(a,f3) = the least n such that g a (n) > gp{n). 

By the Erdos-Rado Partition Theorem 9.6 there exists an infinite set of or- 
dinals a 0 < ai < &2 < ■ ■ ■ such that for some n, g ao (n) > g ai {n) > g a2 ( n ) > 
. . ., a contradiction. 

Let A = U„ <)? ran( ff „) and let S = A u . Since \d\ < 2 H ° , we have |5| < 2 N °. 
For every g € S, if g is not an upper bound for F, let £ g be such that f^ g ft] g. 
Since |5| < 2 N °, there is some r\ < k + greater than all the £ g 's. Now let 

g(n) = the least 7 e A such that 7 > f v (n). 

The function g is an upper bound for F: If not then </ti g but <i 
f v <i g. We complete the proof of the lemma by showing that g <i g u for 
all v < 1). If v < ■& then g u (n) > f v {n) for all but finitely many n and, since 
g v (n) € A, we have g v > g. □ 

Let g be the function given by Lemma 24.9. We claim that g is an exact 
upper bound of F. If not, let / </ g be such that / jti f$ for all £. For 
each £ < k + , let be the infinite set of all n such that f(n) > f^(n). 
Since 2 N ° < k, there exists an infinite set A, such that for k + many £'s, 
/(n) > / 5 (n) for all a e A. It follows that JfA >/ J^fA for every £ < k+, 
and therefore the function g' = f\AUg\(w — A) <i g is an upper bound of F 
but g' j^j g, a contradiction. 

Now, if g is increasing with limit k and if every g{n) is a regular cardinal, 
then we let A„ = g(ri) and are done. In general, all but finitely many g(n) are 
limit ordinals; without loss of generality, all are. For each n, let Y n be a closed 
unbounded subset of g(n) whose order- type is a regular cardinal j a . Note that 
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sup n 7„ = k; otherwise, | J\ n Y n \ < n and hence bounded by some /{. So let 
(A„ : n < (J) = (-fk n ■ n < u>) be an increasing subsequence of ("f n ) n . 
For each / £ F, let hf be the function 

hf(n) = the least a £ Yfc n such that a > f(k n ). 

and let H — {hf : f £ F}. For every / £ JT F„ there exists some h £ H such 
that f <i h. Also, |ff| = k + since every smaller set of functions is bounded 
by some /|. Thus we can find in H a < /-increasing transfinite sequence 
(fi£ : £ < k + ) such that for every / £ Yln^n, there is a £ with / </ fi£. 
By copying FJ n onto IIti^™> we a sequence (ftg : £ < k + ) with the 
required properties. □ 

As an application of Theorem 24.8 we give a short proof of Kunen's The- 
orem 17.7, due to Zapletal [1996]. 

Assume that j : V — > M is elementary, with critical point k, and let 
A = lim n j n (n). As A is a strong limit cardinal of cofinality oj, let (A„ : n < us) 
be an increasing sequence of regular cardinals with limit A such that k < Xq 
and that FJ n ^« nas a A + -scale F = (f^ : £ < A + ) (modulo finite). Since 
= A, we have j(A + ) = A + , and j(F) is a A + -scale in FJ n j(A„). 

Since j"A + is cofinal in j(X + ) = A+, j ll F is cofinal in j'(^) an d thus 
in n„i(^n)- However, let g £ Y\ n j(X„) be the function g(ri) = supj"A„; 
we have g(n) < j(X n ) because j(X n ) is regular. If / £ FJ A„ then 5 > 
i(/) pointwise because j(f) = j ll f. Hence g is an upper bound for j a F, 
a contradiction. □ 

Toward the pcf theory, we shall now prove several results on ordinal func- 
tions and scales. Let / be an ideal on A. 

Lemma 24.10. If X > 2l A l is a regular cardinal then every <j-increasing 
X-sequence of ordinal functions on A has an exact upper bound. 

Proof. Let F = (f a : a < X) be </-increasing. Let M be an elementary 
submodel of H# for a sufficiently large $ such that I £ M,F £ M, |M| = 2l A l 
and M |A| C M. For every a, let 

g a (a) = the least (3 £ M such that (3 > f a (a) (a £ A). 

Since ikf'' 4 ' C M, we have g a £ M, and since \M\ < A, there exists some 
f £ M such that / = g a for A many a's. Since (f a ) a is increasing and / >/ f a 
for A many a's, / is an upper bound of F. 

To show that whenever h </ / then /i <j f a for some a, it is enough to 
show this for every h £ M. Thus let h £ M be such that h </ /. 

Let a be any a such that / = g a . For every a £ A such that /i(a) < g a (a) 
we necessarily have h(a) < f a {a) because h(a) £ M and g a {a) is the least 
0 £ M such that 0 > f a (a). Hence h <i f a . □ 
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If F is a set of ordinal functions on A and g is an upper bound of F, then 
we say that F is bounded below g if it has an upper bound h <j g; F is cofinal 
in g if it is cofinal in ria6A3( a )- ^ X £ I + then / </ g on X, etc., means 
/ <i[x 9 where I\X is the ideal generated by I {J {A — X}. 

Corollary 24.11. If A > 2l A l is regular, F = (f a : a < A) is <i-increasing 
and g is an upper bound of F, then either F is bounded below g, or F is 
cofinal in g, or A = X U Y with X,Y £ I + such that F is bounded below g 
on X and is cofinal in g on Y. 

Proof. Let / be an exact upper bound of F and let X = {a £ A : f(a) < 
g(a)}. □ 

Corollary 24.12. Let A > 2> A > be a regular cardinal, let "f a , a £ A, be 
limit ordinals, and assume that Y\aeA"fa * s X directed in <j. Then either 
YiaeA "fa is \ + -directed, or has a X-scale, or A = X UY with X, Y £ / + such 
that Y[ a eA"fa h as a X scale on X and is \ + -directed on Y. 

Proof. Assume that rLeA 7a 1S A-directed but not A + -directed, and let S C 
IlaeA7 a b e sucn that l^l = A and S is not bounded. Using the A-directness, 
we construct an increasing sequence F — (f a : a < A) such that for every 
/ € S, there exists an a < A such that / </ f a . As F is not bounded, there 
exists some Z e I + such that F is a scale on Z. 

Now let Z be the collection of all Z € I + that have a A-scalc, and for 
each Z e Z let (f^ : a < A) be a A-scale on Z. Let S 1 = {f% : a < A, 
ZeZ}; since 2 1' 4 1 = A, we have \S\ — A, and we can construct an increasing 
A-sequence F = (f a : a < A) such that for every / <G S there is an a < A 
with / <j /„. 

Either F is a scale, or A = XUF such that F is bounded on X and cofinal 
on Y". To complete the proof, we show that riaeA 7° ^ s A + -directed; i.e., that 
for every set of size A is bounded on A. If not, we repeat the argument above 
and find aZel that has a scale. This contradicts the fact that S is bounded 
on X. a 

Definition 24.13. Let F = (f a : a < A), A regular, be a </-increasing 
sequence of ordinal functions on A and let 7 < A be a regular uncountable 
cardinal. F is "{-rapid if for every /3 < A of cofinality 7 there exists a closed 
unbounded set C C (3 such that for every limit ordinal a < 0, f a >/ scna, 
where scna is the pointwise supremum of {/j (a) : £ € C n a}: 

«cna («) = sup{/ ? (a) : £_ £ C n a} (aSi). 

Lemma 24.14. Lei L 1 = (/„ : a < A) &e "{-rapid, with 7 > For eac/i 
a £ A, let S a C A be such that \S a \ < 7. Then there exists an a < A wi£/i i/ie 
property that for every h £ YiaeA^a, if h >i f a , then h is an upper bound 
ofF. 
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Proof. Assume by contradiction that for every a < A there exists an 
h G riaeA S a such that h >j f a but h is not an upper bound of F. By 
induction, we construct a continuous increasing sequence £ < 7, and 
functions G rLeA sucn that f° r ever y £ ; /at <i and / a « +1 ^/ h>£. 
Let /3 = lim^^ 7 a^. 

As F is 7-rapid, there exists a closed unbounded C C (3 such that f a >i 
scna for every a G C. We may assume that G C for every £ < 7 (otherwise 
replace {a^}{<7 by its intersection with C). 

For each £ < 7 we have scna e <i fa e <i ^/ /a 4+1 and so there exists 
some a^ei such that 

As 7 > \A\, there exist a set Z C 7 of size 7 and some a & A such that = a 
for all ^eZ. Now if £ and 77 are in Z, such that £+1 < 77, then a^+i e CHa, 
and we have 

h d a ) < fa (+1 (a) < scna, (a) < h v (a). 
This is a contradiction because |5 a | < 7 while \Z\ =7. □ 

Corollary 24.15. If F — (f a : a < X) is j-rapid, with \A\ < 7 < A, and i/ 

/ is i/ie least upper bound of F, then cf /(a) > 7 /or I-almost all a £ A. 

Proof. Let / be an upper bound of F, and assume that B = {a G A : 
cf /(a) < 7} G I + . We shall find an upper bound h of F such that h <j f 
on £?. 

For a £ B, let 5 a be a cofinal subset of /(a) of size < 7. By Lemma 24.14 
there is an a < A such that for every h G IlaeB ^ /« on implies 
that h is an upper bound of F on B. Given this a, we consider a function 
ft G riaes S a as follows: If f a (a) < /(a), let ft(a) G S a be such that f a (a) < 
h(a) < f(a). The function h is an upper bound of F on B, and ft </ / 
on B. □ 

Theorem 24.16 (Shelah). Let k be a regular uncountable cardinal, and let 
I = Ins be the nonstationary ideal on n. Let (77^ : £ < n) be a continuous 
increasing sequence with limit 77. Then n^< K ^')j+ 1 ^ as ^ rue cofinality 
(in </). 

We shall prove this theorem only under the assumption 2 K < H,, (we only 
need the weaker version for the proof of Theorem 24.33). For the general 
proof, see Burke and Magidor [1990]. 

Proof. Let A = We wish to find a A-scalc. It is not difficult to see that 

rij< K i s A-directed. By Corollary 24.12 (as we assume 2 K < A), if there 

is no A-scale then there is a stationary set S C n such that n^es^')j+ 1 ^ s 
A + -directed. 

We shall construct a < /-increasing A-sequence in n^es^')j+ 1 tna t ^ s 1~ 
rapid for all regular 7 < H^. For every limit ordinal (3 < A, let Cp C 0 be 
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closed unbounded, of size cf 0. We construct F = (f a : a < A) by induction. 
Let a be a limit ordinal. For each limit 0 > a, let sp be the pointwise 
supremum of {/„ : v £ Cp n a}. For eventually all £ < n, s„(£) < so 
s f e Il^es^^+i- Since n^es^+i i s A+-directed, we can find f a so that 
fa >i sp on S for all limit 0 < A. This guarantees that F is 7-rapid for every 
regular uncountable 7 < A. 

By Lemma 24.10, F has an exact upper bound g, and without loss of 
generality, <?(£) < N^+i for all £ G S. We claim that > N^+i for almost 
all £ e S, and hence F is a scale on 5, contrary to the assumption on S. If 
9(0 < ^t?{+i f° r stationary many ^, then cf < H^ e , and hence for some 
7 < Nyj+i, cf g(^) < 7 for stationary many ^. This contradicts Corollary 24.15, 
as F is 7-rapid for all 7 < A. □ 



The pcf Theory 

Shclah's pcf theory is the theory of possible cofinalities of ultraproducts of 
sets of regular cardinals. Let A be a set of regular cardinals, and let D be 
an ultrafiltcr on A. Y\A = Y\ aeA {a : a e A} denotes the product {/ : 
dom(J) = A and /(a) G a}; the ultraproduct \\A/D is linearly ordered, and 
cof D = coi\\A/D is its cofinality. 

Definition 24.17. If A is a set of regular cardinals, then 
pcf A — {cof D : D is an ultrafiltcr on A}. 

The set pcf A is a set of regular cardinals, includes A (for every a e A 
consider the principal ultrafilter given by a), has cardinality at most 2 2 
and satisfies pcf(^4i U A2) — pcf A\ U pcf A-i- 

We shall investigate the structure of pcf in the next section. In this section 
we explore the relation between pcf and cardinal arithmetic. Instead of the 
general theory we concentrate on the special case when A = {H„}^ 0 . We 
prove the following theorem: 

Theorem 24.18 (Shelah). If H w is a strong limit cardinal then 

max(pcf{K„}- 0 ) = 2 N -. 

A stronger theorem is true: If 2 N ° < H w then max(pcf{H„}^L 0 ) = 
again, we refer the reader to Burke and Magidor [1990]. 

We say that a set of regular cardinals A is an interval if it contains every 
regular A such that min A < A < sup A. 

Lemma 24.19. Let A be an interval of regular cardinals such that min A = 
(2l A l) + . Then pcf A is an interval. 
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Proof. Let D be an ultrafilter on A and let A be a regular cardinal such that 
min^4 < A < cof D. We shall find an ultrafilter E on A such that cof E = A. 

Let {f a ■ a < cof-D} be a D-increasing sequence in JJA. Since A > 2^1, 
the sequence has a least upper bound g in < D (by Lemma 24.10). For each 
a E A let h(a) = cig(a) and let S a be a cofinal subset of g(a) of order- 
type h(a). It is easy to see that Y\ ae A^a/D has an increasing A-sequence 
cofinal in g, and hence riaeA h{a)/D has a cofinal sequence {/i Q : a < A}. 

For D-almost all a, ft.(a) > 2I" 4 ': This is because the number of functions 
from A into 2' A ' is less than A. Thus we may assume that h(a) € A for all 
a e A Let i? be the ultrafilter on A defined by 

E = {X C A: h-\X) e D}. 

We now construct, by induction on a, functions g a , a < A, such that the 
sequence {g a o h : a < A} is D-increasing and cofinal in h. Then {g a : a < A} 
is £"-increasing and cofinal in Y\ A/E. □ 

Corollary 24.20. If H w is a strong limit cardinal, then pcf{H„}^ 0 is an 
interval and suppcf{H„}^L 0 < 

Proof. Apply Lemma 24.19 to the interval A = [(2 N °)+,N W ), and use 
| P cfA| <2 2 * 0 <H W . □ 

Toward the proof of Theorem 24.18, we assume that H w is strong limit 
and let 

A = suppcf{N n }~ 0 . 

We shall show that 2 N ^ = A. Since cf 2 Nl " > H w (by Konig's Theorem) and 
A < it follows that 2 Hl " is a successor cardinal, and therefore 2 Nl " = 

max(pcf{K„}£° =0 ). 

Lemma 24.21. There exists a family F of functions in n^Lo^™> 1-^1 = ^' 
such that for every g e Il^Lo ^ n there is some f £ F with g(n) < f(n) for 
all n. 

Proof. For every ultrafilter D on ui choose a sequence {f£ ■ a < cof D) that 
is cofinal in fl^Lo ^n/D, and let F be the set of all / = maxj/^ 1 , . . . , fa™} 
where {D\ , . . . , D m } is a finite set of ultrafilters and {a\ , . . . , a m } a finite set 
of ordinals. Since A > H w > 2 2 0 , we have |F| = A. 

Assume, by contradiction, that there is a g € EI^Lo ^ n that is not ma- 
jorized by any / e F. Thus if we let, for every D and every a, X® = {n : 
g(n) > fain)}, then the family {X^} a ^ has the finite intersection property, 
and so extends to an ultrafilter U. Then g <jj f% for some a, a contradic- 
tion. □ 

Let us fix such a family F of size A, and let k < ui be such that 2 N ° < 
and A < Vtx k ■ Let $ be sufficiently large, and consider elementary submodels of 
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(H$, e, <) where < is some well-ordering of H$. For every countable subset a 
of H w we shall construct an elementary chain of models M°, of length lo^. 
Each M° will have size H fc and will be such that M° DaU^. 

We choose Mft of size H fe so that D oU^. If a < uj k is a limit ordinal, 
we let = U ;3<Q M|. Given M°, we find M£ +1 as follows. Let 

(24.6) X a a {n) =sup(M°na>„) (all n > fc), 

the characteristic function of M^. There exists a function f^eF such that 
/ Q "(n) > xSW for all n > fc; let M° +1 be such that /° e M a ° +1 . 
Then we let M a = U Q<Wfc M a> and 

X°(n) = sup(M a n u n ) (all n > k). 

Lemma 24.22. If a and b are countable subsets of H w and if \ a — X b , then 

Proof. By induction on n we show that M a n H„ = M b n K„, for all n > k. 
This is true for n — k; thus assume that this is true for n and prove it for 
n + 1. Both M a n H„ + i and M b n H n+ i contain a closed unbounded subset of 
the ordinal x°(n + 1) = x b ( n + 1) (of cofinality H^), and so there is a cofinal 
subset C of this ordinal such that C C M a and C C M b . For every 7 > uj n 
in C there is a one-to-one function 7r that maps ui n onto 7. If we let tt be the 
^-least such function in H$, then 7r is both in M a and in M b . It follows that 
7 n M a = 7 n M h . Consequently w„ +1 n M a = u n+1 n M b and the lemma 
follows. □ 

We shall complete the proof of Theorem 24.18 by showing that the set 
{x a :acK u countable} has size at most A. Since each M a has countable 
subsets it will follow that there are at most A countable subsets of and 
therefore 2 N " = A. 

For each a and each n we have 

x a (n) = sup a<LUk X a a {n) = sup Q<Wfc /£(n). 

If S is any subset of ujk of size K^, then x a ( n ) — su P{fa( n ) '■ ot £ S} and so 
the set {/° : a € 5} determines x°- 

Lemma 24.23. There exists a family F\ of X subsets of X, each of size Hfe, 
sweft £/iat /or every subset Z C A of size i/iere exists an X e Fx swc/i i/iai 

icz. 

Proof. We prove (by induction on a) that for every ordinal a such that 
2 Nfc < a < A there is a family F a C [a] Nfc , |F a | < \a\ such that for every 
Z e [a] Hk there is an X <= F a such that X C Z. This is true for a = 2 Nfc . If 
a is not a cardinal, then F a can be obtained by a one-to-one transformation 
from F| a |. If a is a cardinal then since a < X < we have cf a ^ H^, and 
it follows that F a = \Jg <a Fp has the required property. □ 
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Now we complete the proof of Theorem 24.18. For each countable subset a 
of H w let Z a — {/° : a < u>k}', each Z a is a subset of F, and \Z\ — H^,. Apply 
Lemma 24.23 to the set F (instead of A) and obtain a family Fx C [F]^ k such 
that for each a there exists some X £ Fx such that X C Z. Since |X| = N^, 
X determines x°. It follows that |{x a :acN u countable} | < A. □ 



The Structure of pcf 

Let A be a set of regular cardinals and let pcf A denote the set of all possible 
cofinalities of J\ A. First we mention some facts about pcf: 

(24.7) (i) Ac pcf A 

(ii) If Ax C A 2 then pcf Ai C pcf A 2 . 

(iii) pcf(Ai Ui 2 ) = pcf Ai U pcf A 2 . 

(iv) | pcf A\ < 2 2lA| . 

(v) sup pcf A < \ Y\A\. 

In Lemma 24.19 we showed: 

(vi) If A is an interval and 2' A ' < min A then pcf A is an interval. 

This is true in general, under the assumption |A| < min A (sec Shclah [1994]). 
In the following Lemma 24.24 we prove 

(vii) If | pcf A| < min A then pcf (pcf A) = pcf A. 

Finally Theorem 24.18 is true in general, and under weaker assumptions; we 
state this without a proof. 

(viii) If A is an interval without a greatest element and (min A)'" 4 ' < 
sup A, then (sup A) 1^1 = max pcf A. 

For proof, see e.g. Burke and Magidor [1990]. 

Lemma 24.24. If | pcf A| < min A then pcf (pcf A) = pcf A. 

Proof. Let B = pcf A. For each A <G B choose Dx on A such that cof Dx = A, 
and let (/^ : a < A) be cofinal in H^/^a- Let \i e pcf B; choose D on B 
with cof D = fj,, and let (g a : a < fi) be cofinal in \~[B/D. Let 

E = {X C A : {A e B : X e D x } e D}. 

E is an ultrafiltcr on A and we shall show that cof E = fi, thus proving 
/j, e pcf A, and hence pcf B = B. 
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For every a < fx, let 

h a (a) = sup XeB fg aW (a) (all a E A). 

Since min^4 > \B\, we have h a (a) < a for all a e A. We will show that for 
each h € n A eventually all h a are >e h. The we can find a subsequence of 
(h a : a < fi) that is cofinal in Y[A/E. 

Let /i £ f]A For each A G B there exists a 17(A) < A such that h <d x 
fgW ^ or even tually all a < \i we have g <d 9a, and we claim that whenever 
g <d g a then h <e h a . 

Let a be such that g <d g a - Let X = {a € A : h(a) < h a (a)}. If A is such 
that 5(A) < <7 Q (A) then for D^-almost all a, h(a) < f^ x ^(a) < fg ( A )( a ) < 
h a (a) and hence a E X. Thus X e D x for D-almost all A, and so X e E. □ 

The fundamental theorem of the pcf theory is the following. 

Theorem 24.25 (Shelah). If A is a set of regular cardinals such that 2l A l < 
min A, then there exist sets B\ C A, A e pcf A, such that for every A G pcf A 

(a) A = max pcf B\ . 

(b) \£pd(A-B x ). 

(c) ni a : a *= -^a} a X-scale mod where J x is the ideal generated 
by the sets B v , v < A. 

(To see that Ja is an ideal, we observe that if X e J x then X C B V1 U 
. . . U -Bj, fe , hence pcf X C pcf -B^ U . . . U pcf and so by (a), A ^ pcf X. 
Hence X ^ A.) 

The theorem is true under the weaker assumption \A\ < min A; see She- 
lah [1994] or Burke and Magidor [1990]. 

Note that (a) and (b) can be formulated as follows: 

(a) For every ultrafilter D on B x , cof D < A; and there exists some D 
on B x such that cof D = A. 

(b) For every ultrafilter D on A, if cof D = A then B x e D. 

The sets £>a, A G pcf ^4, are called the generators of pcf A It follows from 
(a) and (b) that the cofinality of an ultrafilter on A is determined by which 
generators it contains: 

(24.8) cof D = the least A such that B\ e D. 

Corollary 24.26. If 2l A l < min A then | pcf A| < 2^1. 

Proof. The number of generators is at most 2' A '. □ 

Corollary 24.27. If H w is strong limit then 2 N ^ < H( 2 n 0 )+- 

Proof. Corollary 24.26, Corollary 24.20 and Theorem 24.18. □ 
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Corollary 24.28. If 2l A l < min A then pcf A has a greatest element. 

Proof. Assume that pcf A does not have a greatest element. Then the set 
{A — B\ : A e pcf A} has the finite intersection property, and so extends to 
an ultrafilter D. By (b), B coiD e D, a contradiction. □ 

Proof of Theorem 24.25. We shall apply the results on ordinal functions 
proved earlier in this chapter. If I is an ideal on a set A of regular cardi- 
nals then we say that I has a A-scale if Y\A has a A-scale in </; similarly, 
we say that I is X-directed \fY\A\s A-directed in <j. 

We construct the generators B\ by induction, so that for each cardinal re < 
sup pcf A the following conditions are satisfied: 

(24.9) (i) the ideal J K generated by {B\ : A < re and A e pcf A} is re- 
directed; 

(ii) if re pcf A then J K is re+-directed; 

(iii) if re £ pcf A and k is not a maximal element of pcf A then there 
exists a B K g J+ such that J K has a re-scale on B K and J K [£? K ], 
the ideal generated by J K U {B K }, is a re + -directed ideal; 

(iv) if k = max(pcf A) then J K has a re-scale on ^4 (and we let 
B K = A). 

If the conditions (24.9) are satisfied, then the sets B\ satisfy Theorem 24.25: 
To prove (a), let A £ pcf A. Choose an ultrafilter D on B\ that extends 
the dual filter of J\. J\ has a A-scale on B\, and this scale is also a scale 
for <£>; therefore cof D = A, and so A e pcf B\. Also, if D is any ultrafilter 
on B\, then cither D n J\ = 0 in which case cof I? = A, or else there is some 
v < A such that B v € D. If z/ is the least such then is an ultrafilter on B v 
and D n = 0. Since has a z^-scalc on B^, we have cof D — v. In cither 
case, cof D < X. 

To prove (b), let £> be an ultrafilter on ^4 such that B\ ^ D; we claim 
that cof D ^ X. Either D 3 B\ for some v < X in which case cof I? < A, or 
else D n J\[B\] ^ 0, and since J\[B\] is A + -directed, D is A+-directed, and 
we have cof D > X. 

Finally, (c) follows from (24.9) (iii) and (iv). We prove (24.9) by induction 
on re < sup pcf A: 

(i) If re < min A then J K — {0} is re-directed. If re is a limit cardinal, then 
J K = Ua<k an d tnc da™ follows easily If re = A+ then cither A ^ pcf A 
and J K = J\ is A+-directed by (ii), or A e pcf A and J K — J\[B\] is A + - 
directed by (iii). 

(ii) Let re ^ pcf A and re > min A; hence re > 2l A L If re is singular, 
then it is easy to see that since J K is re-directed, it is re + -directed. If re is 
regular, assume by contradiction that J K is re-directed but not re + -directed. 
By Corollary 24.12, J K has a re-scale on some X e J+. Let D be any ultrafilter 
on J*T such that DC\J K = 0. Then cof Z? = re and so re e pcf A, a contradiction. 
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(iii) Let k € pcf A be such that n < suppcf A. We claim that J K is not 
K + -directed and that J K does not have a K-scalc on A. Then a B K exists by 
Corollary 24.12. Assume by contradiction that J K is K + -directed, and let D 
be any ultrafilter on A. If D 3 B\ for some A < n, then cof D < k. Otherwise, 
D n J K = 0 and since J K is K + -directed, £> is K + -directed and so cof D > n. 
In either case cof D ^ k, hence k ^ pcf A, a contradiction. 

Now assume that J K does have a K-scale on A. Then for every ultrafilter D 
on A, either D 9 i3> for some A < k, and then cof D < k, or £> n J K — 0, so 
D has a K-scale and cof D — k. Hence k = max(pcf A), a contradiction. 

(iv) Let k = max(pcf A) and again assume, by contradiction, that J K does 
not have a scale on A. Then by Corollary 24.12 there exists a Y E J+ such 
that J K [Y] is K+-directed. If I? is any ultrafilter on A such that D(l J K [Y] = 0 
then <d is « + -directed and so cof D > k. Hence k is not the maximal element 
of pcf A, a contradiction. □ 

The same argument that shows that pcf A has a greatest element yields 
the following property of pcf, called compactness : 

Corollary 24.29. Let B\, A e pcf A, be generators of pcf A. For every X C 
A there exists a finite set { v\ , . . . , } C pcf X such that X C B Vl U . . . U B Vk . 

Proof. Assume the contrary. Then {X — B v : v e pcf X} has the finite 
intersection property and there exists an ultrafilter D on X such that B v ^ 
D for all v e pcf X. If A = cof D then B A e D by Theorem 24.25(b), 
a contradiction. □ 

We conclude this section with the following improvement of Theorem 
24.16: 

Corollary 24.30. Let k be a regular uncountable cardinal, and let Vt v be 

a singular cardinal of cofinality n such that 2 K < H^. Then there is a closed 
unbounded set Can such that max(pcf{H a+1 : a G C}) = 
riaec ^a+i has true cofinality mod L where I is the ideal of all bounded 
subsets ofC. 

Proof. Let C 0 be any closed unbounded subset of n of order-type k such that 
2 K < H Qo where ao = minCo- Let A 0 = {H Q+ i : a e Co}, let A = N^+i, and 
let B\ be a generator for pcf Ao, for this A (by Theorem 24.16, A € pcf Ao). 
Let X — {a e Co : e If D is any ultrafilter on Co that extends 

the closed unbounded filter, then by Theorem 24.16, cof IlaeCo ^a+i/D = A, 
and by Theorem 24.25(b), X e D. Thus X contains a closed unbounded 
set C. Let A = : aeC}. By Theorem 24.25(a), max(pcf A) < A, and 

therefore = A. 

Now let B v , v < A, denote the generators of pcf A. Every B v for v < A is 
a bounded subset of A and so the ideal of all bounded subsets of A extends J\, 
the ideal generated by the B v , v < A. Thus Yl a€C N Q +i// has a A-scale. □ 
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Transitive Generators and Localization 

Let A be a set of regular cardinals with 2l A l < minA, let Ba, A £ pcf A, 
be generators for pcf A, and let J K be, for each k < max(pcf A), the ideal 
generated by {B\ : A < n}. The following shows that the ideals J K are 
independent of the choice of generators for pcf A: 

(24.10) For every X C A, X G J K if and only if cof D < n for every 
ultrafiltcr D on X. 

To see this, note first that if X G J K then X C B V1 U . . . U B Vk for some 
vi, . . . ,v>k < k, and so max (pcf X) < k. Conversely, if X ^ J K then the set 
{X — B\ : A < k} has the finite intersection property, and so there exists an 
ultrafiltcr D on X such that B x g D for all A < n. By Theorem 24.25(b), 
cof-D > k. Each generator B\ is uniquely determined up to equivalence 
mod J\; if B is any set such that B A B\ e J\, then B also satisfies (a) 
and (b) of Theorem 24.25. To sec this, note that by (24.10), if X A Y £ J x 
then pcf X — A = pcf Y — A; thus max pcf B = A and A ^ pcf (A — B). 
We shall now produce generators for pcf that are transitive: 

Lemma 24.31 (Transitive Generators). Let A be a set of regular cardi- 
nals such that A = pcf A and (2l A l)+ < minA There exist generators B\, 
A G A, for pcf A with the property 

(24.11) ifneBx then B^ C B\. 

In other words, the relation "/i G JBa" of /j, and A is transitive. The lemma 
holds under weaker assumptions on A; see Shelah [1994]. 

Proof. Let B\, A G A, be generators for pcf A. We shall replace each B\ by 
an equivalent generator B\ so that (24.11) is satisfied. 

For each A G A there exists a sequence (/* : a < A) of functions in FJ A 
that is <j x -increasing and is cofinal on B\. Moreover, by Lemma 24.10 we 
may assume that for each A and each a of cofinality greater than 2l A l, f£ is 
an exact upper bound of {/^ : [3 < a}. 

Let k = (2'^') + . Let $ be sufficiently large, and consider elementary sub- 
models of (H$, G, <) where < is some well-ordering of H$. Consider a con- 
tinuous elementary chain 

M 0 -< Mi -<...-< M v -<...-< M K = M -< H, d 

of models, each of size k, such that Mo contains A, each A G A, all subsets 
of A, each (/^ : a < A), every function from a subset of A into A <LJ , and 
such that 



(24.12) 



(AQ : f < r/) G M,+i (all 77 < k). 
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Let Xv V — K > be the characteristic functions of M v : 

(24.13) XvW = sup(M 7) n A) (for all A e A), 

and let x = Xk, the characteristic function of M. Each Xrj (77 < k) belongs 
to M v+ i and therefore to M. If £ < 77 then x^(A) < XvW ^ or a ^ <= A and 
(Xr;(A) : ?7 < k) is an increasing continuous sequence with limit xW < ^- 

We claim that for each A € A, x is the <j A -exact upper bound of (/* : 
a£Mfl A) on £> A and consequently, 

(24.14) /x(A)(M) =X(M) for J A -almost ah> e B a . 

If a e M n A then e M and so f£(fi) < x(m) for au M € A. Hence x is 
an upper bound of (/* :a£MflA). To show that x is the <j A -exact upper 
bound on Bx, it suffices to show that for each 77 < k, Xt) <Jx fa on ^A f° r 
some a € M n A, since x is the pointwise suprcmum of {x v ■ V < n}, and 
I A I < k. Thus let 77 < n; there exists an a < A such that Xv <J\ fa on ^Ai 
and since M is an elementary submodel, there exists such an a in M. 

Since cfx(A) — n > 2> A >, f£(x) 1S a <j x -exact upper bound of {/* : a G 
M n A} on B x , and (24.14) follows. 

Now we let, for each Aei, 

(24.15) B*x = { f ieBx:f^x ) (ri = x(riY, 

if follows from (24.14) that B* x is J A -equivalent to Bx- 
The transitive generators Bx are defined as follows: 

(24.16) v e Bx if and only if there exists a finite increasing sequence (with 
k > 0) (vo, ■ ■ ■ , Vk) such that i/ 0 = v, Uk = A and i/j e f°r 
every i = 0, . . . , fc — 1. 

It is clear that Bx is transitive, B* x C £? A , an d A = maxB A . It remains 
to prove that Bx is J A -equivalent to B x ; for that it suffices to show that 
BxeJx + =Jx[B x }._ 

For each v e B A , fix a finite sequence = (vo, . . . , Vk) to sat- 

isfy (24.16). Note that the function ip on Bx belongs to M. Let (g a : a < A) 
be the A-sequence of functions in Y\ A defined as follows: 

If v £ Bx, we let g a (y) = 0. If v e Bx then <p(^) = (fo, • • • , ffc) with 
i'o = i' and t% = A, and we consider the sequence (/Jo, • • • , /Jfc), where /% < Vi 
for each i, obtained as follows (by descending induction): 

(24.17) /J fc = a, 

ft=0) (i = fc-l,--.,0). 

and let <7 a (^) = /Jo- 

As M is an elementary submodel and ip G M, the sequence (<? a : a < A) 
is defined in M. Since J A + is A+-directed, there exists a function g e 
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such that g a < g mod J A + for every a < A. Since M -< H$, such a function g 
exists in M. Since g g M, we have 5(1/) < x{ v ) f° r ah ^ and therefore g a < X 
mod </ A + for every a < A. 

Now let a = x(A). We shall finish the proof by showing that g a {v) = x( p ) 
for every v G B\. This implies that B\ G J A + . 

So let v g B\. Let (i/rj, • • • , ffc) = <p{y), and let (/3o, . . . , (3k) be the sequence 
obtained in (24.17) for a = x(A). We claim that for each i, fa = x{ y i)i and 
therefore g a {v) = (3 0 = xOo) = x{ v )- 

For each i we have Vi g B*. +i , and so by (24.15), /^ 4 1 +1 )( t 'i) — x( l/ i)- F° r 
i = k, we have = a = x(A) = x{ v k), and then for each i = fc — 1, . . . , 0, 
we have by (24.17) 

Using transitive generators we now prove the Localization Lemma: 

Lemma 24.32 (Localization). Let A be a set of regular cardinals such that 
2 | P cf A\ < minj 4 ; i et x c pcf A and let A g pcf X. There exists asetW C X 
such that \W\ < \A\ and such that A g pcf W. 

Again, the Localization Lemma holds under the weaker assumption 
I pcf A\ < min A. 

Proof. First, since 2' x ' < minX, there exist generators for pcfX, and in 
particular there exists a set Y C X with max(pcf Y) = A. Let A = pcf A. 
By (24.7) (vii) we have pcf A = A, and since 2^ < min A, we can find 
transitive generators B v , v g A, for pcf A. 

For every v g F, let = f?„ n A Since Y~ C pcf A there exists an 
ultrafiltcr fl on A with cof D = v, and by Theorem 24.25, £>„ G D. Hence 
g pcf B^. Let 

£ = \J{B? :veY}. 

Since f G pcf E for every 1/ g Y , we have Y C pcf £, hence pcf Y C pcf pcf E, 
and since (by (24.7) (vii)) pcf pcf E = pcfE, we have pcfF C pcfE. In 
particular, A g pcf E. 

Since E C A, there exists a set W C Y of size < \A\ such that E C 
|J{-B^ : v g W}. We shall prove that A g pcf W. 

Assume, by contradiction, that A ^ pcf W. By compactness (Corol- 
lary 24.29) there exist Ai, . . . , A„ g pcf W such that W C B Xl U . . . U B Xn , 
and since maxpef W < maxpef Y = A, we have Ai < A for all z = 1, . . . , n. 
Now 

E C \J{B, : v g IF} C U{5„ : ^ G S Al } U . . . U U{£„ : v g B A „}, 

and since, by transitivity (Lemma 24.31), U^es B" c f° r everv t 1 , we 
have 

£cB Al U...US v 

It follows that pcf E C pcf(B Al U . . . U B A J = pcf B Xl U . . . U pcf B Xn , and 
so max(pcf £7) < max{Ai, . . . , A„} < A, a contradiction. □ 
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Shelah's Bound on 2*" 

As an application of the pcf theory, we shall now present the following result 
of Shelah: 

Theorem 24.33 (Shelah). If H w is a strong limit cardinal then < H W4 . 

Proof. Let us assume that H w is strong limit. We already know, by Corol- 
lary 24.27, that 2 N " = maxpcf{K„}£° =0 < N K „. We shall prove that 

maxpcf{H„}^° =0 < H W4 . 

Let •& be the ordinal such that 2 N ^ = we shall prove that d < LO4. 

Lemma 24.34. There exists an ordinal function on P(i?) with the following 
properties: 

(24.18) (i) IfXcY then F(X) < F(Y). 

(ii) For every limit ordinal rj < $ of uncountable cofinality there is 
a closed unbounded set C C 77 such that F{C) = r\. 

(iii) If X C •& has order-type Wi then there exists some 7 £ X such 
that F(Xr\j) > supX. 

Proof. Let X C ■& and consider the set A = : £ £ X}. As 2^ = H fe 

for some finite k, max(pcf A) exists and is equal to some N 7 +i. We define 
F(X) = 7. 

It is clear that IcY implies F(X) < F(Y) and that F(X) > sup AT. 

Property (ii) follows from Corollary 24.30. If n = cf n then k < H w and so 
2 K < H w < H n and the corollary applies. 

Property (iii) is a consequence of the Localization Lemma 24.32: If X C $ 
then {N c+ i : f e X} C pcf{K„}^ =0 and since 2lP cf {*"}"l < 2 2 * 0 < N U) 
Lemma 24.32 applies (with e.g. A = N^+i where 77 = sup AT) and X has 
a countable subset W such that F(W) > sup A". □ 

We complete the proof of Shelah's Theorem by showing that < W4. 

Assume, by contradiction, that i9 > W4. Let (C a : a £ E^} be a club- 
guessing sequence (see Theorem 23.3). Each C a is a closed unbounded subset 
of a, and for every closed unbounded C C u> 3 , the set {a £ E^ : C a C C} is 
stationary. 

Let M a , a < w 3 , be a continuous elementary chain of models of size H 3 
that contain the family {C a } a , are closed under F, such that (M^ : £ < a) £ 
M a+ i for each a, and that for each a, n a = M a n w 4 is an ordinal. Let 
77 : w 3 — > w 4 be the continuous function 77(a) = ?7 a . By (24. 18) (ii) there 
is a closed unbounded set C C W3 such that F(r] u C) = sup a n a . Let a £ 
i^ 3 be such that C a C C. By (24. 18) (iii) there exists a /3 < a such that 
F{r) ll (C a n /?)) > 77(a). Let AT = n%C a n /?). 

Since C Q £ M a and 77 £ M a , we have AT £ M a . Since X £ 7i"C we 
have F(X) < F(n ll C) < 0J4. As M a is closed under F, we have F(X) £ M a , 
and since w 4 n M Q = 77(a), it follows that F(X) < 77(a), a contradiction. □ 
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Exercises 

24.1. If ft < wi and if 2 Nq < $, a +f3 for a stationary set of a's, then 2 N "' 1 < tt^+p. 
[By induction on j3: If ip(a) < [3 on a stationary set, then \\<p\\ < [3.] 

24.2. If (3 < wi, if 2 Nl < K,!, and if < N a+(9 for a stationary set of a's, then 

24.3. If 2 N ° < K a+ 2 holds for all cardinals of cofinality u>, then the same holds for 
all singular cardinals. 

24.4. If Ki < cf K„ < N„, if /3 < cf N„, and if 2 N " < N a+/3 for all a < r), then 

24.5. If 2 N ° < for a stationary set of a < wi, then 2 Nl "i < 
[If <p(a) = a for all a < wi, then = wi.] 

24.6. If 2 N -i+» < N„ 1+Q+a for all a < wi, then 2 N -i+"i < N Ul+UJ1+Ul . 
[Use the sets A a = w wi + a .] 

24.7. If 2 Nl < K U1 and if < N Q+ «+i for all a < wj, then K*; < N Wl+u , 1+ i. 

24.8. If k is a strong limit cardinal, k = N,,, and cf k > Ki, then 2 K < N 7 , where 

7 = (M cfK ) + . 

24.9. If Ki < cf/t < k and if A cf " < k for all A < k, then K cfK < N 7 , where 
7 = (M cfK ) + - 

The next exercise uses the notation from Chapter 8. Let k be a regular uncount- 
able cardinal, let M 0 = k, M v+1 = Tr(M„), M„ = C\ l , <c{v M ^ or M >? = A „< K M H, 
(if cf 77 = k) as long as M,, is stationary. 

24.10. Let /,,, r\ < k + , be the canonical functions on k. Let S v = {a < n : o(a) = 
fr]{oi)}. Show that S v = M v — M v+ i mod J N s and that o(S) = 77 for every stationary 

scs,. 

The sets S v are the canonical stationary sets (of order 77). 

24.11. Find a partially ordered set of cofinality Nu,; of cofinality 1, 2, 3, etc. 

24.12. The lexicographical ordering u> x a>i does not have true cofinality. 

24.13. Let / = 7ns be the nonstationary ideal on wi, let c 7 , 7 < wi, be the 
constant functions (with value 7) on wi, and let d(a) = a be the diagonal function. 
The function d is a least upper bound, but not an exact upper bound of the set 
{c 7 : 7 < wi}, in </. 



Historical Notes 

The Galvin-Hajnal Theorem appeared in [1975]. Shelah's investigation leading to 
the pcf theory started in [1978], and the book [1982] contains the first proof of 
a bound on 2 Nl " . In a sequence of papers starting in 1978, Shelah developed the 
theory of possible cofinalities. A complete presentation is in his book [1994]. 

There are several papers that give an exposition and/or simplified proofs of 
Shelah's results; we mention Burke and Magidor [1990] and Jech [1992]. 
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25. Descriptive Set Theory 



Descriptive set theory is the study of definable sets of real numbers, in par- 
ticular projective sets, and is mostly interested in how well behaved these 
sets are. A prototype of such results is Theorem 11.18 stating that £} sets 
are Lebesguc measurable, have the Baire property, and have the perfect set 
property. This chapter continues the investigations started in Chapter 11. 
Throughout, we shall work in set theory ZF + DC (the Principle of Depen- 
dent Choice). 



The Hierarchy of Projective Sets 

Modern descriptive set theory builds on both the classical descriptive set 
theory and on recursion theory. It has become clear in the 1950's that the 
topological approach of classical descriptive set theory and the recursion theo- 
retic techniques of logical definability describe the same phenomena. Modern 
descriptive set theory unified both approaches, as well as the notation. An 
additional ingredient is in the use of infinite games and determinacy; we shall 
return to that subject in Part III. 

We first reformulate the hierarchy of projective sets in terms of the light- 
face hierarchy E*, n* and A* and its relativization for real parameters. 
While we introduce these concepts explicitly for subsets of the Baire space 
Af = analogous definitions and results apply to product spaces J\f x N, 
N r as well as the spaces u>, uo k , uj k x N r . 

Definition 25.1. 

(i) A set A C M is Ej if there exists a recursive set R C \J^L 0 (oJ n x w ") 
such that for all x £ N, 

(25.1) x £ A if and only if 3y £ to u Vn € u) R(x\n, y \n). 

(ii) Let a £ N; a set A C N is T\{a) (Sj in a) if there exists a set R 
recursive in a such that for all x £ N, 

x£A if and only if 3y £ uj u Vn £ u R(x\n, y \n, a\ri). 
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(iii) A C TV is II* (in a) if the complement of A is £* (in a) . 

(iv) A c TV is (in a) if it is the projection of a 11^ (in a) subset 
of TV x TV. 

(v) A C TV is A* (in a) if it is both £* and II* (in a). 

A similar lightfacc hierarchy exists for Borel sets: A set A C TV is X? 
(recursive open or recursively enumerable) if 

(25.2) A= {a; : 3n i?(xfn)} 

for some recursive R, and II] 1 (recursive closed) if it is the complement of 
a set. Thus T,\ sets are projections of Hj sets, and as every open set is S° 
in some a G TV (namely an a than codes the corresponding union of basic 
open intervals), we have 

£*= U Si(a), 

and more generally, every £* (11* ) set is £* (II*) in some parameter a G TV. 

For n G o>, the lightface hierarchy of S° and 11° sets describes the arith- 
metical sets: For instance, a set ^4 is £3 if 

A = {x G TV : 3mi Vm 2 3m 3 R(m\, m 2 , x\m 3 )} 

for some recursive R, etc. Arithmetical sets are exactly those A C TV that 
are definable (without parameters) in the model (HF,e) of hereditary finite 
sets. 

The following lemma gives a list of closure properties of projective rela- 
tions on TV. We use the logical (rather than set-theoretic) notation for Boolean 
operations; compare with Lemma 13.10. 

Lemma 25.2. Let n > 1. 

(i) If A, B are £*j(a) relations, then so are 3x A, AhB, AV B, 3mA, 
Vrn A. 

(ii) If A, B are II* (a) relations, then so are VxA, A/\B, AV B, 3mA, 
VmA. 

(iii) If A is S^a), then -^A is 11*; if A is IT* (a), then -^A is £*. 

(iv) If A is II* (a) and B is S*(a), then A ^ B is £*(a); i/ A is S*(a) 
and .B is II* (a), </ien A — > _B is II* (a). 

(v) //A and _B are A* (a), tften so are -.A, AAB, AV B, A —> B, A <-> 5, 
3mA, Vrn A 

Proof. We prove the lemma for n = 1; the general case follows by induction. 
Moreover, clauses (ii)-(v) follow from (i). 

First, let A G Sj(a) and let us show that 3x A is £*_(a). We have 

(x, y) G A <-» 3z Vn (x |"n, y |"n, z [n, n) G i?, 
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where R is recursive in a. Thus 

y G 3x A <-» 3x 3z Vn (a; fn, y |"n, z fn, n) G i?. 

We want to contract the two quantifiers 3a; 3z into one. Let us consider some 
recursive homeomorphism between Af and Af 2 , e.g., for u G Af let m+ and m~ 
be 

u+(n) = u(2n), u~(n) = u(2n + 1), (neN). 
There exists a relation R' recursive in R, such that for all u, y G A/", 

(25.3) Vn(u|n,y|n,n) G i?' if and only if Vfc (u + ffc, y \k, u~ \k, k) G i?. 

Namely, if n = 2k (or n = 2k+ 1), we let (s, t, n) G i?' just in case length(s) = 
lcngth(t) = n and 

««(0), . . . , s(2k - 2)), (i(0), . . . ,i(fc - 1)), . . . , s(2fc - 1)), k) G J2. 

Now (25.3) implies that 

ye Els A <-> 3m Vn (w|"n, yfn, n) G i?', 

and hence 3x^4 is 2} (a). 

Now let A and B be S}(a): 

a; G ^4 «-> 3z Vn (x \n, z \n, n) € i?i , 
x G A <-> 3z Vn (a; |"n, z fn, n) G i? 2 

where both i?i and i? 2 are recursive in a. Note that 

x e A A B ^ 3zi 3z 2 Vn [(x \n, z\ \n, n) G i?i A (a; fn, z 2 fn, n) G i? 2 ] 

and hence, by contraction of 3z\ 3z 2 , there is some R, recursive in Ri and i? 2 
such that 

iG^ABh 3zVn (x\n,z\n, n) G -R. 

Thus A AS is Ej(a). 

The following argument shows that the case AVB can be reduced to the 
case 3m C. Let us define R as follows (s,i G Seq, m,n G AT): 

(s, m, i, n) G R cither m = 1 and (s, t, n) G i?i 
or m = 2 and (s, i, n) G i? 2 . 

i? is recursive in i?i and i? 2 , and 

a; G ^4 V S <-» 3z Vn (x |"n, z fn, n) G i?i V 3z Vn (x |"n, z \n, n) G i? 2 
<-> 3m 3z Vn (x |"n, m, z fn, n) G R 
<-> x G 3m C 

where C is Si (a). 



482 Part II. Advanced Set Theory 



The contraction of quantifiers 3m 3z is easier than the contraction 3x 3z 
above. We employ the following recursive homomorphism between Af and 
uj x Af: h(u) = (m(0), u'), where 

u'(n) = u(n+l) (neN). 

If 

(x, m) £ A <-> 3z Vn (x \n, m, z \n, n) £ R, 

then we leave it to the reader to find a relation R' , recursive in R, such that 
for all u, x £ Af, 

Vn(x\n,u\n,ri) efl'^Vi; (x\k,u(Q),u'\k,k) £ R. 

Then 

x £ 3mA <-> 3uVn (x|n, ufn, n) € i?'. 
It remains to show that if A is S}(a), then Vm^4 is Si (a). Let 

(x,m) £ yl <-> 3z Vn (a; \n, m, z \n, n) £ R 
where R is recursive in a. Thus 

(25.4) x £ Vm A <-> Vm 3z Vn (x fn, m, 0 fn, n) e R. 

We want to replace the quantifiers Vm3z by 3uVm and then contract the two 
quantifiers Vm Vn into one. Let us consider the pairing function r : AT x AT — > 
iV and the following homeomorphism between A/" and TV" : For each u £ Af, 
let u m , m £ N, be 

« m (n) = u(r(m, n)) (m,n € N). 

Now we can replace Vm3z in (25.4) by 3u Vm (note that in the forward 
implication we use the Countable Axiom of Choice): 

(25.5) Vm 3z Vn (xfn, m, z fn, n) e R <-> 3u Vm Vn (x|"n, m, w m fn, n) e i?. 

Let a : AT — > A/" and /3 : AT — > AT be the inverses of the function L: If 
T(m,n) = fc, then m = a(fc) and n = /3(fc). From (25.4) and (25.5) we get 

(25.6) x £ Mm A <-> 3uVfc (xf/3(fc), a(fc), u a(fc) |73(fc), /3(fc)) e i?. 

Now it suffices to show that there exists a relation i?' c S'eg 2 x AT, recursive 
in R, such that for all u, x £ Af, 

(25.7) \Jk{x\k,u\k,k) £ i?' <-» Vfc(xf/3(A:),a(A:),u Q(fe) t/3(fc),/3(fc)) e J?. 

The relation i?' is found in a way similar to the relation R' in (25.3), and we 
leave the details as an exercise. 

Hence Vm^4 is Si (a) because by (25.6) and (25.7), 

x £ Vm A <-> 3u Vfc (x f fc, u ffc, k) £ R 1 . 

In Lemma 11.8 we proved the existence of a universal S^ set. An analysis 
of the proof (and of Lemma 11.2) yields a somewhat finer result: There exists 
a set A C N 2 (lightface) that is a universal set. 
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U\ Sets 

We formulate a normal form for 11} sets in terms of trees. This is based on 
the idea that analytic sets are projections of closed sets, and that closed sets 
in Af are represented by sets [T] where T is a sequential tree; cf. (4.6). Let 
us consider the product space Af r , for an arbitrary integer r > 1. As in the 
case r = 1, the closed subsets of Af r can be represented by trees: Let Seq r 
denote the set of all r-tuples (si, . . . , s r ) <G Seq r such that length(si) = . . . = 
length(s r ). A set T C Seq r is an (r- dimensional sequential) tree if for every 
(si, . . . , s r ) e T and each n < length(si), (si \n,...,s r \n) is also in T. Let 

(25.8) [T] = {(oi, . . . , a r ) e Af r : Vn (oi \n,...,a r \n) e T}. 

The set [T] is closed, and every closed set in N r has the form (25.8), for 
some tree T. 

We call a sequential tree T C Seq r well-founded if [T] = 0, i.e., if the 
reverse inclusion on T is a well-founded relation. T is ill-founded if it is not 
well-founded. 

For T C Seq r+1 and for each x £ Af, let 

(25.9) T(x) = {(si, . . . , s r ) e S'eg,. : (zfn, Si, . . . , s r ) e T 

where n = length Sj}. 

Now if A c A/" is analytic, there exists a tree T c 5*6(72 sucn that A is the 
projection of [T]; consequently, for all x e A" we have 

(25.10) x e A if and only if T(x) is ill-founded. 
More generally, if A is £}, let i? be recursive such that 

x e A <-> Ely e A r Vni?(a;tn,y['n) 

and define T = {(i,s) € 5eg 2 : Vn < length(s) R(t\n, s\n)}. For all x £ Af, 
we have T(a:) = {s e S'eg : Vn < length(s) R(x\n, s\n)} and x £ A if and 
only if T(x) is ill-founded. 

Theorem 25.3 (Normal Form for LTj). ^4 sef A C Af is H\ if and only if 
there exists a recursive mapping x T(x) such that each T(x) is a sequential 
tree, and 

(25.11) xeA if and only if T(x) is well-founded. □ 

Similarly, a relation A C Af r is LT} if and only if A = {x : T(x) is well- 
founded} where (T(x) : x G Af r ) is a recursive system of r-dimensional trees. 

One consequence of normal forms is that 11} (and T,{) relations are abso- 
lute for transitive models: 
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Theorem 25.4 (Mostowski's Absoluteness). If P is a E} property then 
P is absolute for every transitive model that is adequate for P. 

Proof. "Adequate" here means that the model satisfies enough axioms to 
know that well-founded trees have a rank function, and contains the param- 
eter in which P is £}. The proof is similar to Lemma 13.11. 

Let M be a transitive model and let T € M be a tree such that P = 
{x : TO) is ill-founded}. Let x e M. If M t= (T(x) is ill-founded) then 
T(x) is ill-founded. Conversely, if M \= (T(x) is well-founded) then M N (3/ : 
T(x) — » Ord such that f(s) < /(i) whenever s D t) and therefore T(x) is 
well-founded. □ 



Trees, Weil-Founded Relations and K-Suslin Sets 

Much of modern descriptive set theory depends on a generalization of the 
Normal Form for II \ sets. A tree T C Seq r consists of r-tuplcs of finite 
sequences. We can also identify T with finite sequences of r-tuples, which 
enables us to consider a more general concept: 

Definition 25.5. 

(i) A tree T (on a set X) is a set of finite sequences (in X) closed under 
initial segments. 

(ii) If s, t <E T then s < t means s D t, i.e., t is an initial segment of s. 

(iii) If s e T then T/s = {t : s~i e T}. 

(iv) If (T, <) is well-founded then ||T|| is the height of <, and for t G T, 
Pt(^) is the rank of t in <. 

(v) [T] = {f EX" :Vnf\neT}. 

If S* and T are well-founded trees and if / : S — ► T is order-preserving 
then ||5|| < ||T|j; this is easily verified by induction on rank. But the converse 
is also true: 

Lemma 25.6. If S and T are well-founded trees and \\S\\ < \\T\\ then there 
exists an order-preserving map f : S — > T. 

Proof. By induction on ||T||. For each (a) G S, \\S/(a)\\ < \\S\\ < \\T\\ and 
there exists a t a ^ 0 such that ||5/(a)|| < ||T/(t 0 )||. Let /„ : S/(a) -» 5/i a be 
order-preserving. Now define / : 5 — > T as follows: /(0) = 0, and f(a^s) = 
t^f a (s) whenever a^s eS. □ 

We remark that the above proof (as well as the existence of rank), uses 
the Principle of Dependent Choices. If T is ill-founded, note that for any S 
there exists an order-preserving / : S — ► T (into an infinite branch of T). 
Thus we have 
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Corollary 25.7. There exists an order-preserving f : S — > T if and only if 
either T is ill-founded or \\S\\ < \\T\\. □ 

Trees used in descriptive set theory are trees on w x K (or on u) r x K) 
where K is some set, usually well-ordered. 

Let Seq(K) be the set of all finite sequences in K. A tree on u> x K is 
a set of pairs (s, h) £ Seq x Seq(K) such that length(s) = length(/i) and that 
for each n < length(s), (s\n, h\n) £ T. For every x £ Af, let 

(25.12) T(x) = {h£ Seq(K) : (x\n, h) £ T where n = length(ft)}. 
T(x) is a tree on K. Further we let 

p[T] = {x e AT : T(x) is ill-founded} 
= {x £ AT : [T(x)] ? 0} 
= {x£Af: (3/ £K")\/n(x\n,f\n) £ T}. 
Trees on uj t x K are defined analogously. 

Definition 25.8. Let k be an infinite cardinal. A set A C Af is K-Suslin if 
A = p[T] for some tree on lu x k. 

By the Normal Form Theorem for 11} sets, every H\ set is o>-Suslin. In 
fact if A is £}(a) then A = p[T] where T is a tree on uj x o> recursive in a. 
Let us associate with each x £ Af the following binary relation E x on N: 

(25.13) m£ x z(r(m,n)) =0 

where T is a (recursive) pairing function of N x N onto TV; we say that 
x codes the relation E x . We define 

(25.14) WF = {x £ Af : x codes a well-founded relation}, 
WO = {x £ Af : x codes a well-ordering on Af}. 

Lemma 25.9. The sets WF and WO are II}. 

Proof. We prove in some detail that WF is II}. E x is well-founded if and only 
if there is no z : N — > N such that z(k + 1) 75^ z(k) for all fc. Thus 

x £ WF <-» Vz 3k ->z{k + 1) z(fc). 

In other words, WF ~\/z A, where 

(x,z) Gin 3fcx(r(z(fc + l),z(k))) ^ 0 

and it suffices to show that A is arithmetical. But 

(x,z) gAh 3n,m,j,k[i = (z\n)(k+ 1) A j = (z\n)(k) A 

m = T(i,j) A (ztn)(ra) ^ 0]. 

To show that WO is 11} it suffices to verify that the set 
LO — {x : E x is a linear ordering of AT} 
is arithmetical. Then WO = WF A LO is II}. □ 
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We show below that neither WF nor WO is a £} set; thus neither is 
a Borel set. 

For each x e WF, let 

(25.15) ||a;|| = the height of the well-founded relation E x 

(see (2.7)). For each x, \\x\\ is a countable ordinal (and for each a < u\ there 
is some x £ WF such that ||x|| = a). If x e WO, then ||x|| is the order- type 
of the well-ordering E x . 

Lemma 25.10. For each a < u>i, the sets 

WF Q = {x e WF : ||or|| < a}, WO Q = {x e WO : < a} 

are Borel sets. 

Proof. Note that the set {(x,n) : n e Rcld(E x )} is arithmetical (and hence 
Borel). Let us prove the lemma first for WO Q . 
For each a < uj\, let 

B a = {{x, n) : E x restricted to {to : to E x n} 

is a well-ordering of order type < a}. 

We prove, by induction on a < ui, that each B a is a Borel set. It is easy to 
see that B 0 is arithmetical. Thus let a < u)\ and assume that all Bp, (3 < a, 
are Borel. Then 1J (3<Q Bp is Borel and hence B a is also Borel because 

(x, n) e B a <-» Vm ( m E x n — » (x, m) € (J Bp). 

V /3<a ' 

It follows that each WO Q is Borel because 

x e WO Q ^Mn(ne ?ie\d(E x ) -» (x, n) G U ^/j) • 

v /3<a y 

To handle WF a , note that the rank function ps can be defined for any 
binary relation E; namely: 

Pe(u) — a if and only if (v E u — > pb(w) is defined) and 

a = sup{pe(v) + 1 : v E u}. 

For each a < uii, let 

C Q = {(x, n) : Pe x (ji) is defined and < a}. 

Again, Cq is arithmetical, and if we assume that all Cp, (3 < a, are Borel, 
then C a is also Borel: 

(x, n) <E C a <-> Vm ( to £J X n — > (a;, m) e (J C/3 ) . 

Hence each C a is Borel, and it follows that each WF Q is Borel: 

x e WF Q «V?i(n€ &eld{E x ) -» (a;, n) e U C/j) • □ 
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Corollary 25.11. The sets {x e WF : ||a:|| = a} and {x e WF : ||a;|| < a} 
are Borel {similarly for WO). 

Proof, {x E WF : ||x|| < a} = U/3< Q WF^. □ 

Theorem 25.12. If C is a II} set, then there exists a continuous function 
f : Af — > Af such that C = /_i(WF), and there exists a continuous function 
g:Af^Af such that C = g_i(WO). 

Proof. We shall give the proof for WF; the proof for WO is similar. Let 
T c Seq 2 be such that 

xgCh T{x) is well-founded. 

Let {to,ti, ...,£„,...} be an enumeration of the set Seq. For each x € Af, let 
y = f(x) be the following element of Af: 



i,n)) = | J 



r , | if t m ,t n S T(x), and t m < t„ 

otncrwise. 



It is clear that E y is isomorphic to (T(x), <), and hence y G WF if and only 
if is well-founded. Thus C — /_i(WF) and it remains to show only that 
/ is continuous. But it should be obvious from the definitions of T(x) and 
of y = f(x) that for any finite sequence s = (e 0 , . . . , £fc-i), there is s e Seq 
such that if x D s and y — f(x), then y\k = s. Hence / is continuous. □ 

Corollary 25.13. WF is not £}; WO is not £}. 

Proof. Otherwise every 11} set would be the inverse image by a continuous 
function of an analytic set and hence analytic; however, there are 11} sets 
that are not analytic. □ 

Corollary 25.14 (Boundedness Lemma). If B C WO is £}, then there 
is an a < oj\ such that \\x\\ < a for all x e B. 

Proof. Otherwise we would have 

WO = {x^N :3z(zeB A\\x\\ < \\z\\)}. 

Hence ||x|| < \\z\\ for x,z e Af means: Either z ^ WO or ||x|| < \\z\\; this 
relation is £}; see Exercise 25.3. This would mean that WO is £}, a contra- 
diction. □ 

Corollary 25.15. Every 11} set is the union of Hi Borel sets. 

Proof. If C is II}, then C = /_i(WF) for some continuous /. But WF = 

Ua<a; 1 WF "> and henCe 

C= U /-i(WF a ). 

Each /_i(WF a ) is the inverse image of a Borel set by a continuous function, 
hence Borel. □ 



488 Part II. Advanced Set Theory 



Corollary 25.16. Assuming the Axiom of Choice, every U{ set is either at 
most countable, or has cardinality Hi, or cardinality 2 N ° . □ 

Theorem 25.19 below improves Corollary 25.15 by showing that every 
T,\ set is the union of Hi Borel sets. The following lemma is the first step 
toward that theorem. 

Lemma 25.17. Every T,{ set is the union of Hi Borel sets. 

Proof. Let A be a S} set. Let T C Seq 2 be a tree such that A = p[T]. We 
prove by induction on a that for each t € Seq and every a < u>i, the set 

(25.16) {xeM:\\T(x)/t\\<a} 

is Borel. Namely {x : \\T(x)/t\\ < 0} = {x : (x\n,t) £ T} and if a > 0, then 
\\T(x)/t\\ < a if and only if Vn (3/3 < a) \\T(x)/t^n\\ < (3. 
Let us define, for each a, the set B a as follows: 

x £ B a «-> --(||T(x)|| < a) A Vt (-i\\T(x)/t\\ = a). 

Since the sets in (25.16) are Borel, it follows that each B a is Borel. We shall 
prove that A = {J a<(Aj B a . First let x e A. Thus T(x) is ill-founded; hence 
||T(x)|j -?t a for any a, and it suffices to show that there is an a such that 
||T(x)/t|| 7^ a for all t. If there is no such a, then for every a there is t such 
that ||T(x)/t|| = a, but there are Hi a's and only Ho t's; a contradiction. 

Next let x ^ A, and let us show that x ^ B a , for all a. Let a < lo\ 
be arbitrary. Since T(x) is well-founded, either ||T(x)|| < a and a; <^ -B a , or 
||T(a;)|| > a and there exists some t € T(x) such that ||T(a;)/t|| = a and 
again x ^ B a . □ 



£^ Sets 

The Normal Form Theorem for H{ sets provides a tree representation for 
£3> sets: 

Theorem 25.18. Every Y,\ set is uJi-Suslin. If A is Y,\{a) then A = p[T] 
where T is a tree on w x W\ and T G L[a\. 

Proof. Let A be a S^ 0 ) subset of N. There is a tree U C S'egg, recursive 
in a such that 

.t € A <-» 3y Vz 3n (x f n, y fn, z \n) ^ U. 

In other words, 

x e A <-> 3y W(x, y) is well-founded. 
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A necessary and sufficient condition for a countable relation to be well- 
founded is that it admits an order-preserving mapping into uj\ . Thus 

x G A <-> 3y (3/ : U(x, y) — > w x ) if u C w then /(u) > /(u) 
<-> 3y (3/ : Seq — > Wi) f\U(x, y) is order-preserving. 

Let {u„ : n G AT} be a recursive enumeration of the set Seq such that for 
every n, length (tt n ) < n. If / is a function on (a subset of) N, let /* be the 
function on (a subset of) Seq defined by f*(u n ) = f(n). Thus 

(25.17) x G A <-» 3y (3/ : w — » wi) /* \U(x, y) is order-preserving. 

Now we define a tree T' on w 2 x wi as follows: If s, t G Seg and ft G Seq(uji) 
are all of length n, we let 

(25.18) (s, t, h) ef <-> ft* f[/ Sjt is order-preserving 

where J7 Sjt = {u G Seg : fc = length u < n and (s\k,t\k,u) G £/}■ Clearly, 
T" is a tree on cj 2 xwi. 

Let x,y G TV. We claim that if (x|n, (y fn, ft) G T', then ft* \U(x, y) is 
order-preserving. This is because if u,v G dom(ft,*) n U(x,y), then w = Mj, 
w = for some i, j < n, hence length(w), length(w) < n and hence u, v G L/ S ,t, 
where s = x\n, t = y\n. Thus 

/ G T'(x, y) <-> Vn (/|n)* |"C/(a;, y) is order-preserving. 

But clearly a mapping / : lo — > oji satisfies the right-hand side if and only if 
f*\U(x,y) is order-preserving. Hence (25.17) and (25.18) give 

x G A <-> 3y3/ : w -» wi / G T'(x,y) 

<-» 3y 3/ : a; — » wi Vn (xfn, j/fn, /|"n) G T". 

Now we transform T" (on w 2 xwi) into a tree T" (on uxK where if = w x uj\ ) 
such that we replace triples 

««(0), . . • , a(n - 1)), (t(0), . . . , t(n - 1), ), (ft(0), ...,h(n- 1))) 

by pairs 

«s(0), . . . , s(n - 1)), ((t(O), MO)), • • • , (t(n - 1), ft(n - 1)))) 
and we get 

x G A <-> (3^ : w -> if ) Vn (x [n, .g fn) G T". 

Since if = w x uj\ is in an obvious one-to-one correspondence with u>\, it is 
clear that we can find a tree T on lu x wi such that 

(25.19) x G A (3.g : w -» wi) Vn (xfn, .g fn) G T, 

that is A = p[T]. The tree T so obtained is constructible from the tree U, 
which in turn is constructible from a. □ 
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One consequence of Theorem 25.18 is the following: 

Theorem 25.19 (Sierpihski). Every Yl\ set is the union of Hi Borel sets. 

It follows that in ZFC, every S3, set has cardinality either at most Hi, or 

Proof. Let A be a Y,\ set. By Theorem 25.18 there is a tree T on ui x oj\ such 
that A = p[T}. For each 7 < ui let T 7 = {(s,ft) £ T : h £ Seq(j)}. Since 
every / : w — ► u>i has the range included in some 7 < wi, it is clear that 

A= U 

7<wi 

For each 7 < uj\, the set p[T 7 ] is analytic (because p[T 7 ] = p[T] for some 
T C Seq 2 ) and is the union of Hi Borel sets. In fact, Lemma 25.17 gives 
a uniform decomposition into Hi Borel sets for any p[U] where U is a tree on 
uo x S with S countable. If we let 

x e Bl ~ -^(\\T'(x)\\ < a) A (Vt £ ^( 7 ))(-||T 7 ( a; )/t|| = a) 

thenA = |J a<wl U 7 < wl £2- □ 

The main application of Theorem 25.18 is absoluteness of £5> ( an d nJj) 
relations. 

Theorem 25.20 (Shoenfield's Absoluteness Theorem). Every S^a) 
relation and every n3,(a) relation is absolute for all inner models M of ZF + 
DC such that a £ M. In particular, £3; an d ^2 relations are absolute for L. 

It is clear from the proof that every £3, (a) relation is absolute for every 
transitive model M of a finite fragment of ZF + DC such that u\ £ M. 

Proof. Let a £ TV and let A be a £3(0) subset of TV; let A = {x : A(x)} 
where A(x) is a £3j(a) property. Let M be an inner model of ZF + DC such 
that a £ M. We shall prove that M \= A if and only if ^4 holds. 

Let U C Se^g be a tree, arithmetical in a, such that for all x £ TV, 

x e A <-> 3y J7(x, y) is well-founded. 

Thus for all x £ TV n M 

x£ A M ^ (By £ M) M N U(x, y) is well-founded. 

However, for all x,y £ M, U(x,y) is the same tree in M as in V; and since 
well-foundedness is absolute, we have 

x £ A M <-» (3y € M) U(x,y) is well-founded. 

Thus, if x € A M , then a; e A, and it suffices to prove that if x £ A n M then 

a; e 
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We use the tree representation of Y,\ sets. Let T be the tree on uj x ui\ 
constructed in the proof of Theorem 25.18. Hence T g L[a] and for every 
x E N, 

x e A <-> T{x) is ill-founded. 

Now if x <G M is such that then T(x) is ill-founded, and by absoluteness 

of well-foundedness, 

M 1= T(x) is ill-founded. 

In other words, there exists a function g £ M from A/" into the ordinals such 
that Vn (x \n, g \n) € T. Now following the proof of Theorem 25. 18 backward, 
from (25.19) to the beginning, and working inside M, one finds ajeM such 
that 

M \= U(x, y) is well-founded. 
Hence if x e A n M, then a; S ^4 M and we are done. □ 

With only notational changes Theorem 25.18 gives a tree representation 
of subsets of uj (or uj k ) and we have: 

Corollary 25.21. If A C uj is ^l(a) then A e L[a]. In particular, every 
£2 rea l (and every real) is constructible. 

The following lemma is an interesting application of Shocnficld's Abso- 
luteness. 

Lemma 25.22. Let S be a set of countable ordinals such that the set A = 
{x e WO : ||a;|| € S} is Then S is constructible. (And more generally, if 
A is £2(0), then S G L[a\.) 

Proof. Let A(x) be the Y,\ property such that A = {x : A(x)}. For each 
countable ordinal a, let P a be the notion of forcing that collapses a; i.e., 
the elements of P a are finite sequences of ordinals less than a. Each P a is 
constructible; let us consider, in L, the forcing languages associated with 
the P a , and the corresponding Boolean- valued models L Pa . 

We shall show that for every a < ui\, a belongs to S if and only if 

(25.20) L \= every p E P a forces 3x (A(x) A ||a;|| = a). 
This will show that S is constructible. 

In order to prove that a e S is equivalent to (25.20), let us consider 
a generic extension TV of V in which ui\ is countable. Let us argue in N. 

The notion of forcing P a has only countably many constructible dense 
subsets, and hence for every p e P a there exists a G C P a such that G is 
L-generic and p € G. It follows that for every a, every ip and every p e P a , 

(25.21) L 1= (p lh </?) if and only if for every L-generic G 3 p, L[G] lh </?. 
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Let a < ivY , and let z G V be such that ||z|| = a. Clearly, a belongs to S 
if and only if V satisfies 

(25.22) 3x(A(x) A\\x\\ = \\z\\). 

The property (25.22) is T,\ and by absoluteness, it holds in V if and only if 
it holds in N. 

Let G be an arbitrary L-generic filter on P a , and let u G L[G] be such that 
||w|| = a. Since N satisfies (25.22) if and only if it satisfies the T,\ property 

(25.23) 3x (A(x) A \\x\\ = \\u\\), 

it follows that a G S if and only if L[G] satisfies (25.23). Since an L-generic 
filter on P a exists in N, we conclude (still in N), that a G S is equivalent to: 

For every L-generic 67 C P a , L[G] \= 3x (A(x) A ||x|| = a). 

But in view of (25.21) this last statement is equivalent to (25.20). □ 

Another application of the tree representation of H\ sets is the Perfect 
Set Theorem of Mansfield and Solovay: 

Theorem 25.23 (Mansfield- Solovay). Let A be a H\(a) set in N. If 
A contains an element that is not in L[a], then A has a perfect subset. 

The theorem follows from this more general lemma: 

Lemma 25.24. Let T be a tree onuxK and let A = p[T]. Either A C L[T], 
or A contains a perfect subset; moreover, in the latter case there is a perfect 
tree U € L[T] on uj such that [U] C A. 

Proof. The proof follows the Cantor-Bendixson argument. If T is a tree on 
lo x K, let 

(25.24) T' = {(s, h) eT : there exist (s 0 , h 0 ), (si, hi) € T such that s 0 D s, 

Si D s, h 0 D h, hi D h, and that s 0 and Si are 
incompatible 

and then, inductively, 

ji(O) _ rp(a+l) _ (7 1 (a))' ) 

T (a) = p| T (/3) if a ig limit 
/3<a 

The definition (25.24) is absolute for all models that contain T, and hence 
g L[T] for all a. Let a be the least ordinal such that T^ a+r > = . 
Let us assume first that = 0; we shall show that A C L[T]. Let 

x g A be arbitrary. There exists an / g if" such that (x, /) G [T]. Let 
7 < a be such that (x,f) G [T^] but (x, /) £ [r<T +1 )]. Thus there is some 
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(s,ft) e T (l) such that s C x, ft C /, and (s, ft) ^ T^ 1 ); this means that 
for any (s' , ft') G T (7 \ if s' D s and ft' D ft, then s' C x. Now it follows that 
x G L[T]; in L[T], x is the unique a; = U{s' D s : {s',ti) € for some 
ft D ft'}. 

Now let us assume that T( a ) 7^ 0. The tree has the property that 
for every (s, ft) G 7^"' there exist two extensions (s 0 ,h 0 ) and (si,fti) of 
(s, ft) that are incompatible in the first coordinate. Let us work in L[T]. Let 
(soifto) an d (si,fti) be some elements of such that so and Si arc in- 
compatible. Then let (so,o,fto,o), (so,i,fto,i), ( s i,o,fti,o), and (si,i,fti,i) be 
elements of such that Sij D Sj, hij D hi and that the Sjj are incom- 
patible. In this fashion we construct (st, ft*) G T^") for each 0-1 sequence t. 
The st generate a tree £/ = {s : s C St for some t}. It is clear that U is 
a perfect three, that U G L[T], and that [U] C p[T] = A. □ 

The following observation establishes a close connection between the pro- 
jective hierarchy and the Levy hierarchy of S„ properties of hereditarily 
countable sets: 

Lemma 25.25. A set A C N is Y,\ if and only if it is Si over {HC, g). 

Proof. If A is Si over HC, there exists a So formula <p such that 

iein _ffC 1= 3m ip(u, x) <-> (3u G ffC) ffC 1= <p[u, x] . 

Since 95 is S 0 , it is absolute for transitive models and we have 

x G A <-> (3 transitive set M)(3m G M) M 1= x) 

(e.g., M = TC({m, x})). By the Principle of Dependent Choices every 
TC({u, x}) is countable and we have 

x G A <-> (3 countable transitive set M)(3u G M) M 1= <p[u, x] 
<-> (3 well-founded cxtcnsional relation _E on u>) 
3n 3m (7r£;(m) = x and (w, £7) 1= <p[n, m]) 

where tte is the transitive collapse of (w, £7) onto (M, g). Recalling the defi- 
nition (25.13) of E x for z G N we have 

(25.25) igAh (3z G A/")(z G WF and (ui, E x ) 1= Extcnsionality, 
3n 3rn (7Te x (m) = x and (w,E x ) 1= y?[n, m])). 

We shall verify that (25.25) gives a S^ definition of A. Since WF is II}, it 
suffices to show that the relation "(uj,E) 1= (p[ni, . . . ,n/j]" and "^(m) = 
x" are arithmetical in _E. It is easy to see that (uj, E) 1= is a property 
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arithmetical in E. As for the transitive collapse, we notice first that if k g N, 
then 

7T£;(m) — k <-> 3{ro, ...,rk) such that m — Tk and (w, E) 1= ro = 0 
and (Vi < fc) (w, £) N (r i+ i = r, U {n}). 

Then for x C u) we have 

7Tb (to) = x ^ Vn (n £ m <-> TTE(n) G ar) 

and a similar formula, arithmetical in i£, defines tte(iti) = x for x € A/". 
Hence ieS^. 

Conversely, if A is a E3> set then for some 11} property P, A = {x : 
3yP(x, y)}. By Mostowski's Absoluteness, x € A if and only if for some 
countable transitive model M 3 x adequate for P there exists a y £ M such 
that M N P(x, y). But this gives a Si definition of A over (-ffC, g). □ 

As a consequence, sets are exactly those that are S„ over HC . 

Projective Sets and Constructibility 

We now compute the complexity of the set of all constructible reals: 

Theorem 25.26 (Godel). The set of all constructible reals is a XJ, set. The 
ordering <l is a H\ relation. 

The field of <l is RC\ L. If all reals are constructible, then < L is also II 2 
(because x <l y if and only if y ^ x) and hence <l is then a relation. 

The theorem easily generalizes to L [a]: If a G R (or a C u) or a € A/"), 
then the set L[a] is Sj(a); also, the relation "x is constructible from y" 
is a relation. 

We proved in Chapter 13 that "x is constructible" and "x <l y" are 
Si relations over the model (HC,e). Thus Theorem 25.26 follows from 
Lemma 25.25. 

The following lemma tells even more than <l is a £3, relation. For any 
z G N, let z m , m G AT, be defined by z m (n) = z(T(m,n)) (the canonical 
homeomorphism between A/" and Af u ). 

Lemma 25.27. T7ie following relation R on AT is E^-' 

(z, ijefin {z„ : n g AT} = {y : y < L x}. 

Proof. Since the relation {z„ : n g AT} C {y : y <l x} is clearly S^, it 
suffices to show that 



(25.26) 



Vy < L x3n(y = z„) 
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is £3. There is a sentence 6 (provable in ZF) such that if M is a transitive 
model of 6, then <l is absolute for M; and if x € M is constructible, then 
every y <l x is in M. Thus (25.26) is equivalent to 

3 countable transitive model M that contains x, z, and all z n , 
and M t= (6 and ^y <l x3n(y — z n )). 

This last property is S3; by a proof similar to Lemma 25.25. □ 

Every £} set is Lebesgue measurable, has the Baire property and if un- 
countable, has a perfect subset. The following results show that this is best 
possible. 

Corollary 25.28. If V — L then there exists a A3; set that is not Lebesgue 
measurable and does not have the Baire property. 

Proof. Let A = {(x,y) : x <l y}. For every y, the set {x : (x,y) £ A} is 
countable, hence null and meager, and by Lemmas 11.12 and 11.16, if A is 
measurable, then it is null; and if it has the Baire property, then it is meager. 

Let B be the complement of A in R 2 , B = {(x,y) : y <l x}. Again, for 
every x, the set {y : (x, y) G B} is countable, and hence null if measurable, 
and meager if has the Baire property. 

It clearly follows that A neither is Lebesgue measurable nor has the prop- 
erty of Baire □ 

Corollary 25.29. IfV = L then there exists an uncountable T,\ set without 
a perfect subset. 

Proof. Let 

x e A <-> x e WO A \fy < L zHMI = IMD- 

The set A is uncountable: A is a subset of WO and for every a < uii there is 
exactly one x in A such that ||x|| = a. Let us show that A is Let R be 
the £3 relation from Lemma 25.27; thus 

KEinie WO A3z(R(z,x) AVn(-i||z„|| = ||x||)), 

and since ^||^ n || = IMI is II}, A is 

The set A does not have a perfect subset; in fact, it does not have an 
uncountable analytic subset. This follows from the Boundedness Lemma: For 
every analytic set X C A, the set {||x|| : x € X} is bounded, and hence 
countable (because of the definition of A). □ 

Below (Corollary 25.37) we improve this by showing that in L there exists 
an uncountable 11} set without a perfect subset. 

By Shoenfield's Absoluteness Theorem, every Y,\ real is constructible. In 
Part III we show that it is consistent that a nonconstructible A3 real exists. 
In the presence of large cardinals, an example of a nonconstructible A3 real 
is 0": 
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Lemma 25.30. If 0" exists then 0" is a A3 real, and the singleton {O"} is 
a II2 set. 

Proof. We identify 0" with the set of Godel numbers of the sentences in 0". 
We claim that the property £ = 0" is IIi over (HC,€), and therefore II2. 
We use the description (18.24) of 0" and note that the quantifiers Va can be 
replaced by Va < u>\, thus making it a II 1 property over HC. 
Thus {0 B } is a Ii\ set, and 

neO ( H]z(ze {0 J } and z(n) = 1) <-> Vz (z e {O 8 } -> z(n) = 1) 

shows that 0" is a A3 subset of u. □ 



Scales and Uniformization 

The tree analysis of £5, sets can be refined; an analysis of Kondo's proof of 
the Uniformization Theorem (Theorem 25.36) led Moschovakis to introduce 
the concept of scale that pervades the modern descriptive set theory. 

We start with the definition of norm and prewellordering. While in the 
present chapter these concepts are applied to 11} and X}, sets, the theory 
applies to more general collection of definable sets of reals. 

Definition 25.31. A norm on a set A is an ordinal function ip on A. A pre- 
wellordering of A is a transitive relation =<; such that a =4 b or b =4 a for all 
a, b e A, and that -< is well-founded. 

A prewellordering of a set A induces an equivalence relation (a =<; bhb =4, a) 
and a well-ordering of its equivalence classes. Its rank function is a norm, and 
conversely, a norm ip defines a prewellordering 

(25.27) a4 v b if and only if ip(a) < ip(b). 

The tree analysis of 11} and T,\ sets produces well behaved prewellorder- 
ings of n} and £}> sets: 

Theorem 25.32. For every 11} set A there exists a norm ip on A with the 
property that there exist a 11} relation P(x,y) and a £} relation Q(x,y) such 
that for every y e A and all x, 

(25.28) x e A and p(x) < ip{y) <-> P(x,y) <-> Q(x,y). 

A norm ip with the above property is called a Il}-norm and the statement 
"every 11} set has a Il}-norm" is called the prewellordering property of II}. 

A relativization of Theorem 25.32 shows that every 11} (a) set has a 11} (a)- 
norm. A modification of the proof of Theorem 25.32 yields the prewellordering 
property of every £}; set has a E}> norm, i.e., a norm for which exist P 
and a II2 Q that satisfy (25.28) (cf. Exercises 25.5 and 25.6). 



25. Descriptive Set Theory 497 



Proof. Let A be a 11} and let T be a recursive tree onuxu such that 

A(x) ^> T(x) is well-founded. 

For each x e A let = ||T(a;)|| be the height of the well-founded tree. 
To define the E} relation Q, let 

(25.29) Q(x,y) <-» there exists an order-preserving function 

/ : T(.t) - T(y). 

It is not difficult to see that Q is S}, and the equivalence in (25.28) follows 
from Corollary 25.7. For the 11} relation, let 

(25.30) P(x,y) <-> Vs ^ 0 there exists no order-preserving 

/ : T(y) - T{x)/s. 

This is 11} and says that T(x) is well-founded and it is not the case that 
\\T(y)\\ < \\T(x)\\. □ 

The prewcllordcring property of 11} implies the reduction principle for 11} 
and the separation principle for £} — see Exercises. This in turn implies 
Suslin's Theorem that every A} set is Borel. 

The prewellordering property has an important strengthening, the scale 
property which we now introduce. 

Let A be a 11} set. Following the proof of Theorem 25.18 we obtain a tree T 
on uo x uj\ such that A = p[T]. In detail, let U be a recursive tree on u x u 
such that 

x e A <-> U(x) is well-founded <-> 3g : J7(a;) — > wi order preserving. 

Let {u n : n g AT} be a recursive enumeration of ^eg such that length (tt n ) < n, 
and let T be the tree on w x wi defined by 

(25.31) (s,h) eTHVm,n < length(s)(if u m D u n and (s\k, s\u m ) g 17 

where /c = lcngth(u m ), then h(m) < h(n)). 

The relevant observation is that not only that A = p[T], i.e., 

i£4h]s branch g in T(x) 

but that for every x g p[T] there exists a (pointwise) Zeasi branch g in T(x), 
i.e., for every / g p[T], g(n) < f(n) for all n. To see this, let 



9x(n) 



PT(x)(u n ) if U n eU(x), 

0 otherwise. 



That is the least branch in T(x) holds because the rank function is the 
least order-preserving function. 
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Definition 25.33. A scale on a set A is a sequence of norms (ip n : n G u) 
such that: If (x^ : i G lo) is a sequence of points in A with lim^oo Xj = x and 
such that 

(25.32) for every n, the sequence (ip n (xi) : i G w) is eventually constant, 
with value a n , 

then x G A, and for every n, <^„(a;) < a n . 

It is easy to see that every 11} set ^4 has a scale: Let A be a II} set and 
let T be the tree in (25.31). We have A = p[T] and for each x G A, T(x) has 
a least branch g x . Let (ip n : n G w) be the sequence of norms on ^4 defined by 

(25.33) p„(a:) = ^(n). 

If (xj : i € w) is a sequence in ^4 with lim^oo Xi — x that satisfies (25.32) 
then (a n : n g w) is a branch in T(x) witnessing a; G p[T], and for every n, 
9x(n) < a n . 

The norms defined in (25.33) are Il}-norms; this can be verified as in the 
proof of Theorem 25.32. To be precise, the scale (ip n : n G uo) is a 11} -scale: 

Theorem 25.34. For every 11} set A there exists a scale (ip n : n G w) on A 

with the property that there exist a 11} relation P(n,x,y) and a £} relation 
Q(n, x, y) such that for every n, every y G A, and all x, 

(25.34) x G A and ip n {x) < <p n {y) P{n,x,y) <-» Q(n,x,y). □ 

The statement "every 11} set has a Il}-scale" is called the scale property 
of II}. A relativization shows that every 11} (a) set has a Il}(a)-scale, and 
a modification of the above construction yields the scale property for 
every T,\{a) set has a E^aO-scale; cf. Exercises 25.12 and 25.13. 

A major application of scales is the uniformization property. 

Definition 25.35. A set A C Af x J\f is uniformized by a function F if 
dom(F) = {x : 3y (x, y) G A}, and (x, F(x)) G A for all x G dom(F). 

[Equivalently, F d A and dom(i ;l ) = dom(A).] 

Theorem 25.36 (Kondo). Every 11} relation A a N ~x N is uniformized 
by a 11} function. 

The statement of Theorem 25.36 (the Uniformization Theorem) is called 
the uniformization property of II}. A relativization shows that every 11} (a) re- 
lation is uniformized by a 11} (o) function, and a modification of the proof 
yields the uniformization property of see Exercise 25.15. 



25. Descriptive Set Theory 499 



Proof. We give a proof of the following statement that easily generalizes to 
a proof of Kondo's Theorem: If A is a nonempty 11} subset of TV then there 
exists an a e A such that {a} is II}. 

Thus let A be a nonempty 11} subset of TV. Given a scale (ip n : n e u) 
on A, we select an clement a e A as follows: We let A 0 = A, and for each n 
let 

-42n+i = A 2n : ifn(x) is least}, 

A 2n +2 = ^.2n+i : #(«) is least}. 
Then Aq D Ai D . . . D A n D . . . and the intersection has at most one element. 
Definition 25.33 guarantees that the limit a is in A and so Pl^Lo ^™ = { a «}- 
If the scale (ip n : n e to) is 11} then using (25.34) one verifies that the 
set {o} is II}. □ 

Theorem 25.36 can be used to improve the result in Corollary 25.29: 

Corollary 25.37. IfV — L then there exists an uncountable 11} set without 
a perfect subset. 

Proof. Let A be a Yi\ set without a perfect subset (by 25.29). Now A is the 
projection of some 11} set B C N 2 . By the Uniformization Theorem, B has 
a 11} subset / that is a function and has the same projection A. The set / 
is uncountable; we claim that / does not have a perfect subset. Assume that 
P C / is perfect. The projection of P is an analytic subset of A. Since P C /, 
P is itself a function and because P is uncountable, the projection dom(P) is 
also uncountable. This is a contradiction since we proved that every analytic 
subset of A is countable. □ 

Combining this result with Theorem 25.23 we obtain: 

Theorem 25.38. The following are equivalent: 

(i) For every a C to, H^' a ' is countable. 

(ii) Every uncountable 11} set contains a perfect subset. 

(iii) Every uncountable Y,\ set contains a perfect subset. 

Proof. Obviously, (iii) implies (ii). In order to show that (i) implies (iii), let 
us assume (i) and let A be an uncountable X5j set. Let a G J\f be such that 
A G S^a). Since Hf' a ' is countable, there are only countably many reals 
in L[a], and hence A has an element that is not in L[a\. Thus A contains 
a perfect subset, by Theorem 25.23. 

The remaining implication uses the same argument as Corollaries 25.29 
and 25.37. Assume that there exists an a C lo such that H^' a ' = Hi. We claim 
that there exists an uncountable 11} set without a perfect subset. Let 

KEinie L[a] Ax <E WO AVy < L[a] a;(^||y|| = ||.t||). 

A is a £}; ( a ) subset of WO and for all a < lo\ , A has exactly one element x 
such that ||x|| = a. The rest of the proof proceeds as before, and we obtain 
a Il}(a) set of cardinality Hi without a perfect subset. □ 
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£2 Well-Orderings and Weil-Founded Relations 

The canonical well-ordering of constructible reals is £3,, and so if V = L 
then there exists a £2 well-ordering of the set R (and of TV) . We now prove 
the converse: If there exists a £3, well-ordering of R then all reals are con- 
structible. 

Theorem 25.39 (Mansfield). If < is a £3, well-ordering of N then every 
real is constructible. More generally, if < is £3(0) then N C L[a\. 

Proof. Let < be a £3, well-ordering of TV and let us assume that there is 
a nonconstructible real. Let T 0 = Seq({0, 1}), and let C = [T 0 ] = {0, 1}" be 
the Cantor space. Let us consider trees T C To and functions / : T — > To 
such that set implies f(s) C f(t) and for every x € [T], 1J^ 0 f(x\n) e C. 
Every such function induces a continuous function from [T] into C, which we 
denote by /*. 

Lemma 25.40. If T C To is a constructible perfect tree and if f : T — > To 

is a constructible function such that f* is one-to-one, then there exist a con- 
structible perfect tree U C T and a constructible g : U — > To sweft i/ia£ <?* is 
one-to-one, and g*(x) < f*(x) for every x € [[/]. 

It suffices to prove this lemma because then we can construct a sequence 
of trees T 0 D Ti D . . . D T n D . . . and functions /o, /1, ...,/„,.. . where / 0 is 
the identity such that < /^(x) for all x e T n+ i. Since all [T„] are 

compact sets, their intersection is nonempty and therefore there exists an x 
such that /o (x) > /* (x) >...>/* (x) > . . . contrary to the assumption that 
< is a well-ordering. 

Proof of Lemma 25.40. Let T C T 0 be a constructible tree and let / : T — > T 0 
be constructible, such that /* is one-to-one. 

Since T is perfect, there exists a constructible function h : T — > T 0 such 
that ft-* : [T] — > C is one-to-one and onto. For each s € To, let s be the "mirror 
image" of s, namely if s = (s(0), . . . , s(k)), let s = (1 — s(0), . . . , 1 — s(fc)); 
for x e C, x is defined similarly. 

We claim that at least one of the sets 

A = {x G [T] : /* (x) > ft* (x)}, S = {x e [T] : /*(x) > h^x)} 

contains a nonconstructible clement. Let z be the least nonconstructible el- 
ement of C, and let x,y € [T] be such that ft*(x) = z and ft*(y) = 5. Then 
both x and y are nonconstructible and hence f*(x) > z and f*(y) > z. Thus 
cither /*(x) > z or f*(y) > z an d so either A or B contains a noncon- 
structible element. For instance, assume that A does. 

Since < is £ 2 , and T, /, and ft are constructible subsets of HF, the set A 
is £2(0) for some a £ L. By Lemma 25.24 there exists a constructible perfect 
tree U such that [U] C A. If we let g — h\U, then U and g satisfy the lemma. 

□ 
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The set WO is 11} but not S}. One consequence of this fact, related to 
the Boundcdness Lemma, is that there is no well-ordering of the reals, 
in fact every Sj well-ordering of a set of reals is countable. A more general 
statement holds: 

Lemma 25.41. Every S} well-founded relation on Af has countable height. 

Proof. Assuming that some T,\ well-founded relation on Af has height > ui, 
we reach a contradiction by describing the set WO inaSj way. 

First consider the special case of well-orderings. Let E be a £} well- 
ordering and let us assume that its order-type is > w\ . Then for every a < u>i 
there is an order-preserving mapping of (a, <) into (Af,E). Conversely, if 
a countable linearly ordered set {Q, <) can be embedded in (Af,E), then 
(Q, <) is a well-ordering. Hence let E x be, for each x £ Af, the relation coded 
by x (see (25.13)), and let LO be the arithmetical set of all x that code 
a linear ordering of TV. Then 

(25.35) x e WO Hie LO A (3/ : u — > Af) Vn Vra 

(nE x m^(f(n),f(m))eE) 

<-> x E LO A 3z E AfVnVm (n E x m — > (z„, z m ) e £% 

where for each z e Af and each n, z„ is the element of Af defined by z n (k) = 
z(T(n,k)) for all k e N, where L is the pairing function. Now (25.35) gives 
a X} description of WO, a contradiction. 

In the general case when E is a well-founded relation we observe that if 
a is a countable ordinal less than the height of E, then there exist a countable 
set S C Af and a function / of S onto a such that for every u G S and every 
[3 < f(u) there exists a, v & S such that v E u and /3 < f(v) (namely 
f(x) = Pe(x), and the countable set S is constructed with the help of the 
Principle of Dependent Choices). Conversely, if (Q, <) is a linearly ordered 
set and if there is a function / from a subset of Af onto Q such that for every 
u e dom(/) and every q < f(u) there is v £ dom(/) such that v E u and 
Q < f(v), then (Q, <) is a well-ordering. Thus if E has height > u>i, we have 

(25.36) x € WO «i£LOA(] countable S = {z„:n£ AT}) 

(3/ : 5 AT) Vn Vfc [if (k, f(z„)) e S x , then 
3m such that (z m , z„) € -E and 
either fc = f(z m ) or (fc, /(z m )) G S x ]. 

Again, (25.36) can be written in a £} manner, and we get a contradiction. 

□ 

The next theorem gives an upper bound on heights of T,\ well-founded 
relations. 
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Theorem 25.42 (Martin). Every H\ well-founded relation onAf has length 

< L0 2 - 

Note that since every prewellordcring is a well-founded relation, the the- 
orem implies that 8\ < u>2, where 

£2 = sup{a : a is the length of a £3, prewellordering} . 

Proof. Let E C Af x Af be a H\ relation. Let T be a tree on u 2 x oj\ such 
that for all x, y £ Af, 

(25.37) (a;, y) £ E <-» (3/ : w -» wi) Vn (a; fn, j/ fn, / fn) e T. 

As usual, for each z £ Af and each n € N, let z„ e W be such that z n (k) = 
z(T(n, k)) for all k; similarly, for each / : u> — > u>i and each n, let /„ : ui — > wi 
be such that / n (fe) = f(T(n, k)) for all fc. (Here T is the pairing function.) 

Each of the following formulas is equivalent to the statement that the 
relation E is not well-founded: 

3xVra (x TO+ i,x m ) £ -E, 
3xVm3/Vra(x m+ i|n,x m |n, G T, 
3x3/VmVn(x m+ i|n, x m |n, /ml") € T. 

It is easy to construct a tree U on o> x u>i such that for all x £ Af and all 

/ : u -> wi , 

(25.38) VmVn (x TO +i fn, x m fn, / m fn) e T if and only if Vfc (xf/c, /ffc) € U. 
It follows from (25.38) that 

(25.39) E is well-founded if and only if U is well-founded. 

Now let E C Af x A/" be a £3> well-founded relation; we want to show that 
its height is < w 2 - Let T be a tree on x uj\ such that (25.37) holds for all 
x,y £ Af and let U be the tree onwxu! constructed from T as above; since 
E is well-founded, U is well-founded. 

Let us consider a generic extension V[G] of the universe in which ui\ is 
countable and u\ = w^' 0 '. Let us argue in F[G]. 

Let _E* be the relation on Af defined by (25.37). First we observe that 
E C E*\ If x,y £ V, then 

(x, y) £ E <-> V" 1= T(x, y) is ill-founded 

<-» V[G] N T(x, y) is ill-founded 
<-> (x,y) £ E*. 

(because well-foundedness is absolute). We notice further that E* is well- 
founded: This is because by the construction of U (which is absolute) and 
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the definition of E* , V[G] satisfies (25.39), i.e., 

E* is well-founded if and only if U is well-founded. 

Hence E* is well-founded, and hcight(_E) < height^*). 

The tree T is a tree on w x lo\ and lo\ is a countable ordinal. Since 
E* = p[T], it follows that E* is a £} relation. By Lemma 25.41, the height 
of E* is countable. It follows that height^) < u\ [G] = u% ■ 

Now we can step back into the ground model and look at the result of the 
above argument: height (E) < 0J2- □ 

Both Theorem 25.42 and Lemma 25.41 are special cases of the more gen- 
eral Kunen-Martin Theorem: 

Theorem 25.43. Let n be an infinite cardinal. Every n-Suslin well-founded 
relation on Af has height < n + . 

Proof. Let < be a K-Suslin well-founded relation on Af. We first associate 
with < a tree T on Af as follows: 

(25.40) T = {(x 0 , . . . , x n -i) : x n -i < x n - 2 < ■■■ < x 0 }, 

(and (x) G T for all x G N). T is well-founded and it suffices to prove that 
the height of T is < k+ . 

As < is K-Suslin, there exists a tree T on uj x uj x k such that 

x < y if and only if 3/ (a;, y, f) G [T] . 

Let W be the set of ill sequences (of nodes at the same level of T) 

w = ((si, s 0 , ho), • • • , (s i+ i,Si, hi), (sfe, s k -i,h k -i)) 

with (sj+i, Si, hi) G T, and let 

(25.41) w' -< w if and only if k = lcngth(w) < lcngth(«/) = k' 

lcngth(so) < lcngth(sg), and 
Vi < k Si C s'i and h% C h[. 

We claim that the relation -< is well-founded. Otherwise, let w n — ((s" +1 , 
sf, hf) : i < k n ) be such that w n +i -< w n for all n. For each i G u, let 
Xi = ljr=o s "' and fi = Un=o h i ( these exist b y (25.41)). It follows that 
(x i+ i,Xi, fi) G [T] for all i, hence Xj+i < Xi, and therefore xo > x\ > . . . > 
Xi > . . ., a contradiction. 

The set W has cardinality k and it suffices to find an order preserving 
mapping from T — {0} into (W, -<). For every pair (x,y) such that x < y, 
the tree T(x,y) on k is not well-founded and has a branch /i; let h x , y be the 
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leftmost branch of the tree T(x,y). Now let n : T — {0} — > W be as follows: 
tt((x}) = 0 for every i£jV, and for k > 2, 

tt((x 0 , . . . , Zfc-i)) = ((xi \k, x 0 \k, h XuXo \k),..., (x k \k, x k ^ \k, h Xk , Xk _ 1 \k)). 

As n((xo, . . . ,Xk~i,Xk)) -< tt({x 0 , ■ ■ ■ ,Xk-i)), the mapping is order-preserv- 
ing, completing the proof. □ 



Borel Codes 

Every Borel set of reals is obtained, in fewer than uj\ steps, from open inter- 
vals by taking complements and countable unions. We shall show how this 
procedure can be coded by a function c G uj u . We shall define the set BC of 
Borel codes and assign to each c G BC a unique Borel set A c . The code c not 
only describes the Borel set A c but also describes the procedure by which the 
set A c is constructed from basic open sets. 

Let I\ , I2, ■ ■ ■ , Ik > • • • be a recursive enumeration of open intervals with 
rational endpoints (i.e., the sequence of the pairs of endpoints is rercursive). 
For each c <E N, let 

(25.42) u(c) and Vi (c) (i G N) 

be elements of N defined as follows: If d = u(c), then d(n) = c(n + 1) for 
all n; if d — Vi(c), then d(n) — c(T(i, n) + 1) for all n (where T is the canonical 
one-to-one correspondence between TV x N and AT). 

For 0 < a < u>i, we define sets S a and 77 a C N as follows: 

(25.43) ceZi ifc(0)>l; 

c G II a if cither c G U lip for some (3 < a 

or c(0) = 0 and u(c) G S a ; 
c £ S a (a > 1) if cither c G Sp U 77,3 for some (3 < a 

or c(0) = 1 and Uj(c) G U /3<Q (£'/3 U 77^) for all i. 

If c G S a (if c G 7T a ), we call c a S°-co<ie (a Il^-code). Let BC, the set of 
all Borel codes, be 

bc= u U n a . 

For every c G BC, we define a Borel set A c as follows (we say that 
c codes A c ): 

(25.44) if c G Z 1 ! then ^ c = UU« : c(n) = 1}; 
if c G II a and c(0) = 0 then A c = R — A u i c \ ; 

if c G S a and c(0) = 1 then A c = 1J^ 0 A„.( c ). 
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It is clear that for every a > 0, if c £ E a (if c £ P«), then A c e S° 
(A c e n°). Conversely, if B is a X" set (a 11° set), then there exists c £ -S'q, 
(c e 7J a ) such that B = A c . This is proved by induction on a using facts 
like: If a, i £ u> are elements of U/3< Q ^/3' then there is c £ £„ such that 
Ci = Vi(c) for all i £ u. 

Thus {yl c : c e BC} is the collection of all Borel sets. 

Lemma 25.44. The set BC of all Borel codes is II}. 

Proof. Let us consider the following relation E on TV: 

(25.45) x E y if and only if either y(0) = 0 and x — u(y), 

or y(0) = 1 and x = Vi(y) for some igw. 

The relation P is arithmetical. If y G £i, then y is .©-minimal (i.e., ext#(y) = 
0) and vice versa; if y £ n a and x E y, then x e Z" a , and if y £ i7 Q (a > 1) 
and x E y, then x £ U,3<q( S /3 u 
We claim that 

(25.46) y e BC <-> E is well-founded below y 

<-» there is no (z 0 , Zi, . . . z„, . . .} such that z 0 = y 
and that Vn (z„+i E z n ). 

By the remark following (25.45), if y € BC, then there can be no infinite 
descending sequence zq = y, z\ E z 0 , Zi E z\, etc. Conversely, if E is well- 
founded below y, let p denote the rank function for E on exts(y). By induc- 
tion on p(x), one can see that every x £ ext£;(y) is a Borel code, and finally 
that y is itself a Borel code. 

Now (25.46) gives a 11} definition of the set BC and the lemma follows. 

□ 

Lemma 25.45. The properties A c c Ad, A c = Ad, and A c = % are Tl\ prop- 
erties of Borel codes. 

Proof. We shall show that there are properties P, Q C R x TV such that 
P is 11} and Q is T,{ and such that for every c £ BC, 

(25.47) a £ A c <-» (a, c) e P <-> (a, c) e Q. 
Then 

A c cid"c,(ie BC A Va ((a, c) e Q -> (a, d) £ P), 
A c = A d ^ c,d£ BC A A c c A d A A d c A c , 
A c = 0 <-> c £ BC A Va (a, c) £ Q. 

To find P and Q, let x £ N be fixed. Let T be the smallest set T C TV 
such that 

(25.48) x e T, and if y e T and z P y, then z £ T. 
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The set T is countable. Let h : T — > {0, 1} be a function with the following 
property: For all y £ T, 

(25.49) if y{0) > 1, then %) = 1 if and only if 

for some n, y(n) = 1 and a£J„; 

if 2/(0) = 0, then = 1 if and only if h(u(y)) = 0; 

if 2/(0) = 1, then h(y) = 1 if and only if for some i, h(vi(y)) = 1. 

Note that if a; is a Borel code then there is a unique smallest countable 
set T C Af with the property (25.48), and a unique function h with the 
property (25.49); moreover, for every y £ T we have h(y) = 1 if and only if 
a £ A y . Thus we let 

(25.50) (a, i)£Ph(V countable T C TV) (Vft : T — > {0, 1}) 

if (25.48) and (25.49) then /i(a;) = 1, 

and 

(25.51) (a, i)eQ«(] countable T C Af)(3h : T — > {0, 1}) 

(25.48) A (25.49) A h(or) = 1, 

and it is clear that if c € BC, then a G A c if and only if (a, c) G P if and only 
if (a, c) e Q. 

It is a routine matter to verify that (25.50) can be written in 11} way and 
(25.51) in a £} way. (The quantifiers VT, Vft, and 3T, 3/i are the only ones 
for which one needs quantifiers over Af; note that for instance, Vz {z E y 
y G T) in (25.48) can be written as 

(2/(0) = 0 -> u{y) e T) A (y(0) = 1 -> Vz G T)).) □ 

We shall now show that certain properties of Borel codes are absolute for 
transitive models of ZF + DC. (As usual, full ZF + DC is not needed, and the 
absoluteness holds for adequate transitive models.) If M is a transitive model 
of ZF + DC and c G w w is in M, then because the set BC is n}, c is a Borel 
code if and only if M N c is a Borel code. By Lemma 25.45 the properties 
of the codes A c c A d , A c = A d , and A c = 0 are LT} and therefore absolute: 
A c = Ad holds if and only if A^f = Aff, etc., where A^f denotes the Borel set 
in M coded by c. Moreover, since a € A c is II}, it follows that A^ 1 = A C C\M 
for every Borel code c e M. 

Lemma 25.46. The following properties (of codes) are absolute for all tran- 
sitive models M of ZF + DC: 

A e = A c U Ad, A e = A c n A,i, 

CO 

A e = R — A c , A e = A c A Ad, A e = [J A Cn 

n=0 

(we assume that the codes c, d, e are in M, as is the sequence (c n : n £ iv)). 
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We say that the operations U, fl, — , A, 1J^L 0 on Borel sets with codes 
in M are absolute for M. 

Proof. If Co, ci, . . . , c n , . . . is a sequence of Borel codes in M, let c £ AT be 
such that c(0) = 1 and that Vi{c) — Ci for alii € u>. Clearly, c is a Borel code, 
c e M, and c codes (both in the universe and in M) the Borel set U^Lo A Cn ■ 
Hence for any Borel code e € M, we have 

oo oo 

< = U K ~ Af = A™ ^A e = A c ^A e = (J A Cn 

n=0 n=Q 

because A e = A c is absolute for M. Thus A e — {J^L 0 A Cn is absolute. 

An analogous argument shows that R— A c is absolute, and the rest of the 
lemma follows easily because the operations fl, and A can be defined from U 
and — . □ 



Exercises 

25.1. If A C Seq x u) is arithmetical then {(x,n) : (x\n,n) € A} is A{. 

25.2. (i) Every arithmetical relation is A\. 

(ii) If A C AT x AT is arithmetical then 3x A is Sj and \fx A is IlJ. 

25.3. The set A = {(a:,z) : z g WO V ||x|| < || 2 ||} is Sj. Hence for each a, WO a 
is T,\(z) for each 2 € WO such that = a. 

[(a;, 2) 6 A«z^ WO V (3h : N — » JV)VmVn(m n ft(m) ^ 

25.4. Every Ei sentence is absolute for all inner models; in fact for all transitive 
models M D L# where $ = Wi . 

[Use Shoenfield's Absoluteness Lemma and Lemma 25.25.] 

25.5. Modify the proof of Theorem 25.32 to show that E2 has the prewellordering 
property. 

25.6. Prove the prewellordering property of E2 from the prewellordering property 
of II j. 

A collection C of subsets of N satisfies the reduction principle if for every pair 
A, B G C there are disjoint A', B' G C such that A' C A, B' C B, and A' U B' = 
Au B. C satisfies the separation principle if for every pair of disjoint sets A, B G C 
there is a set E such that both E and ->E are in C, and that A <Z E and -B C ->E. 
Lemma 11.11 proves that the collection of all analytic sets satisfies the separation 
principle. 

25.7. The collection of 11} sets satisfies the reduction principle. 

[Let ip and rp be Yl\ norms on the ITi sets A and B and let A' — {x G A : 
tp(x) ^ ip{x)} and B' = {x G B : ip(x) £ ip(x)}.] 

25.8. The collection of Ej sets satisfies the reduction principle. 
The two exercises above hold also for Il^a) and T,\(a). 
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25.9. If a collection C satisfies the reduction principle then the collection C* = {A : 
^A G C} satisfies the separation principle. 

[If A, B G C* are disjoint, then ^A U ^B = Af r and so if A', B' G C are disjoint 
such that A' C -<A, B' C ^B and A' U B' = ^A U -.B, then B' = -iA' and both A' 
and B' are in C*.] 

Hence the separation principle holds for Ej and for II2 (and Ei(a) and Il^a)). 

25.10. There is no universal A* set, for any n G N, i.e., no D C Af 2 such that 
D is A* and that for every A* set A C Af there is v G A/" such that A — {x : 

(x,v)eD}. 

[Assume there is such a D and let A — {x : (x, x) £ D}.] 

25.11. The collection of II} sets (or £2 sets) does not satisfy the separation prin- 
ciple. 

[The reason is that II i satisfies the reduction principle (£2 is similar). Let h be 
a homeomorphism of Af x Af onto Af, and let U C Af 2 be a universal 111 set. Let 
(x,h(u,v)) G A if and only if (x,u) G U, (x,h(u,v)) G B if and only if (x,v) G V, 
and let A', B' be disjoint ni sets such that A' C A, B' C B, and A'uB'^iUB. 
If there existed E G Ai such that A' C E and B' C -iB, then B would be 
a universal Ai set.] 

25.12. Modify the proof of Theorem 25.34 to show that £2 has the scale property. 

25.13. Prove the scale property of E2 from the scale property of Fli. 

25.14. Let {ip n : n G to) be a scale on A and let T be the tree {(s, (qo, . . . , a n _i)) : 
(3a; G A)x\n — s and Vi < na; = ipi(x)}. Show that A = p[T] and that for each 
x G A, T(x) has a least branch. 

25.15. Using the scale property of Ei> prove the uniformization property of E2. 



Historical Notes 

For classical descriptive set theory, see the books of Luzin [1930] and Kuratow- 
ski [1966]; the terminology is that of modern descriptive set theory based on the 
analogy with Kleene's hierarchies ([1955]). 

The basic facts on Si and II! sets are all in Luzin's book [1930] and some 
are of earlier origin: Lemma 25.10 was in effect proved by Lebesgue in [1905], and 
Corollary 25.13 and Lemma 25.17 were proved by Luzin and Sierpihski in [1923]. 

Theorem 25.19 appeared in Sierpihski [1925]. Theorem 25.36 is due to Kondo 
[1939]. 

Theorem 25.20 is due to Shoenfield [1961]. Previously, Mostowski had es- 
tablished absoluteness of £} and Lli predicates (Theorem 25.4). Lemma 25.25: 
Levy [1965b]. 

The tree representation of E2 sets is implicit in Shoenfield's proof in [1961]. 
Lemma 25.22 is due to Kechris and Moschovakis [1972]. 

Theorem 25.23 is due to Mansfield [1970] and Solovay [1969]. Lemma 25.24 was 
formulated and first proved by Mansfield. 

Theorem 25.26 and corollaries: In his announcement [1938] Godel stated that 
the Axiom of Constructibility implies that there exists a nonmeasurable A2 set 
and an uncountable lli set without a perfect subset. Godel did not publish the 
proof but gave an outline in the second printing (in 1951) of his monograph [1940]. 
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Novikov in [1951] gave a proof of the corollaries (Kuratowski's paper [1948] contains 
somewhat weaker results) and Addison in [1959] worked out the details of Godel 
outline of the proof of the theorem. 
Lemma 25.30: Solovay [1967]. 

For scales and uniformization, see Moschovakis' book [1980]. Moschovakis in- 
troduced scales in [1971]. 

Theorem 25.38: Solovay [1969]. 
Theorem 25.39: Mansfield [1975]. 

Theorem 25.42 (as well as the present proof) is due to Martin; and Theo- 
rem 25.43 is due to Kunen and Martin, the present proof is Kunen's. 
Borel codes are as in Solovay [1970]. 

The reduction and separation principles were introduced by Kuratowski; they 
are discussed in detail in Kuratowski's book [1966] and in Addison [1959]. 
Exercise 25.7: Kuratowski [1936]. 
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26. The Real Line 



This chapter deals with some properties of the real line, primarily with ques- 
tions concerning measure and category. Among others we present the theorem 
of Solovay establishing the consistency of the statement "every set of reals is 
Lebesgue measurable." 

Random and Cohen reals 

Let us consider generic extensions using either the algebra of Borel sets mod- 
ulo the ideal of null sets or the algebra of Borel sets modulo the ideal of 
meager sets. 

Let B be the cr-algebra of Borel sets of reals, let I m and I c (m for measure, 
c for category) be the tr-ideals 

I m = {B e B : n(B) = 0}, I c = {B e B : B is meager} 

and let 

(26.1) B m = B/I m = {[B] m :BeB}, B c = B/I c = {[B] c : B e B} 

where [B] m and [B] c denote equivalence classes mod I m and mod I c , respec- 
tively. B m and B c are complete Boolean algebras and if B n , n £ u, are Borel 
sets then (in either B m or B c ), 

oo 

£ [Bn] = 

n=0 

(Also, —[B] = [R — B]). 

Forcing with B c is the same as adjoining a Cohen generic real, see Exer- 
cise 26.1. 

Let M be a transitive model of ZF + DC. Let us consider Borel sets in M; 
let B denote the collection of all Borel sets in M, and let B m and B c denote 
the complete Boolean algebras (26.1) in M. 

Let B be a Borel set in M. B has a Borel code c € M, B = A c . Let us 
denote B* the Borel set in the universe coded by c. This definition does not 
depend on the choice of c € BC M because by Lemma 25.45, if A c = Ad, then 
A* = A* d . We recall that B = B* n M, for every B e B. 



U B, 
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Lemma 26.1. "A c is null" and li A c is meager" are properties absolute for 
all transitive models of ZF + DC. 

Proof. Let M be a transitive model of ZF + DC. Let n denote the Lebesgue 
measure. First we claim that if c £ M is a S^-code, then fi M (A^f) = n(A c ). 
Let fco, fci) ■ ■ ■ , kn, ■ ■ ■ be all the k £ N such that c(k) = 1; thus A c is 
the union 1J^L 0 ^ k n °f °P cn intervals with rational endpoints. For each n, let 
X n = 7 fcn -(7 fco U. . .U/ fcll _ 1 ); hence A c = UiT=o^™ and M^c) = E^LoM(^«) 
is absolute. Hence n M {A^) = fi(A c ). 

A similar argument shows that if c € M is a Il^-code, then fi M (A^) = 
fi(A c ). 

Next we claim that if c € M is a n°-code, then A c is nowhere dense if 
and only if M 1= A c is nowhere dense. This is because d = u(c) € JC^ and it is 
easily verified (using open rational intervals) that " Ad is dense" is absolute. 

Now we are ready to prove the lemma. Let us consider first the property 
U A C is null." We use the following properties of Lebesgue measure: (1) X is 
null if and only if for every n £ N, there is an open set G D X of measure < 
1/n, and (2) fi{X) > 0 if and only if there is a closed set F C X of positive 
measure. 

If M \= A c is null, then M satisfies 

(26.2) Vn3e(e £ Ex and A e D A c and fj,(A e ) < 1/n). 

Since the part (. . .) of (26.2) is absolute, it is clear that (26.2) holds in V, 
and hence A c is null. 

If M \= A c is not null, then M satisfies 

(26.3) 3e (e £ Tl x and A e C A c and fi(A e ) > 0). 

Again, (. . .) is absolute, thus (26.3) holds in V and hence A c is not null. 

Finally, we consider the property " A c is meager." If M 1= A c is meager, 
then M satisfies: 

(26.4) There exist c„ £ iTi, n = 0, 1, . . . , such that each A Cn is nowhere 
dense, and A c C U^o 

Then (26.4) holds in V and so A c is meager. 

A Borel set B is not meager if and only if there is a nonempty open set G 
such that B A G is meager. Thus if M \= A c is not meager, then M satisfies 

(26.5) 3d3e (d £ Si and Ad ^ 0 and A e = A c A and A e is meager). 

Then (26.5) holds in V and hence A c is meager. □ 

As before, it is not necessary that the transitive models in Lemma 26.1 
satisfy all of ZF. The properties are absolute for all adequate transitive mod- 
els, in particular for all transitive models of ZF~ + DC. 
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Lemma 26.2. 

(i) If G is an M-generic ultrafilter on B m , then there is a unique real 
number x G such that for all B G B, 

(26.6) x G e B* <-> [B] m G G. 

The formula (26.6) determines G and hence M[G] = M[x G ]- 

(ii) If G is an M-generic ultrafilter on B c , then there is a unique real 
number x G such that for all B G B, 

(26.7) xq g B* <— > [B] c G G. 

The formula (26.7) determines G and hence M[G] = M[x G ]. 

Definition 26.3. If x is a real number and if x = xq for some G C B m 
generic over M, then x is random over M. If x = xq for some G C B c generic 
over M, then x is Cohen over M. 

Proof. The same proof works for both (i) and (ii); let [B] denote [B] m in 
case (i) and [B] c in case (ii). 

First we claim that there is at most one real number x that satisfies 

(26.8) xeB*^[B]eG (for all 5 € B). 

If x satisfies (26.8), then x belongs to all B* such that [B] G G. If x < y are 
two real numbers, let r be a rational number such that x < r < y, and let A 
be the interval (r, oo) = {z G R : z > r}. Either [A] or [R — A] belongs to G 
but x ^ A* and y £ (R - A)*. 

In order to show that there exists a real number x that satisfies (26.8), 

let 

(26.9) x = sup{r : r is a rational number and [(r, oo)] G G}. 

By the genericity of G, there exists r such that [(r, oo)] ^ G, and hence the 
suprcmum (26.9) exists. Note also that x ^ M (by the genericity of G). We 
shall show that x satisfies (26.8). We shall show, by induction on Borel codes 
in M, that for every c G BC M , 

(26.10) x£4'h [Ac] g G. 

First we consider Encodes (in M), and let us start with those c G S\f\M 
that code a rational interval, i.e., such that c(n) = 1 for exactly one n; then 



c codes the interval I„ . Let /„ 



(p, 9) . We have 



iei' if and only if p < x < q 

if and only if p < sup{r : [(r, 00)] G G} < <? 

if and only if [(p, 00)] G G and [(q, 00)] ^ G 

if and only if [(p, q)] G G 

if and only if [A c ] G G. 
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Now if c g Si, then A c = U^Lo ^ fe r>> where {k n : n = 0, 1, . . .} is the set 
{k : c(k) = 1}, and we have 

x £ A* c if and only if x £ U^Lo ^fc„ ^ anc ^ on ^ ^ ^ n ( x e ^k n ) 

if and only if 3n ([/ fe J £ G) if and only if X^LoI^feJ g G 
if and only if [|J~ =0 J* J £ G if and only if [A c ] £ G. 

Next let a < Luf 1 and let c £ II a nM , and let us assume that (26.10) holds 
for all c £ S a n M. We may assume that c(0) = 0; then u(c) € I7 a n M and 
i4 u / c ) = R — A c , and we have 

.t g A* c if and only if x $ ^u(c) 

if and only if [A„( c )] ^ G if and only if [A c ] £ G. 

Finally the induction step for S a is handled in a way similar to the case 
for c g Si. Thus (26.10) holds for every c g BC M , and thus x is the unique 
real number that satisfies (26.6) (in case of B m ) or (26.7) (in case of B c ). □ 

The following lemma provides a characterization of random and Cohen 
reals. 

Lemma 26.4. A real number is random over M if and only if it does not 
belong to any null Borel set coded in M, and is Cohen over M if and only if 
it does not belong to any meager Borel set coded in M. 

Hence if R(M) and C(M) denote the sets of all random and all Cohen 
reals over M, we have 

(26.11) R(M) = R*- \J{A* C : c £ BC M and A* is null}, 
G(M) = R* - \J{A* C : c £ BC M and A* c is meager}. 

Note that by Lemma 26.1, A c is null (in M) if and only if A* c is null (in V). 

Proof. On the one hand, if x is random over M, let G be an M-generic 
ultrafiltcr on B m such that x — x G . Then if A c is null then [A c ] g" G, and 
by (26.6), x tf: A*. Similarly for x that is Cohen over M. 

On the other hand, let x be such that x ^ A* whenever A c is null (and 
c £ M). First we observe that if [A c ] = [Ad] then A c A Ad is null, hence 
A* A A* d is null and it follows that x belongs to A* if and only if x belongs 
to A* d . Let 

(26.12) G = {[A c ] : x £ A*}. 

It is easy to see that G is a filter on B m : If [A c ] £ G and [Ad] £ G, then 
x £ A* c nA* d and hence [A c n A d ] £ G; similarly, if [A c ] < [A d ] and [A c ] £ G, 
then [A d ] £ G. 
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We shall show that G is M-generic. Since B m satisfies the c.c.c., it suffices 
to show that if {A Cn : n £ u)} £ M is such that X)^Lo[^ c «] ^> * nen 
some [A Cn ] is in G. But this is true because 

OO r OO -i ✓ OO s * OO 

EKJ= U ^c„ and (U = U A* Cn . 



n=0 



n=0 



n=0 



Finally, we claim that x = xg- But this follows from (26.12), by the 
genericity of G. Thus a real number x is random over M if and only if x ^ A* 
for any null Borel set A c £ M. 

The proof is entirely similar for Cohen reals. □ 



Solovay Sets of Reals 

Let M be a transitive model of ZFC. Let S be a set of reals. We say that the 
set S is Solovay over M if there is a formula with parameters in M, 

such that for all reals x, 

(26.13) x £ S ^ M[x]\= ip(x). 

Lemma 26.5. Let S be a Solovay set of reals over M. There exist Borel sets 
A and B such that 

S n R(M) = A n R(M) and S n C(M) = B n C(M). 

Proof. Let us prove the lemma for random reals. Let us consider the forcing 
language in M associated with B m . Let G be the canonical name for a generic 
ultrafilter on B m , and let a be the canonical name for a random real; i.e., let 
a be the 2? m -valued name defined in M Bm from G, by (26.6): \\a = xq\\ = 1. 

Let ip(x) be a formula with parameters in M such that (26.13) holds for 
all x. Let A c e B be such that [Ac] = \\ip(a)\\ and let A = A*. The set A is 
a Borel set (in the universe); we claim that for all x £ R(M), x belongs to S 
if and only if x belongs to A. But if x is random over M, let G be M-generic 
on B m such that x = xq] then a is a name for x and we have 

igSh M[x] Ih p(x) <-» M[G] Ih tp{x) <-» ||^(a)|| eG« [A c ] e G <-» .t g A*. 

□ 

Corollary 26.6. Let S be a Solovay set of reals over M . 

(i) If the set of all reals that are not random over M is null, then S is 

Lebesgue measurable. 
(11) If the set of all reals that are not Cohen over M is meager, then S has 

the property of Baire. 



Proof. Under the assumptions of the corollary, S A A is null and SAB is 
meager. □ 
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The Levy Collapse 

We review properties of the forcing that collapses uncountable cardinals to H 0 , 
and establish the homogeneity of the Levy collapse. 

If A is an infinite cardinal, let P\ denote the set of all finite sequences 

(26.14) p=<p(0),...,p(n-l)) (new) 

of ordinals less than A and let Col(H 0 , A) = B{P\). 

The following lemma provides a characterization of the collapsing algebra: 

Lemma 26.7. Let (Q, <) be a notion of forcing such that \Q\ = A > H 0 and 
such that Q collapses A onto Ho, i.e., 

||A is countable\\ B (Q) = 1. 

Then B(Q) = Col(K 0 ,A). 

Proof. Without loss of generality we may assume that (Q,<) is a separative 
partial ordering. We shall find a dense subset of Q isomorphic to P\ . 

Let B = B(Q), and let G be the canonical name for the generic filter 
on Q. Let / G V B be such that 

||/ maps u> onto G\\b = 1- 

For each p£ P\, we shall construct q(p) G Q such that D — {q(p) : p G P\} 
is dense in Q and that q(p) is an isomorphism of Pa onto D. We con- 
struct q{p) by induction on the length of p. 

If p = (p(0)), we construct q(p) as follows: Since Q collapses A, there 
exists an antichain W C Q of size A. Moreover, we may find such W of size A 
with the additional property that each w G W decides f(0), i.e., there is 
q w G Q such that w lh /(0) = Thus let Wjj be a maximal antichain with 
these properties, = {w^ : £ < A}, and for each p = (p(0)) G Pa we let 
q(p) = W£, where £ = p(0). 

Having constructed q{p), where p = (p(0), . . . ,p(n — 1)), we construct 
q(p^£,)' ^ < A, as follows: We let W p = {w^ : £ < A} be a maximal antichain 
below q(p) such that |W P | = A and that each w G W p decides f(n). Then we 
let q(p^S,) — W£, for all G W p . 

The set P = {q(p) : p G Pa} is clearly isomorphic to Pa- Let us show that 
D is dense in Q. Let q G Q be arbitrary. Since q lh q G G, and g lh q G ran(/), 
there is r < q and n < u> such that r \\- q = f(n). Now there is p € Pa 
of length n + 1 such that g(p) is compatible with r; since decides /(n), 
we necessarily have q(p) lh /(n) = q. Therefore, q(p) lh q G G. Since Q is 
separative, it follows that q{p) < This proves that P is dense in Q. □ 

Corollary 26.8 (Kripke). If B is a complete Boolean algebra and \B\ < A 
then B embeds as a complete subalgebra of Col(H 0 ,A). 
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Proof. Let B be a complete Boolean algebra, \B\ < A. The notion of forcing 
Q = B + x P\ has cardinality A and collapses A. By Lemma 26.7, B(Q) = 
Col(H 0 , A). In other words, i?0Col(H o , A) is isomorphic to Col(H 0 , A), and so 
B is isomorphic to a complete subalgebra of Col(H 0 , A). □ 

Lemma 26.9. Let B be a complete Boolean algebra, \B\ = A. Let C be a com- 
plete subalgebra of B such that \C\ < A, and let h 0 be an embedding of C 
in Col(H 0 ,A). Then there exists an embedding h of B in Col(H 0 ,A) such that 
h(c) = h 0 (c) for all c e C. 

Proof. Let D be the image of C under the embedding hg. Let Col be an ab- 
breviation for Col(H 0 , A); let Col c and Col D denote, respectively, the (H 0 , A)- 
collapsing algebra in the Boolean valued models V c and V D . 

First, we find an embedding k of B in C * Col c : Working in V c , we 
observe that A is a cardinal and that B : C is a complete Boolean algebra 
that collapses A onto No- Also, since B : C is a quotient of B, B : C has 
cardinality A. Thus by Corollary 26.8 (in V ), there is an embedding of B:C 
in Col c . ' 

It follows that there is an embedding k of C * (B : C) into C * Col such 
that k(c) = c for all c e C (and C is considered a complete subalgebra of 
both those algebras). Since C * {B : C) = B, we have k : B —> C * Col c such 
that k(c) = c for all c G C. 

Next we find an isomorphism between Col and D * Col 15 : Working in V D , 
we observe that A is a cardinal, and that Col : D collapses A onto Ho- Also, 
since the algebra Col v has a dense subset P\ of size A, its quotient Col : D 
has a dense subset Q of size A. Thus by Lemma 26.7 (in V D ), there is an 
isomorphism between Col : D and Col D . 

By the same argument as above, we get an isomorphism ir between Col = 
D * (Col : D) and D * Col 13 such that ir(d) = d for all d e D. 

Since C and D are isomorphic, there exists an isomorphism a : C*Col — > 
D * Col D such that <r(c) = h-o(c) for all c € C. Thus we define h : B — > Col 
as follows: h{b) = 7 r- 1 ( cr ( fc ( & )))> for a11 h ^ B - 

C*Co\ c — °— ■* Z)*Col D 

B — h —> Col 
Clearly, h is an embedding of B into Col, and /i(c) = h 0 (c) for all ceC. □ 

Corollary 26.10. Let G be a generic filter on P\ and let X be a set of 
ordinals in V[G]. Then either V[X] = V[G] or there exists a V[X]-generic 
filter H on P x such that V[X][H] = V[G\. 

Proof. If A is uncountable in V[X], then V[G] is a generic extension of V[X] 
by Col y ' x l(H 0 , k), where k — |A| y I x l. However, P K is isomorphic in V[X] 
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to P A - If A is countable in V[X] and V[X] + V[G], then V[G] is a generic 
extension of V[X] by a countable atomlcss notion of forcing Q. There is only 
one atomless complete Boolean algebra with a countable dense subset and so 
B(Q) is isomorphic (in V[X}) to B(P X ). □ 

We now consider the Levy collapse Col(H 0 , <A): Let A be an inaccessible 
cardinal. The conditions are functions p on finite subsets of A x u such that 
p(a, n) < a whenever (a, n) g dom(p); p is stronger than q if p D q. 

Corollary 26.11 (The Factor Lemma). Let G be a generic filter on the 
Levy collapse P, and let X be a countable set of ordinals in V[G]. Then there 
exists a V[X]-generic filter H on P such that V[X][H] = V[G]. 

Proof. For each v < A we have a decomposition of P into P v x P v where 
P v = {p g P ■ domp C v x lu} and P v = {p g P : domp C (A — v ) X u}. 
Note that if v is an infinite cardinal then |P„+i| = v and so by Lemma 26.7 
B(P„ + i)=Col(N 0 ,i/). 

Let v < A be such that X g V[G n P„+i]. By Corollary 26.10 there exists 
a K C P„+i generic over VLY] such that F[G n P„+i] = V^LY]^]. Hence 
V[G] ^V[X}[K}[Gr\P u+1 ]; let H = K -K{Gr\P v+1 ). □ 

Theorem 26.12 (The Homogeneity of the Levy Collapse). Le£ P = 

Col(H 0 , <A). If A and A' are isomorphic complete subalgebras of B such that 
\A\ = \A'\ < \B\ and if no * s an isomorphism between A and A', then there 
exists an automorphism n of B such that n(a) = n 0 (a) for all a g A. 

Proof. First we construct increasing sequences of complete subalgebras Ao C 
Ai C . . . C A n C . . ., and A' 0 C A[ C . . . C A' n c . . ., as follows: We let 
A 0 = A and A' 0 = A'. There is v x such that A' 0 C P^; we let = P^. 
The embedding n^ 1 of Aq in P can be extended to an embedding n^ 1 of ^ 
in P, and we let A\ = n^ 1 (A' 1 ). Then there is v 2 > v\ such that A\ C P„ 2 ; 
we let A 2 = B„ 2 . Then n\ : A\ — > B extends to some n 2 : A 2 — > P, and we 
let A 2 = ^2(^2)- We proceed in this manner. 

Clearly, IJ^U A = U^Lo -^n = U^Li and U^Lo 71 "™ is an automor- 
phism of this Boolean algebra. This automorphism extends to a unique au- 
tomorphism 7r w of B v = P(P„), where ^ = lim^oo v n . 

Now P = B V ®B V where P' y = B(P"), and the automorphism 7r w of P, y 
can be extended to an automorphism n of P„ ©P" by n(u, v) = (n^u, v). □ 

Corollary 26.13. If u and v are elements of Col(Ho, <A) such that u ^ 0, 1 
and d^O, 1, then there exists an automorphism n of B such that n(u) = v. 

a 

It follows that for any formula <p and all xi, . . . , x„, |j<p(xi, . . . , x„)||b is 
cither 1 or 0. 
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Solovay's Theorem 

Theorem 26.14 (Solovay). Assume that there exits an inaccessible cardi- 
nal. 

(i) There is a model of ZF + DC in which all sets of real numbers are 
Lebesgue measurable and have the property of Baire, and every un- 
countable set of reals has a perfect subset. 

(ii) There is a model of ZFC in which every projective set of reals is 
Lebesgue measurable, has the Baire property, and if uncountable, then 
it contains a perfect subset. 

Let M be a transitive model of ZFC and let k be an inaccessible cardinal 
in M. Let B be the Levy collapse for k, i.e., B = B(P) where P is the notion 
of forcing that collapses each a < n onto H 0 : The conditions are functions p 
on subsets of n x u> such that each dom(p) is finite, and p(a, n) < a whenever 
(a, n) G dom(p). 

Let G be an M-gcncric ultrafiltcr on B. We shall show that in M[G] every 
projective set of reals is Lebesgue measurable, has the property of Baire, and 
if uncountable, then it contains a perfect subset. 

In M[G], let S be the class of all infinite sequences of ordinal numbers, 
£ = Ord" , and let N — HOD(S) be the class of all sets hereditarily ordinal 
definable over S. The class N is a model of ZF; in fact, N is a model of 
ZF + DC (see Lemma 26.15 below), and we shall show that in N every set 
of reals is Lebesgue measurable, has the Baire property, and if uncountable, 
then it contains a perfect subset. 

Let s be an infinite sequence of ordinals in M[G], let ip be a formula, and 
let X e M[G] be a set such that 

(26.15) X = {x : M[G] N tp(x, «)}. 

X is (in M[G]) ordinal definable over S = Ord u '. Conversely, if X e OD(S), 
then for some formula tp and a finite sequence (si, . . . , Sk) of elements of S, 
X = {x e M[G] : ip(x, (si, . . . , Sk))}. Then clearly there exist ip and s e S 
such that (26.15) holds. Hence the class OD(S) consists of all sets X of the 
form (26.15) — sets definable in M[G] from a sequence of ordinals. 

Note that every projective set of reals is definable from a sequence of 
ordinals: If A is S^(a) for some a € Af, then A is definable in HC from a, 
and therefore A e OD(S). 

Lemma 26.15. 

(i) If f £ M[G] is a function on lu with values in N, then f G N. 

(ii) The model N satisfies the Principle of Dependent Choices. 

Proof, (i) We show that if / is a function from u) into OD(S) then / e OD(S). 
By (26.15), OD(S) = \J{OD(s) : s e S}; therefore there is a definable 
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function F on Ord x S such that for each s € S, the function F s (a) = F(a } s) 
maps Ord onto OD(s). Let / : lo — > OD(S). For each n, we choose a„ and s n 
such that /(n) = F(a n ,s n ). Clearly, / is definable from (a n : n <E lo) and 
(s n : n e w). It is easy to find a single sequence w of ordinals such that both 
(a n : n e lo) and (s n : n e w) are definable from w. Hence / is definable 
from u, and so / e OD(S). 

(ii) In AT, let p be a relation over a nonempty set A such that for every 
x E A there is a y such that y p x. Since M[G] satisfies the Axiom of Choice, 
there exists in M[G] a sequence ao, a\, . . . , a„, ... such that a n +i p a„ 
for all n. However, by part (i) of this lemma, the sequence (a n : n e lo) is 
in N. 0 

We shall now prove the part of Theorem 26.14 dealing with Lebesgue 
measure and the Baire property, using Lemma 26.5. 

Lemma 26.16. Let s € M[G] be an infinite sequence of ordinals. The set of 
all reals (in M[G}) that are not random over M[s] is null; the set of all reals 
that are not Cohen over M[s] is meager. 

Proof. Since the algebra B is K-saturated, there exists a subalgebra D C B 
such that \D\ < k and M[s] = M[D P\ G]. It follows that k is inaccessible 
in M[s]; and since k = H^^l, M[s] has only countably many subsets of to. 
Thus there are only countably many Borel codes in M[s}; and by (26.11), the 
complement of the set R(M[s\) is the union of countably many null sets and 
hence null. Similarly, the complement of C(M[s]) is meager. □ 

Lemma 26.17. Let X e M[G] be a set of reals that is definable in M[G] 
from a sequence s of ordinals. Then X is (in M[G]) Solovay over M[s]. 

Proof. The proof uses the properties of the Levy collapse discussed above, 
in particular the Factor Lemma. We shall first prove the following: Given 
a formula ip, there is a formula (p such that for every sequence of ordinals 



The forcing conditions arc finite and so the definition of the Levy collapse P is 
absolute for all models. We denote M p the Boolean valued model constructed 
in M using P and if ip is a formula and z e M p , we denote ||V , (^)|| M the 
Boolean value (computed in M using P) of ip(z). If a e M, then a € M p is 
the canonical name for a. 

Let (p(x) be the following formula 



x e M[G], 



(26.16) 



M[G] \= ip(x) if and only if M[x) N (p(x). 



(26.17) 



\W(x)\\ 



M[x] _ ^ 



Let i be a countable sequence of ordinals in M[G]; we shall show that 
M[G] \= ip(x) if and only if M[x] \= (p(x). By the Factor Lemma there exists 
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an M [x] -generic filter H on P such that M[G] = M[x][H]. Arguing in M[x], 
we invoke the homogeneity of the Levy collapse: The Boolean value b = 
\\(p(x)\\ M ^ is either 0 or 1. Since H is generic on P over M[x], ip(x) is true 
in M[x][.ff] if b = 1 and false if b = 0. Hence <p(x) is true in M[G] if and only 
if (p(x) is true in M[x]. 

For a formula ip with two variables there is a formula ip such that for all 
x,y e M[G] n Ord^, 

M[G] \= <p(x, y) if and only if M[x, y] \= <p(x, y). 

Now let X e M[G| be a set of reals that is definable in M[G] from 
a sequence of ordinals s. For some formula ip 

x e X M[G] N p(ar,s) 

for all reals x £ M[G]. Thus we have, for all x & R M ^ G \ 

x e X <-» M[s][x] t= ^(s,or) 

which shows that X is Solovay over M[s]. □ 

Corollary 26.18. In M[G] every set of reals definable from a sequence of 
ordinals (and in particular, every projective set of reals) is Lebesgue measur- 
able and has the property of Baire. 

Proof. This follows from Lemmas 26.5 26.16, and 26.17. □ 

Corollary 26.19. In N, every set of reals is Lebesgue measurable and has 
the property of Baire. 

Proof. Clearly, the model N has the same reals as the model M[G]. In partic- 
ular, N and M[G] have the same Borel codes, and since Af = Af^ n N = 
j{M[G\ f or ever y c g BC M ' G ' , the two models have the same Borel sets. 

If X E N is a set of reals, then X is definable in M[G] from a sequence 
of ordinals and hence M[G] \= (X is Lebesgue measurable and has the Baire 
property). Thus there arc (in M[G\) Borel sets A, B, H, K such that XAA C 
H, X A B C K, and H is null and K is meager (in M[G]). By Lemma 26.1, 
N satisfies that H is null and K is meager, and hence N satisfies that X is 
Lebesgue measurable and has the Baire property. □ 

We shall now finish the proof of Theorem 26.14 by showing that in M[G] 
every uncountable set of reals definable from a countable sequence of ordinals 
contains a perfect subset. Then it follows that in N, every uncountable set A 
of reals has a perfect subset: If A is uncountable in N, then A is uncountable 
in M[G] (by Lemma 26.15); and since A is definable from a sequence of 
ordinals, A has a perfect subset F (in M[G]); but then N \= F is a perfect 
set. 
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By Lemma 26.17, every set of reals definable in M[G] from s is Solovay 
over M[s]; thus it suffices to prove that in M[G] every uncountable set of 
reals, Solovay over M[s], contains a perfect subset. Furthermore, it suffices 
to give the proof only for sets of reals Solovay over M since the general 
case (Solovay over M[s]) follows from the special case by the Factor Lemma: 
M[G] — M[s][H] is a generic extension of M[s] by the Levy collapse. And 
finally, we can consider subsets of the Cantor space instead of sets of reals. 

Thus let A be, in M[G], an uncountable subset of {0, 1}", and let ip be 
a formula (with parameters in M) such that for all x <G {0, 1} W in M[G], 

iei if and only if M[x] N ip(x). 

Since A is uncountable, there exists an x <G A such that x £ M. There 
exists (in M) a complete subalgebra G C B such that |G| < k and that 
x e M[G(lC]. Let us consider the Boolean- valued model M c and the cor- 
responding forcing relation Ik There exists a name x € M c and a condition 
peCnG such that 

(26.18) p k x e {0, 1} W and x $ M and (M[x] N <p(x)). 

Since P M (C) is countable in M[G], let D 0 , _D 1; . . . , D n , ... be an enumera- 
tion (in M[G]) of all open dense subsets of C in M. 

We shall construct conditions p s G C, for all finite 0-1 sequences s, as 
follows: 

Let p0 < p be such that p® £ D 0 - Given p s , there exists n s e cj such that 
p s does not decide x(n s ) (because p Ih x ^ M), and we let p s ~o and be 
such that Ps— o k x(n s ) = 0 and p s ~i k a;(n s ) = 1; moreover, we choose p s ~ o 
and Ps-i so that both are in the open dense set Dk where k is the length 
of s. 

For every z e {0, 1} W , let G z = {p e C : p > p s for some s C z}. Clearly, 
G z n D n 7^ 0 for every n, and hence G z is an M-generic ultrafilter on C. 
Let f(z) — x Gz be the interpretation of x by G z . Since G z is generic, and 
by (26.18), we have f(z) G A. Thus / is a function from {0, 1}" into A. 

It follows from the construction of / that / is one-to-one and continuous. 
Thus /({0, 1} W ), the one-to-one continuous image of a perfect compact set, 
is a perfect subset of A. □ 

Lebesgue Measurability of Sets 

Lemma 26.5 and its Corollary 26.6 provide the following equivalences: 

Theorem 26.20 (Solovay). Let aeN. 

(i) Every S^o) set of reals is Lebesgue measurable if and only if almost 
all reals are random over L[a\. 
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(ii) Every E^a) set of reals has the Baire property if and only if the set 
{x : x is not a Cohen real over L[a]} is meager. 

Proof. We prove only part (i) as part (ii) is similar. 

First we note that every S^a) set is Solovay over L[a\. Let A be £2(0), 
and let T € L[a] be a tree on ui x wi such that for all x &Af, 

x £ A if and only if T(x) is ill-founded. 

By absoluteness of well-foundedness we have 

xfi if and only if L[a][x] 1= T(x) is ill-founded, 

and hence A is Solovay over L[a\. 

If almost all reals are random over L[a] then every S^a) set is Lebesgue 
measurable by Corollary 26.18. 

Thus assume that every Ej[a] set is Lebesgue measurable; we shall prove 
that the union 

B = \J{A C : c e BC, c G L[a] and ^4 C is null} 
of all null Borcl sets coded in L[a] is null. Let 

C(x, c)hc£ BC A A c is null Aie4 

D(a;, c) <-» C(x, c) A c e L[a] A Vd (d <l[ 0 ] c - * ^{x, d)), 

and for x,y £ B, 

x =4 y <-> 3c3rf (D(a;, c) A d) he <l[o] d). 

The set S as well as the relations C, I? and are S^a), and ^ is a prewell- 
ordering of B. Under the assumption of Lebesgue mcasurability of T,\{a) sets, 
B is Lebesgue measurable and ^ is a measurable subset of Af x TV. 

The order- type of Af in <L[ a ] is wf[ a l < wi. Hence for every y £ B, the 
set {x : x =4 y} is a countable union of null sets and therefore null. Thus 
=^ is a null set, by Fubini's Theorem. By the same argument, the complement 
of ==<: in B x B is null as well, and hence B x B is null. Therefore B is a null 
set. □ 

Corollary 26.21. If uj[ [a] < ui, then every T,i,(a) set of reals is Lebesgue 
measurable and has the Baire property. 

Proof. Under the assumption, each L[a] has only countably many reals and 
hence only countably many Borel codes, and it follows that almost all reals 
are random over L[a\. Similarly for Cohen reals. □ 
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Ramsey Sets of Reals and Mathias Forcing 

For an infinite set A C w, let [A]"' denote the set of all infinite subsets of A. 
Let us consider the following partition property for If 5 C M", we call 
an infinite set H C u> homogeneous for S if either C S or [H] u n <S = 0. 
A set 5 C is a Ramsey set if there exists an infinite homogeneous set H 
for S*. 

A consequence of the Axiom of Choice is that not every set S C [u>] u is 
Ramsey (Exercise 26.3). We prove that the Axiom of Choice is necessary, and 
that all analytic sets arc Ramsey. 

Identifying subsets of lu with their characteristic functions, we con- 
sider [uj]" as a Gs subspace of the Cantor space. We prove the following 
theorems: 

Theorem 26.22 (Galvin-Prikry, Silver). Every analytic subset of [u] u 
is Ramsey. 

Theorem 26.23 (Mathias). Let M[G] and N be the models from Theo- 
rem 26.14. 

(i) In N, every subset of [ui]^ is Ramsey. 

(ii) In M[G], every projective subset of [w]" is Ramsey. 

The method of proof of both theorems uses a notion of forcing introduced 
by Mathias, and a topology based on the Mathias forcing. 

Definition 26.24 (Mathias Forcing). A forcing condition is a pair (s, A) 
where s is a finite subset of w and A is an infinite subset of ui such that 
maxs < min A A condition (s, A) is stronger than a condition (t, B) if 

(26.19) (i) t is an initial segment of s; 

(ii) A C B; 

(iii) s-tcB. 

(Compare this with the Prikry forcing (21.15).) For the rest of this section, 
(s, A) will denote a Mathias forcing condition. 

For s e [uj] <uj and A e let A\s = A- (max(s) + l) = {n e A : n > k 
for all fees}, and 

(26.20) [s, AY = {X e M w : s C X and X \ s C A}. 

Note that [0,A] W = and [s,Af C if and only if (s,A) is 

stronger than (t,B). 

Definition 26.25. The Ellentuck topology on [w]" has as basic open sets the 
sets of the form [s, A]^ where s£ M <w and Ae 

Note that every open set in the usual topology is open in the Ellentuck 
topology. 
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Definition 26.26 (Galvin-Prikry). 

(i) A set S C is completely Ramsey if for every (s, A) there exists an 
infinite H C A such that cither [s, H] w C £ or [s, i2] w n 5 = 0. 

(ii) A set iV C [tJ\ u is Ramsey null if for every (s, A) there exists an infinite 
H C A such that [s, i2] w n S = 0. 

We first observe that every Ramsey null set is nowhere dense in the El- 
lentuck topology: S is nowhere dense if and only if for every basic open set 
there exists a basic open subset disjoint from S, i.e., 

V(s, A) 3(t, B) < (s, A) [t, BfnS = 0. 

Let S be completely Ramsey, let int(S') denote the interior of S (in the 
Ellcntuck topology), and let N = S — 'mt(S). For every (s, A) there exists 
an H C A such that either [s, H]" C S, and since [s, H] u is open, we have 
[s,H]" C int(S); or [s,H]"f\S = 0, and in cither case [s,H] u CiN = 0. Hence 
N is Ramsey null, and therefore nowhere dense. It follows that S — int(S)UN 
has the Baire property. 

We shall prove the following (for the Ellentuck topology): 

Lemma 26.27. 

(i) A set S is completely Ramsey if and only if it has the Baire property. 

(ii) A set N is Ramsey null if and only if it is nowhere dense if and only 
if it is meager. 

Toward the proof of Lemma 26.27, let S be a given subset of Given 
(s, A) we say that A accepts s if [s, A]^ C S; we say that A rejects s if no 
X c A accepts s. 

Lemma 26.28. There is an X that accepts or rejects each of its finite subset. 

Proof. Let X 0 be such that X 0 either accepts or rejects 0 (if no X accepts 0 
then Xq = u> rejects 0). Let do be the least element of Xq. Let X\ C X 
be such that X\ cither accepts or rejects each subset of {a 0 }. Let a\ be the 
least element of X\ \ {&o}, and let X2 C X\ be such that X2 accepts or 
rejects each subset of {ao,ai}. We continue in this fashion and construct 
a set X = {a a , a\, a 2 , ■ ■ ■}■ This X accepts or rejects each of its finite subsets. 

□ 

Lemma 26.29. There is aY that either accepts 0 or rejects each of its finite 
subsets. 

Proof. Let X be as in Lemma 26.28, and assume that it rejects 0. We 
construct Y = {ao,ai,...} C X as follows: Assume we have constructed 
a 0 , . . . , a n _i such that X rejects each subset of {ao, . . . , a n _i}. For every 
s C {a 0 , . . . , o n _i} there are only finitely many z G X such that X accepts 
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sU{z} (otherwise there is an infinite Z C X such that X accepts s U {z} 
for each z £ Z; then Z accepts s and hence X does not reject s). There- 
fore we can find a„el \ {ao, . . . , a n -i} such that X rejects each subset of 
{a 0 ,...,a n }. □ 

Lemma 26.30. Every open set is Ramsey. 

Proof. Let S be open, and let X be as in Lemma 26.29. If X accepts 0 then 
[X] u = [0, X] u cS. 

If X rejects each of its finite subsets, we claim that [XY H S = 0. Oth- 
erwise, there is an infinite Y C X such that Y E S. Since S is open, there 
is an open neighborhood of Y included in S; i.e., there exists a finite s C Y 
such that [s, Y \ s] w C S. Hence Y accepts s, contrary to the assumption 
that X rejects s. □ 

Lemma 26.31. Every open set is completely Ramsey. 

Proof. Let S be open and let (s, A) be arbitrary. Let / : u> — > ^4 be a one-to- 
one increasing enumeration of A, and for each X <G [w] ta, ) let f*(X) — sUf"X. 
The function /* is a continuous function from [u>]" into Let T = {X : 
f*(X) £ S}; T is open and hence Ramsey If if is a homogeneous set for T, 
then H = f"K satisfies either [s, C S or [s, n 5 = 0. □ 

Lemma 26.32. Every nowhere dense set is Ramsey null. 

Proof. Let S be nowhere dense; we may also assume that S is closed. Let 
(s,A) be arbitrary. By Lemma 26.31 there is an H C A such that either 
[s, H] w cSor [s, HY» n S = 0. But [s, C # is impossible since S is 
nowhere dense. □ 

Lemma 26.33. If S = U^Lo and each S n is Ramsey null then S is Ram- 
sey null. 

Proof. Let (s, A) be arbitrary. We construct an infinite H = {ao, (Zi, 02, . . .} C 
A as follows: Let Xo C A be such that [s,Xo] w n So — 0, and let ao be the 
least element of Xq. Find an X\ C X 0 \ {a 0 } such that for every t with 
sCiCsU {a 0 }, [i, X^ C 5i. Having constructed X 0 D D . . . Z> X„, 
let a„ = min(X„) and find an X n+ i C X„ \ {a 0 , . . . , a„} such that for 
every t with s C t C s U {a 0 ,...,a„}, [t,X„ + i] u ' C Sn+i. It follows that 

[s, n s = 0. □ 

Proof of Lemma 26.27. By Lemmas 26.32 and 26.33, every meager set is 
Ramsey null, proving (ii). To prove (i), let S be a set with the Baire property; 
we have S = GAM where G is open and M is meager. Let (s, A) be arbitrary. 
By (ii) there is some X C A such that [s, XY n M = 0. By Lemma 26.31 
there is some if C X such that cither [s, H] w C G or [s, H}" n G = 0. It 
follows that either [s, H}" C 5 or [s, n 5 = 0. □ 
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Proof of Theorem 26.22. Every analytic set (in the usual topology) is the 
result of the Suslin operation A applied to closed sets. Every closed set is 
closed in the Ellcntuck topology and therefore has the Baire property (in the 
Ellentuck topology). It can be proved (as in Theorem 11.18) that the Baire 
property in the Ellentuck topology is preserved under the operation A. Hence 
every analytic set is completely Ramsey, by Lemma 26.27(i). □ 

The combinatorial content of Lemma 26.27 is this property of Mathias 
forcing (compare with Lemma 21.12): 

Lemma 26.34. Let a be a sentence of the forcing language and let (s,A) 
be a condition. Then there exists an infinite set B C A such that (s, B) 
decides a. 

Proof. Let Q+ = {p : p Ih cr}, Q~ = {p : p Ih -.a}, S+ = {J{[t, x }" : (t,X) G 
Q+} and S- = \J{[t, x ] u : (t, x ) G Q~}- Sincc thc complement of S+ U S~ 
is nowhere dense, there exists, by Lemma 26.27, an infinite B C A such that 
[s, B]" c S + or [s,S] w C S 1- . We claim that in thc former case (s,B) Ih a 
and in the latter case (s,B) II — kt. This is because for every (t, X) < (s,B) 
there exists some (u,Y) < (t,X) which is in Q + (or Q~). □ 

If G is a generic filter on the Mathias forcing (over a ground model M), 
let xq be the infinite set 



xg is called a Mathias real (over M). The filter G is determined by x — xq, 
as 



Mathias reals admit the following characterization, analogous to Theo- 
rem 21.14: 

Theorem 26.35 (Mathias). Let M be a transitive model of ZFC. An in- 
finite set x C lu is a Mathias real over M if and only if for every maximal 
almost disjoint family A £ M of subsets of lo, there exists an X G A such 
that x — X is finite. 

Proof. The condition is necessary: If .A is a maximal almost disjoint family 
then D = {{s,A \ s) : s G M <w , A G A} is a predense set of forcing 
conditions, and it follows that if a; is a Mathias real then G x P\ D 7^ 0. 

For the proof of sufficiency, let D be an open dense set of Mathias forc- 
ing conditions (in thc ground model). We need a more detailed analysis of 
Mathias forcing. If X C lu is infinite and max s < min X we say that X cap- 
tures (s, D) if for every infinite Y C X there exists an initial segment t of Y 
such that (sUt,X) G D. 



(26.21) 



x G = \J{s : (s, A) G G for some A}; 



(26.22) 



G=G X = {(s, 4):sCiCsU A}. 
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Lemma 26.36. For every infinite set A C oj and for every finite s C oj there 
exists an infinite set AT C A \ s such that AT captures (s, D). 

Proof. We construct a sequence Y) D Yi D . . . D Y n D . . . of infinite sets 
and a sequence mo < mi < . . . < m n < . . . such that m„ = min Y n , as 
follows: Let Y 0 = A \ s. Given Y n , we can find Y n+i C Y n \ {m„} with the 
property that for every t C {mo, . . . , m„}, if there exists a,YcY n such that 
(s U t, Y) G D, then (s U t, Y n+ i) G D (we use the fact that D is an open set 
of conditions). 

Let Y = {ra 0 ,rai,...,m„,...}. As the set U = {JUt^f : (t,S) G D} 
is a dense open subset of [w]" (in the Ellcntuck topology) it follows from 
Lemma 26.27(h) that there exists an infinite set X CY such that [s, X] u C U. 
We claim that AT captures (s, D). 

If Z C X is infinite then because sUZ G there exist an initial segment t 
of Z and an infinite SCw such that (s U t, S) G D and sUZ E [s U t, It 
follows that (s U t, Z \ t) e £>, and if maxt = m„, we have (s U t, Y n+ i) e Z). 
It follows that (sUt,I\i)eD. □ 

Lemma 26.37. For every infinite A C u> there exists an X C A such that 
for every s, X \ s captures (s,D). 

Proof. By Lemma 26.36 there exist sets X s C A such that for each s, 
X s captures (s,D). We construct ATo D X\ D ... D A"„ D ... and 
m 0 < mi < ... < m„ < ... such that m„ = minX n , as follows: Let 
A"o = Xq. Given X n , we find an X n+ \ such that for every s with max s — m n , 
X n+ i captures (s, D) (here we use the fact that if X captures and X' C X, 
then X' also captures). Let X = {mo, mi, ... , m„, . . .}. It follows that X \ s 
captures (s, D) for every s. □ 

We now finish the proof of Theorem 26.35. Let x C ui be infinite and 
assume that for every maximal almost disjoint A € M there exists an AT G .4 
such that x — X is finite. By Lemma 26.37 there exists (in M) a maximal 
almost disjoint family A such that for every X G A and every s, X \ s 
captures (s,D). Let AT G ^4 be such that x — AT is finite, and let s be an 
initial segment of a; such that iCsUX. AsA"\s captures (s, D), we have 
(in M) 

(26.23) V infinite Y G X \ s 3 initial segment £ C Y such that 

(s U t, X \ t) G D. 

Consider the set of finite sets W — {t C X \ s : (s U t, X \ t) ^ D} partially 
ordered by the relation t t' if and only if t' is an initial segment of t. Then 
(26.23) states that (W, -<) is well-founded in M. By absoluteness, (W, -<) is 
well-founded in any larger universe, and so (26.23) holds in any V D M. In 
particular, letting Y — x \ s, we obtain an initial segment t of x \ s such that 
(s U i, AT \ t) G D, and since s U t is an initial segment of x and x C s U t U AT, 
the filter G x from (26.22) meets D. Since D was an arbitrary open dense set 
in M, G x is generic, and a; is a Mathias real over M. □ 
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Corollary 26.38. If x is a Mathias real over M and y C x is infinite, then 
y is Mathias over M. 

Proof of Theorem 26.23. Let M[G] be a generic extension of M by the Levy 
collapse. We shall prove that every set of reals in M[G] that is definable 
from a countable sequence of ordinals is Ramsey. Thus let u be a countable 
sequence of ordinals in M[G] and let X <G M[G] be a subset of [u>] u definable 
from u. By Lemma 26.17 X is a Solovay set over M[u] and so for some 
formula <p, 

x e X if and only if M[u, x] \= ip(x) 

for all are [oj] w D M[G]. 

Let us consider the Mathias forcing in M[u], and let x be the canonical 
name for a Mathias generic real. By Lemma 26.34 there exists an infinite set 
A e M[u] such that (0, A) decides <p(x). Assume that (0, A) lh <p(x) as the 
other case is similar. 

Since K^ G ] is inaccessible in M[w], there exists a Mathias generic filter 
in M[G] containing (0, A); therefore there exists a Mathias real x over M[u] 
such that x C A. We complete the proof by verifying that [x]" C X. 

If y is an infinite subset of x then by Corollary 26.38, y is a Mathias real 
over M[u]. Since y C A and (0,A) lh <p(x), we have M[u][y] 1= ip(y) and so 
yeX. □ 



Measure and Category 

Lebesgue measure and Baire property have been the most thoroughly inves- 
tigated properties of sets of reals, both in the classical descriptive set theory, 
and in the modern era of independence results. We shall touch briefly on 
the subject, with emphasis on the role of Martin's Axiom and combinato- 
rial "cardinal invariants." We start with the following application of Martin's 
Axiom: 

Theorem 26.39 (Martin-Solovay). If Martin's Axiom holds, then the 
union of fewer than 2 No null sets is null, and the union of fewer than 2 No 
meager sets is meager. 

Proof. First we prove that the union of fewer than 2^° null sets is mull. Let 
k < 2 N ° and let A a , a < n, be null sets of reals. Let A = U Q < K A a - In order 
to prove that A is null, it suffices to find, for each e > 0, an open set U D A 
such that n(U) < e. Let e > 0. 

We apply Martin's Axiom as follows. Let P be the set of all open sets of 
measure < e, and let p € P be stronger than q e P if p D q. We claim that 
the notion of forcing (P, d) satisfies the countable chain condition. 

It suffices to show that if W is an uncountable subset of P, then there 
are p,q <G W, p ^ q, such that p(p U q) < e. Let S be the countable set of 
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all unions of finitely many open intervals with rational cndpoints. If W C P 
is uncountable, then there exist an n G N and an uncountable Z C W such 
that n{p) < e — l/n for all p e Z. For each p e Z, let p* e S be such that 
p* C p and /J,(p—p*) < l/n. Since S 1 is countable, there exist p,q e Z , p ^ q, 
such that p* = q* . Then ^(p U (?) < e. 

For each a < n, let Z) Q = {p £ P : A a C p}. Each £> Q is a dense subset 
of P: If p e P, then since A Q is null, there exists an open set q D A a such 
that u(p) + u(q) < e, and hence pUg€ D a and pU q Z) p. 

By Martin's Axiom, there exists a filter G C P such that G n P Q ^ 0 
for all a < k. Let P = {J{p : p e G}. It is clear that A C U and it 
remains to show that n(U) < e. We use the well-known fact (easy to verify) 
that if U = U{p : p e G}, then there is a countable H <Z G such that 
^ = Ul? 3 : J 5 *= Thus if /u(P) > e, there exist Pi, . . . ,p„ € P such that 
U . . . U p n ) > e. But this is impossible: Since G is a filter on P, we have 
p U q G G whenever p e G and q e G; thus pi U . . . U p„ G G and hence 
/x(pi U...Up„)<£. 

This completes the proof that the union of < 2 N ° null sets is null if 
MA holds. 

In order to show that the union of less than 2 N ° meager sets is meager, it 
suffices to show that the union of less than 2^° closed nowhere dense sets is 
meager. The following lemma will complete the proof: 

Lemma 26.40. Assume Martin's Axiom. Let k < 2 N ° and let A a , a < n, 
be closed nowhere dense sets of reals. Let A = {J a<K A a . Then there exists 
a countable family of dense open sets Hi, i = 0, 1, 2, . . . , such that A is 
disjoint from fX*L 0 Hi . 

Proof. We apply Martin's Axiom as follows. Let P be the set of all finite 
sequences of pairs 

p=((U 0 ,E 0 ),(U 1 ,E 1 ),...,(U n ,E n )) 

such that 

(26.24) (i) each U% is the union of finitely many open intervals with ratio- 

nal cndpoints; 

(ii) each Ei is a finite subset of k; and 

(iii) for each i, Ui is disjoint from lJ agB . A a . 

A condition p' — ((Uq,E' 0 ), . . . , (U' m , E' m )) is stronger than a condition p = 
((U 0 ,E 0 ),...,(U n ,E n ))tf 

(26.25) (i) m > n; and 

(ii) for each i < n, U[ D Ui and E\ D Ei. 

It is clear that this notion of forcing satisfies the countable chain condition: 
If two conditions have the same Uq, ■ ■ ■ , U n , then they are compatible, and 
there are only countably many sequences (Uq, . . ■ , U n ). 
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Let Ik, k = 0, 1, 2, . . . , be an enumeration of all open intervals with 
rational endpoints. We let, for each a < k and alH, k = 0, 1, 2, . . . , 

(26.26) D a = {p:p= ((U 0 , E 0 ),..., (U n , E n )) and a £ Ei for some i < n}, 
Ei, k = {p:p= ((U 0 , E 0 ), {U n , E n )) and U t H 4 ^ 0}- 

Since each A Q , a < k, is nowhere dense, it is clear that for all i an k, every 
condition can be extended to a condition p e and hence each E^fc is 

dense in P. Also, each D a is dense in P. 

By Martin's Axiom, there exists a filter G C P such that G n D a ^ 0 for 
all a < k, and G n E^k ^ 0 for all i,k e w. For each i = 0, 1, 2, . . . , we let 

Hi - U{^ : (3p € G)p = (. . . , (U u Ei), . . .)}. 

Since E^k is a dense set of conditions, for all k, Hi is a dense open set of 
reals. 

Now if a < k, then because D a is dense, there exists i <G u> such that 
Hi is disjoint from A Q , and hence A a is disjoint from D^o ^» ■ Therefore 
A is disjoint from Hi^o '-' 

Corollary 26.41. If MA /io/ds, t/ien &oi/i the algebra of Lebesgue measurable 
sets and the algebra of sets with the Baire property are 2 N ° -complete, and 
moreover, Lebesgue measure is 2 N ° -additive, i.e., if n < 2 N ° and A a , a < k, 
are pairwise disjoint, then 

(26.27) J U Aa) = E KA a ). 

Proof. We prove by induction on k < 2^° that if A a , a < k, are Lebesgue 
measurable, then A = {J a<K A a is Lebesgue measurable. Given A a , a < k, let 
B a = A a — U/3<« 1 f° r eacn ot < k. The sets B a are Lebesgue measurable 
(by the induction hypothesis), and being pairwise disjoint, all but countably 
many are null. It follows from the theorem that A = {J a<K B a is Lebesgue 
measurable. The same argument proves (26.27) (see also Lemma 10.6), and 
the property of Baire is analogous. □ 

Corollary 26.42. If MA holds and if 2 N ° > H 1; then every H\ set is 
Lebesgue measurable and has the property of Baire. 

Proof. If A is T.\{a), then since (2*°) L ^ = ^ [a] < H 1; the set of all reals 
that are not random over L[a] is the union of at most H x null sets, hence 
null (by Theorem 26.39). By Theorem 26.20, A is Lebesgue measurable. The 
Baire property is analogous. □ 

The proof of Theorem 26.39 yields a slightly better result: It shows that 
for every k < 2 N °, MA K implies the K-additivity of the ideals of null and 
meager sets. The study of additivity of measure and category initiated by 
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Theorem 26.39 developed into an extensive theory that established a detailed 
relationship between various properties of measure and category. We refer the 
reader to Bartoszyhski's article [oo] in the Handbook of Set Theory. 

Definition 26.43. (i) Additivity: 

add(LM) = the least cardinal re such that the union of some family of re null 
sets is not null, 

add(BP) — the least cardinal re such that the union of some family of re mea- 
ger sets is not meager. 

(ii) Covering: 

cov(LM) = the least cardinal re for which R is the union of re null sets, 
cov(BP) = the least cardinal re for which R is the union of re meager sets. 

(iii) Uniformity: 

unif(LM) = the least cardinal re such that there exists a set of cardinality re 
that is not null, 

unif(BP) = the least cardinal re such that there exists a set of cardinality re 
that is not meager. 

(iv) Cofmality: 

cof(LM) = the least cardinality of a family T of null sets such that every 
null set is included in a set from T, 

cof(BP) = the least cardinality of a family T of meager sets such that every 
meager set is included in a set from T. 

The proof of Theorem 26.39 shows that MA K implies add(LM) > re and 
add(BP) > re. In a series of results a complete picture of inequalities emerged 
between these properties. First, it is obvious that add < cov < cof and 
add < unif < cof, both for measure and category (Exercise 26.5). Secondly, 
two of the inequalities have been known classically; see Exercise 26.7. 

Before we proceed we introduce two cardinal invariants that are not only 
relevant in this context but appear frequently in results in set-theoretic topol- 
ogy. First some notation: 

V°° means for all but finitely many n £ lo, 
3°° means for infinitely many n £ lo. 

A family f C w u is a dominating family if 

(26.28) V 5 £ ^ 3/ G F\/°°ng(n) < f(n); 
F us an unbounded family if 

(26.29) Vg £ u u 3f £ F3°°ng(n) < f(n). 
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Definition 26.44. The dominating number 

5 = the least cardinality of a dominating family; 

the bounding number 

b = the least cardinality of an unbounded family. 

It is clear that b < D, and Hi<b<J)<c. Martin's Axiom implies that 
b = 5 = c; see Exercise 26.8. 

To see the significance of b and d for Baire category, notice that for each 
/ € w w and each k, the set {g e w u : Vn > k g(n) < f(n)} is nowhere 
dense (in the space AT). Hence if g < f means V°°n g(n) < f(n), each set 
{9 '■ 9 < /} i s meager, and it follows that b < unif(BP) and cov(BP) < d; see 
Exercise 26.10. 

The relationship between the invariants defined in 26.43 and 26.44 can be 
illustrated by the following diagram: 

cov(LM) unif (BP) cof (BP) cof (LM) 



b d 



add(LM) add(BP) cov(BP) unif(LM) 

The cardinals become larger as one moves right and up. Exercises 26.5, 26.7, 
and 26.10 give proofs of the easy inequalities. The remaining inequalities are 
given by these theorems (that we state without proofs): 

Theorem 26.45 ((i) Truss, Miller; (ii) Fremlin). 

(i) add(BP) = min{b,cov(BP)}. 

(ii) cof (BP) = max{i),unif(BP)}. 

Theorem 26.46 (Bartoszynski, Raisonnier- Stern). 

(i) add(LM) < add(BP). 

(ii) cof (BP) < cof(LM). 

It is no accident that each result is accompanied by a dual version: There 
is a general theory that explains this duality. (For details, see Bartoszyhski's 
Handbook article.) For instance, consider Theorem 26.46. Both (i) and (ii) 
can be proved from this general result (see Exercise 26.11): 
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Theorem 26.47 (Pawlikowski). Let I c and I m be the ideal of all meager 
sets and the ideal of null sets. There exists a function ip : I c — > I m with 
the property that for every family T C I m , if [J J 7 is null then [J (/3 _1 (JF) is 
meager. □ 

A significant part of the theory of invariants of measure and category 
is the characterization of invariants in terms of functions from lu to oj. The 
cardinals cov(BP) and unif (BP) were so described first by Miller, with the 
final form due to Bartoszyhski: 

Theorem 26.48. (i) cov(BP) is the least cardinality of a family F C uj^ 
such that 

(26.30) V 5 G (J"3f G FV°°n/(n) ^ g(n). 

(ii) unif (BP) is the least cardinality of a family F C cj" such that 

(26.31) V.g G uj^ 3f G F3°°nf{n) = g(n). □ 

For the easy direction of (i) and (ii) see Exercise 26.12. 
The key ingredient of Theorem 26.46(i) is the following characterization 
ofadd(LM): 

Theorem 26.49. add(LM) is the least cardinality of a family Few" such 
that 

(26.32) Vtpe S3f G F3°°nf{n) £ tp{n), 

where S is the set of all functions ip : u> — > [w] <w such that \<p(n)\ = n for 
all n. □ 

See Exercise 26.13 for the proof of add(LM) < cov(BP). 

The diagram, along with Theorem 26.45, gives a complete relationship 
among these invariants. Nothing else can be proved in ZFC, and models have 
been constructed verifying all independence results based on the diagram. 

We conclude this chapter with two of the earliest independence results 
concerning measure and category. We give an example of a model where 
2 No is large and the set R n L is not Lebesgue measurable, and another 
example where 2^° is large and Rtl L does not have the Baire property. 

Lemma 26.50. If there exists a nonconstructible real, then: 

(i) Rf] L is either null or not Lebesgue measurable. 

(ii) fld L is either meager or does not have the Baire property. 

Proof, (i) Let S be the set of all constructible reals in the unit interval [0, 1]. 
Let a be a nonconstructible real. For each n > 0, let S n = {x+(a/n) : x G S}. 
The sets S n are pairwise disjoint, n(S n ) — fi(S) for all n and U^Lo ^ n 1S 
a bounded set. Therefore if S is measurable, then fi(S) > 0 is impossible. 
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(ii) Let S be the set of all constructible reals. First we prove that R S 
is not meager. Let a be a nonconstructible real and let S a — {% + a : x S S}; 
clearly, SnS a = 0. Thus R = (R-S)U{R-S a )U{SnS a ) = (R-S)U(R-S a ), 
and if R S were meager, then R— S a would also be meager, a contradiction. 

It follows that for any nonempty interval /, I — S is not meager: For each 
rational r, let A r = {x + r : x £ I — S}; if / — S is meager, then each A r is 
meager, and R S = {J{A r : r is rational}. 

If S has the Baire property, then because U — S is not meager for any 
nonempty open set U, S is meager. □ 

Example 26.51 (A model where 2 N ° > Hi and the set of all con- 
structible reals is not Lebesgue measurable). Let A be a regular un- 
countable cardinal and let B be the following measure algebra: Let (S, T, m) 
be the product measure space, where S is the product of A x uj copies 
of {0,1}, T is the least cr-complete field of subsets of S containing all 
{t e S : t(a,n) = 0}, and m is the product measure, and let B be the 
measure algebra B — T /sets, of measure 0. 

Let us consider the generic extension of the constructible universe by the 
measure algebra B. The generic extension L[G] satisfies 2 N ° = A. We shall 
show that in L[G] the set of all constructible reals is not Lebesgue measurable. 

In view of Lemma 26.50, it suffices to show that the set of all constructible 
reals is not null. Thus assume that it is null and let Ik, k = 0, 1, 2, . . . , be 
an enumeration (in L) of all intervals with rational endpoints. Let /Lt denote 
Lebesgue measure. 

Assuming that L[G] \= fi(R(lL) = 0, there is a B-valued name X for 
a subset of uj, and a rational e > 0 such that the Boolean value 

(26.33) || \J{Ik ■ k e A"} contains all constructible reals, and has Lebesgue 
measure < e|| 

is in G. We may assume, without loss of generality, that the Boolean 
value (26.33) is 1. 

For each k e TV, let Ak G T be such that ||fc G X\ = [Ah]- Let us consider 
(in L) the product measure space (R, fj,) x (S, T , m) with the product measure 
v = n x m. Let E c R x S be the set 

oo 

E= U (4x4). 

k=0 

We claim that v(E) < e. It suffices to show that ^(Ufc<fe 0 (^ fc x ^ fe )) — £ 
for every fco- Let ko € N. By (26.33), for every condition a = [A] there exist 
a stronger condition c = [C] and a set Y C k 0 such that 

c Ih X n k 0 = Y 

and that n{{J keY h) < e. Clearly, [C] < [A k ] if k e Y, and [C] • [A k ] = 0 if 
k e fc 0 — Y and hence 

(26.34) v( |J J fc x (A fc n C)) = M f U 4) • m(C) < e • m(C). 
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Thus the set of all [C] for which (26.34) holds is dense in the algebra B and 
hence 

v{ (J I k x A k ) < e. 

V fe<feo ' 

Since f(-E) < e, the complement of E has positive measure and hence 
there exists, by Fubini's Theorem, a number x G -R such that 

m({i G 5 : ^ £}) > 0. 

It follows that there exists A G T of positive measure such that 

(26.35) (x, i) £ E for all i G A. 
We shall show that 

(26.36) [A] Ih a; ^ |J{4 : fc e X}, 

completing the proof. 

If (26.36) were not true, there would exist some k G N and some C C A 
of positive measure such that x G I k and [C] Ih k G A". But then [C] < L4fc] 
and hence there is some t G C such that (x,t) G E, contrary to (26.35). □ 

Example 26.52 (A model where 2 N ° > and the set of all con- 
structible reals does not have the property of Baire). Let A be a reg- 
ular uncountable ordinal and let P be the notion of forcing that adjoins 
A Cohen reals: A condition is a finite 0-1 function whose domain is a subset 
of A. 

Let us consider the generic extension of the constructible universe by P. 
In L[G), 2 N ° = A. We shall show that in L[G] the set of all constructible reals 
does not have the Baire property. 

In view of Lemma 26.50, it suffices to show that the set of all constructible 
reals is not meager. For every S G A (in L), let P$ — {p G P : dom(p) C S}, 
and let G s = GnP s . 

Lemma 26.53. // L[G] \= RP\ L is meager, then there exists a countable 
S G A (in L) such that L[Gs\ \= R(~\ L is meager. 

Proof. Let Ik, k G N, be an enumeration of all open intervals with rational 
endpoints. If L[G] \= R n L is meager, then there exists a sequence (U n ■ 
n G N) G L[G] such that for every n E N, L[G] \= U n is dense open, 
and that R n L C \Jn=o( R ~ U n)- Let A = {( n , k ) ■ h C U n }, and let 
A be a name for A. Since P satisfies the countable chain condition, there 
is a countable S C A such that A is Pg-valued. It is easy to verify that if 
U' n = U n C\ L[Gs], then for each n G AT, L[Gs] 1= U' n is dense open, and that 
RnLc \Jn=o( R - U 'n)- Thus L \ G s\ 1= -R n L is meager. □ 

Since P$ is countable, it suffices to prove the following lemma: 
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Lemma 26.54. If P is a countable notion of forcing in L and if G is an 
L-generic filter on P, then L[G] 1= RflL is not meager. 

Proof. It suffices to show that if (U n : n € N) is (in L[G]) a sequence of dense 
open sets of reals, then there is a constructible real a such that a G Pl^Lo 
Let U n be a name for U n and let us assume, without less of generality, that 
every condition forces that each U n is dense open. It is enough to find (in L) 
a real number x such that for each n and each peP, there is a q < p such 
that q lh x G {/„. 

Let tfc, fe = 0, 1, . . . , be an enumeration of all pairs t — (n,p) where 
n G N and peF. Let us construct a sequence Iq D I\ D . . . D Ik D . . . of 
closed bounded intervals as follows: Let tk — (n,p). Since p lh U n is dense 
open, there is an open interval J C Ik-i with rational cndpoints such that 
some q < p forces J C U n . Let Ik C J. The intersection Plfclo ^ lii nonempty; 
and if x is in it, then for each n and each p G P there is <7 < p such that 
g lh x e U n - □ 



Exercises 

26.1. The algebra B c is the unique atomless complete Boolean algebra that has 
a countable dense subset. 

[If B is a meager Borel set, then there is a nonempty open set U such that 
U A B is meager; hence there is a rational interval I such that [I] c < [B] c .] 

26.2. Every A3, (a) set of reals is Lebesgue measurable if and only if there exists 
a random real over L[a]. Every A^a) set of reals has the Baire property if and only 
if there exists a Cohen real over L[a]. 

[If there are no random reals over L[a] then the prewellordering =<I in the proof 
of Theorem 26.20 is A^(o). 

Assume that there is a random real over L, and let A be a A2 set, A — {x : 
P(x)} — {x : -<Q(x)} with P and Q being £2- In L, force with Borel sets mod 
measure 0, and let r be a name for the random real. Show that the set 

D = {p : p lh P L W (r) or p lh Q L W (f)} 

is dense, and let W C D be a (countable) maximal antichain. Let 

Z P = UMc : c G BC n L, G W and A L a lh P iW (r)}, 

and Zq similarly. Show that Zp — P and Zq — Q are null and conclude that 
Zp A A is null. (For details, see Judah and Shelah [1989] or Theorem 14.6 in 
Kanamori [1994]).] 

26.3. For every infinite X C w, let X* be a chosen representative of the class of 
all Y G ui such that X A Y is finite. Show that the set 

S — {X G M" : \X A X*\ is even} 

is not Ramsey. 
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26.4. "Every clopen set is Ramsey" implies Ramsey's Theorem. 

26.5. (i) add(LM) < cov(LM) < cof(LM), add(LM) < unif(LM) < cof(LM). 
(ii) add(BP) < cov(BP) < cof(BP), add(BP) < unif (BP) < cof(BP). 

26.6. There exists a decomposition R — M U N into a meager set M and a null 
set N. 

26.7. (i) cov(LM) < unif(BP). 
(ii) cov(BP) < unif(LM). 

[Let R = M U N where M is meager and N is null. To prove (i) it suffices to 
show that if X is a nonmeager set then R — [J{N + x : x G X}. By contradiction, 
assume that some r is not of the form z + x where z G N, and x G X. It follows 
that (X -r)n{-z : z G N} = 0, hence X - r C {-z : z G M} and so X is meager.] 

26.8. MA K implies b > k. 

[Let A < k and let {f a : a < A} C u". A forcing condition is a pair (s, E) where 
s is a finite sequence in to and F is a finite subset of A; (s, E) is stronger than (t, F) 
if s D t and (Va G F)(Vn G dom(s) — dom(t)) s(n) > f a (n). This forcing is c.c.c. 
and every — {(s,E) : a G E} is dense. MA K produces a function g such that 
V°°n/ a (n) < g(n) for all a < A.] 

26.9. b < cf(0). 

[Find a dominating family T = {f a : a < 0} such that whenever a < (3 then 
3°°n/ a (n) < /a(n). If {a„ : < cfO} is cofinal in 0 then {/ a „ : v < cfO} is an 
unbounded family.] 

26.10. b < unif(BP) and cov(BP) < 0. 

[If F C uj w is not meager then F is an unbounded family. If F is a dominating 
family, then lo" = \J feF {g ■ g < /}.] 

26.11. Using Theorem 26.47, show that add(LM) < add(BP) and cof(BP) < 
cof(LM). 

[Let V : I m -» Ic be as follows: For each A G J m let ?/>(X) = 1J{^ : ^(^) C X}. 
If _F is a family of fewer than add(LM) meager sets, let X be the null set [J{(p(Z) : 
Z G F}. Then (J F C V(A) is meager. If F C 7 m generates 7 m then {t/»(A) : A G F} 
generates 7 C .] 

26.12. (i) If F satisfies (26.30) and has size k then Af is the union of k meager 
sets. 

(ii) If F is not meager then it satisfies (26.31). 
[For every /, the set {g : V°°ri/(n) / g(n)} is meager.] 

26.13. Use Theorems 26.49 and 26.48(i) to verify add(LM) < cov(BP). 

[Let k < add(LM) and let F C w" be such that |F| = k. Let I n be pairwise 
disjoint subsets of w, |/«| = n. Apply (26.32) to the family {/' : / G F}, where 
f'(n) — f\I„, to find a ip such that V/ G FV°°n f\I„ G <p(n). Now let g : uj — > uj 
be as follows: If a is the feth element of /„, let g(a) = s k (a) where s k is the fcth 
element of <p(n). For every / G F we have 3°°nc/(n) = /(n), contradicting (26.30); 
hence k < cov(BP).] 

A set of reals A has strong measure 0 if for every sequence ao > ai > . . . > 
a n > ■ ■ ■ of positive reals, there exists a sequence of open intervals I n , n = 0, 1, . . . , 
such that length(/„) < a n and ^4 C U^L 0 JVi . It is clear that every set of strong 
measure 0 is null, but not every null set has necessarily strong measure 0: 
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26.14. The Cantor set does not have strong measure 0. 

[C cannot be covered by open intervals of lengths |, |, . . . .] 

26.15. If A C R contains a perfect subset, then it does not have strong measure 
zero. 

[Use the fact that A contains a subset homeomorphic to the Cantor set and that 
a uniformly continuous image of a set of strong measure 0 has strong measure 0.] 

26.16. Martin's Axiom implies that every set A C R of size < 2 K ° has strong 
measure 0. 

[May assume that 2 N ° > Ni. Consider the forcing notion (P, <) = (Seq,D) 
which adjoins a Cohen generic x € w". Let ao > ai > . . . > a n > . . . be positive 
reals. Since \ A\ < 2 N °, MA implies that there exists x G u", P-generic over every 
L[a, {a n : n G lj)], a £ A. Let ro, ri, . . . , r n , ... be an enumeration of all rational 
numbers; let for each n, I n be the interval with center r x ( n ) and diameter a n - Use 
the genericity of x to show that a G UJ^Lo f° r eacn a £ A.] 

26.17. If 2 K ° = Ki, then there exists an uncountable set E C R such that for every 
nowhere dense set F, E n F is at most countable. (E is called a Luzin set.) More 
generally, MA implies that there is a set F of size 2 N ° whose intersection with every 
nowhere dense set has size < 2 K ° . 

[Let Fo, Fi, . . . , F a , . . . , a < 2 K °, be an enumeration of all closed nowhere 
dense sets. Let E — {e a : a < 2 N °}, where for each a, e a ^ U/3< a ^8- E ac h e a 
exists; the MA case uses Theorem 26.39.] 

26.18. Martin's Axiom (and in particular the Continuum Hypothesis) implies that 
there is an uncountable set of reals of strong measure 0. 

[Let E be the set from Exercise 26.17. Let ao > a\ > ...a n > ... be given 
positive reals. For each n, let be the interval of length a 2 „ around the nth 
rational. The set U = US^Li ^2n is open dense and hence E — U has size < 2 N °. 
By Exercise 26.16 there are intervals hn+i of length a2n+i such that E — U C 

\Jn=l J 2n + 1-] 

The smallest cardinality of a set which does not have strong measure zero also 
admits a combinatorial characterization: 

26.19. Let k be the least cardinality of a bounded family F C u) w that satis- 
fies (26.30). Show that every set A C 2" of size < k has strong measure 0. 

[Given (e n : n G w) let h G uj u be such that l/2 h( ™ ) < e„. For each a £ A 
let f a (n) = a\h(n). The family {f a : a G A} can be coded as a bounded family. 
Let g G u u be such that Va G A3 oc n/ a (n) = <?(n); use g to produce the intervals 
covering A.] 

The converse is also true, and k is the least size of a set that fails to have strong 
measure zero. 

26.20. Martin's Axiom implies that every dense subset of B m has size 2 N °. 

[Let k = 2 N °. Let x a , a < k, be an enumeration of all reals. MA implies that 
for every a, \xp : (3 > a} has positive measure; let K a be a compact subset of 
{x/3 : (3 > a} such that fi(K a ) > 0. If B m has a dense subset of size < k, then since 
k is regular, there exist a W C k of size k and a set X of positive measure such 
that X — K a is null for all a G W. Hence every finite subset of {K a : a G W} has 
nonempty intersection and so flaew ^ a ls nonempty; a contradiction.] 
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26.21. If 5 = c then there exists a p-point. 
[Use the proof of Theorem 16.27.] 

For subsets of ui, let A C* Y mean that A — Y is finite. A family {X a : a < k} 
of infinite subsets of lu is a tower if X a D* Xp whenever a < ft and there is no X 
such that X a D* A for all a < k; let t be the least cardinality of a tower. 

26.22. t < b. 

[Let k < t, and let F = {f a : a < k} C lj" . For A G let be the 

increasing enumeration of X. Construct a sequence {X a : a < k) of infinite sets 
such that X a D* Xp for /3 < a and such that for every a, V oc n/ Q ,(n) < gx a+1 (n). 
The function gx K eventually dominates each / G F.] 

Let u be the least cardinality of a family of subsets of uj that generates an 
ultrafilter. 

26.23. b < u. 

[For AG [ui\ w let gx be the increasing enumeration of A. For an increasing 
/ G ijJ u let S f C to be the union of the intervals [/ 2n (0), / 2 " +1 (0)), n < u. Show 
that if an increasing / eventually dominates gx than both S n A and 5 — A are 
infinite.] 



Historical Notes 

The model in which all sets of reals are Lebesgue measurable is due to Solo- 
vay [1970], as is the concept of random reals, as well as Lemmas 26.1, 26.2, 26.4, 26.5, 
the Factor Lemma (Corollary 26.11), 26.16, and Theorem 26.20. Corollary 26.8 is 
due to Kripke [1967], and Theorem 26.12 is due to Jensen. 

Calvin and Prikry proved in [1973] that every Borel set is Ramsey; this was 
extended by Silver in [1970b] to analytic sets, and Ellentuck [1974] gave the proof 
of Theorem 26.22 that we reproduce here. Theorem 26.23 is due to Mathias [1977]. 

Theorem 26.39 is due to Martin and Solovay [1970]. A systematic study of the 
properties of measure and category from Definition 26.43 was started by Miller 
in [1981], although the two results in Exercise 26.7 were proved by Rothberger 
in [1938]. Similarly, there had been various scattered results on what is now known 
as cardinal invariants (such as b, 3, etc.) but the first comprehensive account ap- 
peared in van Douwen's [1984]. A most recent survey of the results stated here is 
Bartoszyhski's chapter [co] in the Handbook of Set Theory. Theorem 26.45(i) is 
due to Truss [1977] and Miller [1981]. Theorem 26.46 was proved independently by 
Bartoszyhski [1984] and Raisonnier and Stern [1985]; Pawlikowski's Theorem 26.47 
followed in [1985]. Theorems 26.48 and 26.49 Bartoszyhski [1987] and [1984]. 

Example 26.51 is due to Solovay, and Example 26.52 is due to Vopenka and 
Hrbacek [1967]. 

Exercise 26.2: Judah and Shelah [1989]. 

Exercise 26.3: Erdos and Rado [1952]. 

Exercise 26.10: Rothberger [1941]. 

Exercise 26.13: Bartoszyhski [1984]. 

Strong measure zero sets were introduced by Borel [1919]. 
Exercise 26.15: Marczewski [1930b]. 
Exercise 26.16: Kunen. 
Exercise 26.17: Luzin [1914]. 
Exercise 26.18: Sierpihski [1928]. 
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Exercise 26.19: Rothberger [1941]. 

Exercise 26.20: the argument is due to Erdos. 

Exercise 26.22: Rothberger. 
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27. Combinatorial Principles in L 



The Fine Structure Theory 

In his paper [1972], Ronald Jensen embarked on a detailed analysis of the 
levels of the constructible hierarchy. The resulting theory, the fine structure 
theory, describes precisely how new sets arise in the construction of L, and has 
significant applications. Historically, the first application of the fine structure 
theory was Jensen's proof of D K in L, and we shall use that as a motivation 
for the introduction of fine-structural concepts. We have already described 
another, later, application of Jensen's theory, the Covering Theorem 18.30. 
While Magidor's proof presented in Chapter 18 does not use the full force of 
the fine structure theory, it can serve as a starting point toward the study of 
fine structure. 

We have seen that the constructible hierarchy is Si, in a uniform way, 
and we have also seen the role played by the condensation arguments. In 
particular we mention Lemma 18.38, the Condensation Lemma, stating that 
every Si-elementary submodel of L a is isomorphic to some L 7 , for every 
infinite ordinal a. 

Every L a (for a > u>) has a Si Skolem function, with a Si definition 
independent of a. Precisely, there is a So formula <& such that for every 
a > lo, the (partial) function h a : u x L a — > L a defined by 

(27.1) y = h a (n, x) <-> (L a , e) 1= 3z $(n, x, y, z) 

is a Si Skolem function for L a in the sense that for every X C L a , 

(27.2) h a ll (uj x X) = H?(X) 

is the Si Skolem hull of X in L a . This can be deduced by using the 
Si well-ordering <l, as in (18.5). (For details, we refer the reader to De- 
vlin's book [1984], in particular Lemma II. 6. 5.) 

In Chapter 18 we introduced S n Skolem functions for n > 1 as well, 
but mentioned (following Definition 18.40) that a S„ Skolem function is not 
necessarily a S„ function. In fact, for n > 1 there is no uniform S2 Skolem 
function (in the sense of (27.1)-(27.2)); for details, see Exercises on pages 
106-107 in Devlin's book [1984], or Proposition 2 in Friedman's [1997]. 
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To overcome this obstacle, Jensen introduced an elaborate machinery by 
which arguments about S n predicates on L a can be reduced to arguments 
about Si predicates on a structure (L p , A) which in some sense describes the 
S n properties on L a . 

The Principle D K 

We recall (cf. (23.4)) that for an uncountable cardinal k, a square-sequence is 
a sequence (C a : a G Lim(« + )) such that every C a is closed unbounded in a, 
\C a \ < k whenever cf a < k, and if a is a limit point of C a then C & = C a (la. 
In [1972], Jensen proved that in L, every uncountable cardinal k has a square- 
sequence. 

Theorem 27.1 (Jensen). If V = L then D K holds for every uncountable 
cardinal K. 

To illustrate how the proof of D K uses condensation principles, and to 
introduce the fine structure theory, we shall now outline the construction 
of C a in the most important special case. 

First we observe that it suffices to define the sets C a for a closed un- 
bounded set of a < k + ; a square-sequence is then easily produced. Thus we 
consider only the a E Lim(« + ) that satisfy 

(27.3) a > k and L a \= V7 < a \j\ < k; 

these a's form a closed unbounded set. 

As a is a singular limit ordinal, there is a stage of the constructiblc hi- 
erarchy where that is witnessed. Let (3 = (3(a) > a be the least (3 such that 
there is a cofinal subset of a of smaller order- type that is definable over Lp. 
Let n = n(a) be the least positive integer such that there exists such a subset 
that is S n over Lp (with parameters in Lp). 

We outline the construction of C a for the special case when (3 is a limit 
ordinal and n = 1. (In general one has to consider also successor /3's and 
n > 1 — this is where the fine structure comes in.) 

Using our assumption on a one proves that there exists a function g, 
Si over Lp, that maps k onto Lp: Firstly, since there exists a Si(Lg) subset 
of a that is not in Lp (by minimality of [3(a)), there exists a Si(L^) function 
that maps a onto Lp (Exercise 27.1). Then, using (27.3), one gets a Si func- 
tion on k. 

Moreover, we can find such a function g in a canonical way. Since g exists, 
we have Lp = iff (nUp), the Si-Skolcm hull of kUjj in Lp, where p is some 
finite subset of Lp, and therefore 

(27.4) Lp = hp u (uj x (k(J P )), 

where hp is the canonical Si Skolem function from (27.1). Disregarding the 
parameter p (which in general is taken to be the <L-least such p), we obtain 
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from hp (uniformly) a Si function gp mapping k onto Lp; using (27.1) we 
find a S 0 formula \P such that 

(27.5) gp(is)=y^(3zeLp)<I>(v,y,z). 

Now we construct C a as an increasing continuous transfinite sequence (a^ : 
£ < z?) of limit ordinals < a with limit a. Simultaneously, we construct 
ordinals p^ < /3 and v% < k, with (p^ : £ < i?) increasing and continuous, as 
follows: Given < a and p^ < 0, we let 

(27.6) — least v such that aj < gp{v) < a and Lg p ( v ) ^ | ct^ | = k, 

(27.7) ^i^+i = least yu such that a$, p^,gp(v^) e H^{n) and (3z e Z^) 

*(^.5/8(^),«)- 

It follows from the assumptions on a that the least ordinal d such that 
limj^tf p^ = /3(a) is the least ordinal with lim^^ a^ = a, producing the set 
C a — {a^ : £ < ■&}, with -d < n. The canonical Si definition (27.5) of gp 
is the key to the coherence property (23.4) (ii) of the C a 's. Let a < a be 
a limit point of C a , a = a\ where A is limit. Let p — p\, and let Lp be the 
transitive collapse of H^(k). Let e : Lp ^ Lp be the inverse of the transitive 
collapse; e is Si-elcmcntary. Using condensation arguments, one proves that 
a C Htf(n) (and therefore e\a is the identity), 0 — /3(a), e(a) = a, and 
finally that the definition of C g = {aj : £ < A} agrees with the definition 
of C a up to A. In other words, C g = C a n a. 

This completes the outline for the special case. When n(a) = 1 and 
/3(a) is a successor ordinal, it can be shown that cf a — lo and this case is 
sufficiently exceptional to allow to choose C a a sequence of order- type u, 
without limit points. When n(a) > 1, the proof requires the machinery of 
the fine structure theory: the model (£/3( a ), G) is replaced by (L p , G, A) where 
p is (n — l)-projectum of /3, allowing the use of canonical Si-Skolem functions 
for models (L p , G, A). 

A complete proof of Theorem 27.1 can be found in Jensen's paper [1972] 
or in Devlin's book [1984]. There have been several attempts at simplifi- 
cation of the proof; among the more recent published proofs we mention 
Friedman [1997] and Friedman and Kocpke [1997]. □ 

As Jensen pointed out in [1972], his proof of □« in L shows that if k + is 
not Mahlo in L then □« holds. As a consequence the consistency strength 
of the failure of Square is at least that of a Mahlo cardinal. By a result of 
Solovay (Exercise 27.2), the consistency strength of -0 Wl is that of a Mahlo 
cardinal. 

We also note a result of Solovay from [1974] that the existence of super- 
compact cardinals implies the failure of Square (Exercise 27.3). 
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The Jensen Hierarchy 

One of the technical obstacles in the analysis how constructible sets arise in 
the hierarchy L a is that the sets L a are not closed under the formation of 
ordered pairs. This can be overcome by modifying the constructible hierarchy 
in an inessential way. The resulting hierarchy J a has become the preferred 
tool for studying the fine structure of L and of more general inner models. 

Definition 27.2 (Rudimentary Functions). 

(i) F{xi, . . . ,x n ) = Xi (i = l,...,n), 
F(xi,. ..,x n ) = {xi,Xj} = 1, . . . , n), 
F(x 1 ,...,x n ) =Xi-Xj {i,j = 1, ...,ra) 
are rudimentary. 

(ii) If G is rudimentary then so is 

F(y,x 1 ,...,x n - 1 ) = U g(z,x 1 ,...,x n -i). 

zey 

(iii) A composition of rudimentary functions is rudimentary. 

The rudimentary closure of a set X is the smallest Y D X closed under all 
rudimentary functions. If X is transitive then so is its rudimentary closure, 
and for every transitive set M, let 

(27.8) rud(M) = the rudimentary closure of M U {M}. 
It can be shown that for every transitive set M, 

(27.9) rud(M) n P{M) = def(M) 
(compare with Corollary 13.8). 

Definition 27.3 (The Jensen Hierarchy). 

(i) J o = 0, J a +i = rud(J Q ), 

(ii) J a = U/3<« Jp if a is a limit ordinal. 

Each J a is transitive, the hierarchy is cumulative, and for each a, 

J a C V ua and J a n Ord = uia. 

From (27.9) it follows that 

J a+1 nP(J a ) = def(J a ). 

The exact relationship between the J a 's and the L a 's is not important, but 
we have 

(27.10) J a = L a for all a such that a = uia. 
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Every J a is closed under {x, y}, (J x, x x y, and if A is a So subset of J a then 
A n x G J Q for every x e J Q . This has the effect that 

(J € : £ < a) 

is uniformly Si over J a , and there is a well-ordering <j of L such that 
its restriction to J a is (uniformly) Si over J a . Also, there is a (uniform) 
Si function over J a that maps uja onto J a . Similarly as for the L a , every J a 
has a canonical Si Skolem function h a (analogous to (27.1) and (27.2)). 

The fine structure theory capitalizes on the fact that the existence of 
a uniform Si Skolem function relativizes to models (J a ,A) where A is a onc- 
place predicate as long as 

(27.11) A n u e J a for all u € J a ; 

such models (J a ,A) are called amenable. There is a So formula <f> of the 
language (e, A) such that for every a and every amenable model (J Q , A), the 
(partial) function /iq,^ : to x J Q — » J a defined by 

(27.12) y = h a>A {n, x) <-» ( J a , G, A) N 3z $(n, x, y, z) 
is a Si Skolem function for (J a ,A). 

Projecta, Standard Codes and Standard Parameters 

Definition 27.4. For n > 0, the T, n -projectum p™ of a is the smallest ordi- 
nal p < a such that there exists a S„(J a ) function / such that f"J p = J a ] 
for n = 0, let p° = a. 

An argument similar to Exercise 27.1 is used to prove that is the 
smallest p such that there exists a S„(J Q ) subset of oup not in J Q . 

The main feature of the fine structure is that a predicate definable over J a 
can be reduced to a Si predicate over an amenable structure (J P ,A) where 
p is a projectum of a. For each a and each n > 0 there exists a set ^ C J p3 
that is S„ over J a such that ( J PS , A") is amenable, and such that 

(27.13) Si(J P3 ,^) = p{Jpz) n S„+i(J Q ). 

For n = 0, we let A° = 0. The sets A™ are called standard codes. 

If P is a S„_|_i predicate over J a , let / be a S n ( J a ) function that maps J p g 
onto J a . Then /_i(P) is a S„ + i(J a ) subset of J p n and therefore, by (27.13), 
Si over the amenable model (J p n,A™). This reduction is canonical, as both 
the standard codes, and the S n functions / : J p n — > J a are canonical. Pre- 
cisely, we define standard codes along with standard parameters p™, by in- 
duction on n: p° a = 0 and 

(27.14) p2 +1 is the <j-least p € J p j such that J pS is the Si-Skolem hull of 
J n+i U p in J e r. ; 

Pa ^ f a ' 
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(27.15) = {(k,x) : (J p n,A n a ) N ^M +1 )} 

where ipk, k € u), is a recursive enumeration of the Si formulas. 

Then a S„(J Q ) function from J p n onto J a can be produced from the 
canonical Si Skolem functions and the standard parameters via (27.14). 
The fundamental property of standard codes is the following Condensation 
Lemma: 

Lemma 27.5. Let (J 7 ,A) be amenable and let 

e:(J„A)^(J p ,,A n a ) 

be a So- elementary embedding. There exists a unique a such that 7 = p 1 ^ and 
A = A?. The embedding e extends to a unique S„- elementary embedding 

6 : Jq, ► J a 

such that e(pg) = p l a for all i = 1, n. Moreover, if e is S m - elementary 
then e is S„ +m - elementary. □ 

A detailed account of the fine structure theory can be found in Jensen's 
paper [1972], or in Devlin's book [1984]. 



Diamond Principles 

Let k be a regular uncountable cardinal and let E be a stationary subset of k. 
(}{E), or (more precisely) Q K (E), is the following principle (23.1): 

(27.16) There exists a sequence of sets (S a : a e E) with S a C a such that 
for every X C k, the set {a e E : X n a = S a } is a stationary 
subset of k. 

When E = k, () k (k) is denoted by ^> K . (} K is a generalization of ^> from 
Theorem 13.21, and can be proved under V — L by a similar argument 
(Exercise 27.4). 

Gregory's Theorem 23.2 shows that under GCH, ^> K + holds for every suc- 
cessor cardinal k + , in fact proving (}(E% ) whenever A < cf n. This was 
extended by Shelah in [1979] by showing, under GCH, that <>(Ef) holds 
whenever A 7^ cf k, and if k is singular, then GCH and D K together im- 
ply <>(E^ + K ). See also Devlin [1984], Lemma IV.2.8. For k = Hi, GCH yields 
a weak version of <>. In [1978], Devlin and Shelah formulate and prove, under 
the assumption 2 N ° < 2 Nl the following statement: 

(27.17) For every F : {0, 1} <UJ1 -» {0, 1} there exists a g e {0, l}" 1 such 
that for every / e {0,1} W1 , the set {a < ui : F(f\a) = g{a)} is 
stationary. 

(27.17) is a consequence of (} and fails under AlA Nl . 
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Trees in L 

Let k be an infinite cardinal. Generalizing Definition 9.12, we have: 

Definition 27.6. A n + -Suslin tree is a tree of height n + such that every 
branch and every antichain have cardinality at most k. 

The following result generalizes Theorem 15.26: 

Theorem 27.7 (Jensen). IfV = L then for every infinite cardinal n there 
exists a n + -Suslin tree. 

When k is regular, the proof is a straightforward generalization of the 
construction of a Suslin tree using (}: instead we use ()(E£ ). We construct 
a tree by induction on levels. At limit levels a of cofinality < n we extend 
all branches in T a ; since n <K = n, the ath level has size k. If cf a — k then 
we use Diamond to destroy potential antichains of size k + . Note that since 
all branches have been extended at lower cofinalities, every x e T a has an a- 
branch in T a going through x. The proof that the resulting tree is a « + -Suslin 
tree is exactly as in Theorem 15.26. 

When k is singular, this approach does not work as there are K + -branches 
in T a when cf a = cf k. By not extending all of them we cannot guarantee 
that at a later stage (3, Tp has /3-branches at all. Jensen's proof succeeds by 
involving not only {}, but the D K principle as well. The proof shows that if 
□ K holds and if Q K +(E) for all E, then a K + -Suslin tree exists. For a proof, 
see Devlin [1984], Theorem IV.2.4. 

Let us recall (Definition 9.24) that a tree of height u>i is a Kurepa tree if 
it has countable levels and at least H 2 uncountable branches. 

Theorem 27.8 (Solovay). IfV = L then there exists a Kurepa tree. 

Proof. Assume V = L. We shall construct a family of subsets of u>i that 
satisfy (9.12). 

For each a < uj\, there is a smallest elementary submodel M of (L Ul , e) 
such that a <G M. Moreover (see Exercise 13.17), M — L 1 for some 7 < uj\, 
and we denote 7 by /(a): 

(27.18) f{a) = the least 7 such that a e L 7 -< (L Ul , e). 
Let T be the following family of subsets of uii: 

(27.19) T = {X C lui : X f] a e L f(a) for every a < Wi}. 

It is immediately clear that {X C\ a : X e T} is countable for each a < Ui\ 
and hence if we show that \T\ — H 2 , T will satisfy (9.12). 
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Assume that \T\ < Hi. Then T has an enumeration 

(27.20) C = (X 6 : £ < Wi) 

and any such enumeration is in L Ld2 . If we let C be the <£-least such C 
in L^z, then since the function / is a definable clement of L U2 (by the def- 
inition (27.18)) and the X^ satisfy (27.19) in (L W2 ,e), it follows that C is 
a definable element of (L W2 , e). 

Now, we construct an elementary chain of submodels of (L W2 , e): 

N 0 -<JVi -< ... ~< N v ~< ... -< (L^.e) (i/<wi) 

as follows: is the smallest elementary submodel of L W2 ; A^+i is the small- 
est N -< L U2 such that N„ C N and A 7 ,, e A^; if ry is a limit ordinal, then 
A 7 ,, = \J^ <n N v . Note that each N v is countable, and uinJV„ = «„, for some 
a„ < uji (see Exercise 13.18). Moreover, 

(27.21) (a v : v < ui) 

is a continuous increasing sequence of countable ordinals. 

Now, we let X = {a v : a v ^ X u }. Obviously, I^Ij for all £ < wi, and 
we shall show that X satisfies the condition in (27.19), which will contradict 
the assumption that (27.20) is an enumeration of all elements of T. 

We want to show that Iflae %(a) for a h a < wi. By induction on a, 
if a is not a limit point of the sequence (27.21), then let a v be the largest 
a v < a. Then either X n a — I fl a„ or I (1 a = (X n a„) U {aj,}; in cither 
case, since X n a„ € ^f(a„) c ^7(a) (by the induction hypothesis), we have 
iHae Lf( a y Thus it suffices to show that Ifla, £ ^f(a v ) whenever 77 is 
a limit ordinal. 

We shall show that 

(27.22) (i) (a v : v < rj) € L /(Q|j) ; 

(ii) (Iena,:(< a v ) E £/(«„)• 

Since Lf(a v ) is a model of ZF~, the set 10a, has the following definition 
in = 

X n a = {a„ : v <r] and a„ ^ X y n a,,}. 

For each i/ < u>i, let 7iv be the transitive collapse of N u . Each N v is 
isomorphic to some Lg^ v y and since Wi fl N v = a v , we have n„(uji) = a v . 
Since C is a definable element of L U2 , we have C £ N„ for all v and one can 
see that ir u (C) — (X^ n a„ : £ < a,,). 

Note that is uncountable in Lg^y while it is countable in Lf^ ari y 
It follows that 8{rj) < f{a v ), and we have tt v (C) e ^5(rj) C ), which 

proves (27.22) (ii). 

To prove (27.22) (i), let us construct, inside (which is a model 

of ZF~), an elementary chain N' v , v < r\ of submodels of (Lg^y <g): Nq is the 
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smallest elementary submodel of L s ^y, N' v+l is the smallest N -< L s ^ such 
that N' v U {N' v } C N, etc. It is not difficult to show, by induction on v < 77, 
that for each v, N' v is isomorphic to N v . Then the transitive collapse of N' v 
is L s{y) , and so {L s{lj) : v < 77) e £/(<*„)■ It follows that (a v :v<r{)& £/(«„), 
proving (27.22) (i). □ 

One consequence of the foregoing proof is that a Kurcpa tree exists unless 
H 2 is inaccessible in L (Exercise 27.5). This is complemented by the following 
consistency result: 

Theorem 27.9 (Silver [1971c]). If there exists an inaccessible cardinal 
then there is a generic extension in which there are no Kurepa trees. 

Proof. Let A be an inaccessible cardinal. Let (P, <) be the Levy collapse of A 
to K 2 : forcing conditions are countable functions p on subsets of A x u>i such 
that p(a, £) < a for every (a, £) <G dom(p) and p is stronger than q if p D q. 

(P, <) is K 0 -closed, and so V and V[G] have the same countable sequences 
in V. Also, KY lG] = Ni, and = A. 

Lemma 27.10. If P is an ^-closed notion of forcing and T is an u)\-tree 
in the ground model such that every level of T is countable, then T has no 
new branches in V[G\. 

Proof. Assume that T has a branch b € V[G] that is not in V; since V[G] has 
no new countable sets, b has length u>i. There is a name b for b and a condition 
Po € G such that p 0 II" b ^ a for all a e V. We construct, by induction, 
conditions p s < po and nodes i s eT for all finite sequences s of O's and l's. 
Having constructed p s , we can find two incomparable nodes x s ~o and ie s ~i 
both > x s , and two conditions p s ~o an d p s ~i, both stronger than p s such 
that p s ~o II" x s ~o € 6 and 1 lh a; s ~i G 6. Moreover, we can find such x s ~o 
and x s ~ 1 at the same level of T. Let a < uj\ be such that all a; s lie below 
level a in T. For each / : w — > {0, 1}, let be a condition stronger than all 
Pf\ n , n e uj. Since p 0 II" 6 is uncountable, there exist q < Pf and 2/ at the 
ath level of T such that q lh G 6. Now it is clear that Xf ^ x g whenever / 
and g are distinct 0-1 functions on uj. Thus the ath level of T has at least 2 N ° 
elements, contrary to our assumption. □ 

It follows immediately from the lemma that in V[G], no tree T e V whose 
levels are countable can be a Kurepa tree: Since every branch of T in V[G] is 
in V, T has at most (2 Nl ) y branches, but (2 Nl ) v < A = ^X [G \ and so T has 
(in V[G]) fewer than H 2 branches. 

A similar argument can be used for any tree in V[G], with a slight modifi- 
cation. For each a < A, let P a denote the set of all conditions whose domain 
is a subset of a x wi; similarly, let P a = {p g P : dom(p) C (k — a) xwj. 
Clearly, P is (isomorphic to) the product P a x P a . Let X e V[G] be a subset 
of ui, and let X be a name of X; since P satisfies the A-chain condition, there 
exists for each (<wia set of conditions C P of size less than A such 
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that ||£ e Aj| = J2iP '■ P € W € }. There exists an a < A such that W ( C P Q , 
for all £ < wi. It follows that X e V[G flPj. 

Now let T G ^[G] be an Wi-tree with countable levels. There exists an 
a < A such that T e V[GnP a ]. By the Product Lemma, GnP a is P Q -gcncric 
over V[GHP a ] and V[G] = ^[GnP a ] [GnP"]. Since F[GnP Q ] and V have the 
same countable sequences in V, it follows that P Q is Ho-closed not only in V , 
but also V[G n P a ] \= P a is H 0 -closed. Thus Lemma 27.10 applies and every 
branch of T in V[G] is in V[GnP a }. However, (2^) v ^ GnP ^ < A = H^ [G] , and 
so T is not a Kurepa tree in V[G]. This completes the proof. □ 

Canonical Functions on u) x 

For ordinal functions on oj\, let / < g if {£ < u>i : /(£) < g(£)} contains 
a closed unbounded set. The rank of / in < is the Galvin-Hajnal norm ||/||; 
cf. Definition 24.4. By induction on a, the ath canonical function f a is defined 
(if it exists) as the <-least ordinal function greater than each fp, [3 < a. If f a 
exists then it is unique up to the equivalence =/ NS . Lemma 24.5 shows that 
for every a < lo-i the ath canonical function exists; see also Exercise 27.6. 

It is possible that the constant function uj\ is the a^nd canonical function 
(see Exercise 27.7) but this is known to have large cardinal consequences; 
in particular, in L there is a function / : ui — » u>i such that ||/|| = u 2 
(Exercise 27.8). 

If canonical functions f a exist for all a, then the ideal Ins is precipitous 
(Exercise 27.10) and hence there is an inner model with a measurable cardi- 
nal. Conversely, a combination of the method from Jech and Mitchell [1983] 
with the proof of Theorem 23.10 yields the consistency, relative to a measur- 
able cardinal, of canonical functions for all a. 

The following result shows that in L, the uj 2 nd canonical function does 
not exist. 

Theorem 27.11 (Hajnal). IfV = L then there is no uj 2 nd canonical func- 
tion on u>i . 

Proof. Assume V = L, and assume that there is an 102nd canonical function. 
This statement can be expressed in L^ 2 : 

(3f : ui —> wi) V?j (f v < f) and 

(V stationary S)(Vg < s /)(3 stationary T C S)3rj g\T = f v \T. 

Let 7 be the least ordinal such that (L 7 ,€) is elementarily equivalent to 
(L U2 , e). Let / be the w 2 nd canonical function in (L 7 , e) and let S — lo 1 '" . 
We shall find a £ < S such that (L^,&) = L 7 , reaching a contradiction. 

Consider the generic ultrapower of L 7 by the nonstationary ideal (/ns) Lt 
on S = oj 1 '' (using functions in L 7 ). As / is the u 2 ^nd canonical function, the 
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ultraproduct Y\^ <s /(£) /G has order-type 7, and moreover, the ultraproduct 
UltG = n^<^ Lf(£)/G is isomorphic to L 7 . Thus if a sentence <r is true in 
(L 7 , S) then it is forced to be true in Ultc by every stationary S C S in L 7 , 
and so if we let 

T ff - {£ < 5 : L /K) N a}, 
then (since / € L 7 ) T CT e L 7 and 

Z/ 7 1= Tcr contains a closed unbounded set. 

If {<t„ :n€w} enumerates all sentences of ZF, then (T t7n : n < w) 6L 7 , and 

L 7 1= n{^cr„ ■ n Gw and T CTn contains a closed unbounded set} 7^ 0. 

If £ is an clement of this intersection, then = L 7 . □ 

The existence of an u^nd canonical function is not a large cardinal prop- 
erty, as this consistency result shows: 

Theorem 27.12 (Jech-Shelah). There is a generic extension of L in which 
the Lo 2 nd canonical function exists. 

The model is obtained by first adding (by forcing with countable condi- 
tions) an increasing sequence (f a : a < L02) of ordinal functions from uj\ 
into u\. Then one uses an iterated forcing, with countable support of 
length L02 , that successively destroys all stationary subsets of lo\ that wit- 
ness that the sequence (f a : a < U2) is not canonical. For details, consult 
Jech and Shelah [1989]. 



Exercises 

27.1. Let a < j3 be limit ordinals and assume that there exists a set Z C a 
that is Si over Lp but Z Lp. Then there exists a T,i(Lp) function g such that 
g u a = Lp. 

[First show that there is a Si function g : a — > (i unbounded in /3. Let Z — 
{£ < a : (3y £ Lp) <p(^, y,p)} where <p is So, and let <?(£) be the least n such that 
(3y e L n )ip.] 

27.2. If a Mahlo cardinal A is Levy collapsed to K2 (by countable conditions) then 
□ U1 fails in the extension. 

27.3. If k is supercompact then □ fails for all A > k. 

27.4. If V = L then <(>«(£) holds for every regular uncountable k and every sta- 
tionary E C k. 

27.5. If 1^2 is not inaccessible in L then a Kurepa tree exists. 

[There exists anAcui such that cj 1 '' a ' = uji and 10% ' A ' = ^2; modify Theo- 
rem 27.8 to construct a Kurepa tree in LL4].] 
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27.6. If u)\ < a < L02, and if g is a one-to-one function of ui onto a, let /(£) = the 
order-type of Show that / is the ath canonical function. 

27.7. If Ins is ^-saturated then the constant function lui is the !^2nd canonical 
function. 

27.8. In L, find a function / : u>\ — > u\ of norm u>2. 
[As in the proof of Theorem 27.8.] 

27.9. If / : wi — » Ord and S is stationary then ||/||s = a if S forces j(f)(u)Y) = ol 
in P(cji)/7ns- 

27.10. If a canonical f a exists for every a, then 7ns is precipitous. 



Historical Notes 

The fine structure theory was introduced by Jensen in [1972]. The paper gives, 
among others, proofs of and of the existence of K + -Suslin trees in L. It also 
formulates a combinatorial principle {> + that implies the existence of a Kurepa 
tree (abstracting Solovay's proof given here). Silver's model with no Kurepa trees 
appears in [1971c]. Theorem 27.11 is an unpublished result of Andras Hajnal 
from 1976; the model in Theorem 27.11 is from Jech and Shelah [1989]. 

Exercises 27.2, 27.3: Solovay. 

Exercise 27.4: Jensen. 



28. More Applications of Forcing 



In this chapter we present a selection of forcing constructions related to topics 
discussed earlier in the book. 



A Nonconstructible A3 Real 

By Shoenfield's Absoluteness Theorem, every IlJj or T,\ real is constructiblc; 
on the other hand 0" is a A3 real. We now present a model due to Jensen 
that produces a nonconstructible A3 real by forcing over L. 

Theorem 28.1 (Jensen). There is a generic extension L[a] of L such that 
a is a A3 real. 

The construction is a combination of perfect set forcing and arguments 
using the ^-principle. Let us consider perfect trees p C Seq({0, 1}), cf. (15.24). 
The stem of a perfect tree p is the maximal s £ Seq({0, 1}) such that for every 
t £ p, cither t C s or s C t. If p is a perfect tree and if s £ p, we denote by p\s 
the perfect tree {t £ p : t C s or t D s}. 

Assume that P is a set of perfect trees, partially ordered by C, such that 
if p £ P and s £ p, then p\s £ P, and let G be an Pgeneric filter on P. 
Then there is a unique / G {0, 1}" which is a branch in every p G G; and 
conversely, G = {p G P : / is a branch in p}. Therefore L[G] = £[/], and we 
call / P-gcncric over L. Note that / G {0, 1}" is P-generic over L if and only 
if for every constructible predense set X c P, f is a branch in some p £ X . 

Similarly, a generic filter G on P x P corresponds to a unique pair (a, 6) 
such that for each (p, q) £ G, a is a branch in p and b is a branch in q. A pair 
(a, 6) is (P x P)-generic over L if and only if for every constructible predense 
set X C P x P, there exists a pair (p, q) £ X such that a is a branch in p 
and 6 is a branch in q. 

In Chapter 15 we used the Fusion Lemma for perfect trees. Let T = 
{T(s) : s £ Seq({0, 1})} be a collection of perfect trees such that for every s, 

(28.1) (i) T(s) is a perfect tree whose stem has length > length(s). 

(ii) T(s-O) C T(s) and T(s~l) C T(s). 

(iii) T(s""0) and T(s"~l) have incompatible stems. 
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If T satisfies (28.1), we say that T is fusionable and we let 

(28.2) T{T)= n U T{s). 

"=0 s g{o,l}™ 

For each fusionable T, p = T(T) (the fusion of T) is a perfect tree; and for 
each s, if t is the stem of p s — T(s), then p\t is stronger than both p and p s . 

We shall not use the set of all perfect trees as the notion of forcing; rather 
we shall construct a set P of perfect trees with the property that if p G P and 
s G p, then p\s G P. We shall construct P such that if a is P-gcncric over L, 
then a is the only P-generic set in L[a], and such that {neJV: a(n) = 1} is 
(in L[a}) aA] subset of N. 

We shall construct P as the union of countable sets 

P 0 C Pi C . . . C P a C . . . (a < Wl) 

of perfect trees. The construction uses the ^-principle. There is a ^-sequence 
(S a ■ & < Wi) that is Ax over L W1 ; let us fix such a sequence. Also, let us fix 
a Ai over L U1 function r that is a one-to-one mapping of L U1 onto u>i. 
We shall now construct the sequence P 0 C Pi C . . . C P a C . . .: 

(28.3) Po = the set of all p 0 \s where p 0 is the full binary tree, p 0 = 

Seq({0, 1}), and s G po5 

P a = U P/3 if a is a limit ordinal. 

fi<a 

P a +i = PaUQ Q +i where Q a +i is a set of perfect trees defined as follows: 

Let P a = {p" : n G w}; and let us consider the <L-least such enumeration. 
Let X a and y a be the following countable collections of subsets of P a and 
and P a x P Q respectively: 

(28.4) X a contains: 

(i) all Qp, 13 < a, 

(ii) all X C P a such that t u X — Sp for some (3 < a. 
y a contains: 

(i) Q(i x Qp for all (3 < a; 

(ii) all Y C P a x P a such that t u Y = Sp for some (3 < a. 

There exists a family {T n : n G uo} of fusionable collections of elements of P a 
such that: 

(28.5) (i) T n (0) =p« for all n; 

(ii) for every X G X a , if is predense in P Q , then for every n G AT 
and every h G N there is k > h such that for each s G {0, l} fe , 
there exists aniGl such that T n (s) < x; 

(iii) for every Y ^ y a , if F is predense in P a x P a , then for every n, 
every m, and every h there is a k > h such that for each s G 
{0, l} k and each i G {0, l} fe ; if cither n ^ m or s ^ (, then there 
exists (x,y) G Y such that (T n (s),T m (t)) < (x,y). 
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A family {T n : n e uj} with properties (28.5)(i)-(iii) is easily constructed 
because X a and y a are countable. We denote {T™ : n e ui} the < L -lcast such 
family and let 

(28.6) Qa+i = {p\s : p = F(T") for some n, and s£j)}. 

We let P = U«< Wl Pa- The following sequence of lemmas will show that 
if a e {0, 1} W is P-gcncric over L, then in L[a] the set {n : a(n) = 1} is A3. 

Lemma 28.2. For each a, Q a+ i is dense in P a +i, and Q a+ \ x Q a+ i is 
dense in P a+ i x P a +i- 

Proof. It suffices to show that below each p e P a there is some q e Q a +i- If 
p E P a , the p = p* for some n, and T(T n ) C T n (0) = p. □ 

Lemma 28.3. For each a, i/Xe is predense in P a , then X is predense 
in P a +i', ifY € y a is predense in P a xP a , then Y is predense in P a +\ x P a +\ . 
Consequently, if X e X a is predense in P a (ifY E y a is predense in P a x -P a ), 
then X is predense in P (Y is predense in P x P). 

Proof. Let X e X a be predense in P a ; we have to show that for each p \n e 
Qq,+i there is a stronger g € such that q < x for some x € X. Let 

p = T(T n ) and let u e p. Let /i = lcngth(u). There is k > h such that n 
and A: satisfy (28.5)(ii). There is s e {0, l} fe such that u e T n (s); let v be the 
stem of T n (s). Then < T„(s) and T n (s) < x for some x e A. 

A similar argument, using (28.5) (iii), shows that if Y e 3^ a is predense in 
P a x P a , then Y is predense in P a +i x P a +i- 

Since the sequences A" a , a < u)\, and 3^0, ct < are increasing, it 
follows by induction that X is predense in every Pp, [3 < Wi, and hence in P. 
Similarly for Y. □ 

Lemma 28.4. P x P satisfies the countable chain condition (and hence 
P also satisfies the countable chain condition). 

Proof. Here we use (). Let us assume that Y C P x P is a maximal in- 
compatible set of conditions in P x P and that Y is uncountable. Since 
each P a is countable, it is easy to see that the set of all a < u>i such that 
t(Y n (P a x P a )) = t(Y) n u>i is closed unbounded (r is the one-to-one func- 
tion of L U1 onto Wi ) . Then it is not much more difficult to see that the set of 
all a < lo\ such that Yn(P Q x P a ) is a maximal antichain in P a xP a , is closed 
unbounded (compare this argument with the ^-construction of a Suslin tree 
in L). 

By there exists an a such that Y' = Y n (P a x P Q ) is predense in 
P a x P a and that r(Y') = 5 a . Therefore Y' e ^ Q and by Lemma 28.3, Y 1 is 
predense in P x P. It follows that Y' = Y. Thus Y is countable. □ 
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Lemma 28.5. 

(i) If a £ {0,1}", then a is P '-generic over L if and only if for every 
a < lj\ there is some n £ N such that a is a branch in JF(T"). 

(ii) If a 7^ b £ {0,1}", then (a, b) is (P x P)-generic over L if and only 
if for every a < u>i there exist n,m £ N such that a is a branch 
in T{T%) and b is a branch in T(T!^). 

Proof, (i) Let a be P-generic and let a < uj\. Since Q a +i is dense in P a +i 
and because Q a +i € X a +i, Qa+i is predense in P. By the genericity of a, 
there exists age Q a +i such that a is a branch in q. But q = p\s where 
p = !F{T") for some n and s £ p, and clearly a is a branch in p. 

Conversely, let us assume that the condition is satisfied. Let X C P be 
a maximal antichain; we wish to show that a is a branch in some x £ X . By 
Lemma 28.4, X is countable, and there is an a such that X £ X a . Let n £ N 
be such that a is a branch in T{T"). 

By (28.5) (ii) , there is k £ N such that each T n (s), s £ {0, l} k , is stronger 
than some x £ X. Since a is a branch in T{T n ), it is clear that there is 
a unique s £ {0, l} fc such that a is a branch in T n (s). But if x £ X is such 
that T n (s) C x, then a is also a branch in x. 

(ii) The proof that the condition is necessary is analogous to (i). Thus let 
us assume that the condition is satisfied and let Y C P x P be a maximal 
antichain; we want to find (x, y) £ Y such that a is a branch in x and b is 
a branch in y. Again, there is a such that Y £ y a . Let n and m £ N be such 
that a is a branch in T{T%) and that b is in T{T^). 

Let h £ N be such that a\h ^ b\h; by (28.5)(iii), there is some k £ N such 
that for each s,t £ {0, l} k , if cither n ^ m or s ^ t, then (T n (s) , T m (t)) < 
(x, y) for some (x, y) £ Y. There is a unique pair s, t such that a is a branch 
in x and b is a branch in y where (x, y) is some element of Y such that 
(T n (a),T m (t)) < (x,y). □ 

Corollary 28.6. If a and b are P -generic over L and a ^ b, then (a, b) is 
(P x P)-generic over L. □ 

Corollary 28.7. If a is P -generic over L, then L[a] N a is the only P -generic 
over L. 

Proof. If b and if both a and b are P-generic over L, then by the Product 
Lemma, b is a P-generic over L[a] and hence 6 ^ L[a]. □ 

Lemma 28.8. The set H = {a : a is P-generic over L} is Hi over HC . 

Proof. It follows from the construction of P that the function a (T" : 
n £ oj) is Ai over L u l. Since L^l is a Si set over PC, the function is Ai 
over HC. By Lemma 28.5, 

a £ H <-> (Va < wf)(3n G w) a is a branch in .F(T£) 

and hence H is II i over HC. □ 
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Corollary 28.9. If a is a P-generic over L and A = {n G AT : a(n) = 1}, 
then L[a] N A is o A3 subset of N. 

Proof. We have in L[a) 

n e A <-> (3a e N)(a G i? and a(n) = 1) <-> (Va G A/")(a G i? -> o(n) = 1). 

Since is 111 over HC, it is a II2 subset of Af. It follows that A is A3. □ 

Namba Forcing 

By Jensen's Covering Theorem if A is a regular cardinal in L and V is a generic 
extension of L, then cither cf A = |A| or A < K 2 . In other words, the only 
nontrivial change of cofinality is to make |A| — Hi and cf A = u. The following 
model, due to Namba, does exactly that: 

Theorem 28.10 (Namba). Assume CH. There is a generic extension V[G] 
such that K\ [G] = Hr and d V[G \ujX) = uj. 

Proof. Let S be the set of all finite sequences of ordinals less than L02, S = 
ui^"- A tree is a set T C S such that if t £ T and s = t\n for some n, then 
s e T. A nonempty tree T C 5 is perfect if every ( e T has H 2 extensions 
s D t in T. (Note that then every ( G T has H2 incompatible extensions in T.) 
In analogy with perfect sets in the Baire space, we have a Cantor-Bcndixson 
analysis of trees T C S: Let 

T 1 = {t e T : t has tt 2 extensions in T} 

and let T 0 = T, T a+1 = T' a , T a = f| (3<Q T/3 if a is limit. Let 9 < lu 3 be the 
least 0 such that Tg = T$. Then is either empty or perfect. 

If T has no perfect T C T, then the above procedure leads to Tg — 0, and 
we can associate with each (eTan ordinal number 

(28.7) h T (t) = the least a such that t ^ T a+1 . 
If s C then Ht(s) > /it(^), and for every t e T, 

(28.8) |{s£T:iCs and ft T (s) = M*)}| < H 2- 

Now let us describe the notion of forcing. 

Let P be the set of all perfect trees T C S, partially ordered by inclusion. 
We shall show that in the generic extension, oj 2 has cofinality to and u)\ is 
preserved. 

If G is a generic set of conditions, we define in V[G] a function / : u> — > lo\ 
as follows: 

f(n) = a^VTeG3seT such that s(n) = a. 

An easy argument using genericity of G shows that f(n) is uniquely defined 
for each n and that the function / maps uj cofinally into ui\ . 
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We shall prove now that uji is preserved in the extension by showing 
that every / : u> — > {0, 1} in V[G] is in the ground model. Thus let T be 
a condition, and let / be a name such that 

T lh / is a function from u into {0, 1}. 

We shall find a stronger condition that decides each /(n); that is, we shall 
find a function g : u> — > {0,1} such that some condition stronger than T 
forces f(n) = g(n), for all n. 

We proceed as follows. By induction on length of s, we construct, for each 
s G S, conditions T s and numbers a s G {0, 1} such that: 

(28.9) (i) if siCs 2 , then T Sl D T S2 , 

(ii) if lcngth(s) — n, then T s lh f(n) = a s , 

(iii) for every n, the conditions T s , s G uoV;, are mutually incompat- 
ible, and moreover, there are mutually incompatible sequences 
t s G S, s G w 2 , such that for each s e t s £ T s and for all 
t G T s , cither t C t s or t s C t. 

The "moreover" clause in (iii) is stronger than incompatibility of the condi- 
tions and implies that any condition stronger than Usew" ^« ^ s compatible 
with some T s , s G wj. 

The construction of conditions satisfying (28.9) is straightforward: We 
let t $ = 0 and T 0 C T be any condition that decides /(0): T 0 lh ,/(0) = 
ci0. Having defined T s , t s , and a s for s 6 we first pick H 2 incompatible 
extensions t s — i < W2, of t s in T s , and then find T s — j C T s and a s -~i, * < ^2, 
such that T s ~j lh /(n + 1) = a s -i and that each t G T s -i is compatible 
with i s -i. Note that if si C S2, then t Sl C t S2 - 

For any function g : uj — > {0, 1}, we define a tree T(g) C S 1 (not necessarily 
a perfect tree) as follows: If (3 = (@o, . . . , /?„) is a finite sequence of zeros and 
ones, we let 

(28.10) T{(3) = \J{Ts :se^ and (fo, ...,/?„) = (a 0 , ... , a sIi , . . . , a s )} 
and 

00 

(28.11) T(g) = 0 T( 5 rn). 

n=l 

Each T(f3) is a condition (a perfect tree) and by the remark following (28.9), 
we have 

T(p)U- f(k) = (3 k (k = 0, n). 

Thus if we show that there is at least one g : u> —> {0, 1} such that the 
tree T{g) contains a perfect subtree, our proof will be complete. 

Lemma 28.11. There exists some g : u) — > {0,1} such that T(g) contains 
a perfect subtree. 
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Proof. Let us assume that no T(g) has a perfect subtree. Then by (28.8) 
there exists, for each g : oj — > {0, 1}, a function h g : T{g) — > ui 3 such that 
/i 3 (s) > h g (t) whenever set, and that for each t G T(<7), there are at most Ni 
elements s D t in T(g) such that /i s (s) = h g (t). 

By induction, we construct a sequence So C Si C ... C s„ C ... such 
that for all n, s n e ui%- At stage n we consider the node t Sn of T Sn . Since 
there are only Hi functions g : oj — > {0, 1}, there exists an i < o> 2 such that 
hg{t s ~i) < h g (t Sn ) for all g for which h g {t s ~i) is defined. We let s n +i = s^i. 

Given the sequence s n , n = 0, 1, . . . , we consider the function g(n) — a Sri , 
n < oj. By (28.10) and (28.11), each t Sn belongs to T(g), and so h g (t Sn ) is 
defined for all n. However, then the sequence h g (t So ) > h g (t Sl ) > ... of 
ordinals is descending, a contradiction. □ 



A Cohen Real Adds a Suslin Tree 

We proved earlier that Suslin trees exist in L, and that adding generically 
a subset of w\ with countable conditions adds a Suslin tree. It turns out that 
adding a Cohen real also adds a Suslin tree. This result is due to Shclah; the 
following proof is due to Todorcevic. 

Theorem 28.12 (Shelah). If r is a Cohen real over V then in V[r] there 
exists a Suslin tree. 

Proof. We start with an alternative construction of an Aronszajn tree, a mod- 
ification of the construction in Theorem 9.16. 

Lemma 28.13. There exists an u>i-sequence of functions (e a : a < u>x) such 
that 

(28.12) (i) e a is a one-to-one function from a into u>, for each a < u>i; 
(ii) for all a < [3 < ui\, e a (£) = ef}(£) for all but finitely many 

Proof. Exercise 28.1 (or sec Kuncn [1980], Theorem II.5.9). □ 

The set {e a \[3 : a, (3 G ui\) ordered by inclusion is a tree. Since every 
node at level a is a finite change of e a , all levels are countable; there are no 
uncountable branches and so the tree is an Aronszajn tree (Exercise 28.2). 

For any function r : to — > to, consider the tree 

(28.13) T r = {ro(e a \l3) : a, 0 e c^i}; 

again, T r is an wi-tree whose all levels are countable (but need not be Aron- 
szajn in general). We prove Theorem 28.12 by showing that if (e a : a < uji) 
is, in V, a sequence that satisfies (28.12) and if r is a Cohen real over V, then 
in V[G], T r is a Suslin tree. 
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We show that T r has no uncountable antichains; this, and an easy argu- 
ment using genericity of r, also shows that T r has no uncountable branches. 
If T r has an uncountable antichain then, because every uncountable subset 
of u)i in V[r] has an uncountable subset in V (Exercise 28.3), there exist in V, 
an uncountable set W C u>i and a function (a((3) : (3 e W) such that 

(28.14) {ro(e a{m \f3):/3eW} 

is an antichain. 

For each (i e W, let tp = e a ^ \j3, and let p be a Cohen forcing condition; 
we shall find a stronger condition q and /3i, /?2 € W that forces that rot^ and 
f o t/3 2 are compatible functions; therefore no condition forces that (28.14) is 
an antichain in T r . 

Let p = (p(0), . . . ,p(n — 1)). For each (3 e W, let be the finite set 
{£ < /3 : i/3(£) < n}. By the A-Lemma (Theorem 9.18) there exist a finite 
set S C Ui and an uncountable Z <Z W such that when /3i , /3 2 € then 
X^ n X^ = 5" and that t /3l \S = t 02 \S. 

Now let (3\ < 02 be two elements of Z. We claim that there exists a con- 
dition qD p such that q o (tp 2 \/3i) = q o tp x (q obliterates the disagreement). 
Such a condition q forces r otp 1 C foi ft . 

To construct q, let m be greater than i = I, 2, for each £ < /3i 

such that 7^ tp 2 (0- Let fc be such that n < A: < m. If there exist 

£,77 < /?i such that i/3 2 (f?) = & and tp^rj) = tp 2 (£), let Z = and let 

q(fc) = p{l). More generally, let / = tj^ o tp 2 and let f l , i < u), denote the 
i-th iterate of /. If there exist £,77 < /?i such that tp 2 (r/) — k and r\ — /*(£) 
for some i, let / = tp 1 (£) and let q(k) = p(l). Otherwise, let q(k) = 0. Verify 
that q obliterates the disagreement. □ 



Consistency of Borel's Conjecture 

A set X of real numbers has strong measure zero if for every sequence (s n : 
n < lo) of positive real numbers there is a sequence (/„ : n < lu) of intervals 
with length(/„) < e n such that X C U^Lo 

Borel's Conjecture. All strong measure zero sets are countable. 

Borel's Conjecture fails under CH — see Exercise 26.18. The following the- 
orem shows that it is consistent with ZFC: 

Theorem 28.14 (Laver). Assuming GCH there is a generic extension V[G] 
in which 2 N ° = K 2 and Borel's Conjecture holds. 

Laver's proof uses the countable support iteration (of length dj 2 ) of a forc- 
ing notion that adds a Laver real. We shall now describe this forcing. (Subse- 
quently, Laver proved that an iteration of Mathias forcing also yields Borel's 
Conjecture). 
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Definition 28.15. A tree p C Seq is a haver tree if it has a stem, i.e., 
a maximal node s p G p such that s p C i or i C s p for all tap, and 

(28.15) Vi e p if t D s p then the set S p (t) = {a G lo : fa G p} is infinite. 

Laver forcing has as forcing conditions Laver trees, partially ordered by 
inclusion. If G is a generic set of Laver trees, let 

(28.16) / = UK:peG}; 
the function / : lo — > w is a Laver real. Since 

G = {p : s p G f and Vn > |s| /(n) G S*(/rn)} 

we have V[G] = V[f]. 

Consider a canonical enumeration of Seq in which s appears before t if 
set and s"~~o appears before s""(a + 1). If p is a Laver tree, then the part 
of p above the stem is isomorphic to Seq and we have an enumeration Sq = s p , 
, . . . , s^, . . . of {t € p : t D s p }, for every Laver tree p. Let 

(28.17) q < n p if q < p and s p = s? for all i = 0, . . . , n 

(in particular q < 0 p means that q < p and p and q have the same stem). 
A fusion sequence is a sequence of Laver trees such that 

P0 >0 Pi >1 P2 >2 • • • >n ■ ■ ■ ■ 

Lemma 28.16. If {p n }^Lo is a fusion sequence thenp — fX^LoPn * s a Laver 
tree (the fusion of {p n }^Lo)' an d P — n Pn for all n. 

Proof. Let s 0 bet the stem of p 0 . Then s 0 is the stem of p, and the set 
SP(s 0 ) = f] n S Pn (s 0 ) is infinite. For every a G S p (s 0 ), the set S p (s^a) = 
f] n S p "(s^a) is infinite, and so on. □ 

If p is a Laver tree and s G p, then p \s is the Laver tree {t G p : t C s or 
t D s}. Let p be a Laver tree and let n > 0. For each i < n, let pi be the tree 
with stem s P that is the union of all p\(s p ^a) where a G S p (s p ) and s P ^a is 
not one of the s P , j < n. The trees po, ■ ■ ■ , p n (the n-components of p) form 
a maximal set of incompatible subtrees of p. 

Let g 0 , ■ ■ ■ , q n be the Laver trees such that qi <o Pi for alH = 0, . . . , n. 
The amalgamation of {qo, ■ ■ ■ ,q n } into p is the tree 

(28.18) r = q 0 U . . . U q n ; 
we have r < n p. 

Lemma 28.17. If p lh X : u> — > i/ien i/iere exists a q <q p and a count- 
able A such that q\\- X C A. 
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Proof. Let {u n } n be a sequence of natural numbers such that each number 
appears infinitely often. We shall construct a fusion sequence {p n } n with 
p 0 = P, an d finite sets A n so that the fusion forces X C U n A n . At stage n, 
let p°, ■ ■ ■ , p n be the n-components of the Laver tree p n . For each i = 0, 
. . . , n if there exist a condition q^ < 0 p % and some a l n such that 

(28.19) qi Ih IK) = < 

we choose such qi and a l n (otherwise let qi — p 1 ). Let A n be the collection of 
the a % n , and let p n +i be the amalgamation of {q 0 , . . . , q n } into p„. We have 

Pn+l <n Pn- 

Let poo be the fusion of {pn}^L 0 an d let A = U^Lo We nave Poo <o P! 
to prove that Poo \\~ X a A, let q < poo and let u G lu. Let q < q and a be 
such such that q Ih X(n) = a. Let n be large enough so that u — u n and that 
the stem of q is in the set {sq" , . . . , s^"}, say s = sf™ . 

Let p % be the ith n-component of p„. As qC\p % <o p l and decides A(u„), 
we have chosen a l n = a at that stage, and therefore a e A, and q Ih X{u) e A. 
Hence Poo Ih X C A. □ 

Corollary 28.18. The Laver forcing preserves Ni. □ 

The following property of the Laver forcing is reminiscent of Prikry and 
Mathias forcings: 

Lemma 28.19. Let p Ih (pi V . . . V tpk- Then there exists some q < 0 p swc/i 

(28.20) 3i<fcglh^. 

Proof. Assume to the contrary that the lemma fails. Let s be the stem of p; 
there are only finitely many a £ S p (s) such that some q < 0 p\(s^a) satis- 
fies (28.20). By removing the part of p above these finitely many nodes we 
obtain pi <o p. For every s"a G pi there are only finitely many b G S p (s"~ a) 
such that 3q < 0 p\ \(s^a^b) with property (28.20). By removing all such 6's 
(and the nodes above them) we get p 2 <i pi. Continuing in this way we 
construct a fusion sequence p >o Pi >i Pi >2 • • ■ and r — Hi^Lo-P™- If i G r , 
then there is no q <o r\t with property (28.20). But then no q < r forces 
3i < k (pi, a contradiction. □ 

The main idea of Laver's proof is the following property of the Laver forc- 
ing. It shows that forcing with Laver trees kills uncountable strong measure 
zero sets. 

Lemma 28.20. Let G be a generic set for the Laver forcing. Every set of 
reals in the ground model that has strong measure zero in V[G] is countable 
inV[G}. 

We begin by proving two technical lemmas: 
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Lemma 28.21. Let p be a haver tree with stem s and let x be a name for 
a real in [0, 1]. Then there exist a condition q <o p and a real u such that for 
every e > 0, 

q\(s'~'a) lh \x — u\ < e 
for all but finitely many a e S q (s). 

Proof. Let {t n } n be an enumeration of {s"a : a G S^s)}. For each n we 
find, by Lemma 28.19, a condition q n <o p\t n and an interval J„ = [— , 2thi] 
such that q n lh x E J n . There is a sequence (k n : n < u>) so that the Jfe n form 
a decreasing sequence converging to a unique real w. Let q = 1J^L 0 qk n - d 

Lemma 28.22. Lei p be a condition with stem s and let (x n : n < u>) be 

a sequence of names for reals. Then there exist a condition q < 0 p and a set 
of reals {u t : t e q, t D s} such that for every e > 0 and every t e q, t D s, 
for all but finitely many a £ S q (t), 

q\(f~~a) lh \x k - u t \ < e 

where k = lcngth(i) — length(s). 

Proof. Using Lemma 28.21 we get pi <q p and u s . For every immediate 
successor t of s in pi, we get q t < 0 Pi\t and u t , and let p 2 = \J t qt- By 
repeating this argument, we build a fusion sequence p > 0 pi >i P2 >2 ■ ■ ■, 
and let q = C\n=oP™- a 

Proof of Lemma 28.20. Let / be the Laver real, and let 
(28.21) e n = l//(n). 

We shall show that if X e V is uncountable, then for some n, the sequence 
(efe : fc > n) witness that A" does not have strong measure zero. 

Thus let X G V be a subset of [0,1] and let p be such that p lh X has 
strong measure zero. Let s be the stem of p of length n. Let (xk : k > n) 
be a sequence of names of reals, and for each k > n let Ik be the interval of 
length £fe centered at x^. Let us assume that p lh A C Ufc>n -^fc- ^ e shall find 
a stronger condition that forces that A is countable. 

Let q < 0 p and {w t : t e g, t D s} be a condition and a countable set of 
reals obtained in Lemma 28.22. We will show that q lh A C {u*}*. 

Let v ^ {u t : i e q, t D s}; we shall find some r < q such that r lh v Ik, 
for all k > n. We construct r by induction on the levels of q; at stage k > n 
we ensure that r lh v ^ Ifc. 

We describe the construction for k — n; this can be repeated for all k > n. 
Let e = \v — u s \/2. For all but finitely many a € S q (s), q\(s^a) lh |i„ — u s | < 
£. Since ^(s^a) lh e n — 1/ f{n) = 1/a, we have g^s^a) lh \x n — v\ > e„, or 
v ^ I n , for all but finitely many a. Thus we ensure r lh w <^ I n by removing 
finitely many successors of s. □ 



568 Part III. Selected Topics 



Laver's model for the consistency of Borel's Conjecture is obtained by 
iteration with countable support of length o>2- At each stage of the itera- 
tion, one adds a Laver real by forcing with Laver trees. If the ground model 
satisfies GCH, then the iteration preserves cardinals and cofinalities, makes 
2 N ° = H 2 , and the resulting model satisfies Borel's Conjecture. 

We state the relevant properties of Laver's model without proof: 

Firstly, for every countable set X of ordinals in V[G] there is a set Y e V, 
countable in V, such that X C Y. This is the analog of Lemma 28.17 (see 
Lemma 6(iii) of Laver [1976]) and implies that Hi is preserved by the iteration. 
In Chapter 31 we prove a more general result, showing that this property is 
preserved by countable support iteration of proper forcing. 

Secondly, the iteration satisfies the H2-chain condition (Lemma 10(ii) of 
Laver [1976]). This can be proved as in Exercise 16.20, or Lemma 23.11, 
by first showing that for every a < L02, the Laver iteration of length a has 
a dense subset of cardinality Hi. Again, this is a general property of countable 
support iteration of proper forcing, when at each stage, the /3th iterate Qp 
has cardinality Hi. 

The key property of Laver's iteration is that there are no uncountable 
strong measure zero sets in V[G}. If X is a set of reals of size Hi in V[G], 
then because of the H2-chain condition, X appears at some stage I^[G a ], 
and by forcing a Laver real, one makes X not to have strong measure zero 
in y[G Q +i]. However, one has to show that X fails to have strong mea- 
sure zero in V[G], not just in T^[G Q +i]. The main technical lemma (Laver's 
Lemma 15) proves that, and is analogous to Lemma 28.20, working with 
iteration of Laver forcing rather than with Laver trees only. 

In his paper [1983] Baumgartner gives the consistency proof of Borel's 
Conjecture using the countable support iteration of Mathias forcing. His 
Theorem 7.1 shows that the iteration of either Laver or Mathias forcing pre- 
serves Hi, and if CH holds in the ground model then iteration of length u)2 
satisfies the H2-chain condition. He also gives a detailed proof of Borel's Con- 
jecture in the iteration of Mathias forcing. 



K+-Aronszajn Trees 

Theorem 9.16 states that there exists an Aronszajn tree, i.e., a tree of 
length u>i with countable levels and no branch of length u)\ . In Chapter 9 we 
also defined what it means for an infinite cardinal k to have the tree property: 
Every tree of height n and levels of size < n has a branch of length n. When 
k is inaccessible then the tree property is equivalent to weak compactness. 

Let k + be a successor cardinal. A tree of height k + is a k + - Aronszajn 
tree if its levels have size at most n and it has no branch of length k + . When 
k is singular, the tree property of n + is related to large cardinals; we shall 
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now address the case when k is regular. We discuss the case of K 2 as it easily 
generalizes to any successor of a regular. The construction in Theorem 9.16 
generalizes to K 2 under the assumption that 2 N ° = Ki (see Exercises 28.5 
and 28.6). It follows that an K 2 -Aronszajn tree exists unless there is a weakly 
compact cardinal in L: 

Theorem 28.23 (Silver). If there exists no tf. 2 -Aronszajn tree then K 2 is 
a weakly compact cardinal in L. 

Proof. If N 2 is a successor cardinal in L, then there exists some A a u>i such 
that ^1 = Ni and Kf^ = H 2 . In L[A], 2 N ° = Hi holds and therefore there 
exists a special H 2 -Aronszajn tree T. But then T is a special H 2 -Aronszajn 
tree in V. Thus if there are no H 2 -Aronszajn trees, H 2 is inaccessible in L. 

To show that A = K 2 is weakly compact in L if A has the tree property, 
let B € L be (in L) a A-complete algebra of subsets of A and \B\ = A. We 
shall find a A-complete nonprincipal ultrafiltcr U on B with U E L. (Then, 
by the argument in Lemma 10.18, it follows that A is weakly compact in L.) 

Let a < (A + ) L be a limit ordinal such that B <G L a and L a \= \B\ = A. 
Let {X^ : £ < A} be an enumeration, in L, of P(A) n L a , and let T be the set 
of all constructiblc functions / <G {0, 1} <A such that 

|n{* 5 : /(£) - 1} n H{A - Xt : /(0 = 0}| = A. 

Since A is inaccessible in L, T is a A-tree with levels of size < A. 

Since A has the tree property, T has a branch of length A, a function 
F : A -> {0, 1} such that F\u e T for all v < A. If we let D = {X i : F{£) = 1} 
then D is (in V) a A-complete nonprincipal ultrafiltcr on P(A) n L a . Let 
Ult = Ult£> L a be the ultrapowcr of L a by D (using functions in L a ), let Lp 
be its transitive collapse and let j : L a — > Lp be the corresponding elementary 
embedding. 

If e £ L Q is an enumeration of £?, e : A — > i?, then E = j(e) G L^ and 
f7 = {e(^) : A e -B(C)} is a constructiblc A-complete nonprincipal ultrafiltcr 
on B. 0 

The following theorem shows that it is consistent (relative to a weakly 
compact cardinal) that there exist no H 2 -Aronszajn trees. 

Theorem 28.24 (Mitchell). If n is a weakly compact cardinal then there 
is a generic extension in which n = H 2 , 2 N ° = H 2 , and there exists no H 2 - 
Aronszajn tree. 

The model is obtained by a two-stage iteration P * Q. The forcing P = P K 
adds k Cohen reals to the ground model; let G — G K be generic on P; for each 
a < k, let P a be the forcing for adding a Cohen reals, and let G a = G n P a . 

In V[G], consider the forcing conditions q for adding n Cohen subsets 
of w\: g is a 0-1 function on a countable subset of k. Let Q be the set of all 
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such q that satisfy, in addition, the requirement that 

q\a£V[G a ] (alla<«;). 

This amounts to forcing with pairs (p, q) where p £ P and q is a countable 
function on a subset of k with values q(a) £ B(P a ) (then if G is generic on P, 
we have q £ Q where q(a) = 1 if q(a) £ G and q(a) = 0 if q(a) ^ G). 

We list some properties of P * Q which are not difficult to verify. Let G 
be generic on P and let H be V[G] -generic on Q. 

First, every countable set of ordinals in V[G][H] is in V[G]. Hence Hi is 
preserved. 

Second, every cardinal between Hi and n is collapsed: If Hi < 5 < k, let 
t be the following function on u)\: 

t(a) = {n £ uj : 3f £ H f(S + us ■ a + n) = 1}. 

The function maps u>\ onto P{w) v ^ Gs + a ^ which has cardinality 5. 

Third, P * Q satisfies the K-chain condition. This is proved similarly to 
the K-chain condition of the Levy collapse. 

Finally, it is clear that 2 No = k in V"[G][i?]. The main technical lemma 
(Lemma 3.8 of Mitchell [1972/73]) asserts the following: For a < n let Q a — 
{q £ Q : dom(g) C a}, and H a — H f] Q a . If 7 < n is a regular uncountable 
cardinal and if t £ V[G][H] is an ordinal function on 7 such that t\a £ 
F[G 7 ][iJ 7 ] for all a < 7, then t £ V[G 7 ][H 7 ]. 

Now one shows that k has the tree property in F[G][iJ] as follows: Let 
B = B(P * Q) and let T be a B-name for a binary relation on k that is 
in y[G][/f] a tree of height n with levels of size < k. There is a closed 
unbounded set G C k such that if 7 £ C is an inaccessible cardinal then 
By = B(P 7 * Qj) is a complete Boolean subalgebra of B(P * Q) and that 
T n (7 x 7) is a _B 7 -valued name for T\j, the first 7 levels of T. 

To show that T has a branch of length k, assume that it has none; that this 
is so in V B is a IT} sentence true in (k, B, T) and since k is LT} -indescribable, 
the same is true in V B '< : T [7 has no branch of length 7 in V B i . But any 
node in the 7th level of T produces an ordinal function on 7 whose initial 
segments are in V B i; by the technical lemma alluded to above, the function 
itself is in V B ~< , and is a branch in TI7. A contradiction. □ 

A related result is the following theorem that we state without proof: 

Theorem 28.25 (Laver-Shelah). If there exists a weakly compact cardinal 
then there exists a generic extension in which 2^° = Hi and there exists no 
^2-Suslin tree. □ 

(In the Laver-Shelah model, 2 Hl is greater than H2.) 
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Exercises 

28.1. Find (e a : a < u)i) such that each e a : a — > lo is one-to-one and if a < (5 
then e a and ep \a differ at only finitely many places. 

[Construct the e a by induction on a, such that for every a, lo — ran(e a ) is 
infinite.] 

28.2. Given {e a : a < loi) as in Exercise 28.1, show that the set {e a \(3 : a, (3 G loi) 
is an Aronszajn tree. 

28.3. If r is a Cohen real over V, then for every uncountable X C wi in V[r] there 
exists an uncountable Y C X in V. 

[The notion of forcing is countable.] 

28.4. A Laver real eventually dominates every g : lo — > lo in V. 

28.5. If 2 N ° = Ni, then there exists an H2-Aronszajn tree. 

[Imitate the proof of Theorem 9.16. Let Q be the lexicographically ordered 
set L0\^; every a < 002 embeds in any interval of Q. Construct T using bounded 
increasing sequences in Q of length < L02 . At limit steps of cofinality lo extend all 
branches that represent bounded sequences in Q; here we use 2 K ° = Hi.] 

28.6. The tree constructed in Exercise 28.5 is special, i.e., the union of Hi an- 
tichains. 

[Compare with Exercises 9.8 and 9.9.] 



Historical Notes 

The construction of a nonconstructible A3 real in Theorem 28.1 is as in Jensen 
[1970]. Namba's forcing appeared in Namba [1971]; in [1976] Bukovsky obtains the 
same result by a somewhat different forcing construction. The result that adding 
a Cohen real adds a Suslin tree is due to Shelah [1984] ; the present proof is due to 
Todorcevic [1987] (for details see Bagaria [1994]). 

The consistency of Borel's Conjecture is due to Laver [1976]. 

For the construction of a «; + -Aronszajn tree if 2 <K = k, see Specker [1949]. The 
consistency proof of the tree property for H2, as well as the proof of Silver's Theo- 
rem 28.23 appeared in Mitchell [1972/73]. Theorem 28.25 is in Laver-Shelah [1981]. 
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29. More Combinatorial Set Theory 



Ramsey Theory 

Ramsey's Theorem 9.1 has been generalized in many ways, giving rise to an 
area of combinatorial mathematics known as Ramsey theory. In this section 
we present three results involving combinatorics of infinite sets. For a com- 
plete account of Ramsey theory we refer the reader to the book [1980] of 
Graham, Rothschild and Spencer. 

Theorem 29.1 (Hindman). If N is partitioned into finitely many pieces 
then one of the pieces A contains an infinite set H such that a\ + . . . + a n G A 
whenever a\, . . ., a n are distinct members of H . 

For the proof, we introduce the concept of an idempotent ultrafilter. If U 
and V are ultrafilters on TV, let 

(29.1) U + V = {X C N : {me N : X -meV} EU} 

where X — m = {n : m+n G X}. Sec Exercises 29.1 and 29.2 for an alternative 
characterization. In the proof we use the following lemma due to S. Glazer: 

Lemma 29.2. There exists a nonprincipal ultrafilter U on N such that U + 
U = U. 

An ultrafilter U such that U + U = U is idempotent. While Glazer's 
Lemma can be proved directly, it can be deduced from a more general result 
on topological semigroups. Let f3N be the space of all ultrafilters on N, the 
Stone-Cech compactification on N. The operation U + V on (3N is a contin- 
uous function of U for any fixed V, thus making ((3N, +) a left-topological 
semigroup. It can be shown that every compact left-topological semigroup 
has an idempotent element (Exercises 29.3 and 29.4). 

Proof of Theorem 29.1. Given a partition of N into finitely many pieces, let 
U be an idempotent ultrafilter, and let A be a piece of the partition such 
that A G U. We construct a sequence A = A n D A\ D A 2 D . . . with 
Ak G U and a 0 < a\ < a 2 < . . . as follows: Let a 0 G A 0 . Given Ak G U and 
afc_i, we find > dk-i such that ak G Ak and that Ak — ak G U (since 
{n : A k - n G U} G U). Let A k+ i = A k n (A k - a k ). 
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Now let H = {cik ■ k < u)}. To verify that all finite sums from H are in A, 
one shows , by induction on n, that if k\ > ... > k n then a kl + . . . + a kn E A kri . 

a 

A similar technique can be used to give a proof of the following classical 
theorem in Ramsey Theory. An arithmetic progression (of length k) is a finite 
set of the form 

(29.2) {n,n + d,n + 2d, ...,n+(k- l)d} 

where d is a positive integer. 

Theorem 29.3 (van der Waerden). If N is partitioned into finitely many 
pieces then one of the pieces contains arbitrarily long arithmetic progressions. 

For the proof of Theorem 29.3, we fix an integer k > 1 and consider the 
space ((3N) k . Let / be the set of all arithmetic progressions of length k, and 
let I be its closure in (/3N) k . Arguments similar to those in Exercise 29.3 
can be used to show that if R C (3N is any minimal right ideal and U £ R, 
then (U, . . . ,U) € /. For details, we refer reader to Todorcevic's book [1997]. 

Now to prove the theorem, let U be a nonprincipal ultrafiltcr on TV that 
belongs to some minimal right ideal on /37V. Let A be the piece of the given 
partition such that A e U, and let A* = {V e f3N : A e_V}. If k > 1 is 
any integer, let I and I be as above. Since (U,...,U) G I, it follows that 
(A* x ... x A*) n I is nonempty, and hence J fl (A x . . . x A) ^ 0. Therefore 
A contains an arithmetic progression of length k. 

The third result, which we state without a proof, is the Hales- Jewett 
Theorem. Let X be a finite set, called alphabet, and let W be the set of 
all words on X, the set of all finite sequences in S. Let v be a variable, an 
object not in X. The set V of all variable words over X is the set of all words 
on X U {v} in which v occurs. An instance of a variable word x € V is the 
result of substituting some a € X for u in i. 

Theorem 29.4 (Hales-Jewett). If W is partitioned into finitely many 
pieces then there is a variable word x G V whose all instances lie in the 
same piece of the partition. 

We refer the reader to Todorcevic's book for a proof using topological 
semigroups. 



Gaps in uj w 

Consider the partial order on uf 3 by eventual domination: / < g if and only 
if f(n) < g{n) for all but finitely many n. 
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Definition 29.5. Let k and A be regular cardinals. A (k, X)-gap in w w is 
a pair of transfinite sequences (f a : a < k) and (g^ : (3 < A) in w" such that 

(29.3) (i) / Ql < / Q2 if ai < a 2 , 

(ii) 3/3i > 9f) 2 if Pi < P2, 

(iii) / a < (//3 for all a < n and (3 < X, 

(iv) there is no /i between {f a } a and {g,3}/3, i.e., no h such that 
,f a <h< gp for all a and /3. 

We shall prove a classical theorem of Hausdorff stating that (u>\, wi)-gaps 
exist. 

First we prove that (cj,cj)-gaps do not exist: 

Lemma 29.6. If f 0 < fi <...</„<...< g m < ■■■ < gi < go, then there 
exists an h between {/„}„ and {g m }m- 

Proof. For each fc there exists an n k such that for all n > n k , rrik(n) = 
max{/ 0 (n), . . . , f k (n)} < min{g 0 (™), . . . ,5fc(n)} = M k (n). Choose such n k 's 
so that no < n\ < . . . < n k < ■ ■ ., and let h be a function such that m,k{n) < 
h(n) < Mfe(n) when n k < n < n k +\- □ 

Another easily seen fact is that a (k, A)-gap exists if and only if a (A, ft)-gap 
exists (Exercise 29.5). That some gaps exists follows from Zorn's Lemma. In 
fact, there exists an b)-gap, see Exercise 29.6 (and there are no (w, A)-gaps 
for A < b, see Exercise 29.7). 

Apart from Hausdorff's Theorem 29.7, the existence of specific (k, A)-gaps 
is unprovable: For instance, (c, c)-gaps may or may not exist, depending on 
the model. A detailed account of known consistency results on gaps can be 
found in Scheepers [1993]. 

Theorem 29.7 (Hausdorff). There exists an {uj 1 ,Lo 1 )-gap in lo^ . 

Proof. We construct an increasing (f a : a < ui) and a decreasing (gp : (3 < 
u>i) such that 

(29.4) (i) for all a and (3, lim„^oo g (j (n) - f a (n) = oo, 

(ii) for every a < uox and every n £ u), there are only finitely many 
(3 < a such that Vfc > n f a {k) < gp(k). 

Let us show first that (29.4) guarantees that {f a } a , {gp}/3 is a gap. As- 
sume that h € oj^ is between {f a } a , {gp}/!- Then there exist an uncountable 
Z C u>i and some n G u> such that for all k > n and h(k) < g a (k) for 
all k > n. Thus f a (k) < gp(k) for all a, (3 E Z and all k > n. Now if a is 
the wth element of Z, the set {(3 < a : Vfc > n / Q (fc) < gp(k)} is infinite, 
contradicting (29.4) (ii). 

We construct f a and g a by induction on a. Let fo(n) — 0 and go(n) = n 
for all n. Let 'y < ui\. If f a and gp satisfy (29.4) for all a, (3 < 7, then it is 
easy to find / 7+ i and g 1+ i such that (29.4) remains true. 
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Thus let 7 be a limit ordinal and assume that {/ Q } Q < 7 {gp}p<j sat- 
isfy (29.4). Let us use the following terminology: If / < gp for all (3 < 7 and 
if C C 7, we say that / is near C if for every n the set {(3 G C : Vn > k 
f(k) < gp(k)} is finite. Note that if / < /' and / is near C then /' is near C. 

We wish to find / and g such that f a < f < g < gp for all a, (3 < 7 
(and lim„(g(n) — f{n)) — 00) and that / is near 7. Let h be some function 
such that f a < h < gp for all a, (3 < 7; such an h exists by Lemma 29.6. As 
each f a is near a, it follows that h is near a for all a < 7. It now suffices to 
find some / > h such that f < gp for all (3 < 7 and such that / is near a. 
Then g is easily found. For each n let C n — {[3 < 7 : Vfc > nh(k) < gp(k)}. 

Clearly, C 0 C Ci C . . . C C n C As long as all C n are finite, h is near 7 

and we are done. Thus assume that the C a are eventually infinite. 

We construct inductively a sequence h = ho < hi < . . . < h n < . . . of 
functions below {gp\p<-f such that for each n, h n+ \ is near C n . Then if / is 
any function between {h n } n<UJ and {5/j}/3< 7 and f{n) > h{n) for all n, then 
for each n, / is near the set {(3 < 7 : Vfc > nf(k) < gp(k)} C C n and hence 
/ is near 7. 

Let n > 0. If C„ is finite, any is near C„; thus assume that C n is 

infinite. Since for each a < 7, the set C„ n a is finite (because h is near a), 
the order- type of C n is w, and C' n is cofinal in 7. Let /3q < /3i < ■ • ■ < 0% < ■ ■ ■ 
be the enumeration of C n . It suffices to find h n+ i > h n such that < g^ 
for all i, and that for every to, 



The Open Coloring Axiom 

We shall now discuss the axiom OCA (Open Coloring Axiom) that has a num- 
ber of applications in combinatorial set theory. Let X be a set of reals (or 
X C M, or X C P{oj), etc.) and let K C [X] 2 . We say that if is open if 
the set {(x,y) : {x,y} <E if} is an open set in the space X x X. The Open 
Coloring Axiom (OCA) states: 

(29.6) Let A be a subset of R. For any partition [X] 2 = K 0 U K\ with 
Kq open, either there is an uncountable Y C X such that [Y] 2 C K n , 
or there exist sets H n , new, such that X = U^Lo ^ n anc ^ [^«] 2 c 
K\ for all n. 



(29.5) {i < oj : Vfc > mh n+ i(k) < gp^k)} is finite. 

Let too < mi < . . . < to, < . . . be such that for every i, 

K{k) < gpiik) < gpi^ik) < ... < gp 0 (k) for all k>mi. 
Then the function h n+ \ defined by 




□ 
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The axiom OCA is consistent with ZFC; we discuss this in Chapter 31. It 
should be noted that its dual version is false; Exercise 29.9. OCA has a num- 
ber of consequences; see Todorcevic [1989]. (One example is Exercise 29.10.) 
The most notable is the following result: 

Theorem 29.8 (Todorcevic). If OCA holds then b = H 2 . 

First we show that under OCA, b > uj\. 

Lemma 29.9. Assume OCA. Then every subset of u" of size Hi is bounded. 

Proof. In order to show that every subset X C of size Hi is bounded, it is 
clearly enough to show this for every increasing X = {/ a } Q < Wl (i.e., f a < fp 
if a < (3), and assume that each f a is an increasing function from lu to ui. Let 
X = {f a } a be such and let [X] 2 = K 0 (JKi where K 0 consists of all {f a , fp} 
with a < [3 such that f a (k) > fp(k) for some k. 

First assume that X = \J^ =0 H n and [H n ] 2 C K\ for all n. Then for 
some n, H n is uncountable, and if a < (3 are such that f a ,f/3 G H n then 
fa(k) < fp(k) for all k, and f a (k) < fp(k) for some k. Then if we let S a = 
{(m,k) : m< f a (k)}, we have an o>i-chain of subsets of luxuj, a contradiction. 

Thus, assuming OCA, there is an uncountable Y C X such that [Y 2 ] c 
K 0 . We claim that Y is bounded (and it follows that X is bounded). To 
prove the claim, assume that Y is not bounded and let {g a : a < uii} be the 
increasing enumeration of Y. For each t G io <u that is an initial segment of 
some g € Y, choose a t such that t C g at . Then let 7 > sup t a t , and let fco be 
such that for uncountably many (3, g 1 (k) < gp{k) for all k > ko- Thus there 
is an uncountable Zcwi-7 such that g 1 {k) < gp{k) for all /3 £ Z and all 
k > ko and that gp 1 \ko = gp 2 \ko whenever /?i, /?2 <= Z. 

Now let m > k 0 be the least m such that the set {(/^(to) : (3 G Z} is 
infinite (m exists because {<7^}/3 6 2 is not bounded). There exist some t € w m 
and some W <Z Z such that gp\m — t for all all /3 € VF and {^(m) : [3 G IF} 
is infinite. 

Let a = a t ; since a < 7, there exists a fci > m such that <7 a (fc) < 3 7 (fc) for 
all k>k\. Let /3 G W be such that gp(m) > g a {k\). Since gp\m = t = g a \m, 
and since g Q and gp are increasing, we have g a {k) < gp(k) for all k <k\. But 
for fc > fci we have (/ Q (fc) < 3 7 (fc) < gp(k); hence (/ a (A;) < 3,3 (A;) for all fc. 
This contradicts the assumption that {g a ,gp} G Ko- Hence Y is bounded, 
and so X is bounded. □ 

Toward the proof of b < H2 we prove the following result on gaps: 

Lemma 29.10. Assume OCA. There is no (K,X)-gap in uj u such that n 
and X are regular uncountable, and k> w\. 

Proof. Let k > A be regular uncountable with k > Wi, and assume that 
{gp}p<\ is a gap. In order to define an open partition, we first 
modify the gap. For each a < k there exists an m a such that for A many /3's, 



578 Part III. Selected Topics 



fa(k) < gp(k) for all k > m a ; for k many a's, this m a is the same. Therefore 
there is a gap for which m a = 0 for all a < n, and we assume that the given 
gap is such. For each a < n, let S a — {0 < A : Vfc/ Q (fc) < gp(k)}; \S a \ = A. 

Let X = {(f a ,: gp) ■ a < n and 0 G S a }, a subspace of N x N. Consider 
the partition [X] 2 = KqUKi where {(f a ,gp), (/ 7 , gs)} G -Ko when for some k, 
either f a (k) > gs(k) or / 7 (fc) > gp(k). Because of the additional assumption 
on the gap, is open. 

First assume that X = {J^ =0 H n with [H n ] 2 C K\ for each n. Since k 
and A are uncountable, there exist A C k of size k and for each a < n some 
T a C 5 Q of size A such that all (f a ,gp) with a e A and /3 G T a are in the 
same H n . Since [i? n ] 2 C -fTi, we have Vfc f a (k) < gs(k) whenever a, 7 G A 
and 5 G T 7 . Thus fix 7 G A and let i? = T 7 . ^4 is cofinal in k, £? is cofinal 
in A, and if a G A and 0 £ B then Vfc < gp(k). But then the function /i 

defined by g(k) — min^g b gp(k) is between {f a }a and {3/3}^, a contradiction. 

Next assume that there exists an uncountable Y C X such that [Y] 2 C -Ko- 
If {fa, 9p) and (/ 7 , 35) are distinct elements of Y, then because 0 G 
and {(/ Q , (/ 7 , 35)} G Kq, we have a/7 and 8^0; thus Y is one-to-one. 
Therefore there exist increasing Wi-sequences (a v : v < ui\) and : v < u>i) 
such that {{f a „,gp„) : v < Wi} C Y. 

Now since k > u)\, let /i = f$ where <5 > sup„ ot v . The function h is between 
{fa„}v and {g/3„}v Now we can find an uncountable Z <Z lo\ and some m 
such that for all v,r) G Z, fa v (k) < h{k) < gp v (k) for all k> m, and f a „ \m = 
fa„ \m, gp„ \m = gp v \m. Since 0 V G S a „ for each v, it follows that f au (k) < 
gp v (k) for all k, contrary to the assumption that {{f a „ ,gp„), (/«, , gp v )} € K 0 . 

□ 

Proof of Theorem 29.8. Assuming b > w 2 , we shall construct an (uj 2 , A)-gap 
with A regular uncountable. Then OCA and Lemma 29.10 complete the proof. 

Let (f a : a < L02) be an increasing sequence of increasing functions. Since 
b > 0J2, there exists some 50 such that go > f a for all a. Let (gp : 0 < ■&) be 
a maximal decreasing sequence of functions such that gp > f a for all a. At 
successor stages we can let gp+i(k) = gp(k) — 1 and so d is a limit ordinal. 
We complete the proof by showing that cf 1? > uo. 

Thus assume that $ = lim„/3„. Given a < L02 let m a (0) < m a (l) < 
. . . < m a (n) < ... be such that for all i = 0, . . . , n, f a (k) < g ai (k) for 
all k > m a (n). Since b > w 2 , there exists a function h such that h > m a 
for all a. Now if we let g(n) = minj< n g ai (h(n)), then g > f a for all a and 
g < .9a„ f° r all n, contrary to the maximality of □ 



Almost Disjoint Subsets of 

Let k be a regular uncountable cardinal, and let X and Y be unbounded 
subsets of k. The sets X and Y are almost disjoint if \X n F| < k (cf. Defi- 
nition 9.20). Similarly, two functions / and g on n are almost disjoint if for 
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some 7 < k, f(a) ^ g(a) for all a > 7 (cf. Definition 9.22). Unlike in the 
case k = lu, it is a nontrivial question how large a set of almost disjoint sets 
of functions can be; clearly, the maximal size of an almost disjoint family 
of subsets of k is equal to the maximal size of an almost disjoint family of 
functions from k to k. 

For simplicity we consider the case k = lo\. This can be generalized to 
any regular uncountable k. 

First, there exists an almost disjoint family of size H2 (Lemma 9.23), and 
if 2 N ° = Hi then there exists one of size 2 Nl . We shall prove the following: 

Theorem 29.11. If 2 N ° < 2 Nl and 2 N ° < H Wl then there exists an almost 
disjoint family of 2 Nl uncountable subsets of 

Compare this with Theorem 22.16: If I is the ideal of bounded subsets 
of wi, then Theorem 29.11 states that sat (J) = (2 Nl ) + ; by Theorem 22.16, 
sat(J) > 2 Nl . As sat(i") is regular (by Theorem 7.15), the following lemma 
implies the theorem: 

Lemma 29.12. Assume 2 N ° < H W1 . If n is a regular cardinal such that 2 N ° < 
k < 2 Nl , then there exists a family of n almost disjoint functions from u>\ 
into W\. 

Proof. Let T be a family of almost disjoint functions on c^; we call T 
a branching family if whenever f,g £ T and a is such that f(a) = g(a), 
then /(£) = g(£) for all ^ < a. 

For each X C u>i, let f x = (X (~) a : a < lui). The family J" = {f x : 
X e P(wi)} is a branching family of functions on wi, = 2 Nl ; and for each 
a < ui, the functions in T take values in P(a). Thus there exists a branching 
family of 2 Nl functions from u>\ into 2 No . 

Let k be a regular cardinal such that 2 N ° < n < 2 Nl . We shall show that 
for every H 7 such that Hi < H 7 < 2 N °, if there is a branching family of k 
functions from u)\ into w 7 , then there is a branching family of k functions 
from u>i into some utg < w 7 . Then the lemma clearly follows. 

First let H 7 = H5+1 where Hi < H5, and let T be a branching family of k 
functions from wi into los+i- Each / S T is bounded below w^+i (because 
W5+1 > wi), and because k is regular and k > vs+i, there exists a < uos+i 
such that ran(/) C a for k functions in T . Thus there exists a branching fam- 
ily of k functions from uj\ into a; and since |a| < H5, there is also a branching 
family of /c functions from Wi into w^. 

If H 7 is a limit cardinal, then cf(w 7 ) = ui because H 7 < H W1 . Let T be 
a branching family of k functions from u>\ into oj 1 . For each f £ F there exists 
an ordinal 77/ < w 7 such that /(a) < 77/ for uncountably many a's. Since k is 
a regular cardinal and n > H 7 , there exists H5 such that Hi < H5 < H 7 , and 
a family Q £ T of size k such that for every f £ Q, f(a) < us for uncountably 
many a's. 
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For each a < uj\, let S a = {/(a) : / S G}- Since Q is a branching family 
and Q C ria<wi ^ suffices to show that \S a \ < for all a < ui\. Thus let 
a < u>i. We define a function t : S a — > u>\ x as follows: For each x € S m 
we first pick some f £ G such that x = /(a). Then there exists some £ > a 
such /(£) < w<5, and we let 

t(s) = &/(0)- 

We shall now complete the proof by showing that the function t is one- 
to-one, and hence \S a \ < H^. Let x,y e be such i(x) = Let S, > a 
and f,g £0 be such that x = /(a), y = g(a), and i(x) = t(y) = (£, /(£)) = 
(£, #(£)). Since £ is a branching family and /(£) = g(£), we have /(a) = g(a) 
and hence x = y. □ 

The assumption 2 N ° < 2 Nl in Theorem 29.11 is necessary; see Exer- 
cise 29.11. 



Functions from uj\ into uj 

Consider the set oj Ui of all functions from uj\ into u>, partially ordered by 
eventual domination: 

(29.7) f<g if and only if EI7 Va > 7 f{a) < g(a). 

Let cof(w a ' 1 ) be the smallest size of a cofinal family T C w" 1 , i.e., for every g 
there exists some / e such that g < /. It is an open problem whether 
cof(w Wl ) < 2 Nl is possible. 

Theorem 29.13. 

(i) If cof(w W1 ) < 2 Nl tfien 2 No > N 3 . 

(ii) 7/ 2 No < 2 Nl and 2 No < N Wl tften cof^ 1 ) = 2 Nl . 

The theorem is a consequence of this lemma: 

Lemma 29.14. If there exist 2 Nl almost disjoint functions from u)\ into uj 2 
then cof(c^) = 2 Nl . 

Then Theorem 29.13 follows: If 2 N ° < H 2 then use Exercise 29.12(h); 
for (ii), use Theorem 29.11. 

Toward the proof of Lemma 29.14, let 7 be an ideal on a set S. We say 
that two functions /, g on S are I-disjoint if {x G S : /(x) = g(x)} € 7. If 7 
and J are ideals on S 1 and T, then 7 x J is the ideal on S 1 x T 

(29.8) X el x J if and only if {x e S 1 : {y e T : (x, y) e X} <£ J} e 7. 

Lemma 29.15. There exists a a-ideal I on u)\ such that there exist H 2 7- 
disjoint functions from uj\ into u>. 
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Proof. We find such an / on uj\ x Let / = I 0 x Iq where I 0 is the a- 
ideal of all countable subsets of u)\ (each X e / is included in the union of 
w vertical lines and the set under the graph of a function from toi into u>i). 
Let {g a : a < iv 2 } be a family of H 2 almost disjoint functions from uji into Wi 
(cf. Lemma 9.23), and {fp : (3 < lo\] a family of Hi almost disjoint functions 
from w\ into u> (Exercise 29.12(i)). For a < uj 2 , let h a (£, rj) — / Sc( (£)(f?), for all 
(£,??) 6 Ui x wi. It is easy to verify that h a , a < uj 2 , are /-disjoint functions 
from u>i into w. □ 

Lemma 29.16. If there exist 2 Nl almost disjoint functions from u>\ into io 2 
then there exists a a-ideal J on u>i such that there are 2 Nl J -disjoint functions 
from uii into u. 

Proof. We find such a J on u>i xwi: Let J = Iq x I where Iq is the ideal of 
countable sets and / is the ideal given by Lemma 29.15. Let {g a : a < 2 Nl } 
be a family of almost disjoint functions from lo\ into lj 2 , and {fp : [3 < lu 2 } 
a family of /-disjoint functions from u>i into u>. For a < u> 2 , let h a (£,rj) = 
/sc(J)( 7 ?)' ^ or au (C' 7 ?) £w i x w i- The functions /i a , a < 2 Nl , are /-disjoint. 

□ 

Proof of Lemma 29.14. By Lemma 29.16 there exist a cr-ideal J on uj\ and 
a family 7Y = : a < 2 Nl } of /-disjoint functions from u\ into u). Let J 7 
be a cofinal family in w Ul such that \T\ < 2 Nl . There exists an / e that 
eventually dominates infinitely many h a ; then let 4 C be a countable 
infinite set such that h a < f for all a € A. The set {£ < o>i : h a (£) = hp(t;) 
for some distinct a, f3 £ A} is the union of countably many sets in /, hence 
belongs to J, and hence its complement is uncountable. Thus for uncountably 
many £ < u>\, the set {/i a (0 : a € A} is an infinite subset of u>. This 
contradicts the fact that there exists a 7 < wi such that for all £ > 7, 

MO < /(0 for a11 a e A. □ 



Exercises 

29.1. If (7 is an ultrafilter on AT and a formula, let (JJri)tp be an abbreviation 
for {n : <p(n)} € 17. Then (J7 + V)ktp(k) if and only if (Un)(Vm) ip{m + n). 

29.2. If {xk}kLo i s a sequence of real numbers then limy+y x k = limy y m where 
y m = limy a; m+n . 

29.3. Let S be a minimal closed subsemigroup of a compact left-topological semi- 
group and let u G S. Then u + u — u. 

[S + u is a continuous image of 5, hence closed and S + u = S. Then {v £ S : 
v + u — u} C S is closed and hence equals S; u + u — u follows.] 

29.4. f3N — N contains an idempotent element. 

[By Zorn's Lemma and by compactness, (3N — N has a nonempty minimal 
closed subsemigroup.] 
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29.5. If a (k, A)-gap exists then a (A, «;)-gap exists. 

[Given {f a } a and {gp}p, consider {g 0 - gp} 0 and {g 0 - /«}<*•] 

29.6. There exists an (to, b)-gap. 

[Take constant functions as the cj-part of the gap. Then the b-part of the gap 
can be constructed in the family M of monotone unbounded functions. For / £ M 
let ifi(f) = g in M be defined by g(n) = min{fc : f(k) > n} and let M' = <p u M. 
ifi : (M, >) — > (M' , <) is an order isomorphism and (M' , <) is cofinal in uj" while 
(M, >) is cofinal in the family of all functions / G u) u which are above the constant 
functions ordered by >.] 

29.7. There are no (cj,A)-gaps for A < b. 

[The constant functions in the preceding exercise can be replaced by any <- 
increasing cj-sequence of functions which shows that b is the minimal cardinal k 
such that there exists an (lo, «)-gap.] 

29.8. Af is the union of an increasing wi-sequence of Gs sets. 

[Let {f a }a, {gp}f3 be an (wi, wi)-gap and let A a be the complement of {h £ Af : 
f a < h < g a }.] 

29.9. Let X be the set of all increasing transfinite sequences of rationals (a sub- 
space of P(Q)), and let Ko be the set of all {s,t} such that s C t or t C s. The 
set Ko is closed and has no uncountable homogeneous subset. Show that there are 
no H n with [H n ] 2 CX-K 0 such that X = U" =0 H n . 

[Let H n be such that [H n \ 2 C X — Ko. Construct qo > qi > . . . and to C ti C . . . 
such that sup t„ < q n , and if possible, t„ £ H„. Then t = [j n t n is not a member of 
any H n .\ 

29.10. Assuming OCA, every uncountable subset of P(w) contains an uncountable 
chain or antichain. 

[{A, B} e Ko if and only if A and B are incomparable.] 

29.11. It is consistent that the ideal of countable subsets of u>i is (^-saturated 
while 2 Nl is large. 

[Adjoin k Cohen reals to a model of GCH. Assume that {Ai : i < u>z\ are 
almost disjoint. For each pair i, j there is a jij such that Ai (1 Aj C 7»j is forced 
by all conditions. By the Erdos-Rado Theorem (in the ground model), there exists 
a subfamily of {Ai}i of size N 2 for which 7^ is the same 7. This gives (in V[G]) 
a family of disjoint subsets of 7, a contradiction.] 

29.12. (i) There exist almost disjoint functions from u>\ into w. 
(ii) There exist 2 Nl almost disjoint functions from u>i into 2 K ° . 

[(i) For ^ < a < wi, let /^(a) = ^; this gives Hi almost disjoint functions 

in n a<wi a - 

(ii) For X C ui, let fx (a) = X n a; this gives 2 Kl almost disjoint functions 
in EU W1 ^(«)-] 

29.13. If there is a family of H 2 almost disjoint functions / : io\ — » w then 
Chang's Conjecture fails. 

[Consider a model 21 with the universe TVJ uj\ and the designated predicate ui\. 
If (5UB,B)-;51 with \g\ = Hi and |B| = H 0 , then B C a for some a < wi. Show 
that /(q) ^ gr(a) for all /, 5 G 5, a contradiction.] 
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29.14. Assume that there exists a cofinal T C tu" 1 such that the set of all initial 
segments of all / € T has size Ni. Then 2 N ° = Ni. 

[Let (t a : a < lji) be an enumeration of all the initial segments, and dom t a < a. 
By induction on a < lji, we construct closed subsets K n , a of [0, 1] (n G lj) such 
that Ko, a C Ki ia C . . . C K nt<x C . . ., and the union is [0, 1]. At stage a, consider 
the set K = fljedomto, ^-ta (£),£■ ^ K ^ s countable, let K n ,a = [0, 1] for all n; if K is 
uncountable, choose a limit point x of K and let X n , a = {x} U {?/ : |x — y\ > 1/n}. 
Now if / € T then Kf — f] a /f/( a ) jCt is countable, and there exists some a/ < a>i 
such that Kf = n a<a/ ^/(a),a- It follows that 

oc 

[0, 1] = n U = U n ^/(a),a 

= U n K S(a),a = U fl K f(a),a 

which is a union of Hi countable sets.] 



Historical Notes 

Hindman's Theorem appeared in [1974]. The present proof is due to Glazer and 
can be found e.g. in the book [1980] by Graham et al. The book also contains van 
der Waerden's Theorem and its generalizations. The topological proof presented 
here is as in Todorcevic's book [1997]. For the Hales-Jewett Theorem, see Hales 
and Jewett [1963]. 

Hausdorff's Theorem appeared in Hausdorff [1909]. We follow the construction 
presented in Scheepers [1993], which gives a comprehensive account of the subject of 
gaps. The Open Coloring Axiom was isolated by Todorfievic in [1989]; related par- 
tition axioms were previously introduced by Abraham, Rubin and Shelah in [1985]. 
Theorem 29.8 is due to Todorcevic [1989]. 

Theorem 29.11 as well as Exercise 29.11 are results of Baumgartner [1976]; for 
almost disjoint functions see Jech and Prikry [1979]. Part (i) of Theorem 29.13 is 
due to Calvin. For part (ii) and Lemma 29.14, see Jech and Prikry [1984]. 

Exercise 29.3 is attributed to R. Ellis; see Todorcevic [1997]. 

Exercises 29.6 and 29.7: Rothberger [1941]. 

Exercise 29.8: Hausdorff [1936a]. 

Exercise 29.9: Todorcevic. 

Exercise 29.10: Abraham, Rubin and Shelah [1985]; Baumgartner [1980]. 
Exercise 29.13: Silver. 
Exercise 29.14: Godel. 
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Measure Algebras 

A complete Boolean algebra B is a measure algebra if it carries a (strictly 
positive probabilistic) measure, i.e., a real- valued function m on B that satis- 
fies (22.1) (or cf. Definition 30.2 below). In Chapters 26 and 22 we looked at 
two examples of measure algebras: The algebra B m of (26.1), and the more 
general product measure algebra defined in (22.3). We present below a the- 
orem that states that this measure algebra is essentially the only measure 
algebra that exists. 

Throughout this section, we consider measure algebras, and for simplic- 
ity assume that all the measure algebras under consideration are atomless. 
Note that every measure algebra satisfies the countable chain condition, and 
consequently, all questions of completeness can be reduced to cr-completeness. 

If G is a subset of a measure algebra B, we say that G a-generates B if 
B is the smallest er-subalgebra containing G. The weight of B is the least size 
of G C B that er-generates B. B is homogeneous if each B\u (with u ^ 0) 
has the same weight. Note that every measure algebra is the direct sum of ui 
many homogeneous measure algebras. 

The result that we shall prove in this section is the following: 

Theorem 30.1 (Maharam). Every infinite homogeneous measure algebra 
is the unique measure algebra of its weight. 

If A and B are infinite homogeneous measure algebras of the same weight 
and if \x and v are strictly positive probabilistic measures on A and B, then 
there exists an isomorphism f between A and B such that v(f(a)) = fi(a) for 
all a £ A. 

We begin by introducing some terminology and presenting two lemmas 
that are standard techniques of measure theory. 

Definition 30.2. Let B be a complete Boolean algebra. A measure on B is 
a real-valued function n on B that satisfies 

(i) mo) - o, 

(ii) a(a) > 0 for all a e A, 
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(iii) for all pairwise disjoint a n , n = 0, 1, . . . , 



oo oo 



n=0 n=0 



A measure /i is strictly positive if 



(iv) /z(a) > 0 for all b^O, 
and probabilistic, if also 

(v) M (l) = 1. 



Finally, a function \x that satisfies (i) and (iii) is called a signed measure. 

Lemma 30.3. If v is a signed measure on B that satisfies c.c.c. then there 
exists an a G B such that u(x) > 0 for all x < a and v(x) < 0 for all x < —a. 

Proof. First we claim that when v(a) > 0 then there exists some b < a such 
that 

(30.1) i/(6) > 0, and v(x) > 0 for all x < b. 

If (30.1) fails then for every b < a, 6^0, there exists an x < a, x ^ 0, with 
v(x) < 0. Thus let IF be a maximal antichain below a such that v(x) < 0 for 
every x G IF. Then = a and we have v(a) < 0, a contradiction. 

Now let Z he a maximal antichain such that (30.1) holds for every b G Z . 
If v(a) < 0 for all a G B then the lemma holds trivially. Otherwise, Z is 
nonempty, and let a = E Z- This a satisfies the lemma. □ 

Lemma 30.4. Let fi and v be measures on B and let a G B be such that 
v{a) > 0. Then there exist a b < a, b ^ 0, and a number e > 0 such that 
v(x) > e ■ /j,(x) for all x < b. 

Proof. Let e > 0 be such that v(a) > e-^t(a) and consider the signed measure 
v — e/i on B \a. By Lemma 30.3 there exists a 6 < a such that (y — s/j,)(x) > 0 
for all x < b, and (y — e\x){x) < 0 for all x < a — b. Since (y — e/j.) (6) > 
(y — z\i){a) > 0, we have 6^0. □ 

The next lemma is due to Fremlin: 

Lemma 30.5 (Fremlin [1989]). Let A be a measure algebra and let /i be 
a strictly positive measure on A. Let B be a complete subalgebra of A and let 
v be a measure on B such that v(b) < /x(6) for all b G B. Assume that 



(30.2) 



A\a ^ {a ■ b : b G B} for every a G A + . 



Then there exists some a £ A such that 



(30.3) 



v(b) = n{a ■ b) for all be B. 
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Proof. For each a G A, let v a denote the measure on B defined by (30.3): 
v a{b) — M( a ' b). We first prove the following consequence of (30.2): For every 
a G A + and every e > 0 there exists a c G (A\a) + such that u c {b) < e ■ v a (b) 
for all be B. 

It is enough to prove this claim for s — \, as the general case follows by 
a repeated application of the special case. 

Thus let a G A + . By (30.2) there exists some d < a such that d ^ a ■ b for 
every b G B. Consider the signed measure \v a ~ v d on B. By Lemma 30.3 
there exists some b G B such that Vd{x) < \v a (x) for all x G and 
^d(x) > ^a(x) for all x G B\(—b). 

If 6 • d > 0, we let c — b ■ d, and we have v c (x) < ^v a {x) for all x e B. 

If 6 • d = 0 then d < a — b, and we let c = (a — b) ■ (a — d). Since d^ a — b 
(by (30.2)), we have c ^ 0. For all x € B, v c (x) < v a (x) — z^(x) < |f a (x). 

This proves the claim for £ = ^ and the general case follows. To prove the 
lemma, let a G A be a maximal (in the partial order < on ^4) element such 
that v a (b) < v{b) for all b G B. We finish the proof by showing that v a = v. 

By contradiction, assume that there exists some b\ G B such that v a (b\) < 
y{b\). By Lemma 30.4 there exist some b 2 < b\, b 2 ^ 0, and e > 0 such that 
[y — v a )(x) > efi(x) for all x G B\b 2 - Note that b 2 ^ a, since otherwise we 
would have v a {b 2 ) = H-{b 2 ) > v{b 2 ). 

Now we apply the earlier claim to b 2 — a, and get some c < b 2 — a,c^0, 
such that v c (x) < evb 2 ^ a (x) < v{x) — v a {x) for all x G B. Since c • a = 0, we 
have ^ a + c = z/ a + ^ c < j/, contradicting the maximality of a. □ 

Lemma 30.5 allows one to extend partial measure-preserving isomor- 
phisms between homogeneous measure algebras. If /i and v are probabilistic 
measures on measure algebras A and B, then an isomorphism / of A onto B 
is measure-preserving if v{f{a)) = /j,(a) for all a G A. 

Lemma 30.6. Let A\ and A 2 be homogeneous measure algebras, both of the 
same weight k, and let n\ and [i 2 be probabilistic measures on A\ and A 2 . 
Let Bi and B 2 be complete subalgebras of A x and A 2 , let f be a measure- 
preserving isomorphism of B x onto B 2 , and assume that B x is a-generated 
by fewer than k generators. Then for every a\ G A\ there exist an a 2 G A 2 
and a measure-preserving isomorphism g D f of (Bi U {ai}), the subalgebra 
generated by B\ U {ai}, onto (B 2 U {a 2 }). 

Proof. First we note that since every A\ \a has weight k, the subalgebra B x 
satisfies (30.2); similarly for A 2 and B 2 . Let ai G A\; if we let v(f(b)) = 
Hi(ai ■ b) for every b G B\, then v is a measure on B 2 with v < /i 2 . By 
Lemma 30.5 there exists some a 2 G A 2 such that u(f(b)) = [i 2 {a 2 ■ /(&)) for 
every b G B\. 

The algebra (BiU{ai}) consists of all elements of the form b-ai + c- (— ai) 
where b, c G B x . Thus we let 



(30.4) g(b ■ oi + (c - oi)) - /(6) • a 2 + (/(c) - a 2 ). 
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We have to verify that g is well-defined. If b e Bi and b < a\ then ^i(fe) = 
Ati(ai-b), and we have M2(/(&)) = Mi(&) = Mi( a i -b) = v{f{b)) = ^i{a 2 ■ /(&)), 
and so f(b) < a 2 . It follows that b ■ a\ = b' ■ a\ implies f(b) ■ a 2 — f(b') ■ a 2 . 
Similarly, one proves that if c £ B± and c < —ai then /(c) < — a 2 , and 
therefore c — a\ = c' — ai implies /(c) — a 2 = f(c') — a 2 . Thus g is well- 
defined. 

Since /x 2 (/(6) • a 2 + (/(c) — a 2 )) = yUi(6 ■ a\ + (c — ai)), g is measure- 
preserving, and a one-to-one homomorphism of U {ai}) onto (i3 2 U {a 2 })- 

□ 

Proof of Theorem 30.1. The construction proceeds by induction. Let A and £? 
be homogeneous measure algebras of weight n and let fi and v be probabilis- 
tic measures on A and £>. Let {a a : a < k} and {b a : a < k} be gener- 
ators of A and -B. Inductively, we construct A 0 C Ai C . . . C A a C . . . 
and B 0 C Bi C ... C B a C ... and measure-preserving isomorphisms 
/o C /i C . . . C f a C . . . such that for every a, ^4 Q is a complete subal- 
gebra of A of weight < k and a Q € A Q , similarly for and / a (A Q ) = B a . 

At successor stages we apply Lemma 30.6 to either (A a U {a a+1 }) or 
(B a U {6 a +i}). At a limit stage ce, we consider the algebras A a = {J^ <a Ap 
and B a = U/3< a ^/3- These are subalgebras of A and B, not necessarily 
complete. However, the completion A a of A a can be described as follows: 
The elements of A a are limits of convergent countable sequences in A a (see 
Exercise 30.1). The measure-preserving isomorphism / = [Jp <a f/3 between 
A a and B a extends to a unique measure-preserving isomorphism between A a 
and the completion B a of B a (use Exercise 30.2). □ 



Cohen Algebras 

Let k be an infinite cardinal. We consider the notion of forcing P K that adds 
k Cohen reals: conditions in P K are finite 0-1 functions with domain C k. Let 

(30.5) C K = B{P K ) 

denote the complete Boolean algebra corresponding to P K . Throughout this 
section, B denotes the completion of a Boolean algebra B. 

Definition 30.7. A Boolean algebra B is a Cohen algebra if B = C K for 
some infinite cardinal k. 

In Theorem 30. 10 below we give a combinatorial characterization of Cohen 
algebras. 

Definition 30.8. A subalgebra A of a Boolean algebra B is a regular subal- 
gebra, 

A <rcg B, 

if for any X C A, if £ A X exists then X = £ B X. 
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The following is easily established: 

Lemma 30.9. The following are equivalent: 

(i) A < rcg B. 

(ii) Every maximal antichain in A is maximal in B. 

(iii) For every b G B + there exists an a G A + such that for every x G A + , 
if x < a then x ■ b ^ 0. □ 

See Exercises 30.3-30.9 for further properties of < TO g- 

If A is a subalgcbra of B and b G B, then the projection of b to A, pr A (b), 
is the smallest element a G A, if it exists, such that b < a. (Similarly, pr A (b) 
is the greatest aei such that a < b.) 

The density of a Boolean algebra B is the least size of a dense subset 
of B. B has uniform density if for every a G B + , Bfa has the same density. 

If A" is a subset of a Boolean algebra _B, we denote 

(30.6) (A") = the subalgebra generated by X, 
and if A is a subalgebra of B and &i ,...,&„ G £> , 

(30.7) A(& 1; ... A) = (iUft,..,l„}). 

Theorem 30.10. Lei B be an infinite Boolean algebra of uniform density. 
B is a Cohen algebra if and only if the set {A G [B]^ : A < reg B} contains 
a closed unbounded set C with the property 

(30.8) if Ai,A 2 G C then (Ai U A 2 ) G C. 

If B is countable, the condition is trivially satisfied as C — {B} is a closed 
unbounded subset of . 

First we prove the forward direction of the theorem: If B is a dense subal- 
gebra of C K , then B has the property stated in Theorem 30.10. (In particular, 
C K itself has the property.) Let B be a dense subalgebra of C K . For every 
S C k, consider the forcing P$ consisting of finite 0-1 functions with do- 
main C S, and let C s = B{P S ). Note that Cs <ro g C K . 

Now let C be the set of all countable subalgebras A of B with the property 
that there exists a countable S C n such that 

(30.9) A is dense in B n Cs and fl is dense in Cs. 

The following lemma will establish the forward direction. 

Lemma 30.11. The set C is closed unbounded in satisfies (30.8), and 

every A G C is a regular subalgebra of B. 
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Proof. Let AeC and let S be a countable subset of k such that (30.9) holds. 
Since B n Cs is dense in Cs and Cs < reg C K , we have B n Cs < rog C re , and 
since £? is dense in C K , we have -B n Cs < rC g -B. As A is dense in 5 n Cs, 
it follows that A < rog _B. To see that C is unbounded, note that there are 
arbitrarily large countable sets S such that B D Cs is dense in Cs (because 
C K has the countable chain condition). Thus for any a G B we can find 
a countable S and a countable algebra A C B such that a G A, that ^4 is 
dense in B n Cs and _B n Cs is dense in Cs- 

To show that C is closed, let {A„}^L 0 be an increasing chain in C and 
let A = U^Lo^™' {$n}^Lo be witnesses for A n G C. The sets S n form 
a chain, and if we let S = U^Lo ^n, it follows that A is dense in B n Cs and 
£? n Cs is dense in Cs • 

Now we verify (30.8); we shall show that if A\ is dense in Cs 1 and A 2 is 
dense in Cs 2 then A = (A\ U A 2 ) is dense in Cs where 5 = Si U S 2 . Let 
G Cg ; we shall find ai G Ai and a 2 G ^2 such that 0 7^ «i • a 2 < 6. 

Let p G Ps be such that p < b, and let p\ — p\S\, P2 — p\S<i- First we 
find some a\ G A\ such that a\ < p\ and then some q\ G Ps x such that 
9i < ffli- Let (/2 = P2t('5 , 2 — U (gi fS^); we have 52 G Ps 2 - Now we find 
some a 2 G ^4 J such that a 2 < q 2 - It remains to show that a\ ■ a 2 ^ 0: There 
exists some r 2 G Ps 2 with r 2 < a 2 , and then r 2 U (gi f(5i — S 2 )) G Ps is below 
both ai and 02. □ 

For the opposite direction, let B be an infinite Boolean algebra of uniform 
density k and let C be a closed unbounded set of countable regular subalge- 
bras of B that satisfies (30.8). First we note that B satisfies the countable 
chain condition: See Exercise 30.10. Let 

(30.10) 5={([JI):ICC}. 

We claim that every A G S is a regular subalgebra of B. Let A = ((J X) and 
let be a maximal antichain in A; we verify that TL^ is maximal in B. As 
W is countable, we have W C (U^0 f° r some countable Y C X. Since C is 
closed unbounded and satisfies (30.8) it follows that A 0 = ({J Y) G C and 
hence A 0 < rcg B. Since VF is a maximal antichain in Ao and ^4o <rc g B, W is 
maximal in B. 

A set G C B is independent if 

±Xi • ±X2 • . . . • ±X„ 7^ 0 

for all distinct xi, . . . , x n G G. If G is independent then (G) = Frg is the 
unique free algebra over G; note that the completion of Frc is Cq- Our goal 
is to find an independent G C B such that (G) is dense in B. 

Let A be a subalgebra of a Boolean algebra D. An clement u G D is 
independent over A if a • u 7^ 0 7^ a — u for all a G A+. 

Lemma 30.12. Let D be a complete Boolean algebra of uniform density and 
let A be a complete subalgebra of D of smaller density. For every v G D there 
exists some u G D independent over A such that v G A(u). 
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Proof. Exercises 30.11 and 30.12. □ 

Let {d a : a < k} be a dense subset of B. If A\ and A2 are subalgebras 
of B we say that A\ and Ai are co-dense if for every a\ £ A^ there exists 
some 02 £ A \ with 02 < a\ , and for every 02 £ A^ there exists some a\ £ 
with a\ < a 2 . 

We construct, by induction on a < k, two continuous chains Go C G\ C 
...CG„C... and B 0 C Bi C . . . C B a C . . . such that 

(30.11) (i) B a £ 5, 

(ii) A a = (G a ) and B a are co-dense, 

(iii) rf Q £ B a +i, 

(iv) G Q +i — G a is countable, 

(v) G Q is an independent subset of B. 

This will prove that B is a Cohen algebra, because by (iii), (J Q _B Q is dense 
in B, hence \J a A a is dense in B, and by (v), (J a A a is the free algebra Fr<3 
(where G = \J a G a ). 

At limit stages, we let B a = U^ <Q Bp and G a = U/3< Q ^/3- To construct 
G Q+ i and B a+ i, we proceed as follows: Since A a is dense in B a , A a = B a is 
a complete subalgebra of B. Moreover, if u\, . . . , u n G B then A a (wi, . . . , u n ) 
is a complete subalgebra of B. 

Since \A a \ < k, we find, by Lemma 30.12, for every b £ B some u £ B 
independent over A a such that b £ A a (u). More generally, if b, u\, . . . , u n £ 
B, then there exists some u independent over A a (ui, . . . ,u n ) such that b £ 
Aj(wi, . . .,u ni u)^ 

Given u £ B, there exists a countable set {b n }^ =0 C B such that 
12^=0 bn = u- Then there exists some X £ C such that {b n } n C X and so 
(B a UX) is dense in A a (u). Therefore there exist a countable set {u n }^L 0 C -B 
and some B a+i £ S such that d a £ B a+i , that G a+ \ = G a U {u n }^L 0 is 
independent and that A a+ i = (G a+ i) and _B Q+ i are co-dense. □ 

The following property is a natural weakening of the characterization of 
Cohen algebras in Theorem 30.10: 

Definition 30.13. An infinite Boolean algebra B of uniform density is semi- 
Cohen if [B]^ has a closed unbounded set of countable regular subalgebras. 

An immediate consequence of the definition is that if B is semi-Cohen 
and \B\ < Hi then B is a Cohen algebra. This is because [B] u has a closed 
unbounded subset that is a chain, and therefore satisfies (30.8). 

The important feature of semi-Cohen algebras is that the property is 
hereditary: 

Theorem 30.14. If B is a semi-Cohen algebra and if A is a regular subal- 
gebra of B of uniform density then A is semi-Cohen. 
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Proof. [B] w has a closed unbounded subset of regular subalgebras of B. Since 
A < reg B, there exists for every b E B + some a E A + such that there is no 
x E A + with x < a — b. Let F : B + — > A + be a function that to each b E B + 
assigns such an a E A + . Let C C be a closed unbounded set of regular 
subalgebras closed under F. 

If X E C then AC\X < rog X because X is closed under F. Every maximal 
antichain in A n X is maximal in X, hence in B (because X < rog B), hence 
in A. Therefore A n X < rcg A. 

There is a closed unbounded set D C [A]" such that D C { nA : I G C}; 
D witnesses that ^4 is semi-Cohen. □ 

Corollary 30.15. If B is semi-Cohen and has density H x then B is a Cohen 
algebra. 

Proof. B has a dense subalgebra A of size Hi. By Theorem 30.14, A is also 
semi-Cohen, and hence Cohen. But A = B, and hence B is Cohen. □ 

Corollary 30.16. Every complete subalgebra of C K of uniform density Hi 
is isomorphic to C Ul . □ 

The property of being semi-Cohen is also preserved by completion. This 
can be proved using the following lemma: 

Lemma 30.17. A Boolean algebra B of uniform density is semi-Cohen if 
and only if B is Cohen in V p , where P is the collapse of \B\ onto Hi with 
countable conditions. 

Proof. As \B\ = Hi in V p , it suffices to show that B is semi-Cohen if and 
only if it is semi-Cohen in V p . 

As P does not add new countable sets, [B]^ remains the same in V p . 
By property (iii) of Lemma 30.9, the relation < rog is absolute. Let S be the 
set of all regular subalgebras of B. If S contains a closed unbounded set C 
then C is closed unbounded in V p . Conversely, if S does not contain a closed 
unbounded set, then it does not contain one in V p . □ 

Corollary 30.18. B is semi-Cohen if and only if its completion is semi- 
Cohen. 

Proof. Let B be semi-Cohen and let A = B. Let P be the w-closed collapse 
of \A\ to Hi. In V p , A has a dense subalgebra B that is a Cohen algebra, 
hence A itself is Cohen. Therefore A is semi- Cohen. 

The converse follows from Theorem 30.14. □ 

Not every semi-Cohen algebra is a Cohen algebra, and Corollary 30.16 
does not extend to density H 2 . Koppelberg and Shelah gave an example of 
a complete subalgebra of of (uniform density H 2 ) that is not isomorphic 
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to C^ 2 . Another example, due to Zaplctal, is the forcing that adds H 2 even- 
tually different reals: Let 

P = {z : z is a finite function with dom(z) C L02 and ran(z) C ^ <w }, 

and let z < w if z is a coordinate- wise extension of w and for a ^ [3 in dom(w), 
if n € dom(z(a) — w(a)) and n € dom(z(/3)), then z(a)(n) 7^ z((3)(n). 

If B = B(P) then B can be embedded in C W2 but is not isomorphic 
to C W2 . We omit the proof. 



Suslin Algebras 

Definition 30.19. A Suslin algebra is a complete atomless Boolean algebra 
that is ^-distributive and satisfies the countable chain condition. 

If T is a normal Suslin tree, and Pt is the forcing with T upside down, then 
B(Pt) is a Suslin algebra. Conversely, if B is a Suslin algebra of density Hi 
then B = B(Pt) for some Suslin tree T; in general, if B is a Suslin algebra 
then B has a complete subalgebra Bt such that Bt = B(Pt) for some Suslin 
tree T. 

Theorem 30.20. If B is a Suslm algebra then \B\ < 2 Nl . 

Proof. Let k = 2 Nl . Assume that there is a Suslin algebra B such that 
\B\ > k. We shall reach a contradiction. 

Without loss of generality we assume that \B\u\ > n for all u € £> + . We 
shall construct a K-sequence 

(30.12) B 0 cBiC...cB a C... (a<«) 

of complete subalgebras of £>, each of size < k. If D C B and \D\ < k, then 
there are k Ni = k D- valued names for relations on u>\\ thus for every such D 
let R®, 7 < k, be a fixed enumeration of all such names. Let a 1— » (/3 a ,7 a ) 
be the canonical mapping of /c onto k x k; we recall /3 Q < a for all a. 

The sequence (30.12) is constructed as follows: We let Bo = {0,1}; if 
a is a limit ordinal, then B a is the complete subalgebra of B generated by 
U^< Q Bv If < K for each !/ < a, then |£? a | < n. At successor steps, we 
construct B a+1 as follows: Let D = Bp a and let R = R® a . If 

(30.13) \\(uji, R) is a Suslin tree|| Ba = 1, 

if C E V Ba is the Suslin algebra (in V Ba ) corresponding to the Suslin tree 
and if B a * C is (isomorphic to) a complete subalgebra of B, then we let 
B a+ i = B a * C. Otherwise, we let B a+ \ = B a . In either case, if \B a \ < k, 
then |.B a+ i| < k. 
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Now let B K be the complete subalgcbra of B generated by \J a<K B a . 
Clearly, \B K \ < k. Let A e V B " be the complete Boolean algebra B : B K 
(in V Bk ). Since both B and B K satisfy the c.c.c, we have 

H-A satisfies the c.c.c.||s re = 1. 

Similarly, since both B and B K are u-distributive, we have 

|| A is w-distributivells^ = 1. 

We have assumed that \B\u\ > k for all u^O, and we also have \B K \ < k. 
Thus 

\\\A\> K \\ Bk = 1 

and consequently 

\\A is not atomic||s K = 1. 

Now we work inside V Bk -; There exists a T C A such that (T, >^) is 
a normal Suslin tree; let Bt C A be the Suslin algebra, subalgcbra of A, 
generated by T. Let 7? be a binary relation on uii isomorphic to T. 

The name R is £> K -valued; and since B K satisfies the countable chain 
condition, R involves at most Hi elements of B K . Since cf k > Hi, there exists 
a (3 < k such that R e V Bf> \ furthermore, let 7 < k be such that R is the 
7th B^-valued binary relation on u>\ , R = R Bf> . 

Let a < k be such that 0 = /3 a and 7 = -f a . Since 

\\(u!i,R) is a Suslin tree||s re = 1, 

it follows that 

\\(uji,R) is a Suslin tree||s Q = 1. 
If C denotes the corresponding Suslin algebra in V B " , we have 

B a * C C B K * B T C B K * A = B 

and it follows that B a+ i = B a * C. However, forcing with a Suslin tree 
destroys its Suslinity, and we have 

IK^i, R) is not a Suslin tree||s ct+1 = 1, 

a contradiction. □ 



Suslin algebras of size 2 Nl can be constructed by forcing (cf. Jech [1973b]), 
or in L (an unpublished result of Laver) . 
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Simple Algebras 

Definition 30.21. A complete Boolean algebra B is simple if it is atomless 
and if it has no proper atomless complete subalgebra. 

The problem of existence of simple algebras originated in forcing and 
was first discussed by McAloon in [1971]. It is clear that a simple algebra is 
minimal, i.e., when forcing with it, there is no intermediate model between 
the ground model and the generic extension. Minimality, when formulated in 
Boolean- algebraic terms, is the following property: 

(30.14) If A is a complete atomless subalgebra of B then there exists a par- 
tition W such that A\w — B\w for all w G W. 

(An example of a minimal algebra is B(P) where P is the Sacks forcing.) 

Simple algebras, in addition to being minimal, are rigid, i.e., have no 
nontrivial automorphisms (Exercise 30.13). It turns out that the conjunction 
of these two properties also implies that the algebra is simple (Exercise 30.14). 
Thus we have: 

Theorem 30.22. An atomless complete Boolean algebra is simple if and 
only if it is rigid and minimal. □ 

An example of a rigid and minimal algebra is Bp where P is Jensen's 
forcing from Theorem 28.1 that produces a minimal A3 real. Bp is minimal 
because the generic real has minimal degree of constructibility, and rigid 
because it is definable. It follows that if V = L then a simple complete 
Boolean algebra exists. 

In L, one can also construct Suslin algebras that are simple (see Exercises 
30.15 and 30.16 for the construction of a rigid Suslin algebra). 

Simple complete Boolean algebras have been constructed in ZFC; we refer 
the reader to Jech-Shelah's papers [1996] and [2001]. The former constructs 
a countably generated simple algebra and uses a modification of the Sacks 
forcing to produce a minimal definable real. The latter construction is some- 
what less complicated and yields forcing that produces a minimal definable 
uncountable set. 



Infinite Games on Boolean Algebras 

Infinite games have many applications in set theory, particularly in descrip- 
tive set theory, and we shall investigate these methods in some detail in the 
chapter on Axiom of Determinacy. In the present section we look into some 
properties of complete Boolean algebras, and of forcing, that are formulated 
in terms of infinite games. 
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Let B be a Boolean algebra, and let Q be the following infinite game 
between two players I and II: I chooses a nonzero element ciq G B and then 
II chooses some b 0 G B + such that b 0 < a 0 - Then I plays (chooses) a\ < b 0 
and II plays b\ < a\ (both ^ 0). The game continues, with I's moves a n G B + , 
n < oj, and IPs moves b n G £> + , n <u), such that 

(30.15) a 0 > 6 0 > ai > 6i > . . . > a n > b n > . . . . 

Player I wins the game if Yl™=o a ™ = 0> player II wins otherwise: if the 
chain (30.15) has a nonzero lower bound. A strategy for player I is a function 
a : B <ul — > B; it is a winning strategy if I wins every play (30.15) in which 
I follows cr, i.e., for each n, a n = a((bo, . . . , 6„_i)). A (winning) strategy for II 
is defined similarly. If player I has a winning strategy then II does not, and 
vice versa, and in general, neither player need have a winning strategy. 

Lemma 30.23. Player I has a winning strategy in Q if and only if B is not 
ui- distributive. 

Proof. Let a be a winning strategy for I. Let a$ = er(()); we shall find parti- 
tions W n of a 0 without a common refinement. Let Wo = {&o}- Having con- 
structed Wo, . . . , W n , consider all finite sequences ao > bo > . . . > a n > b n 
where the a„'s are chosen by a and at G Wk for all k < n. Let W n be a max- 
imal antichain whose members are elements a n +i = o-((bo, ■ ■ ■ ,b n )) where 
a 0 > b 0 > ■ ■ ■ > a n > b n is as described. The W„'s are partitions of ao and 
do not have a common refinement. 

Conversely, if B is not ^-distributive, there exist some ao and open dense 
sets D n below ao such that H^Lo D n = 0- We define cr(()) = ao, and if ao > 
bo > . . . > a„ > b n is such that the a„'s are chosen by a, let cr((&o, • • • , b n )) be 
some element of D n below b n - The function a is a winning strategy for /. □ 

Let P be a separative notion of forcing, and consider the infinite game Q 
in which players I and II take turns to play a descending chain ao > b 0 > 
. . . > a n > b n > . . . in P. I wins if and only if the chain does not have a lower 
bound. It is easy to see that either player has a winning strategy in this game 
if and only if the same player has a winning strategy in Q played on B(P) 
(Exercise 30.17). 

Definition 30.24. A separative notion of forcing P (a Boolean algebra B) 
is strategically uo-closed if player II has a winning strategy in the game Q. 

Being strategically w-closed is a hereditary property If B is strategically 
a>-closed and if A is a regular subalgebra of B then also A is strategically 
w-closcd (Exercise 30.18). 

It is obvious that if P is w-closed then player II has a winning strategy 
in Q. Hence if B has a dense w-closed subset, then B is strategically w-closed. 
The converse is true for small algebras: 
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Theorem 30.25 (Foreman). If B has density Hi and is strategically in- 
closed, then it has a dense uj-closed subset. 

Proof. Let {d a : a < u>i} be a dense set in B. By induction on a, we find 
partitions W a of 1 such that Wp refines W a if a < [3, and every W a has some 
w < d a ; at limit stages, we use w-distributivity of B. Let T = {J a<UJl W a ; 
T is dense in B and is a tree. Let a be a winning strategy for II in the game Q 
on T. We shall find a dense subset P of T that is w-closed. 

If t £ T, we call p = (a 0 , bo, . . . , a n , b n ) a partial play above t if the b^s 
are played by a and b n > t. We claim: 

(30.16) (Vi £ T) (3t* < t) if p is a partial play above i* and if u > t* then 
there is a partial play q D p above t* with last move b such that 
u > b > t* . 

To prove the claim, we construct to > h > . . . > t n > . . . such that to = t 
and that for every n and every partial play p above t n , if u > t n then there 
exist some q D p with last move b and some m such that u > b > t m . This is 
possible because there are only countably many such p's and u's. Therefore 
there exists a play (ao, bo, . . . , a n , b n , . . .) that is played according to a and 
that is cofinal in (t n )%L 0 - As cr is a winning strategy, (t n )^° =0 nas a lower 
bound, let t* be a maximal lower bound (it exists because T is a tree). This 
proves (30.16). Now let 

P = {s £ T : for some descending chain {t n }^ =0 , s is a maximal lower bound 
of {£}~ „}■ 

The set P is aj-closed: Given s 0 > Si > . . . in P, find {t n }^ =0 such that 

*o > s o > t\ > The chain {t^}^L 0 has a lower bound (because there 

exists a cofinal play by cr) and its maximal lower bound is in P. 

The set P is dense in T: Given t £ T, let {t„}^ 0 be the chain t, t* , 
t**, .... There exists a cofinal cr-play, and so {t n }^ =0 has a lower bound. The 
maximal lower bound is in P. □ 

As a corollary, we get the following characterization of strategically en- 
closed forcings: 

Corollary 30.26. B is strategically Lu-closed if and only if B is a regular 
subalgebra of some algebra that has an u-closed dense subset. 

Proof. Sufficiency follows from Exercise 30.18. Thus assume that B is strate- 
gically w-closed and let a be a winning strategy for II. Let P be the collapse 
with countable conditions of \B\ to In V p , a is still a winning strategy, and 
by Theorem 30.25, B has an w-closed dense subset E. Let A = B(P x B + ); 
B is a regular subalgebra of A. Let D = {(p,b) : p lh b £ E}; D is dense 
in A. D is w-closed: Let {(p n ,b n )} n be descending and let p = {J n p n - Then 
p forces that {b n } n is descending, and there is a b £ B + such that p lh (b £ E 
and b< b n for all n). Hence (p, b) is a lower bound of {(p n , b n )} n . □ 
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Foreman's Theorem does not extend to H 2 : It is consistent that there is 
a strategically u-closcd complete Boolean algebra of density H2 that does not 
have an w-closed dense subset (Jech and Shelah [1996]). 

There are many other infinite games that can be used to define properties 
of forcing and Boolean algebras, see Jech [1984]. We'll show in Chapter 31 
that proper forcing admits such characterization. See also Exercise 30.19. 



Exercises 

Let B be a <r-complete Boolean algebra. If {a„}„ <ClJ is a sequence in B, let 
limsup n a„ = nr=oE fc >„an and liminf„a„ = £~ =0 IIk>n a «- If hmsu Prl a„ = 
liminfn a n = a, we say that {a„}„<^ converges, and let lim n a n = a. 

30.1. If A is a subalgebra a measure algebra B then the complete subalgebra of B 
cr-generated by A consists of all limits of convergent seequences in A. 

30.2. If (i is a measure on a measure algebra B and if a = lim n o„, then ji{a) = 
lim n /tt(o n ). 

30.3. If A is a finite subalgebra of B then A < reg B. 

30.4. If A < reg B and B < reg C then A < reg C. 

30.5. If A is a subalgebra of B, B is a subalgebra of C, and A < reg C then 

A ^re g B. 

30.6. If A is a dense subalgebra of B then A < reg B. 

30.7. A < reg B if and and only if A < reg B. 

30.8. If A and B are complete then A < reg _B if and only if A is a complete 
subalgebra of B. 

30.9. If pr A (&) exists for all be B, then A < reg B. 

30.10. If {A G [B] w : A < reg B} is stationary, then B has the countable chain 
condition. 

[Let W be a maximal antichain and consider the model M — (B, <, W). There 
exists an elementary submodel A of M such that A < reg B. WD A is maximal in A, 
therefore in B, and hence W = W H A.] 

30.11 (Vladimirov's Lemma). Let D be a complete Boolean algebra of uni- 
form density and A a complete subalgebra of smaller density. Then there exists an 
element u G D independent over A. 

[Let X — {x G D + : there is no a G A + with no a G A + with a < x}; X is 
dense. Let Y = {pr A (;r) : x G X}; Y is dense. Let W C Y be a maximal antichain, 
and let Z C X be such that W = {pr A (z) : z G Z}. Let u = £ If a G A+, let 
z £ Z he such that a • pr A (z) / 0; we also have a ■ (pr A (z) — z) =/= 0. Hence u is 
independent over A.] 
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30.12. Under same assumptions, for every v G D — A there exists some u G D 
independent over A such that v G A(u). 

[Let z = pr A (w) H — pr A (w). If z = 0, let u = v. Otherwise, apply Exercise 30.11 
to D\z, to get some w < z independent over A\z. Then let u — w + (v — z). We 
have v G A(u) since v = pr A (v) + u ■ pr A (u); also, u is independent over A.] 

30.13. Every simple complete Boolean algebra is rigid. 

[Let i be a nontrivial automorphism. There exist disjoint a and b such that 
7r(o) = b. Each x has a decomposition x = a ■ x + b ■ x + y; let A be the complete 
subalgebra {x : b ■ x — ir(a ■ x)}. A is atomless and a £ A.] 

30.14. Every rigid minimal complete Boolean algebra is simple. 

[Let B be minimal and A a complete atomless subalgebra such that A 7^ B. 
There exists iz^i such that A\z = B\z. Let u\ = z — pr A (z), vi = pr A (z) — z. 
Let 0 7^ v < vi be such that A\v — B\v, and let u = ui ■ pr A (v). For all a G A 
let 7r(a ■ u) — a ■ v; show that n is an automorphism between B\u and B[w. Then 
7r extends to a nontrivial automorphism of B] 

30.15. Let T be a normal Suslin tree and let St be the corresponding Suslin 
algebra. If it is an automorphism of Bt then there is a closed unbounded set C C iVi 
such that tt\T c is an automorphism of T c , where T c = {i G T : o(t) G C}. 

30.16. If V = L then there exists a Suslin tree T such that Bt is rigid. 
[Use 0 and Exercise 30.15 to destroy all potential automorphisms of Bt-] 

30.17. Player I (player II) has a winning strategy in Q played on P if and only if 
the same player has one in Q on B(P). 

30.18. If a complete Boolean algebra B is strategically cj-closed and if A is a com- 
plete subalgebra of B then A is strategically ^-closed. 

[Let a be a winning strategy on B; then the following a a is a winning strategy 
on A: When I plays ao, let bo = <r(ao) and let (Ta(oo) = pr A (&o). When I plays 
ffli < CA(ao), let bi = cr((oo,ai • bo}) and cta((cio, ai)) = pr A (bi). And so on.] 

30.19. Let B be a Boolean algebra of uniform density. Consider the infinite game 
on B in which two players select elements 00, 60, ■ ■ ■ , a n , b n , ■ ■ ■ and II wins if and 
only if the set {a„,fc„}^ 0 generates a regular subalgebra of B. Show that II has 
a winning strategy if and only if B is semi-Cohen. 

[If a is a winning strategy then the set C of all countable subalgebras closed 
under a is a closed unbounded set of regular subalgebras; the converse is similar.] 



Historical Notes 

Maharam's Theorem 30.1 appeared in [1942]; the present proof is based on Fremlin's 
article [1989]. Theorem 30.10 appeared in Balcar, Jech and Zapletal [1997] improv- 
ing a similar earlier result of Koppelberg [1993]. The [1997] investigates semi-Cohen 
algebra, the concept introduced by Fuchino and Jech. Corollary 30.16: Koppelberg. 
Theorem 30.20 is due to Solovay. 

Rigid minimal algebras were studied by McAloon in [1971]. Constructions of 
a simple complete Boolean algebra in ZFC appeared in Jech and Shelah [1996] 
and [2001]. 

The game Q on & Boolean algebra was introduced in Jech [1978]; this and similar 
games were studied in Jech [1984]. Foreman's Theorem 30.25 appeared in [1983]. 
Exercises 30.11 and 30.12: Vladimirov [1969]. 
Exercises 30.13 and 30.14: McAloon [1971]. 
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31. Proper Forcing 



Definition and Examples 

Proper forcing was introduced by S. Shelah who isolated properness as the 
property of forcing that is common to many standard examples of forcing 
notions and that is preserved under countable support iteration. 

Definition 31.1. A notion of forcing (P, <) is proper if for every uncount- 
able cardinal A, every stationary subset of [A] w remains stationary in the 
generic extension. 

Properness is a generalization of both the countable chain condition and 
of being w-closed. The following two lemmas are the analogs of Lemma 22.25 
and Lemma 23.7 (for k = Hi): 

Lemma 31.2. If P satisfies the countable chain condition then for every 
uncountable A, every closed unbounded set C C [A]" in V[G] has a subset 
D e V that is closed unbounded in V. Hence every stationary set S C [A]" 
remains stationary in V[G]. 

Proof. Let p lh C is closed unbounded; let F be a name for a function 
from \ <LU into A such that p lh Cp C C (where Cp is the set of all clo- 
sure points of F — see Theorem 8.28). Let / : \ <UJ — > [A]" be the function 

/(e) = {a e A : ||F(e) = a\\ ? 0}. 

/(e) is countable because P satisfies the countable chain condition. Let 
D = C f . 

Since p lh F(e) e /(e), if x is closed under / then p lh F(e) G x, and so 
phDcC. □ 

Lemma 31.3. If P is uj-closed then every stationary set S C [A] w remains 
stationary in V[G]. 

Proof. Let p lh F : \ <LU — + A. We shall find a condition q < p and some ieS 
such that q lh F (x <u ) C x. 

Consider the model (H K , G, (P, <),p, F, lh) where n > A is sufficiently 
large. Let C be the closed unbounded set in [H\]" of all countable elementary 
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submodels of the model. By Theorem 8.27 there exists some N £ C such that 
N n A £ S. Let x = N n A. 

Enumerate x <u> = (e„ : n < ui) and construct a sequence of conditions 
p = p 0 > pi > . . . > p n > . . . such that for each n there exists an a n £ N n A 
such that p n lh F(e n ) = a n (by elementarity) . Let g be a lower bound 
for {p n }n- Then q lh F(x<") C x. □ 

Proper forcing does not collapse In fact, an easy argument shows that 
a stronger property is true: 

Lemma 31.4. If P is proper then every countable set of ordinals in V[G] is 
included in a set in V that is countable in V. 

Proof. Let X be a countable set of ordinals in V[G] and let A be uncountable 
in V such that X C A. The set ([A]") y remains stationary in V[G] and 
therefore meets the set {A £ [A]" : A D X}, which is a closed unbounded set 
in V[G]. Thus X C A for some A £ ([A] w ) v . □ 

We shall now formulate a technical condition that is equivalent to propcr- 
ness of a forcing notion, and that will be used to prove that properness is 
preserved under countable support iteration. We refer the reader to the ex- 
ercises for other equivalents of properness. 

Let (P, <) be a fixed notion of forcing. We say that A is sufficiently large 
if A is a cardinal and A > 2' P L A model M is an elementary submodel of 
(H\, £,<,.. .) where H\ is the collection of all sets hereditarily of cardinality 
less than A, < is some unspecified well-ordering of H\ (to allow for inductive 
constructions), and the structure of H\ contains all the relevant parameters; 
in particular, M contains (P, <). 

Definition 31.5. A condition q is (M, P)-generic if for every maximal an- 
tichain A £ M, the set AflMis predense below q. 

The following lemma (the proof is a routine exercise) illuminates the con- 
cept of (M, P)-genericity: 

Lemma 31.6. Let A be sufficiently large, let M ~< H\ be such that P £ M, 
and let q £ P. The following are equivalent: 

(i) q is (M, P)-generic. 

(ii) If a £ M is an ordinal name then q lh a £ M, i.e., 

Vr < q 3s < r 3/3 £ M s lh a = [3. 

(iii) q lh G fl M is a filter on P generic over M . □ 

Theorem 31.7. A forcing notion P is proper if and only if for all sufficiently 
large A there is a closed unbounded set C of elementary submodels M ~< 
{H\, . . .) such that 

(31.1) Vp £ M 3q < p (q is (M, P) -generic). 
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Proof. First we show that the condition is necessary. Let P be proper and 
let A be sufficiently large. Toward a contradiction assume that the set of all 
models M -< H\ for which (31.1) fails is stationary. By normality there exist 
a stationary set S C [if a] 1 " an d a condition peP such that for every q < p 
and every M e S, q is not (M, P)-generic. 

Now let V[G] be a generic extension with G 3 p, and let us argue in V[G]. 
Every maximal antichain A below p (in V) meets G in a unique condition g^. 
Let 

C = {M -< (H x ) v : if A g M then q A g M}; 
C is closed unbounded. Since 5 remains stationary in V[G], there exists some 

Mesne. 

For each A g M we have ^(inM) g G (because g^ g G), and by 
genericity, Uaem EO 4 n M) e G. Let g < HagmE^ 4 n M). Then g < p 
and g is (M, P)-generic, contradicting M e S. 

Now we prove that the condition is sufficient. Let P be a forcing notion 
that satisfies the condition of the theorem; we shall prove that P preserves 
stationary sets. Let A be an uncountable cardinal and let S C [A]" be sta- 
tionary. Let F be a name for a function F : \ <u> — > A and p g P. We shall 
find a g < p and x e S such that g lh a; is closed under F. 

Let /i > A be sufficiently large. By the assumption there exists a closed 
unbounded set G C [H^ such that (31.1) holds for every M g G. By 
Theorem 8.27, {Mfl A : g G} contains a closed unbounded set in [A]" and 
hence there exists some M g G with M n A g 5. 

Let q < p be (M, P)-generic. We finish the proof by showing that q lh 
MnA is closed under P. Let e g (MnA) <w ; we shall show that g lh P(e) g M . 
There is A g M such that A is a maximal antichain below p and every !»ei 
decides P(e). Now if r < q forces P(e) = a, then because An M is predense 
below q, r is compatible with some iceiflM and so w lh P(e) = a. Since 
a is definable from u>, F, and e, we have a g M. □ 

Another characterization of properness is formulated in terms of infinite 
games. 

Definition 31.8. Let P be a forcing notion and let p G P. The proper game 
(for P, below p) is played as follows: I plays P-names a n for ordinal numbers, 
and II plays ordinal numbers [3 n . Player II wins if there exists a q < p such 
that 

(31.2) glhVn3fcd„ = [3 k . 

Theorem 31.9. A forcing notion P is proper if and only if for every p g P, 
II has a winning strategy for the proper game. 

Proof. Exercise 31.3. □ 

We shall now present some examples of proper forcing. The following 
concept is due to J. Baumgartner: 



604 Part III. Selected Topics 



Definition 31.10. A notion of forcing (P, <) satisfies Axiom A if there is 
a collection {< n }^Lo of partial orderings of P such that p < 0 q implies p < q 
and for every n, p < n +i q implies p <„ q, and 

(i) if (p n : n € to) is a sequence such that pq >o pi >i ... > n -i >n • • • 
then there is a g such that q <„ p n for all n; 

(ii) for every pel 5 , for every n and for every ordinal name a there exist 
a q <n P and a countable set J3 such that q\\- a £ B. 

Lemma 31.11. If P satisfies Axiom A then P is proper. 

Proof. Let P satisfy Axiom A and let p G P. The following is a winning 
strategy for II in the game from Exercise 31.2: When I plays a n , let II find 
a condition p n <„_i p n -i (with po < p) and a countable set B n such that 
Pn II" tin € -Bn- If g is a lower bound for {pn}^L 0 then g witnesses that II wins 
the game. □ 

Example 31.12. Every w-closed forcing satisfies Axiom A. 

Let p < n q if and only if p < q, for all n. □ 

Example 31.13. Every c.c.c. forcing satisfies Axiom A. 

Let p < n q if and only if p = q, for all n > 0. □ 

Example 31.14. The notions of forcing that add a Sacks real, a Mathias 
real or a Laver real satisfy Axiom A. 

For Sacks reals, see (15.26). For Laver forcing, see (28.17); Mathias forcing 
is similar. □ 

In Exercises 31.5 and 31.6 we give Baumgartner's example of proper forc- 
ing that does not satisfy Axiom A. 



Iteration of Proper Forcing 

It is obvious that a two-step iteration of proper forcing is proper: If P pre- 
serves stationary sets and in V p , Q preserves stationary sets then P * Q 
preserves stationary sets. What is more important however is that proper- 
ness is preserved under countable support iteration. The present section is 
devoted to the proof of this. 

Theorem 31.15 (Shelah). If P a is a countable support iteration of {Qp : 
(3 < a} such that every Qp is a proper forcing notion in V Pa ^, then P a is 
proper. 

Toward the proof of Theorem 31.15 we first observe that the properness 
condition in Theorem 31.7 can be somewhat simplified: 
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Lemma 31.16. P is proper if and only if for every p G P, every sufficiently 
large A and every countable M -< (H\, G, <) containing P and p, there exists 
a q < p that is (M, P)-generic. 

Proof. Let P be proper and p G P. Let /x = 2' p l and A > yu; we recall that < is 
a well-ordering of H\. By Theorem 31.7 the set of all countable elementary 
submodels of with property (31.1) contains a closed unbounded set, and 
so it contains Cf for some function F : — > iJ M . If F is the least such 

function in H x then every M -< (H\, G, <) is closed under _F and so M (~l iTu 
satisfies (31.1). Hence every such M with P,p e A'/ satisfies the condition of 
the lemma. □ 

In order to prove that an iteration P a is proper, we wish to show that if 
A is sufficiently large and M -< H\ contains P a then for every p G P a r\ M 
there is some (M, P a )-generic q G P a such that q \\- a p G G. We prove this 
by induction; the main point is that the inductive condition is somewhat 
stronger: 

Lemma 31.17. Let P a be a countable support iteration of proper forcing 
notions. Let A be sufficiently large and let M -< (H\,£, <) be countable, with 
P a G M. For every 7 e aC\M, every q 0 e P 7 = P a [7 that is (M, P 7 )-generic, 
and every p e V p ~< such that 

(31.3) q 0 \\-^ p e (P a nM) and p\-f e G 7 

there exists an (M, P a ) -generic condition q G P a such that q\j = q 0 and 
q\\- a p£ G a . 

G a and G 7 are the canonical names for generic filters on P a and P 7 
respectively. Letting 7 = 0 (and q 0 the trivial condition 1 in P 0 = {1}), we 
get the desired result. 

Lemma 31.17 is proved by induction on a. In order to handle the successor 
stages we need first to prove the special case a = 2, 7 = 1; then the inductive 
step from a to a + 1 is a routine modification of the special case: 

Lemma 31.18. Let P be proper, let Q € V p be such that Ihp Q is proper 
and let R = P * Q. Let M -< H\ be countable, with R G M. For every 
(M,P)-generic qo € P and every p e V p such that 

q 0 \\- P p E (M n R) and p Q G G P 

{where p is a name for (po,pi) and Gp is generic on P) there is some q\ G V p 
such that (qo,qi) is (M, R)-generic and (qo,qi) \^rP G Gr. 

Proof. To find the name q\, let G be a generic filter on P containing qo. Let 
p = p° and q — Q G ; then p G M (~l R and p — (po,Pi) with p 0 G G. Since 
p\ G M, we have p\ G M[G] n Q, and since Q is proper, there exists (in V[G\) 
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a stronger condition qi that is (M[G], Q)-generic. (Here we use the fact that 
M[G] -< Hl [G] which we leave as an exercise.) This describes q\. 

That (qo,qi) is (M, P)-generic follows from q 0 being (M, P)-generic and 
q 0 lh qi is (M [Gp], (j)-generic (this is routine). Also, since q 0 lh p 0 € Gp and 
<Zo II" <Zi < Pi j we conclude that (</o, ?i) H~fl P G Gp. □ 

Proof of Lemma 31.17. We assume that a is a limit ordinal; hence aflM 
is a countable set of ordinals without a maximal element. Let (j n : n E lo) 
be an increasing set of ordinals in M with 70 = 7, cofinal in aflM. Let 
{D n : n E lu} be an enumeration of al dense subsets of P a that are in M. Let 
(jo € -P70 be (M, P 7o )-generic and let p be a y p ™-name such that (31.3) holds. 
We shall find a (M, P a )-generic condition q E P a such that gf7o = qo and 

9 IK Q p E G a . 

We construct q as the limit of conditions q n E P 7 „ such that q n +i \j n = Qn-, 
and such that each q n is (M, P 7n )-generic. 

Along with the q n we construct P 7ri -names p„ such that po = P and that 
for each n, q n forces 

(31.4) (i) Pn E(P a nM), 

(ii) Pn < Pn-1, 

(iii) p n E £)„_i , 

(iv) p„ f7„ e G 7 „ . 

Assume that g„ and p n have been constructed. To find pn+i, let G be a P Jn - 
generic filter such that q n E G, and let p n — p^. We have p n E P a H M 
and p n \"fn € G. Since q n is (M, P 7ri )-generic and D n E M, we can find 
a condition < Pn in P„ fl M such that p n +i f7n € G. This describes the 
P 7ri+1 -name p n +i- Now we apply the inductive condition to 7„+i (in place 
of a) and j n (in place of 7), for q n and |"7n+i; we obtain a € Py„+i 
that forces (31.4) (with n replaced by n + 1). 

Now we let (7 be the limit of the q n . Clearly, q E P a and (7C70 = Qo- We 
complete the proof by showing that for every n, q \\- a p n E G a . This implies 
not only that q lh Q p E G a , but also that q is (M, P a )-generic, because 
q\^Pn e (£>„_i nM). 

To verify that g lh a p„ e G Q , let G be a generic filter on P Q and let 
p n = Pn - We have p n E M and p„ f7fe e G 7fc n M for all k > n. Thus if we let 
S = sup(a n M), we have p n \5 E G5. Since p n E M, its support is included 
in M and therefore p n \8 = p n . It follows that p n E G. □ 

A significant consequence of Theorem 31.15 is that countable support it- 
eration of proper forcing preserves Hi. As for cardinals above H 1; one often 
needs additional assumptions on the iterates Qp to calculate the chain condi- 
tion. The easiest case was already stated in Exercise 16.20: If P is a countable 
support iteration of length k > H 2 such that each P\f3, (3 < k, has a dense 
subset of size < k, then P satisfies the K-chain condition. In particular, iter- 
ation of length uu 2 with each P\f3 having a dense set of size Hi, satisfies the 
H2-chain condition, and all cardinals are preserved. 
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A somewhat better result is the following which we state without a proof. 
For a proof, see Abraham's paper [oo] in the Handbook of Set Theory. [Shc- 
lah's book [1998] contains more general chain condition theorems.] 

Theorem 31.19. Assume CH. If P is a countable support iteration of length 
n<L02 of proper forcings Qp of size Hi, then P satisfies the ^2-chain condi- 
tion. □ 



The Proper Forcing Axiom 

When we replace the countable chain condition in Martin's Axiom MA^ 
by properness we obtain a more powerful statement, the Proper Forcing Ax- 
iom (PFA): 

Definition 31.20 (Proper Forcing Axiom (PFA)). If (P, <) is a proper 
notion of forcing and if I? is a collection of Hi dense subsets of P, then there 
exists a 2?-generic filter on P. 

It turns out that PFA implies that 2 N ° = H 2 , and therefore PFA is a gen- 
eralization of Martin's Axiom MA. Unlike MA, consistency of PFA requires 
large cardinals: It follows from the results stated later in this chapter that at 
least a Woodin cardinal is necessary. The consistency proof given below uses 
a supercompact cardinal. 

Theorem 31.21. If there exists a supercompact cardinal then there is a 
generic model that satisfies PFA. 

Proof. The proof follows loosely the proof of the consistency of MA. Let k 
be a supercompact cardinal. The model is obtained by countable support 
iteration of length n. Each notion of forcing used in the iteration is proper 
and has size < k, thus both Hi and all cardinals > k are preserved. Cardinals 
between Hi and k arc collapsed and so n becomes H 2 , and the model satisfies 
2 N ° = H 2 . 

In order to show that the resulting model satisfies PFA, we use a Laver 
function (see Theorem 20.21); this makes it possible to handle all potential 
proper forcing notions in k steps. 

Let / : k — » V K be a Laver function. We construct a countable support 
iteration P K of {Q a : a < k} as follows: At stage a, if f(a) is a pair (P,T>) 
of P a -names such that P is a proper forcing notion and I? is a 7-sequence 
of dense subsets of P for some 7 < n, we let Q a — P; otherwise, Q a is the 
trivial forcing. 

Let G be a generic filter on P K , the countable support iteration of {Q a : 
a < k}. Since each Q a is proper, P K is proper and therefore Hi is preserved. 
Each P a (the iteration of {Qp : (3 < a}) has size less than n (because 
f(a) € V a ) and so P K has the K-chain condition; hence all cardinals > n 
are preserved. 
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Lemma 31.22. In V[G], if P is proper and V = {D a : a < 7}, with 7 < k, 
is a family of dense subsets of P, then there exists a V-generic filter on P. 

This lemma will complete the proof of the theorem: For every 7 < k, 
let P be the forcing that collapses 7 onto uj\ with countable conditions, and 
for a < 7 let D a = {p G P : a G ran(p)}. By Lemma 31.22, there exists 
a collapsing map of 7 onto ui\. Thus n = K2 in V[G]. Now Lemma 31.22 
implies that V[G] satisfies PFA. Moreover, 2 No = H 2 in V[G]: On the one 
hand, PFA implies MA Nl and so 2 N ° > Hi, and on the other hand, 2 N ° < k 
because \P K \ = k. 

Proof of Lemma 31.22. Let P and V be P K -names for P and V. Let A > 2 2 "' 1 
be sufficiently large; we may also assume that P C A. Since / is a Laver 
function, there exists an elementary embedding j : V — > M with critical 
point k such that j{n) > A, M A C M, and (jf)(n) = (P,V). 

P is a proper forcing in V[G]. This is witnessed by some closed unbounded 
set C C [H v ] w of countable models for some 77 with 2l p l < i] < A. since 
M and P K has the K-chain condition, V[G) satisfies that M[G] X C M[G], 
and therefore C is closed unbounded in M[G]. Therefore P is proper in the 
model M[G}. 

Now consider the forcing notion j(P K ) in M. It is a countable support 
iteration of length using the Laver function j(f). Since j\V K is the iden- 
tity, we have j(P K )\n = P K . As = {P,i > ) and P is proper in M[G], 
it follows that (jQ) K = P- Hence 

]{P K ) = P K *P*R 

for some R. 

Let H * K be a t/[G]-gcncric ultrafilter on P * 7?. In V[G * P * K] we 
extend the elementary embedding j : V — > M to an elementary embedding 
j* : V[G] — > M[G * H * K] as follows: For every P K -namc i, let 

The definition of j* does not depend on the choice of the name x, since 
\\x = y\\ e G implies = G G * H * K (because = P f° r every 

p G P K ). Similarly, ||<^(a;)|| G G implies ||tp(j(i;))|| G G * H * K , and so j* is 
elementary. Clearly, j* extends j. 

The filter H on P is F[G]-generic and thus meets every D a , a < 7. Let 
E = {j(p) : p G H}. Since j[A G M, the set P is in M[G * H * K], and 
generates a filter on j*(P) that is j*(P)-generic. Thus 

M[G * H * K] N there exists a j*(2?)-generic filter on j*(P) 



and since j* : V[G] — > M[G * P * K] is elementary, there exists in V[G] a U- 
generic filter on P. □ 
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Applications of PFA 

Our first goal is to outline the proof of the following theorem: 
Theorem 31.23 (Todorcevic). PFA implies 2 N ° = H 2 . 

As the first step we show that the Open Coloring Axiom (29.6) is a con- 
sequence of PFA. If [X] 2 = K 0 U Ki with K 0 open, let us call Z C X 
0-homogeneous if [Z] 2 C Kq and 1-homogeneous if [Z] 2 cKx.lt is clear that 
the closure of a 1-homogeneous set is also 1-homogeneous, and so in (29.6) 
we can further assume that the sets H n are closed. 

The proof of OCA from PFA uses the following technical lemma that we 
state without proof: 

Lemma 31.24 (Todorcevic). Assume 2 N ° = Let X C R and [X] 2 = 
Kq U Kx with Kq open, and assume that X is not the union of countably 
many closed l-homogeneous sets. Then there exists an uncountable Y C X 
such that in any uncountable set W C {p E [Y] <UJ : p is 0-homogeneous} 
there exist p ^ q such that pU q is 0-homogeneous. 

Proof. See Theorem 4.4 of Todorcevic [1989] . (To apply the theorem, let F(x) 
be the closure of {y e X : x < y and {x, y} <G Kx}.) □ 

Theorem 31.25. PFA implies OCA. 

Proof. Let X C R and let [X] 2 = K 0 U Kx with K 0 open, and assume that 
X is not the union of countably many closed 1-homogeneous sets. We shall 
use PFA to find an uncountable 0-homogeneous set. 

Let P be the forcing (15.2) that adds a subset of uox with countable con- 
ditions. By Exercise 15.14, V p satisfies 2 N ° = Hi. Since P does not add new 
reals, it does not add new closed sets of reals and so in V p , X is not the 
union of countably many closed 1-homogeneous sets. 

By Lemma 31.24 there exists an uncountable Y e V p such that if we let 
Q = {p £ [Y] <UJ : p is 0- homogeneous} (and p is stronger than q if p D q) 
then the forcing notion Q satisfies the countable chain condition. Hence P*Q 
is proper. 

Let (y a : a < u>x) be an enumeration of Y in V p . For each a < wx, 
the set D a = {(p, q) e P x Q : p lh y a e q} is a dense set in P * Q. Let 
V = {D a : a < ujx}. By PFA there exists a 2?-generic filter G on P * Q, and 
then the set Y = \J{q : (p, q) <E G} is an uncountable 0-homogeneous set. □ 

Theorem 31.25 appears in Todorcevic [1989]. Its proof does not require 
the full force of PFA. What we used is a weaker statement that is obtained 
by replacing "proper notion of forcing" in Definition 31.20 by "Axiom A 
forcing of cardinality < 2^° ." This axiom is weaker than PFA (and stronger 
than MA^j ) and is consistent relative to ZFC+ "there exists a weakly compact 
cardinal" (see Baumgartner [1984]). 
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The consistency of related partition axioms was first established in Abra- 
ham, Rubin and Shelah [1985]. 

By Theorems 31.25 and 29.8, PFA implies OCA which implies b = K 2 . 
Thus to complete the proof of Theorem 31.23 it is enough to show that 
PFA implies b = 2 N °. We shall use another technical lemma of Todorcevic 
that we state without a proof. 

Let k < 2 N ° be a regular uncountable cardinal and let F : [k] 2 — > w be 
a partition. Let P be the forcing with countable conditions that adds a subset 
of u)\. In V p , \k\ = Hi and cf k = w\\ let C e V p be a closed unbounded 
subset of k of order-type w\ , consisting of limit ordinals. For every n and k let 
i?k be the forcing where conditions are finite fc-homogencous (for F) subsets 
of C + n = {a + n : a £ C}. adds a /c-homogeneous subset G^ of C + n. 
(In general, need not satisfy the countable chain condition.) Let be 
the product of ui copies of R*, and for every real r e cj w , let Q r = Q r (C) be 
the product of Q^ n \ n < u>. 

Lemma 31.26. There exists a partition F : [b] 2 — > ui such that in V p , for 
every C as above and every r e w w , Q r (C) satisfies the countable chain 
condition. 

Proof. See Bekkali [1991], page 49. The partition F is obtained by using 
oscillating real numbers, cf. Chapter 1 of Todorcevic [1989]. □ 

Lemma 31.27. PFA implies b = 2 N °. 

Proof. Let F : [b] 2 — > w be as in Lemma 31.26. Let P be the w-closed forcing 
that adds a subset of uj\, and let (7 £ V p be a closed unbounded subset of b, 
of order- type u>i. 

Let r e w w . The forcing P * Q r (C) is proper and we apply PFA to obtain 
a sufficiently generic filter G x J\ n Yli G n ,i- Let C(r) = C = C G ; C is a closed 
unbounded subset of some S(r) = S < b, cf 5 = u>i, and for each n, each G n ^ 
is an r(n)-homogeneous subset of C + n. Let C n ^ = G n ^ — n; by genericity, 
we have C = \J i<UJ C n> i for each n, and 

(31.5) r(n) = k if and only if Vi Va, /? e C n)i F(a + n, /? + n) = k. 

We claim that if r ^ s then S(r) ^ S(s). 

Let n be such that r(n) ^ s(n). Assuming that 5(r) = S(s) = 6, the set 
C(r) H C(s) is closed unbounded in (5, and we can find i and j such that 
C n ,i(r) n C n j(s) is unbounded. Let a < /3 be in this unbounded set; then 
by (31.5), F(a + /3,/3 + ri) = r(n) = r(s), a contradiction. 

Thus we have produced a one-to-one mapping of w u into b. □ 

The next theorem establishes the consistency strength of PFA (see the 
discussion following the proof): 

Theorem 31.28 (Todorcevic). PFA implies that D K fails for every un- 
countable cardinal n. 
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Proof. Let k be an uncountable cardinal, assume that D K holds, and let 
(C a : a E Lim(K + )) be a square-sequence (cf. (23.4)). 

Let T be the tree whose nodes are limit ordinals below k + , and [3 ~< a if 
[3 E Lim(C a ). Since (C a ) a is a square-sequence, T has no K + -branch. 

Let A be sufficiently large, and consider countable elementary submod- 
els M of Hx such that (C a : a < k + ) e M; let <5 M = E( Mn An elemen- 
tary chain is a sequence (M Q : a < wi) of elementary submodels of if a such 
that M a C Mp and M a e Mp whenever a < [3, and M a = \J fj<a Mp if a is 
a limit ordinal. If E is a finite subset of uj\ then an P-chain is (M a : a E E) 
such that each M a is an elementary submodel of H\, and M a U {M a } C Mp 
for a < (3 in E 1 . 

We now define a forcing notion P as follows: A condition p G P is a pair 
((N a :aeE),f) where 

(31.6) (i) £ is a finite subset of ui and (7V a : a e £) is an P-chain such 
that there exists an elementary chain (M a : a < wi) such that 
N a = M a for all a EE, 
iii) f is a function from {<5jv q : a G P} into w such that 7(7) 7^ /(<5) 
whenever 7 -< 5. 

A condition g is stronger than p if p = q\E. 

Note that (i) resembles the forcing that adds a closed unbounded set with 
finite conditions, and (ii) resembles the forcing that specializes an Aronszajn 
tree. 

Lemma 31.29. P is proper. 

Proof. We omit the proof, as it is similar to the proof of properness in Exer- 
cise 31.5 (and using the fact that (T, -<) has no K + -branch). □ 

Now we use PFA to reach a contradiction. Let G be a sufficiently generic 
filter on P. The filter G yields an elementary chain (N a : a < u>i) and a closed 
unbounded set {S a : a < u>i} (where S a — <5at q ) with supremum 7. There is 
a closed unbounded set C C oj\ such that for all a E C, S a is a limit point 
of Cj. Since S a -< Sp whenever a < [3 E C, it follows that {S a : a E C} is an 
wi-chain in T. 

On the other hand, the filter G yields a specializing function on {S a : 
a < oji}, that is a function F with values in u> such that F(S a ) ^ F(5p) 
whenever S a -< Sp. A contradiction. □ 

The proof of Theorem 31.28 has been modified by Magidor to show that 
under PFA, even a weak version of □ fails (we shall discuss these versions 
of □ in Chapter 38). It has been proved by Schimmerling that the failure of 
those principles imply an inner model for a Woodin cardinal. Thus we have: 



Theorem 31.30 (Schimmerling). If PFA holds then there exists an inner 
model of "there exists a Woodin cardinal.'" □ 
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Martin's Axiom MA^ 1 implies that there are no Suslin trees, and more- 
over, that every Aronszajn tree is special. PFA implies a stronger result. If 
T is a normal wj-tree and C C u>\ a closed unbounded set, then T\C is the 
tree {t e T : o(t) e C}. Two trees T\ and T 2 are club-isomorphic if there 
exists a closed unbounded C such that 7\ |"C and T 2 |"C are isomorphic. 

Theorem 31.31. // PFA holds then any two normal Aronszajn trees are 
club-isomorphic. 

Proof. Let T\ and T 2 be two normal Aronszajn trees. Consider the forcing 
with finite conditions (E, /) such that 

(31.7) (i) E is a finite subset of oj\ , 

(ii) dom(/) is a subtree of Ti \E in which every branch has size \E\; 
similarly for ran(/) C T 2 \E, 

(iii) / us an isomorphism. 

We omit the proof that P is proper and refer the reader to Todorcevic [1984], 
Theorem 5.10. 

A sufficiently generic filter on P yields an uncountable set A and an 
isomorphism between T\ \A and T 2 \A, which easily extends to T\ \C where 
C is the closure of A. □ 

We present one more consequence of PFA, due to J. Baumgartner (com- 
pare with Theorem 28.24): 

Theorem 31.32. // PFA holds then there are no H 2 - Aronszajn trees. 

Proof. Assume that T is an H 2 - Aronszajn tree. Let P be the forcing that adds 
a subset of lo\ with countable conditions. Since 2^° = H 2 , P collapses w 2 and 
so there is in V p a closed unbounded subset C of oj 2 , of order- type uj\. The 
tree T has no new branches (this is proved as in Lemma 27.10, because the 
levels of T have size Hi < 2 N °). Thus it = T\C is in V p an wi-tree with no 
Wi-branches. 

Now let Q e V p be the specializing forcing for U, as in Theorem 16.17. 
Q satisfies the countable chain condition, and so P * Q is proper. 

Let G be a sufficiently generic filter on P*Q. It yields a closed unbounded 
subset C of some 7 < lo 2 , a tree U = T\C, and a specializing function / : 
U — > v. This is a contradiction, since a special tree has no c^-branches, while 
every t e T at level 7 produces an wi-branch in U. □ 
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Exercises 

31.1. If P is strategically oj-closed then P is proper. 

The following two exercises present equivalent versions of the proper game: 

31.2. Let p £ P. Player II has a winning strategy in the proper game if and only if 
II has a winning strategy in the game where I plays ordinal names d„ and II plays 
countable sets of ordinals B n , and II wins if some q < p forces Vn 3k a n £ B k . 

31.3. P is proper if and only if for every p £ P, II has a winning strategy in the 
following game: At move n, I plays a maximal antichain A n and II responds by 
playing countable sets Bq C Aq, . . . , B™ C A n . II wins if for some q < p, Vn 
Ufcln B n is predense below q. 

[In the forward direction, let A be sufficiently large and let C be a closed un- 
bounded set of models M -< H\ that satisfy (31.1) and p £ M. The following is 
a winning strategy for II: When I plays A n , let II choose some M n £ C such that 
M n D M„_i and A n £ M„, and let B% = A k nM n , k = 0, . . . , n. Let M = (J™ =0 M n 
and let q < p be (M, P)-generic. Since A„nM = lXlo B »> 11 

wins. 

Conversely, let a be a winning strategy for II, and let A be sufficiently large 
with a £ H\. Show that for every M -< H\ such that P,p,o~ £ M there is some 
(M, P)-generic q < p (by playing a game in which I plays successively all maximal 
antichains A £ M). Let C p be the closed unbounded set of all such M; the diagonal 
intersection A p C p witnesses that P is proper.] 

31.4. If P satisfies Axiom A and p £ P then II has a winning strategy in the 
following game (more difficult for player II than the proper game): I plays ordinal 
names a n and II plays countable sets of ordinals B n ; II wins if some q < p forces 
Vn a n £ B n . 

Adding a closed unbounded set with finite conditions: A condition p £ P 
is a finite function with dom(p) C wi, ran(p) C uii such that there exists a normal 
function / : a>i — ► a>i with / Dp. A condition q is stronger than p if q D p. If 
G is generic then /g = U{P : p G G} is a normal function. Note that if a = oj 13 
(an indecomposable ordinal) and p C a x u is a condition then p U {(a, a)} is also 
a condition. 

31.5. Let P be as above and let p £ P. Then II has a winning strategy in the game 
from Exercise 31.3. Hence P is proper. 

[When I plays A n , II finds some indecomposable a n > a„_i such that for all 
k < n 

(V/3 < a) (37 < a)(Vp C 7 x -y)(3q C 7 x 7) g G A fc 
(and q is compatible with p), and plays = {p€4t:j)Ctt n x a n }.] 

31.6. Let P be as above. Then I has a winning strategy in the game from Exer- 
cise 31.4. Hence P does not satisfy Axiom A. 

[Let / be the name for fa- At move n, player I chooses an indecomposable 
ordinal ct n greater than B„_i and plays f(a n ).] 

31.7. Let P be the cj-closed forcing for collapsing u>2 to u>i with countable condi- 
tions. There exists a set T> of H2 dense sets for which there is no ©-generic filter. 

[For a < u) 2 , let D a = {p £ P : a £ ran(p)}.] 

PFA+ is the following statement: If P is proper, if V = {D a : a < uii} are 
dense sets and if lh S C wi is stationary, then there exists a ©-generic filter G such 
that S G is stationary (where S G = {a : 3p £ G p lh a £ S}). 
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31.8. PFA + is consistent relative to a supercompact cardinal. 
[Modify the prool of Theorem 31.21.] 

31.9. PFA + implies that for every regular n > u>2, every stationary set A C E* 
reflects at some 7 of cofinality u)i . 

[Let A C E^ be stationary. Let P consist of closed countable subsets of k, 
ordered by end-extension. P is cj-closed and adds a closed unbounded subset Cc k 
of order- type uji. A remains stationary and so AnC is a stationary subset of C; let 
S = f-i(A n C) where / is the isomorphism between u>i and C. If G is sufficiently 
generic such that S a is stationary, then A (1 C G is stationary in 7 = sup(7 G .] 

PFA~ is the statement: If P is proper such that \P\ < Hi and if T> — {D a : 
a < oji} are dense then there exists a ©-generic filter. In [1982] Shelah proves that 
PFA~ is consistent relative to ZFC only. 

31.10. PFA~ implies that any two normal Aronszajn trees are club- isomorphic. 
[The forcing in (31.7) has size Ki.] 



Historical Notes 

Proper forcing was introduced by Shelah, cf. [1982] and [1998]. The iteration The- 
orem 31.15 is due to Shelah; our treatment follows Abraham's article [00]. The 
proper game was formulated independently by Shelah and C. Gray. 

Proper Forcing Axiom was introduced by Baumgartner [1984]; earlier (Baum- 
gartner [1983]) he introduced Axiom A. Theorem 31.21 is due to Baumgartner. 

Theorem 31.23: Todorcevic [1989], see also Bekkali [1991]. (The claim in 
Velickovic [1992] to this result cannot be substantiated.) 

Theorem 31.25: Todorcevic [1989]; Abraham, Rubin and Shelah [1985]. 

Theorem 31.28: Todorcevic [1984]. 

Theorem 31.31: Abraham and Shelah [1985]. 

Theorem 31.32: Baumgartner [1984]. 

The forcing for adding a closed unbounded set with finite conditions is due to 
Baumgartner [1983]. 

Exercises 31.8, 31.9: Baumgartner [1984]. 
Exercise 31.10: Abraham and Shelah [1985]. 
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IlJ Equivalence Relations 

Theorem 32.1 (Silver). If E is a 11} equivalence relation onN then either 
E has at most H 0 equivalence classes or there exits a perfect set of mutually 
inequivalent reals. 

Thus every II} (and in particular) Borcl equivalence relation has either at 
most countably many or 2 N ° equivalence classes. This can be viewed as a gen- 
eralization of the perfect set property for analytic sets (Theorem 11.18); cf. 
Exercise 32.1. The theorem does not extend to £}, as there exists a E} equiv- 
alence relation with exactly Hi equivalence classes (Exercise 32.2). 

We present a proof of Theorem 32.1 that is due to Leo Harrington. We 
start with an easy lemma. 

Lemma 32.2. let E be a meager equivalence relation on J\f. Then there 
exist a perfect set of inequivalent reals. 

Proof. Let {D n } n be dense open sets in TV x jV such that Af 2 — EZ) D^Lo ^n- 
We construct a binary tree of finite sequences {u s : s € Seq({0, 1})} C Seq 
such that for every n, if \s\ = \t\ = n and s ^ t, then 0(u s ) x 0{ut) C D n . 

This is done by induction on the length of s. If the u s have been defined 
for all s G {0, 1}™, we consider successively all possible pairs (s'~~i,t'^j), and 
using the density of D n +i, successively extend each u s ~i until 0(u s — i) x 
0(u t ~j) C D n+1 for all s,t e {0, 1}™ and i,j = 0, 1. 

For each / e {0, 1} W let aj be the unique member of H^Lo ^( u /rn)- The 
set {cif : / € {0, 1}"} is perfect, and if / ^ g then (aj, a g ) £ E. □ 

We shall use a version of Lemma 32.2 for a different topology on N x TV. 
Toward the proof let us recall some basic facts about the property of Baire. 
In particular, Lemmas 11.16 and 11.17 as well as the fact that the cr-algebra 
of sets with the Baire property is closed under the Suslin operation A, remain 
true in every second countable space (i.e., space that has a countable basis). 

We shall prove Silver's Theorem for (lightfacc) 11} equivalence relations; 
the proof relativizes to 11} (a) for every real parameter a. 

Definition 32.3. The Y\-topology on N is the topology with basic open sets 
being all the Si subsets of TV. 
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The £}-topology has a countable base and is larger than the standard 
topology, as every basic open set O(s) in Af is £?. 

Lemma 32.4. The T\-topology satisfies the Baire Category Theorem. 

Proof. Exercise 32.3. □ 

Lemma 32.5. If X is comeager in the Y\-topology then for every nonempty 
Y>\subsetAofNxAf,A^{XxX)^%. 

Proof. The lemma states that X x X is dense in the £]-topology on Af x Af 
(which is larger than the product of the Sj-topology). If D is a dense open 
set in the £}-topology then D x Af is dense open in the Sj-topology on Af 2 : 
This is because if A ^ 0 is a £} subset of Af 2 then its projection is £} and 
hence meets D. 

Let X D Pl^Lo D n where each D n is dense open. Then X x X D 
f]^ =0 (D n x Af) n n^Lo(-^" x D n ), and the latter set is dense, by the Baire 
Category Theorem applied to the £}-topology on Af x Af. □ 

Given a 11} equivalence relation E on Af, consider the set that is the 
complement of the union of all X} sets contained in some equivalence class: 

(32.1) H = {a e Af : for every T,\ set U, if a e U then there is a b G U with 

(a,b)$E}. 

Note that if H is empty then every equivalence class is the union of £} sets 
and therefore there are at most Ho equivalence classes. We shall prove that if 
H ^ 0 then there exists a perfect set of incquivalcnt reals. 

Lemma 32.6. H is a set. 

Proof. First note that if an equivalence class A of E contains a nonempty 
Y\ set U then A is II}: 

x G A *-^> Vy (y £ U —> x E y). 

Then by the separation principle there exists a A} set V such that U C 
VdA.It follows that 

(32.2) H ={a: for every A} set U,ifaeU then 3b £ U with (a, b) £ E}. 

The quantification "for every A} set" in (32.2) can be replaced by "for every 
Borcl code for a A} set" and since we are dealing only with lightface A} sets, 
this can be replaced by a number quantifier Vn. Similarly, "a £ U" and 
"6 £ U" are A} properties, and it follows that H is £}. □ 

Lemma 32.7. For every a £ Af, E a r\H is meager in the Y\-topology, where 
E a = {b:(a,b)£E}. 
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Proof. If if = 0 then there is nothing to prove; thus assume if ^ 0. The 
set E a is II} and therefore has the Baire property in the -topology. If 
E a n if is not meager then there exists a nonempty set U such that 
E a fl U is comcagcr in £7. As Ef C if, Lf x £/ is not contained in E and so 
U 2 — E is nonempty; hence we have (by Lemma 32.5) (U 2 — E)r\(E a (lU) 2 =/= 0. 
In other words there exist 6, c e [/ such that a E b, a E c and (6, c) ^ £7, 
a contradiction. □ 

Lemma 32.8. En (if x if) is meager (in the product of the Y,\ -topology) . 

Proof. By Lemma 32.7 and Lemma 11.16. □ 

Proof of Theorem 32.1. If if is empty then E has at most H 0 equivalence 
classes. If if ^ 0 then if is S} and therefore a basic open set in the £]- 
topology. By Lemma 32.8 E n (if x if) is meager in the product of the 
£}-topology. The rest of the proof (which we omit) is a combination of the 
construction in the proof of Lemma 32.2 and the construction in Exercise 32.3: 
One can produce a perfect set {aj : f € {0, 1}"} C if 2 such that (aj, a g ) £ E 
whenever / ^ g. □ 



Equivalence Relations 

Theorem 32.9. If E is a £} equivalence relation on Af then either E has 
at most Hi equivalence classes or there exists a perfect set of mutually in- 
equivalent reals. 

This theorem, due to J. Burgess, extends Silver's Theorem and uses it in 
the proof. Note that Exercise 32.2 makes it best possible. 

Proof. Let E be a equivalence relation. There exists a tree Ton(wxaj)xa) 
such that for all a, b £ Af 

(32.3) aEb^ T(a, b) is ill-founded. 

We define, for each a < u>i, a relation E a on TV as follows: 

(32.4) aE a 6^ not (||T(a,6)|| <a). 

It is clear that each E a is a Borcl relation, E a D E 13 if a < [3, E a = f] 0<a E& 
if a is limit, and E = PL^i E a - Moreover, each E a is reflexive as E a D E. 

Lemma 32.10. There is a closed unbounded set C C uj\ such that for each 
a e C, E a is an equivalence relation. 
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Proof. If T(x, y) is well-founded then so is T(y, x) (by the symmetry of E) and 
so for every a < u>i the set {T(y, x) : \\T(x, y)\\ < a} is a set of well-founded 
trees. The set is and so, by the Boundedness Lemma there is a countable 
ordinal f(a) such that ||T(y, < f(a) whenever ||T(a;,y)|| < a. Let 7 be 
a closure point of /, i.e., if a < 7 then f(a) < 7. Let a, b e N ■ If (b, a) ^ E 1 , 
or ||T(6, a) || < 7, then ||T(o, 6)|| < 7, or (a, 6) ^ P 7 and so P 7 is symmetric. 

Similarly, there is a function g : uii — > u>i such that if 7 is a closure 
point of g then for all a,b,c e A/", if (a, c) ^ P 7 then either (a, 6) ^ P 7 or 
(6, c) ^ P 7 . Let C be the set of all closure points of both / and g. □ 

Now assume that E has more than Hi equivalence classes. We shall prove 
that there exists a perfect set of _E-inequivalent reals. 

Let V[G] be a generic extension of V that collapses ^1 and makes = 
H^ 0 !. Let E denote the relation defined in V[G] by (32.3), and for each 
a < uj\ [G] let E a be defined by (32.4). E is £}, and each is Borel. By 
absoluteness, E P\ V = E and E is an equivalence relation, E a DV — E a 
for each a < lo\ , and if E a is an equivalence relation then so is E a . Since 
E^i = f] a<LU v E a , it is a Borel equivalence relation. We assume that E has, 
in V, a set X of size H2 of incquivalent reals. If x, y G X and x,y ^ E then 
(x, y) ^ for some a < cj) 7 . Hence X is a set of E" 1 -incquivalent reals, 
and X is uncountable in V[G]. 

~ V 

By Silver's Theorem, E u i has a perfect set of inequivalcnt reals. These 
reals are £^-inequivalent and so 

(32.5) ^ there is a perfect set of _E-incquivalcnt reals. 

However, the statement in (32.5) true in V[G] is clearly T,\ and so by Shoen- 
ficld's Absoluteness Theorem, it holds in V . Therefore in V, there exists 
a perfect set of _E-incquivalcnt reals. □ 

Constructible Reals and Perfect Sets 

We recall (Lemma 26.50) that if there exists a nonconstructible real then the 
set i? fl L is Lebesgue measurable only if it is null, and has the property of 
Baire only if it is meager. The following theorem proves a similar result for 
perfect sets. 

Theorem 32.11. If there exists a nonconstructible real then the set R(l L 
does not have a perfect subset. 

Proof. As a first step we show that RC\L does not have a superperfect subset. 
A tree T C Seq is superperfect if for every t £ T there exists an s D t in T 
such that s^k e T for infinitely many k € uj. (We call s an 10- splitting node 
of T.) A nonempty set P C Af is superperfect if P = [T] for some superperfect 
tree T. 
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Lemma 32.12. If J\f (1 L has a superperfect subset then every real is con- 
structible. 

Proof. Instead of AT, consider the space of increasing sequences of natural 
numbers. Let x, y, z be distinct elements of and let 

(32.6) 0(x, y, z) = {n e u : z(n — 1) < x(n — 1), z(n — 1) < y(n — 1) and 

z(n) > x(n), z(n) > y(n)}. 

If 0(x } y, z) is infinite, let (nk ■ k e u) be its increasing enumeration and let 

(32.7) o(x,y, z) = {k : x(n k ) < y(n k )}. 

Now assume that P = [T] is a superperfect subset of such that every 
x e P is constructible. We shall prove that every real is constructible as 
follows: Let icwbe arbitrary; we shall find x, y, z e [T] such that o(x, y, z) 
(is defined and) is equal to A. Then A is constructible, as the definition (32.7) 
is absolute for L. 

Thus let A C u be arbitrary. We find x,y,z e [T] by constructing in- 
ductively their initial segments. We construct sequences x 0 C x 1 C . . . C 
x k C . . ., yo C yi C ... C y k C . . ., and z 0 C z x C . . . C z k C . . . of 
w-splitting nodes of T such that for each k, n k = \zk\ is the kth clement of 
0(x,y,z), and k G o(x,y,z) if and only if fc <G A Inductively, we arrange 
^fe = \xk\ > rik and = \y k \ > nk, as well as Zk(n k — 1) < Xfe(nfc - 1) and 
z fe (n fc - 1) < y fc (n fc - 1). 

We omit the initial stage of the induction as it is similar to the induc- 
tion step: At stage k + 1 we find an integer i greater than Xk(h — 1) and 
Vk(jnk — 1) such that z^T'i € T. Then we let Zk+i D z k be an ^-splitting node 
above such that n k +i = \zk+i\ is greater than Ik and m,k- Now if k + 1 e A, 
let j > Zk+i{fik+i — 1) be such that x^Pj e T, and let x k +i D x jPj be an lo- 
splitting node such that lk+i = > n k +i- Then let h > Xk+\{l k +i — 1) 

be such that yjPh € T and let y k +i 3 y^/i be an w-splitting node such that 
rrik+i = \y k +i\ > 'fe+i- If & + 1 ^ A, we reverse the construction of Xk+i 
and yk+i- Since x^+i, y k +i, and z^ + i arc all increasing it follows that rik+i is 
the least n > n k that belongs to 0(x, y, z), and the construction guarantees 
that x(rik+i) < y(n k +i) if and only if k + 1 e A. □ 

Now we complete the proof of the theorem. If fin L is countable then the 
theorem is true trivially, so assume that Hf = Hi. If X is a countable subset 
of fin L, then given a constructible enumeration (a a : a < uii) of fin L, we 
have X C {a Q : a < 7} for some 7 < Wi, and so there exists a constructible 
y C fi n L such that X cY and |F| L = H 0 . 

Let P be a perfect subset of the Cantor space and assume that P C 
{0, 1}" n L. Applying the preceding argument to a countable dense subset 
X C P, we obtain a constructible countable set D G L that is a dense subset 
of C = {0, 1}" and that D n P is dense in P. Let C — D = X. 
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The space X is homeomorphic to the irrationals which in turn is homeo- 
morphic to M and N is homeomorphic to [oj]^ ■ Thus there exists a homeomor- 
phism h between X and moreover h is coded in L because D € L. The 
set P — D, a closed subset of X, contains no compact subset with nonempty 
interior, and therefore the set h(P — D) has the same property in it fol- 
lows that h(P — D) is superperfect. Hence h(P — D) is a superperfect subset 
of [w]" H L, contradicting Lemma 32.12. □ 



Projective Sets and Large Cardinals 

One of the successes of modern set theory has been the discovery of the close 
relationship between the hierarchy of definable sets of reals and the hierar- 
chy of large cardinals. We shall elaborate on this relationship in subsequent 
chapters. In the present section we apply the large cardinal theory to £3 sets. 

By Theorem 25.38, the perfect set property for £2 se ^ s ^ s equivalent to 
the large cardinal assumption 

(32.8) Hi is inaccessible in L[a], for every a <G R 

(see Exercise 32.4). The statement (32.8) also implies that every Y,\ set is 
Lebesgue measurable and has the Baire property. 

By Solovay's Theorem 26.14, inaccessibility is sufficient for the consis- 
tency of Lebesgue mcasurability and the Baire property of all projective sets. 
The following theorem shows that the assumption is necessary for Lebesgue 
measurability, while by another result of Shclah, the Baire property for all 
projective sets is consistent relative to ZFC only: 

Theorem 32.13 (Shelah [1984]). If every £3 set of reals is Lebesgue mea- 
surable then Hi is an inaccessible cardinal in L. □ 

We shall outline a result that shows that under a suitable strengthening 
of (32.8), every £j set is Lebesgue measurable, has the Baire property, and 
has the perfect set property. The key is a tree representation of £| sets in 
the presence of a measurable cardinal. 

Theorem 32.14 (Martin and Solovay [1969], Mansfield [1971]). If 

there exists a measurable cardinal then for every £3 set A there exists a tree T 
on uj x A (for some A) such that A = p[T]. 

Proof. Let k be a measurable cardinal and let U be a normal measure on n. 
For each n, let U n be the ultrafilter {X C K n : X D [Z] n for some Z e U}, and 
let j n = i n n+ 1 be the canonical elementary embedding i n n+1 : UhV (V) — > 
UhV n+1 (n 
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Let A c N be a £3 set. A can be expressed as 

(32.9) x e A <-» 3y Vz i?(x, y, z) is ill-founded 

where i? is a recursive function, R(x,y,z) is, for each ir, y, z, a linear order 
of uj and R(x,y,z) restricted to n = {0, ...,n — 1} depends only on xfn, 
y[n, zfn. Let 7r : Seg^ — > w be defined so that ir(x\n, y\n, z\n) is the position 
of n — 1 in the order R(x, y, z) \n. Let {s/c}^Lo be an enumeration of Seq. We 
let a = «o,w( K ) ; an d define 

(32.10) (x\n,y\n, (f3 0 , . . .,(3 n -i)) e T <-> j^i^i^^k) > Pi 

for every i = 0, . . . , n — 2, where Z = length(sj) and s fc = Sj \l. 

We leave to the reader to verify that x e A if and only if T(x), a tree 
on u x a, is ill-founded. For details we refer to Kanamori's book [1994], 
Chapter 15. □ 

A careful analysis of the tree representation in Theorem 32.14 shows that 
the assumption can be weakened to 

(32.11) for every a € R, a? exists 

and the tree T can be constructed onux^ (see Kanamori [1994] for details). 
Thus one obtains: 

Theorem 32.15 (Martin). If for every a £ R, a" exists, then every £3 set 
is uj 2 -Suslin, and hence a union of H 2 Borel sets. □ 

The following theorem establishes good behavior of £3 sets under a large 
cardinal assumption: 

Theorem 32.16 (Magidor [1980]). Let us assume that there exists a mea- 
surable cardinal, and that LO\ carries a precipitous ideal. Then every £3 set 
is Lebesgue measurable, has the Baire property, and is either countable or 
contains a perfect subset. 

Proof. Let i be a S3 set and let A = p[T] where T is the tree defined in the 
proof of Theorem 32.14. We shall prove that under the given assumptions, 

(32.12) R n L[T] is countable. 

Then the statements on Lebesgue measurability and the Baire property can 
be derived as the corresponding result (Theorem 26.20 and Corollary 26.21) 
for £2 se t s: Using absoluteness, one can show that 

A = {x e R : L[T] h tp(x)} 

for some formula ip, and apply Corollary 26.6. The perfect set property is 
derived by using Lemma 25.24. 
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Let I be a precipitous ideal on ui\, and let M — lilted V) be the generic 
ultrapower by /, that is by a generic ultrafiltcr G obtained by forcing P 
consisting of /-positive sets. As / is precipitous, M is well-founded and we 
identify it with a transitive class M C V[G]. Let i : V — > M be the corre- 
sponding elementary embedding. We shall prove 

(32.13) i{T) = T. 

This will suffice, as (32.13) implies (32.12), as follows: Assume that a^, £ < u>\, 
are uncountably many (distinct) reals in L[T]. The function (a^ : £ < u>i) 
represents a real a G Ultc, and since each G L[T], we have a G L[i(T)\ = 
L[T]; hence a G V. But then i(a) = a, and so a = for G-almost all £. This 
is a contradiction since G is nonprincipal. 

Toward the proof of (32.13), let k, U, U n , and j n be as in the proof of 
Theorem 32.14. 

If 7 is an inaccessible cardinal then 7 is still inaccessible in V[G] and it 
follows that 1(7) = 7. In particular i{n) = n. Let U be the filter in V[G] 
generated by U; similarly U n . 

Lemma 32.17. i(U) = UDM, i(U n ) = U~ n nM. 

Proof. It suffices to show that i(U) C U n M; if X G i(U) we want a W G U 
such that X D W. X is represented by (A^ : £ < so let y = r)f<wi -^Qj 
we have Y G [/ and i(y) C A. Now if IF = {7 G y : 7 is inaccessible} we 
haveiyet/andiy = i"yci(y)cA. □ 

Lemma 32.18. Let h G V[G] be a function h : k — > V . TTien i/iere exists 
a function H G V smc/i i/iai /i(a) = a.e. mod [/. Similarly for h : K n — > 

V (and [/„). 

Proof. For each a < k there is a maximal antichain Wa in P and a set 
{2^ : p G W a } such that p lh h(a) = x°. Let W be such that W a = W for 
[/-almost all a, and let p be the unique peGflff. Now let H(a) = ir^, for 
all a < k. □ 

Lemma 32.19. Let f G V be a function f : k — > Ord. TTien i/iere exists 
a function g G M smc/i £/iat /(a) = g(a) a.e. mod ?7. Similarly for /:«"-» 
Ord. 

Proof. Every ordinal /3 is represented in M by some hp : uj\ ^ Ord, hp G V. 
For each a < k, pick (in y[G]) some /i/( Q ) : — » Ord that represents /(a) 
and let /i(a) = hf( a y By Lemma 32.18 there is some H G V such that 
if (a) = hft a \ a.e.; let A G U be a set of inaccessibles such that if (a) = hft a \ 
for all a G A. 

For each £ < W\, let g 5 (a function on k, in V) be defined by g^(a) = 
(ff(a))(£), and let G(£) = G is in V and represents in M some function </. 

For each a£i, = a, and .9(a) is represented by the function that 
sends £ to (ff(a))(£), but since (if(a))(£) = /i/( Q )(£) for all £, g(a) is repre- 
sented by /i/( Q ). It follows that g(a) = .f(a). □ 
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As a consequence of Lemmas 32.17, 32.18, and 32.19, if a function f E V 
represents an ordinal in \]ltu n (V) then there is an [^-equivalent function 
g E M that represents the same ordinal in Ultjm n )(M). Consequently, 

(32.14) (*&,))(«) =jn(a) for all a 

(where i(j n ) = U 7 £Ord ^U^t))- Using (32.14) and the definition of T, one 
can now verify that i(T) — T. □ 

The existence of a measurable cardinal alone is not sufficient in Theo- 
rem 32.16. If V = L[U] then there exists an uncountable S3 set that is not 
Lebesgue measurable, does not have the Baire property, and does not contain 
a perfect subset: 

Theorem 32.20 (Silver [1971a]). RnL[U] is a £j set. The ordering < L[U] 
of R is a £3 relation. □ 

Also, the analog of Lemma 25.27 holds for <l[u\, an d the arguments for 
£3, sets and L can be adopted for £3 and L[U\. 



Universally Baire sets 

Definition 32.21. A set A C is universally Baire if for any compact 
Hausdorff space X and any continuous function / : X — > R, the set 
f_i(A) has the property of Baire in X. 

The set of all universally Baire sets is a cr-algebra and is closed under 
operation A. Thus every £} set is universally Baire. We show below that 
every universally Baire set is Lebesgue measurable and that the statement 
that every A3; set is universally Baire has consistency strength between inac- 
cessible and Mahlo cardinals. The assumption that every projective (or even 
every Y,\ set) is universally Baire is considerably stronger; we refer to Feng, 
Magidor and Woodin [1992] for details. 

Theorem 32.22. A set A C R is universally Baire if and only if for every 
notion of forcing P there exist trees T and S on u) x A (where A = 2l p l) such 
that 

(32.15) A = p[T], R-A = p[S] 
and for every generic filter G on P, 

(32.16) V[G] \= p[T] U p[S] = R and p[T] n p[S] = 0. □ 

We omit the proof of this equivalence. We remark that in the definition the 
space X can be replaced by the generalized Cantor space A" (for all A), and 
in the theorem, the forcing notion P can be replaced by Col(A) = Col (a;, A), 
the collapse of A with finite conditions. 
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Corollary 32.23. Every universally Baire set is Lebesgue measurable. 

Proof. Let A C R be universally Baire. Let B be the measure algebra, and 
let T and S be trees on lu x A such that A = p[T], R — A = p[S], and 

(32.16) holds for every generic ultrafiltcr G on B. 

Let a be the canonical name for a random real and let B be a Borel set 
such that || a £ p[T]\\ = [B]. We will show that A A B has measure 0, and 
thus A is measurable. 

Let M be a countable elementary submodel of H K where H K is sufficiently 
large. We claim that for every random real x over M, 

(32.17) x£p[T]<^x£B. 

If x £ B then B \\- a £ p[T] and hence M \= (B Ih a £ p[T\). Thus 
M[x] \= x £ p[T], and so x £ p[T]. tf x (£ B then —B Ih a e p[S] and 
M[a;] \= x £ p[S], and hence a; ^ p[T], proving (32.17). 

Since M is countable, almost all reals are random over M, and therefore 
AABis null. □ 

Theorem 32.24. 77ie following are equivalent: 

(i) Every A2 se£ is universally Baire. 

(ii) V is Yi\-absolute with respect to every generic extension. 

The statement (ii) states precisely: If P is a forcing notion and y(a;i, . . . , 
x„) a n| formula then for all reals ai, . . . , a n , 

<p(ai,...,a n ) if and only if lh P y?(ai, . . . , a n ). 

Its consistency strength is between inaccessible and Mahlo: It is the exis- 
tence of an inaccessible cardinal k such that V K V', see Exercises 32.6, 
32.7, 32.8. 

Proof. First assume Ej-absoluteness for generic extensions and let A be 
a A 2 set. We have 

(32.18) x £ A <-» 3y ip(x, y) <-» x e p[T] 
and 

(32.19) x e A <-> 3yip(x,y) <-» x e p[S] 

where </9 and V are 11} and T and 5 are trees on w x wi. 

If V[G] is a generic extension then the second equivalences in (32.18) 
and (32.19) hold in V[G], by S^-absoluteness. Since p[T] U p[S] = R is 
a IlJ statement (namely Vx(3y<^ V Byip)), and p[T] Dp[S] = 0 is n^, S^- 
absoluteness gives (32.16). 
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Now assume that every A.\ set is universally Baire and prove the generic 
Sg-absoluteness. It is enough to prove it for P = Col(A), as every V p embeds 
in L Col ( A ) for sufficiently large A. 

Let (p be a T,{ formula (with a parameter in R v ) and assume that V[G] \= 
3x Vy <p(x, y). Let x € V c ° 1 ^ be such that lh Vy ip(x,y). There is a function 
/ : A w — > w w such that / is continuous on a comeager Gs set such that for 
every generic collapse GeA", f(G) = x G . 

Toward a contradiction, assume that V 1= Vx By -xp(x, y). By Kondo's Uni- 
formization Theorem, there exists a II} function g such that \/x-np{x,g{x)). 
We claim that the function g o / is continuous on a comeager set in A" . For 
each s € Sec/, g_i(0(s)) is a set, therefore universally Baire, and so there 
exists an open set D s such that B s = D s A (O(s))) is meager. Let 

^4 = A" — U{B S : s G Seg}; A is comeager and g o / is continuous on A. 

We may assume that A = H^Lo Ai> with each D„ dense open. For x G A, 
let F(a;) = (f(x),g(f(x))); F is continuous on A. 

Let T be a tree on lo x w x lo such that p[T] is the set {(x, y) : ip(x, y)}. 
Since V[G] N <p(f(G),g(f(G))) and G G n~ =0 A„ wc havc that T ( F ( G )) is 
ill-founded. In other words, V[G] satisfies 

(32.20) 3xT(F(x)) is ill-founded. 

The statement (32.20) can be expressed as "T* is ill-founded" where T* is 
the tree 

(<7, s, t, u) G T* <-> (s, i, it) G T, lcngth(cr) = length(s) = n 
and 3tO(<t^t) C f|j<„ A and 

F"(0(^r) -UZo(^ AO) C 0(a,t) 

(where 0{(j^t) and 0(s,i) are basic open sets in A^ and lo u x lo"). 

By absoluteness, T* is ill-founded in L, and so (32.20) holds in V . In 
other words, for some x G A we have ip(f(x),g(f(x))), a contradiction. □ 

Exercises 

32.1. Let ^4 C JV be Sj. The equivalence relation on AT whose equivalence classes 
are the singletons {a} where a € A, and the complement of A, is II}. If A is 
uncountable then it has a perfect subset. 

32.2. The relation "||o|| = ||6|| or a,b ^ WO" is E} and has Hi equivalence classes. 

32.3. Let {D n }^L 1 be dense open sets in the E^-topology and let Bbea nonempty 
Ej set. Then B n fl~ =1 D n ^%. 

[Let B — p[To] for some recursive tree T on lo x lo. By induction on n, con- 
struct recursive trees T„, a finite sequence s n of length n, finite sequences ^ 
(0 < i < n) of length n such that 0 = so C ... C s n and t l 0 C ... C t* n , 
and HiLo{ ;r : ^ 3 «n and (3y D 4) (a;,y) G [T<]} / 0, and for all 1 < i < n, 
{x : x D s n and (3y 3 4) (x,y) G [T»]} G A-] 
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32.4. If a € R and Hi is a successor cardinal in L[a], then for some b G R, 
[If Hi = (k + ) l ^, let b C u) code the countable ordinal k.] 

32.5. Every universally Baire set is Ramsey. 
[Use Mathias forcing.] 

32.6. Sj-absoluteness for generic extensions implies that Hi is inaccessible in 
each L[a], a € R. 

[ u uj^ a] is countable" is Ej(a).] 

32.7. Generic S^-absoluteness implies that L K -<e 2 L where k = Hi. 

32.8. If V K <t, 2 V and k is inaccessible, let P be the Levy collapse bellow n. Show 
that V p satisfies the generic Sj-absoluteness. 

[If Q G V p , and is Sj, then V p \= tp if and only if \/ p * <4 1= <p.] 



Historical Notes 

Theorem 32.1 on II { equivalence relations is due to Silver [1980]. The present proof 
is Harrington's as presented in Kechris and Martin [1980]. Lemma 32.5 is due to 
Louveau. Silver's Theorem was extended to Theorem 32.9 by J. Burgess in [1978]. 

Theorem 32.11 is due to Groszek and Slaman [1998]. The proof presented here 
is from Velickovic and Woodin [1998]. 

Theorem 32.13: Shelah [1984]. The tree representation of S3 sets is implicit in 
Martin and Solovay [1969] and described in Mansfield [1971]. Theorem 32.16 is due 
to Magidor [1980]. 

Universally Baire sets are investigated in Feng, Magidor, and Woodin [1992]. 
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With each subset A of lu^ we associate the following game Ga, played by 
two players I and II. First I chooses a natural number ao, then II chooses 
a natural number 60, then I chooses a\, then II chooses b\, and so on. The 
game ends after u> steps; if the resulting sequence (ao, bo, a\, b\, . . .) is in A, 
then I wins, otherwise II wins. 

A strategy (for I or II) is a rule that tells the player what move to make 
depending on the previous moves of both players. A strategy is a winning 
strategy if the player who follows it always wins. The game Ga is determined 
if one of the players has a winning strategy. 

The Axiom of Determinacy (AD) states that for every A C w w , the 
game Ga is determined. 



Determinacy and Choice 

First some definitions: Let A C w u be given and let Ga denote the corre- 
sponding game. A play is a sequence (a 0 , b 0 , a\, bi, . . .) G w"; for each n, a n is 
the nth move of player I and b n is the nth move of player II. A strategy for I 
is a function 0 with values in uj whose domain consists of finite sequences 
s G Seq of even length. Player I plays (ao, bo, ai, b\, . . .) by the strategy a 
if ao = cr(0), ai = cr((ao,&o)) 5 a i = cr (( a o, bo, ai, b\)), and so on; it is clear 
that if I plays by a, then the play is determined by a and the sequence 
b = (b n : n e u). We denote the play by a * b. A strategy a is a winning 
strategy for I if 

{a * b : b <E Af} C A, 

in other words, if all plays that I plays by a are in A. Similarly, a strategy 
for II is a function r with values in u, defined on finite sequences s G Seq of 
odd length. If a G N and if r is a strategy for II, then a * r denotes the play 
in which I plays a and II plays by r. A strategy r for II is a winning strategy 
if 

{a * t : a G Af} C N - A. 

We sometimes consider games Ga whose moves are not natural numbers 
but elements of an arbitrary set S. A play is then a sequence p G 5" , and the 
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result of the game depends on whether p e A or p £ A (here A is a subset 
of S u ). The other relevant notions are defined accordingly. 

Since the number of strategies is 2 N °, an easy diagonal argument shows 
that the Axiom of Choice is incompatible with the Axiom of Determinacy: 

Lemma 33.1. Assuming the Axiom of Choice, there exists A C such 
that the game Ga is not determined. 

Proof. Let {cr a : a < 2 N °} and {r a : a < 2 N °} enumerate all strategies 
for I and all strategics for II. We construct sets X = {x a : a < 2 N °} and 
Y = {y a ■ ol < 2^°}, subsets of Af, as follows: Given {x^ : £ < a} and 
{y^ : £ < a}, let us choose some y a such that y a — a a * b for some b and 
y a £ {x^ : £ < a} (such y a exist because the set {<r a * b : b e A/"} has 
size 2^°); similarly, let us choose x a such that x a — a * r a for some a and 
x a £ {y% ■ £ < ce}. It is clear that the sets X and Y are disjoint, that for 
each a there is b such that a a * b ^ X, and there is a such that a * r Q e A. 
Thus neither I nor II has a winning strategy in the game Gx, and hence 
Gx is not determined. □ 

In contrast with this lemma, the Axiom of Determinacy implies a weak 
form of the Axiom of Choice: 

Lemma 33.2. The Axiom of Determinacy implies that every countable fam- 
ily of nonempty sets of real numbers has a choice function. 

Proof. We prove that if X = {X n : n e uo} is a family of nonempty sub- 
sets of Af, then there exists / on X such that f(X n ) e X n for all n. Let 
us consider the following game: If I plays (ao,ai,a2, ■ • ■) and and II plays 
(bo, b\, bi, . . .), then II wins if and only if b e X ao . It is clear that I does not 
have a winning strategy: Once I plays ao, the player II finds some b e X ao , 
plays b = (b a ,bi,b 2 , ■ ■ ■) and wins. Hence II has a winning strategy r, and we 
can define / on X as follows: f(X n ) = r * (n, 0, 0, 0, . . .). □ 

As we show below, Determinacy has desirable consequences for sets of 
reals: AD implies that every set of reals is Lebesgue measurable, has the 
Baire property and the perfect set property. Thus it is natural to postulate 
that Determinacy holds to the extent it does not contradict the Axiom of 
Choice. The appropriate postulate turns out to be that AD holds in the 
model L(R), and therefore all sets of reals definable from a real parameter are 
determined. This implies, in particular, that the game Ga is determined for 
every projective set — Projective Determinacy (PD). It has been established 
that both AD L(R) and PD arc large cardinal axioms; we shall elaborate on 
this later in this chapter. 

Throughout the rest of the present chapter we work in ZF + the Principle 
of Dependent Choices. 



33. Determinacy 629 



Some Consequences of AD 

We shall now prove that under the assumption of Determinacy, sets of real 
numbers are well behaved. 

Theorem 33.3. Assume the Axiom of Determinacy. Then: 

(i) Every set of reals is Lebesgue measurable. 

(ii) Every set of reals has the property of Baire. 

(iii) Every uncountable set of reals contains a perfect subset. 

Proof, (i) It suffices to prove the following lemma: 

Lemma 33.4. Assuming AD, let S be a set of reals such that every measur- 
able Z C S is null. Then S is null. 

It is easy to see that Lemma 33.4 implies that every set X is Lebesgue 
measurable: Let A D X be a measurable set with the property that every 
measurable Z C A — X is null. Then A — X is null and hence X is measurable. 

Proof. Thus let S be a set of reals with the property 

(33.1) if Z C S is Lebesgue measurable, then Z is null; 

we shall use AD to show that S is null. It is clear that we can restrict ourselves 
to subsets of the unit interval; thus assume that S C [0, 1]. In order to show 
that S is null, it suffices to show that the outer measure n*(S) is less than 
any e > 0. Thus let £ be a fixed positive real number. 

33.5. The Covering Game. Given S and e, let us set up a game as follows: 
If {ao, cl\, d2, ■ ■ •) is a sequence of 0's and l's, let a be the real number 

(33-2) «=£^- 

For each new, let GJJ, k = 0, 1,2, . . . , be an enumeration of the set K n of 
all sets G such that 

(33.3) (i) G is a union of finitely many intervals with rational endpoints; 
(ii) ^(G) < e/2 2(n+1 \ 

The rules of the game are that player I tries to play a real number a € S, 
and player II tries to cover the real a by the union \J^ =0 H n such that H n G 
K n for all n. More precisely, a play (ao, bo, ai, bi, . . .) is won by player I if 

(i) a n = 0 or 1, for all n; 

(ii) a e S; and 
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We claim that player I does not have a winning strategy in the game. To 
show this, notice that if a is a winning strategy for I, then the function / 
that to each b = (bo, &i, b 2 , ■ ■ .) G N assigns the real number a = f(b) such 
that (a 0 , bo, a\, b\, . . .) = a * b is continuous and hence the set Z = f(Af) is 
analytic and hence measurable. Moreover Z C S, and therefore Z is null. Now 
a null set can be covered by a countable union IJ^Lo H» sucn that H„ e K n 
for all n, and therefore, if II plays (bo, bi,b 2 , ■ ■ ■) where G£ = H n and I plays 
by a, then II wins. Thus er cannot be a winning strategy for I. 

Assuming AD, the covering game is determined, and therefore player II 
has a winning strategy. Let r be such a strategy. For each finite sequence 
s = (ao, . . . , a n ) of O's and l's, let G s G K n be the set G^ , where (bo, ■ ■ ■ , b n ) 
are the moves that II plays by r in response to do , ■ ■ ■ , a n ■ Since r is a winning 
strategy, every a € S is in the set U{G* S : s C a} and hence 

(33.4) Sc\J{G s :seSeq({0,l})}= \J [j G s . 

n=l sS{0,l}" 

Now for every n > 1, if s e {0, 1}", then n(G s ) < e/2 2n and hence 
M(LU{o,i}") - ' 2 ™ = ^t- 

It follows that m(LC=i U s£ {o,i}" Gs ) - S^Li e / 2 ™ = £ and tnus M^S 1 ) < £• 
Since e > 0 was arbitrary, 5 is null. This completes the proof. □ 

(ii) Next we consider the property of Baire: 

33.6. The Banach-Mazur Game. Let A be a subset of the Baire space Af, 
and let us consider the following game: Player I plays a finite sequence so G 
Seq; then II plays a proper extension to D s 0 ; then I plays Si D t 0 , etc.: 

(33.5) s 0 C t 0 C Si C ii C 

The sequence (33.5) converges to some x € AT. If a; G A, then I wins, and 
otherwise II wins. 

First we verify that this game can be reformulated as a game G a of 
the kind introduced at the beginning of the section (i.e., when the moves 
are natural numbers). Let Uk, k G N, be an enumeration of the set Seq. If 
(do, bo, a\, bi, . . .) is a sequence of numbers, then consider the sequence 

(33.6) u ao , u ho , u ai , u bl , ... 

and let A be the set of all (do, bo, a\, b\, . . .) G N such that: Either there is n 
such that 

U ao C U bo C . . . U a „ (t U bn 

or the sequence (33.6) is increasing and converges to some x G A. It is clear 
I wins the Banach-Mazur game if and only if I wins the game Ga ■ 

Thus if AD holds, the game is determined, for every A C Af. We will use 
this to show that every X C Af has the Baire property. 
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Lemma 33.7. Player II has a winning strategy in the Banach-Mazur game 
if and only if X is meager. 

Proof. Let Y be the complement of X in TV. For each s <E Seq, O(s) denotes 
the basic open set {x e N : s C x}. 

(a) If X is a meager set, then there exist open dense sets G n , n e N, 
such that Y D CC^Lo^n- ^ ^ s eas Y to find a winning strategy r for II: If 
I plays s 0 , let to = r((s 0 )) be some t 0 D s 0 such that U to C G 0 ; such t 0 
exists because G 0 is dense. Then if I plays si D t 0 , let t 1 = t((s 0 , t 0 , si)) 
be some t\ D si such that £/ tl C Gi, and so on. It is clear that every such 
play so C to C s\ c . . . converges to x € H^Lo anc ^ ncnce T 1S a winning 
strategy for II. 

(b) Conversely, assume that II has a winning strategy r. A correct position 
is a finite sequence (so, to, ■ ■ ■ , s n , t„) such that so C C ... C i„ and 
to = t((so)), ti = r((so, to, si)), etc. We shall first prove the following claim: 
Let x € Af and assume that for every correct position p — (sq, . . . , t n ) with 
t n C x there exists sDi„ such that r(p^s) C x. Then x e F. 

To prove the claim, let X satisfy the condition. To begin, there exists so 
such that t((so)) C x; let to = T (( s o))- Then there exists s\ D to such that 
ti = r((s 0 , to, si)) C x; then there is S2 D ti such that r((s 0 , to, si, ti, s 2 )) C 
x; and so on. The sequence so C to C si C ti C . . . converges to x and is 
a play in which II plays by t. Hence iGr". 

For every correct position p — (so, . . . , t„), let 

F p = {x e N : t n C x and (Vs D t n ) r(p^s) ^ x}. 

By the claim, for every x e X there is a correct position p such that x e F p ; 
in other words, 

X C {J{Fp : p is a correct position}. 

It is easy to see that for each p, 0(t n ) — F p is on open dense set in 0(t n ); 
hence F p is a closed nowhere dense set. The number of correct positions is 
countable and hence X is meager. □ 

Corollary 33.8. Let X C N ' ■ Player I has a winning strategy in the Banach- 
Mazur game if and only if for some s € Seq, O(s) — X is meager. 

Proof. Note that I has a winning strategy if and only if there exists s e Seq 
(the first move of I) such that player II has a winning strategy in the following 
game: I plays to D s, II plays so D to, I plays t\ D so, etc.; and I wins if 
to C so C ti C . . . converges tM£C/ s -I. By Lemma 33.7, II has a winning 
strategy in this game if and only if O(s) — X is meager. □ 

Now part (ii) of Theorem 33.3 follows. If X C N , then since the Banach- 
Mazur game is determined, either X is meager or for some s € Seq, O(s) — X 
is meager. Thus let X C N be arbitrary. If X is meager, then X has the 
Baire property. If X is nonmeager, then let G = U{^( s ) : O(s) — X is 
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meager}. Clearly, G — X is meager, and X — G must be meager too because 
otherwise there would exist some s such that O(s) — (A — G) is meager, which 
contradicts the definition of G. It follows that X has the Baire property. 

(iii) We will use AD to prove that every uncountable set in the Cantor 
space C = {0, 1}" has a perfect subset. We consider the following game: 

33.9. The Perfect Set Game. Let X be a subset of {0, 1}". The game is 
defined as follows: Player I plays a sequence s 0 £ Seq({0, 1}) of 0's and l's 
(possibly the empty sequence), then player II plays n 0 £ {0, 1}, then I plays 

Si £ Seq({0, 1}), and so on. Let x = s^n^s{"nf Player I wins if £ £ A, 

and II wins if x £ X. 

The game can be reformulated as a game Ga, for some 4 c/. 

Lemma 33.10. Let X C C. If II has a winning strategy in the perfect set 
game, then X is countable. 

Proof. Let r be a winning strategy for II. A correct position is a finite se- 
quence (so,n 0 ,...,Sk,rik) such that n 0 = r((s 0 )), «i = r((s 0 , n 0 , si)), etc. 
By the same argument as in Lemma 33.7, we get the following claim: Let 
x £ {0,1}" and assume that for every correct position p = (s 0 ,...,nk) 
if s^n^" . . . "~nk £ x, then there exists an s £ Seq({0, 1}) such that 

s cT n cT ■ ■ ■ ^ n iP s ^ T (P^ s ) c x - Then x ^ X. 

It follows that X C \J{F P : p is a correct position}, where 

F p = {x e C : S(p . . . ""n fc C x and Vs (s" . . . ""n^P s^t(p^ s) <£ x)}. 

The lemma will follow if we show that each F p has exactly one element x £ C. 
This clement x is uniquely determined as follows (because each a; (to) is cither 
0 or 1); first, for some I £ N, (x(0), . . . , x(l — 1)) = s^n{^ . . . " "nt; then 
x(l) = 1 - r(p~0), s(Z + 1) = 1 - T(p~(x(l)}), x(l + 2) = l- t{ P ~(x{1), 
x(l + 1))), and so on. □ 

Now part (iii) of Theorem 33.3 follows. If X C C is uncountable, then 
II does not have a winning strategy; and since the game is determined, I has 
a winning strategy a. For each x = (n 0 ,ni, . . .) £ C, let F(x) £ C denote 
the 0-1 sequence 

s 0 n 0 s-l n 1 ... 

where so = cr (0)i s i = (T (( s o" n o)), s 2 = a (( s (r n a~ s: T n i})j etc- The func- 
tion / is continuous and one-to-one, and hence /(C) is a perfect set. But 
X D /(C) and hence X has a perfect subset. □ 

We proved earlier that if Ni = Hf[ a ] for some a £ lu, then there is an 
uncountable set without a perfect subset. Thus we have: 



Corollary 33.11. If AD holds, then Hi is inaccessible in L[a], for every 
a £ lu. □ 
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AD and Large Cardinals 

To illustrate the relationship between the Axiom of Determinacy and the 
theory of large cardinals, we show that AD implies that Hi and H2 are mea- 
surable cardinals. 

Theorem 33.12 (Solovay). The Axiom of Determinacy implies that: 

(i) Hi is a measurable cardinal, and moreover, the closed unbounded filter 
on Hi is an ultrafilter. 

(ii) H 2 is a measurable cardinal. 

Proof, (i) We first show that AD implies that u>\ is measurable. We already 
know that wi is inaccessible in every L[a), a C u). 

Let us consider the following partial ordering of the Baire space: 

(33.7) x =4 y if and only if x £ L[y] 
and the corresponding equivalence relation 

(33.8) x = y if and only if x ^ y and y =4 x. 

We say that A C Af is =- closed if (a; £ A and y = x) implies y £ A. Note 
that the collection B of all =-closed sets in Af is a complete Boolean algebra. 
If x 0 £ Af, then we let 

(33.9) conc(a;o) = {x £ Af : x 0 =4 x} = {x : x 0 £ L[x]} 
and call cone(xo) a cone. Clearly, every cone is =-closed. Let 

T = {A E B : A contains a cone}. 

We claim that T is a cr-complete filter on B. Let Aq, A±, . . . , A n , ... be 
elements of T . For each n, we choose x n € Af such that A n D cone(x„). Let 
a; G A/" be defined as follows: x((n,m)) = x n (m) for all n,m € AT (where 
( ) is a pairing function). It is clear that for each n, x n € and hence 
cone(a;) C cone(a;„) C A„. Thus fX^ =0 A n is in T . 

Lemma 33.13. AD implies that for every —closed A C A/", either A or its 
complement contains a cone. Hence T is a a-complete ultrafilter on B. 

Proof. We show that if I has a winning strategy in the game Ga, then A con- 
tains a cone (and similarly, if II has a winning strategy, then J\f — A £ T). 
Let cr be a winning strategy for I. It suffices to show that A contains the cone 
{x £ Af : a £ L[x]}. 

Let x £ Af be such that cr £ L[x\. Then a = cr * x is in A because a is 
a winning strategy. Clearly, x £ L[a], and because a £ L[x], we also have 
a £ L[x] and hence x = a. Since A is =-closed, we have x £ A. □ 
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Now we can use AD to find a nonprincipal cr-complete ultrafilter U on u>\. 
For each x G TV, let f(x) = Nf^; f(x) is a countable ordinal. Note that if 
x = y, then f(x) = f(y), and hence for every X C u>i, the set f_i(X) C N 
is =-closed. Let 

U = {Xcu 1 :f- 1 (X)ef}. 

Since J 7 is a cr-complete ultrafilter on B, U is a er-complctc ultrafilter on a>i. 
It remains to show that U is nonprincipal. But for every a < u>i, if x € A/" 
is such that Nf^l = a, then there is y ^= x such that ^ > a; and hence 

/_!({«}) 

Thus AD implies that o>i is a measurable cardinal. 

Lemma 33.14. Assume AD. T/ien /or eijery S C Wi, £/ie set {x G WO : 
G S*} is II}. Consequently, there is some a C w swc/i £/ia£ S" G L[a]. 

Proof. If .t e A/", then for each n G AT we let x n e A/" be such that x„ (m) = 
x((n,m)) for all m £ N. We consider the following game: 

33.15. The Solovay Game. Let S C uo\. Player I plays a = (a(0), a(l), . . .), 
and II plays b = (6(0), 6(1), . . .). If a £ WO, then II wins; if a G WO, then 
II wins if 

{a G S : a < \\a\\} C {||6„|| : n £ u} C S. 

We claim that I does not have a winning strategy in the Solovay game. 
Let u be a winning strategy for I; for each 6 G A/", let /(6) be the a € Af such 
that (a(0), 6(0), a(l), 6(1), . . .) = a * 6. The set /(A/") is a subset of WO, 
and by the Boundedness Lemma, there is an a < lox such that 11/(6) || < a 
for all 6 G N. Hence let 6 G N be such that {||6„|| : n G = S n a. Then 
er * 6 is a play won by player II, and hence a cannot be a winning strategy 
for I. 

Now the lemma follows: Let S a By AD, player II has a winning 
strategy r in the Solovay game. For each a, let g(a) be the 6 G N such that 
(a(0), 6(0), . . .) — a * t. It follows that for each a G WO, 

||a||eS if and only if 3n\\a\\ = \\(g(a)) n \\ 

and consequently the set {x G WO : G S} is II}. By Lemma 25.22, 
S G L[a] for some a C w. □ 

We can now complete the proof of (i). IfXcwi, then I e L[a] for some 
a C w. Since Hi is a measurable cardinal, a" exists, and it follows that either 
X or uoi — X contains a closed unbounded subset. Thus the closed unbounded 
filter on uo\ is an ultrafilter. 

By the Countable Axiom of Choice, the closed unbounded filter is cr- 
complete, and we therefore conclude (as we work in ZF + the Principle of 
Dependent Choices) that AD implies that the closed unbounded filter on uj\ 
is the unique a-complete normal ultrafilter on ui. 
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(ii) We shall now show that, assuming AD, K 2 is a measurable cardinal. 
For each x£jV, let /(x) denote the successor cardinal of the (real) cardinal Hi 
in L[x]: 

f(x) = 

If x C w, then because x" exists, /(x) is an ordinal less than K 2 . Moreover, 
if x = y, then f(x) = f(y), and hence f-i(X) is =-closed for each X C w 2 . 
Thus let us define an ultrafiltcr U on cj 2 as follows: 

C/={ICw 2 :/-i(X)ef}. 

We wish to show that U is an ^-complete nonprincipal ultrafiltcr on oj 2 . 
Since T is a-complctc, U is er-complcte. It is also easy to see that U is 
nonprincipal: If a < w 2 an d /(x) = a, then there exists an 5* C c^! such that 
a is not a cardinal in L[S]; then by Lemma 33.14 there is a y e Af such that 
x e L[y] and /(y) > a. Hence /_i({a}) does not contain a cone. 

It remains to show that U is K 2 -complete. Since U is cr-complete, it suffices 
to show that if 

(33.10) X 0 D ...D X a D ... (a < wi) 

is a descending sequence of subsets of w 2 such that each f_i(X) contains 
a cone then f-i{f] a<ui contains a cone. 

Let us consider such a sequence (33.10), and let X = Pla<wi X a - We 
shall use the following game: Player I plays a — (a(0), a(l), . . .), and II plays 
& = (6(0), 6(1),...). If a £ WO, then I loses; if a e WO and ||a|| = a, then 
II wins if cone(6) C f-i(X a ). 

We claim that I does not have a winning strategy in this game: If a is 
a winning strategy for /, then the set of all a £ Af that I plays by a against 
all possible b e AT, is a £} subset of WO and hence there is a such that 
||a|j < a for all these a's. Now II can beat I simply by playing some b £ Af 
such that cone(6) C f-i(X a ). 

Thus II has a winning strategy t, and we intend to show that f-i(X) con- 
tains the cone {x € A/" : r e L[x]}. Let a < ivi and let x £ Af be such that 
t £ L[x]; we want to show that /(x) £ X a . 

Let P a be the notion of forcing that collapses a onto ui: The conditions 
are finite sequences of ordinals less than a. Since Ki is inaccessible in L[x], 
L[x] has only countably many subsets of P a , and therefore there exists an 
L[x]-generic filter G on P a . Let a £ WO be such that ||a|| = a and let 
L[a] = L[G] and let y £ Af be such that L[y] = L[x][G] = L[x][a\. 

Since G is generic on P a over L[x], all cardinals in L[x] greater than a 
are preserved in L[x][G]. In particular, (H^) 1 "^] is preserved and hence 

f(y) = /(•'■)• 

Now if I plays a — (a(0), a(l), . . .) and if II plays against a by his winning 
strategy r, II produces b = (6(0), 6(1), . . .) such that cone(6) C f-i(X a ). But 
since 6 e L[t, a] and r G L[x], we have 6 e L[x, a] — L[y] and therefore 
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y e conc(6). It follows that f(y) G X a ; and because f(x) = f(y), we have 
f(x) € X a , as we wanted to prove. 

This completes the proof of Theorem 33.12. □ 

It turns out that under Determinacy there exist many measurable cardi- 
nals. Of particular interest have been the projective ordinals 5*. By definition 

S n = sup{£ : £ is the length of a A* prewellordering of A/"}. 

By the results in Chapter 25, S\ — u)i and 8\ < u>2- It has been estab- 
lished (under AD) that all the 5* are measurable cardinals, along with other 
properties, such as 8\ n+2 = (8\ n+1 ) + . The size of each 8\ n+1 has now been 
calculated exactly; in particular, 8\ = and 8\ = N w w<» +1 . The analy- 

sis of the 5*'s depends heavily on calculations of length of ultrapowers by 
measures on projective ordinals. 

An important ordinal (isolated by Moschovakis) is 

6 = sup{£ : £ is the length of a prewellordering of Af}. 

AD implies that 6 = He, and if in addition V = L(R) then 6 is a regular car- 
dinal (Solovay). 6 is the limit of measurable cardinals (Kechris and Woodin), 
and for every A < 6, there exists a normal ultrafiltcr on [A] w (Solovay). As 
for the consistency strength of AD, we have: 

Theorem 33.16 (Woodin). Assume AD and V = L(R). Then there exists 
an inner model with infinitely many Woodin cardinals. □ 

Theorem 33.16 is optimal, as the existence of infinitely many Woodin 
cardinals is equiconsistent with AD; see Theorem 33.26. (We remark that 
the proof of Theorem 33.16 uses the following result: If AD and V — L(R), 
then 6 is a Woodin cardinal in the model HOD.) 

Projective Determinacy 

In this section we address the question how strong is the determinacy as- 
sumption when restricted to games that have a simple enough definition. In 
particular, we turn our attention to the game Ga where A C Af is a projective 
set. 

When A is open (or closed) then Ga is determined: 

Lemma 33.17. If A C N is an open set, then Ga is determined. 

Proof. Player I plays (a 0 ,ai,...), player II plays (bo,bi,...), and I wins if 
(ao, bo, di, 0i, • • •) € A. Let us assume that player I does not have a winning 
strategy, and let us show that II has a winning strategy. The strategy for II is 
as follows: When I plays a 0 , then because I does not have a winning strategy, 
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there exists 60 such the position (a 0 , b 0 ) is not yet lost for II. That is, I does 
not have a winning strategy in the game G^ 0,b °^ that starts at (do, 60), m 
which I plays (ai, 02, . . •) and II plays (bi, b 2 , ■ . .), and in which I wins when 
(a 0 ,b 0 ,a 1 ,b 1 , . . .) G A. 

Let II plays such bo . When I plays di, then again, because II is not yet 
lost at (ao, bo), there exists b± such that II is not yet lost at (ao, bo, &i, 61). 
Let II play such b\. And so on. We claim that this strategy for II is a winning 
strategy. 

Let x = (ao, bo, a\, b\, . . .) be a play which II plays by the above strategy; 
We want to show that x A. If x e A, then because A is open, there is 
s = (ao, bo, ■ ■ ■ , a n , b n ) C x such that O(s) C A. But then it is clear that II is 
lost at s; a contradiction. □ 

The same argument (interchanging the players) would show that every 
closed game is determined. Or, we can show that every closed game is deter- 
mined as follows: If A is closed, then I has a winning strategy in Ga if and 
only if there is a 0 G N such that II does not have a winning strategy in the 
open game G a A ° in which II make a first move bo, then I plays a±, etc., and 
II wins if (a 0 ,b 0 ,ai,bi, . . .) is in the open set N — A. Since G°£ is determined 
for all o 0 G JV, Ga is determined. 

One of the major results in descriptive set theory is Martin's proof that 
for every Borel set A the game Ga is determined: 

Theorem 33.18 (Martin [1975]). All Borel games are determined. □ 

We shall not give a proof. It can be found either in Martin's paper [1975], 
or in the survey article [1980] by Kechris and Martin; furthermore, Martin 
gives a simplification of his proof in [1985]. 

Analytic Determinacy, i.e., determinacy of all analytic games, is already 
a large cardinal assumption: 

Theorem 33.19. Let a G M. Every £}(a) game is determined if and only 
if a" exists. 

Thus Analytic Determinacy is equivalent to the statement 
(33.11) a" exists for all a € Af. 

The proof of Analytic Determinacy from (33.11) is due to Martin [1969/70]. 
The necessity of (33.11) is a result of Harrington [1978]. We omit Harrington's 
proof and prove a corollary of Martin's result. We note however that the proof 
of the corollary can be converted into a proof of the "if" part of Theorem 33.19 
without much difficulty. 

Corollary 33.20. If there exists a measurable cardinal, then all analytic 
games are determined. 
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Proof. Let k be a measurable cardinal and let A C N be an analytic set. We 
want to show that the game Ga is determined. 

Let us use the tree representation of analytic sets. There is a tree T C Seq 2 
such that for all x £ Af, 

x £ A <-> T(x) is ill-founded. 

Let =<! be the linear ordering of the set Seq that extends the partial ordering D : 
If s, t £ Sea, then s i either if s D t, or if s and t are incompatible, and 
s(n) < t(n) where n is the least n such that s(n) ^ t(n). Thus 

lein is not well-ordered by =<;. 

We also recall that T(x) = {t : (x \n, t) £ T for some n} and that the first 
n levels of T(x) depend only on x\n. For s £ Seq, we let T s = {t : (u,t) £ T 
for some u C s}; then T x |-„ is exactly the first n levels of the tree T(x). 
We need some further notation. Let to, ii, • • • , t n , • • • be an enumeration of 
the set Se<7. If s £ Seq is a sequence of length 2n, let K s be the finite set 
{i 0 ,...,i„_i}nT s and let k s = \K S \. 

We shall now define an auxiliary game G* : Player I plays natural numbers 
ciq, ai, a,2, ■ • • , and player II plays pairs (60, ho), (61, /ii), (62, ^2), ■ ■ ■ where 
bo, b\, bi, ... are natural numbers, and for each n, h n is an order-preserving 
mapping from (K s , =4) into k where s = (a 0 , b 0 , . . . , a n ,b n ) such that ho C 

h\ C /12 C . . . C h n C If player II is able to follow these rules throughout 

the game, then he wins. Otherwise, I wins. 

It is clear that the game G* is determined: If I does not have a winning 
strategy, then he cannot prevent II from following the rules and thus II has 
a winning strategy, namely his each move is to reach a position in which 
I does not have a winning strategy. (The argument is the same as in the 
proof of determinacy of open games; in fact, G* is an open game in a suitable 
topology.) 

If II wins a play in the game G* , then he has constructed an order- 
preserving mapping h = U^Lo ^« °^ (^( x )>^0 m t° K , where x = (ao,&o> 
a\,b\, . . .); hence =^ well-orders T(x) and so x ^ A. Thus we can view the 
game G* as a variant of Ga, but more difficult for player II: II tries to make 
sure that x ^ A, and in addition, he tries to construct an embedding of 
(T(x),=4) in k. Hence it is fairly obvious that if II has a winning strategy 
in the game G* , then II has a winning strategy in Ga- If t* is a winning 
strategy for II in G* , let r be as follows. When I plays ao, let t((oo)) = bo 
where (bo, ho) — T*((a 0 )); then when I plays a\, let T((ao,b 0 , ai)) = 61 where 
(h,hi) = T*((ao,(bo,ho),ai}); etc. 

Since G* is determined, it suffices to prove the following lemma in order 
to show that Ga is determined: 

Lemma 33.21. If I has a winning strategy in G* , then I has a winning 
strategy in Ga- 
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Proof. Let cr* be a winning strategy for I in G*. After 2n+2 moves, the players 
have produced a sequence s = (ao,b 0 , ■ ■ ■ ,a n ,b n ), and II has constructed 
order-preserving functions h 0 C . . . C h n ; the strategy cr* then tells player I 
what to play next. Let E be the range of h n ; E is a finite subset of k, and 
in fact its size is k s . We observe that there is one and only one way II could 
have constructed ho, . . . , h n so that ran(ft,„) = E; the reason is that h n is 
the unique order-preserving one-to-one function between (K s , =4) and E. Thus 
cr* depends (as long as II plays correctly) only on s € Seq and the finite set 
E C K. 

For each s € Seq of even length, let F s be the following function from [n] k ' 
into oj: 

(33.12) i^(£) =cr*(s,£). 

Each F s is a partition of [n] ka into w pieces; and because k is measurable, 
there exists a set 7? C n of size k homogeneous for each F s . Let us denote 
by cr(s) the unique value of F 8 (E) for £ e [H] ks . 

We shall complete the proof by showing that cr is a winning strategy for I 
in the game Ga- Let x = (ao, bo, a\, b\, . . .) be a play in which I plays by cr. 
We shall show that x e A 

Assume that on the contrary, a; ^ A. Then (T(x), =4) is well-ordered and 
has order-type < w\. Since H is uncountable, there exists an embedding h of 
(T(x), =<!) into Let us consider the following play of the game G*: I plays ao- 
Then II plays (bo, ho) where ho is the restriction of h to K^ ao bo y Then 
I plays ai and II plays (b\, hi) where hi is the restriction of h to ^(00,60,01,61) ■ 
And so on. 

We show that in this play, player I plays by the strategy a*. Clearly, 
ao = er(0) = <r*(0,0). Then a\ = a((ao,bo)), and by the definition of a it 
is clear that a((ao,bo)) = <r*((ao,bo),h(K( ao ^ 0 ))) and therefore ai is a move 
according to cr*. And so on: All the moves ao, ai, . . . , a n , ... are by cr*. 

This is a contradiction because cr* is a winning strategy for / in G* , but 
the play we described is won by player II. It follows that x <G A and hence 
cr is a winning strategy for I in the game Ga- □ 

This completes the proof of Determinacy assuming a measurable car- 
dinal. This assumption can be weakened to the assumption that a' exists for 
all a C oj. The above proof is then modified as follows: We play the auxiliary 
game as before; k is an uncountable cardinal. The definition of the auxiliary 
game is absolute for the model L[T], and it follows that cither I or II has 
a winning strategy for G* , which si in L[T]. In particular, in Lemma 33.21, we 
may take cr* € L\T\. Then the collection {F s : s e Seq}, where F s is defined 
by (33.12), is in L[T], and an indisccrnibility argument shows that there is 
an uncountable set H C n of indiscernibles for L[T] such that each F s has 
the same value for all E e [H] ks . The rest of the proof is the same. 

Determinacy of all projective games is considerably stronger than Ana- 
lytic Determinacy: A2 Determinacy yields an inner model with a Woodin 
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cardinal, and for every n, A* +1 Dcterminacy yields an inner model with 
n Woodin cardinals. 

The proof of Theorem 33.3 shows that Projective Determinacy implies 
that every projective set of reals is Lcbesguc measurable, has the Baire prop- 
erty, and if uncountable, contains a perfect subset. The most important con- 
sequence of PD for the structure of projective sets of reals is the existence of 
scales. The following is a generalization of (25.28) and (25.34): 

Definition 33.22. A Tl^-norm on a II* set A is a norm jjoni with the 
property that there exist a II* relation P(x, y) and a S* relation Q(x, y) such 
that for every y € A and all x, 

x e A and <p(x) < <p{y) <-> P(x,y) <-> Q(x,y). 

A T x n -norm on a S* set A is defined similarly, as is a Upscale on a II* set 
(or a Tin- scale on a ^™ se *)- 

We say that the class 11^ has the prewellordering property (the scale prop- 
erty) if every II* set has a Il^-norm (a II* -scale). 11* has the uniformization 
property if every II* relation on J\f x TV is uniformized by a II* function. 
Similarly for S* . 

Theorem 33.23 (Moschovakis [1971]). Assume Projective Determinacy. 
Then the following classes have the scale property {for every a G A/"): 

U\(a), S*(a), II*(a), S*(a), n*„ +1 (a), S* n+2 (a), .... 

Corollary 33.24. Assume PD. The classes II*, n+1 (a) and S2„ +2 (a) have 
the prewellordering property and the uniformization property and satisfy the 
reduction principle; the classes T\ n+1 (a) and Ti\ n+ 2(a) satisfy the separation 
principle. 

The scale property generalizes the prewellordering property, and implies 
uniformization (using the proof of Kondo's Theorem 25.26; cf. Exercise 33.4). 
The prewellordering property implies the reduction principle (as in Exer- 
cise 25.7; see Exercise 33.5), which in turn implies the separation principle 
for the dual class (cf. Exercise 25.9). 

Moreover, since reduction holds for Il2„ +1 and T\ n+2 , separation fails 
for these classes (see Exercise 25.11 and Exercise 33.6). Hence reduction, 
prewellordering and scale properties fail for the dual classes T\, 11*,, S3, 

Instead of proving Theorem 33.23 we shall prove the weaker statement: 
Assuming PD, every Il2 n+1 and every S*, n+2 have the prewellordering prop- 
erty. The full result is proved by a similar, somewhat more complicated, 
method. 

In Chapter 25 we proved that every 11} set has a II*-norm and that every 
T\ set has a S^-norm. The latter statement is easily derived from the former 
(Exercise 25.6). The same proof shows that if n2„ +1 has the prewellordering 
property then so does T\ n+2 (Exercise 33.7). Thus it suffices to prove the 
following: 
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Lemma 33.25. Assume that every A\ n game is determined, and that every 
Yi\ n set has a T,\ n -norm. Then every Tl\ n+1 set has a ll\ n+1 -norm. 

Proof. Assume that the hypotheses hold and let B be a Il2„ +1 set 

x e B ^ Vu (x, u) e A 

where A is T,\ n . Let ip be a S^-norm on A. For x,y E Af consider the game 
G(x, y) where I plays a(0), a(l), . . . , a(k), . . . and II plays 6(0), 6(1), . . . , 
b(k), . . . and II wins if (y,b) £ A, or (a;, a) € A and ip(x,a) < tp(y,b). The 
game G(x,y) is determined: If y ^ B then II can win by playing 6 such that 
(y, b) £ A; if y e B then 

II wins G{x, y) <-> P(ai, a, y, 6) <-» Q(x, a, y, 6) 

and so the payoff set is A\ n and hence determined. 
For x,y e £>, define 

£ =^ y II has a winning strategy in G(x, y). 

We will show that =<! is a prewellordcring of B and the corresponding norm 
is a Il2„ +1 -norm. 

Clearly, x =^ x for every a; € (II wins by copying I's moves). 

To check that =<! is transitive, let x =4 y and y =4 z. Thus II has winning 
strategies both in G{x, y) and G(y, z). We describe a winning strategy for II 
in G(x, z): Let k > 0. When I plays a(fc) in G(x, z), consider this the fcth move 
in G(x,y) and apply the strategy in G(x,y) to respond b(k). Consider b(k) 
to be the fcth move of I in G(y, z) and apply the strategy in G{y, z) to 
respond c(k). This c(k) is then the fcth move of II in G(x, z). It is clear that 
II wins. 

Now assume that x,y G B and x ^ y. Then I has a winning strat- 
egy in G(x,y) (because II does not); we describe a winning strategy for II 
in G(y,x) so that y =4 x: Let k > 0. When I plays a(k) in G(y,x), let b(k) 
be the move by I's winning strategy in G(x,y) (responding to II's a{k — 1)). 
Let II play b{k) in G{y,x). As I wins in G(x,y), we have ip(x,a) > tp(y,b), 
and so II wins. 

To verify that =<! is well-founded, we assume to the contrary that xq y x\ >~ 
. . . >- x n >- . . . is a descending chain, that I has a winning strategy in each of 
the games G(xi, Xi+i). Let ao(0), ai(0), . . . , &i(0), ... be the first moves of I 
by the winning strategies in the games G(xi, Xj+i), and for each k > 1, let 
ao(fc), ai(fc), . . . , aj(fc), ... be I's moves responding to ai(fc — 1), <22(fc — 1), 
• ■ ■ , a i+ i(k — 1), ... II's moves in these games. Since I wins all these games, 
we have ip(xo,ao) > ^{x\,ai) > . . . > ip(xi,ai) >...,& contradiction. 

Finally, for every y E B, 

x e B and x =4 y <-» 3r Va (a;, a) <^ (y, a * r) <-» Vcr 36 (a;, cr * 6) <^> (y, 6) 

(where cr and r denote strategics for I and II) and since ip is a S^-norm 
on A, it follows that the norm associated with ^ is a Il2„ +1 -norm on B. □ 
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Consistency of AD 

The following theorem confirms what has been expected since the early 
1970's: Determinacy is a large cardinal axiom: 

Theorem 33.26 (Martin-Steel- Woodin). If there exist infinitely many 
Woodin cardinals and a measurable cardinal above them, then the Axiom of 
Determinacy holds in L(R). □ 

In the rest of this chapter we shall outline some ideas on which this result 
is based. But first we state two related results: 

Theorem 33.27 (Woodin). The following are equiconsistent: 

(i) ZFC + " There exist infinitely many Woodin cardinals." 

(ii) ZF + AD. □ 

Theorem 33.28 (Martin-Steel). Let n e N. If there exist n Woodin car- 
dinals with a measurable cardinal above them then every n* +1 game is de- 
termined. □ 

The crucial concept in these proofs is that of a homogeneous tree. 

Following the terminology and notation of Chapter 25, and specifically 
Definition 25.8, let K be a set and let T be a tree on u> x K (or more 
generally, on uf x K). For s G Seq let 

(33.13) T s = {t : (s,t) e T}. 

In the present context, a measure is a er-complctc ultrafiltcr, not necessarily 
nonprincipal. 

Definition 33.29. A tree T on u x K is homogeneous if there are measures 
li s , s e Seq, such that fi s is a measure on T s and: 

(i) If t extends s then 7r Sit (^i) = [i s where n s ,t is the natural projection 
map from Tj to T s . 

(ii) If x e p[T) then the direct limit of the ultrapowers by {fi x \n 
is well-founded. 

(See Exercise 33.8 for an explicit formulation of (ii).) 

A tree T is K-homogeneous (where k is a regular uncountable cardinal) if 
the measures fi s are all K-complete. A set A C Af is (k-) homogeneously Suslin 
if A = p[T] for some (K-)homogeneous tree T. 

Homogeneous trees are an abstraction of Martin's proof of 11} Determi- 
nacy from a measurable cardinal. First, an analysis of Martin's proof shows 
the following: 

Lemma 33.30. If A <Z N is Yl\ and k is a measurable cardinal then A is 
n-homogeneously Suslin. 
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Proof. Exercise 33.10. □ 

Martin's proof essentially uses this (Exercise 33.11): 
Lemma 33.31. If A C N is homogeneously Suslin then A is determined. 



□ 



A related concept is a weakly homogeneous tree: 



Definition 33.32. A tree T on w x K is weakly homogeneous if there are 
measures fi s ,t, where s,t G Seq and length(s) = lcngth(i), such that /j, s ,t is 
a measure on T s and 

(i) If s D s and t D t then tt s ^(^ s j) — fi Stt . 

(ii) If x e p[T] then there exists ai/gjV such that the direct limit of the 
ultrapowers by {(J. x [n,y[n : n £ w} is well-founded. 

A tree T is n- weakly homogeneous if the /i Si t are K-complete. A set A is 
(k-) weakly homogeneously Suslin if A = p[T] for some (k-) weakly homoge- 
neous tree T. 

It is not difficult to show that a set A C Af is K-weakly homogeneously 
Suslin if and only if it is a projection of a homogeneously Suslin set B C AfxAf 
(Exercises 33.12 and 33.13). 

Theorem 33.26 follows, via Lemma 33.31, from the following two deep 
results: 

Theorem 33.33 (Woodin [1988]). If there exist infinitely many Woodin 
cardinals with a measurable cardinal above, then every subset of Af in L(R) 
is 5 + -weakly homogeneously Suslin, for some Woodin cardinal S. □ 

Theorem 33.34 (Martin and Steel [1988]). If A (Z Af is 5+ -weakly ho- 
mogeneously Suslin, where S is a Woodin cardinal, then Af — A is homoge- 
neously Suslin. □ 

We shall return to Theorem 33.33 in a later chapter. As for Theorem 33.34, 
assume that A — p[T] where T is weakly homogeneous. Then one constructs 
a tree T such that Af— A = p[T] in a manner similar to the tree representation 
for 113, sets in Theorem 32.14. The heart of the argument in Martin-Steel's 
proof is to show that T is a homogeneous tree. 



Exercises 

33.1. (i) The function f(b) — a * b is a one-to-one continuous function, 
(ii) The set {a *b : b £ A/"} contains a perfect subset. 

33.2. I has a winning strategy in the perfect set game if and only if X has a perfect 
subset. II has a winning strategy if and only X is at most countable. 
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33.3. Let n > 0. If Ga is determined for every set A, then Ga is determined 
for every 11* set, and vice versa. 

33.4. If every II^+i set has a n^+i-scale then every Il2„ + i relation is uniformized 
by a Il2„ + i function. 

33.5. If every Il2 n+ i set has a n^+i-norm then II^+i satisfies the reduction 
principle. 

33.6. If Il2„ + i satisfies the reduction principle then it does not satisfy the separa- 
tion principle. 

33.7. If every II^+i set has a Il2„ + i-norm (has a Il2 n+ i-scale) then every £2n+2 set 
has a E2„ + 2-norm (has a E2 n+2 -scale). 

33.8. Property (ii) in Definition 33.29 is equivalent to this: If x G p[T] and A\, 
A2, ... are such that fi x \n(A n ) = 1, then there exists an / G K u such that (x, f) G 
[T] and f\ne A n for all n. 

33.9. Every closed set is homogeneously Suslin. 
[T is on lo x lo and each fi 3 is principal.] 

33.10. Let k be a measurable cardinal. If A is II] then there is a K-homogeneous 
tree T on to x k such that A — p[T]. 

[As A is II] there are linear orders < s , s G Seq, such that < s orders {0, . . . , n— 1} 
where n = length(s), < t extends < s if s C t, and such that A — {x : < x is a well- 
ordering} where < x is the limit of the < x \n- Let T be the tree onwxs such that 
[T] = {(x, /) : / is order-preserving from (u>, < x ) into (k, <)}. Let U be a normal 
measure on k and let for s of length n, let /i s on T s be induced by U n (on [«]").] 

33.11. If A = p[T] and T is a homogeneous tree then the game Ga is determined. 
[Use an auxiliary game G* as in the proof of Corollary 33.20.] 

33.12. If B C N 2 is weakly homogeneously Suslin then so is the projection of B. 

33.13. If T is a weakly homogeneous tree on lo x K then there exists a homogeneous 
tree U on (lo x lo) x K such that p[T] is the projection of p[U]. 

33.14. Let T be a homogeneous tree on (lo x lo) x K, and let T' = {(s, (t, u)) : 
((s,t),u) G T}. Then T' is a weakly homogeneous tree on lo x (lo x K). 



Historical Notes 

Infinite games were first considered in the 1930. Mazur described an infinite game 
and conjectured its connection to Baire category, which was then proved by Banach. 

In [1953] Gale and Stewart investigated infinite games in general and proved 
that the Axiom of Choice implies that there exist undetermined games and that 
open games are determined. 

In [1962] Mycielski and Steinhaus proposed an axiom and called it the Axiom of 
Determinateness (AD). In [1963/64, 1966] Mycielski gave a comprehensive account 
of consequences of AD and related open problems. 

Theorem 33.3(i) is due to Mycielski and Swierczkowski [1964]; the present proof 
(and the covering game) is due to Harrington. Theorem 33.3(iii) is due to Morton 
Davis [1964]. 
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Following Solovay's discovery that AD implies that Hi is a measurable cardinal, 
attention has been turned to the relation between Determinacy and large cardinals. 
There have been numerous results in this direction, and a vast of literature exists 
on the subject. The reader can find an excellent account of current research on AD 
in Kanamori's book [1994] ; a comprehensive treatment of the subject is expected 
to appear in the near future (Woodin et al. [oo]). 

Theorem 33.12 is due to Solovay; the present proof of measurability of Hi 
(Lemma 33.13) is due to Martin [1968]. 

Projective ordinals 5^ as well as the cardinal G were introduced by Moschovakis 
[1970] and studied extensively by Kechris [1974, 1978]. The calculation of the size 
of the 5$ was accomplished by Steve Jackson, cf. [1988, 1999]. For the results on O, 
see e.g. Kechris [1985]. 

Theorem 33.18 (Borel Determinacy) is due to Martin [1975]; see also Mar- 
tin [1985] and Kechris and Martin [1980]. 

Theorem 33.19: In [1969/70], Martin proved that analytic games are determined 
if a" exists for all a £ A/"; the converse was proved by Harrington in [1978] . 

Moschovakis' Theorem 33.23, cf. [1971], is the culmination of applications of 
Projective Determinacy to classical descriptive set theory: among others, see Black- 
well [1967], Addison and Moschovakis [1968] and Martin [1968]. For a comprehensive 
survey, see Kechris and Moschovakis [1978]. 

Consistency of AD follows from the results of Martin, Steel and Woodin, cf. Mar- 
tin and Steel [1988, 1989] and Woodin [1988]. 

Homogeneous trees are implicit in Martin and Solovay [1969] and in Mar- 
tin [1969/70]. They were explicitly isolated by Kechris [1981]. Weakly homogeneous 
trees figured prominently in Woodin [1988]. 
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34. Supercompact Cardinals and the Real Line 



In this chapter we present results showing the effect of very large cardinals 
(such as supercompact) on the structure of sets of real numbers. In earlier 
chapters we showed that if Hi is inaccessible in every L[x] (where x € R) 
then all H\ sets of reals are Lebesgue measurable, have the Baire property, 
and the perfect set property. If x^ exists for all x € R then every 11} game is 
determined. Thus already the existence of moderately large cardinals (such as 
measurable) has an effect on regularity of projective sets (but recall that — by 
Silver's Theorem 32.20 — measurability is still weak to influence £3 sets, as 
measurable cardinals are consistent with a £3 well-ordering of R) . It follows 
from the results presented below that if a supercompact cardinal exists, then 
all sets of reals in L(R) have the regularity properties mentioned above. 



Woodin Cardinals 

As we mentioned in the last chapter (Theorem 33.27), the consistency 
strength of Determinacy is below a supercompact cardinal; the appropri- 
ate large cardinal concept (a Woodin cardinal) was isolated in the course of 
investigations leading to the proof of AD. Let us elaborate on the definition 
(Definition 20.31) of Woodin cardinals: Let k and A > k be cardinals, and 
let A be an arbitrary set. We say that k is X-strong for A if there exists an 
elementary embedding j : V — > M with critical point k such that 

(34.1) (i) j(k) > A, 

(ii) V x C M, 

(iii) Anv x = j(A)nv x . 

Hence k is A-strong if it is A-strong for 0, and by definition, 5 is a Woodin 
cardinal if for every A C V$ there are arbitrarily large n < S that are A-strong 
for A for all A < S. We now present a different definition of Woodin cardinals 
and show that it is equivalent to Definition 20.31. 

Definition 34.1. A cardinal 6 is a Woodin cardinal if for every function 
/ : S — > S there exists a k < S with /"k C k, and an elementary embedding 
j : V — > M with critical point n such that C M. 
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Every supercompact cardinal is Woodin, and is a limit of Woodin car- 
dinals (Exercise 34.1). An immediate consequence of Definition 34.1 is that 
every Woodin cardinal is a Mahlo cardinal, and in fact has a stationary set 
of measurable cardinals. The following lemma proves the equivalence of Def- 
initions 20.31 and 34.1: 

Lemma 34.2. The following are equivalent: 

(i) For every A C Vs there exists a n < 5 that is X-strong for A for all 
X < 6. 

(ii) For every A C Vs the set of all n < S that are X-strong for A for all 
X < S is stationary. 

(iii) For every f : S — > S there exists a k < 5 with /"« C K, and an 
elementary embedding j : V — > M with critical point n such that 

(iv) For every f : 6 — > 6 there exists a k < S with f ll n C K, and an 
extender E £ V K with critical point n such that (/)(«) = f{n) and 
V m C Ult E . 

Proof. It suffices to show that (i) implies (iv) and that (iii) implies (ii). 

Assume that (i) holds, and let / : 5 — > 5. By (i) there exists a n < S that 
is A- strong for A for all A < 5. Let A < S be sufficiently large, and let E be an 
extender with critical point k such that Vfr K \ C lilts and ff~\V\ = j_E(/)n V\; 
such an extender exists in Vs. Clearly, /"/t C k, and since A is sufficiently 
large, we have J_e(/)(k) = /(«)• Therefore (iv) holds. 

Now assume that (iii) holds; let A C Vs and let C C 5 be a closed 
unbounded set. To prove (ii) we need a k e C that is A-strong for A for all 
A < S. For each a < S let f(a) be a limit ordinal (3 G C such that if there 
exists a A < 5 such that a is not A-strong for A, then such a A exists below (3. 
By (iii) there exists some n < S with /"k C k, and an elementary j : V — > M 
with critical point k such that V?(/)( K ) C M. Since /"/t C k, C n n is closed 
unbounded in k and hence k G j(C). By elementarity it suffices to show that 

(34.2) M N k is A-strong for j(A) for all A < j(8). 

Assume that (34.2) fails, and let A be the least A such that in M, k is not 
A-strong for j(A). By definition of / we have A < j(f)(K). Let E be the 
(k, A)-extender derived from j. It is routine to verify that V\ c lilts and 
since Ult E = {(jf)(a) : f e V, a e V\} C M, it follows that E £ M. In M, 
E is a (k, A)-extender, and V A M = Va C Ult E (M). 
We complete the proof by showing that 

(34.3) i(A)n< =j%(j(A))nv x M . 

Each of the following equalities is easily verified: j(A) n V^^^ = j(^4 n V K ) = 
j E (A n V K ) = j%(A n K) = jM(j(A) n V K ) = jf (j(A)) n ^(K), and 
(34.3) holds because A < jf (k) and F A M = V A C Ult^. Therefore (ii) holds. 

□ 



34. Supercompact Cardinals and the Real Line 



649 



Property (iv) in Lemma 34.2 is 11} over V$ and so the least Woodin 
cardinal is LT}-describable and therefore not weakly compact. 

Semiproper Forcing 

A property of forcing somewhat weaker than properness, called semiproper- 
ness, have been of considerable use in the theory of large cardinals. We shall 
investigate it in some detail in Chapter 37; at this point we introduce semi- 
proper forcing, prove basic properties and use it in an application involv- 
ing L(R) and supercompact cardinals. 

Modifying condition (ii) in Lemma 31.6 and the characterization of 
properness in Theorem 31.7 we obtain the following: Let P be a notion of 
forcing and let A be sufficiently large. Let M be a countable elementary sub- 
model of (H\,£, <). A condition q is (M, P)-semigeneric if for every name 
a G M such that lh a is a countable ordinal, 

(34.4) q lh 3f3 e Ma = (3. 

Definition 34.3. A notion of forcing P is semiproper if for every sufficiently 
large A there is a closed unbounded set in [H\]" of countable elementary 
submodels such that 

Vp G M 3q < p q is (M, P)-semigeneric. 

Thus semiproperness is a weaker property than properness: Definition 34.3 
is obtained by replacing arbitrary ordinal names in Lemma 31.6 by names 
for countable ordinals. While the condition in Theorem 31.7 is equivalent to 
preservation of stationary sets in [A] w , only the second part of the proof of 
Theorem 31.7 remains valid for semiproper forcing, and we get: 

Theorem 34.4. If P is semiproper then every stationary set Scwi remains 
stationary in V p . □ 

If P is semiproper and Q is semiproper in V p , then P * Q is semiproper. 
Semiproperness is generally not preserved under countable support iteration; 
the proof of Theorem 31.15 does not generalize to iterations of semiproper 
forcing. (The reason is that a semiproper forcing may change the cofinality 
of a regular uncountable cardinal to ur. It is not necessarily the case that 
a countable set of ordinals in V[G] is included in a set that is countable 
in V".) When the iteration adds no new countable sets, however, the proof of 
Theorem 31.15 does go through for semiproper forcing, and we have: 

Lemma 34.5. If P is a countable support iteration of semiproper forcing 
notions and if P is ui- distributive, then P is semiproper. □ 

In Chapter 37 we shall deal with iterations of semiproper forcings. 
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The Model L(R) 

We shall now show that if there exists a supercompact cardinal then every 
set of reals in L(R) is Lebesgue measurable, has the Baire property and 
the perfect set property. In fact, the reals in L(R) behave exactly as the 
reals in Solovay's model in Theorem 26.14(i). The regularity of sets of reals 
in L(R) follows of course from Theorem 33.26, and we shall outline later in 
this chapter the methods that lead to the proof of that theorem. We shall 
prove the following: 

Theorem 34.6 (Woodin). Let k be a superstrong cardinal and let V[G] 
be the generic extension ofV by the Levy collapse Col(Ko,</t). Then there 
exists an elementary embedding 

j:L(R)^(L(R)) v ™. 

(For superstrong cardinals, see Exercise 34.2.) 

Corollary 34.7. If there exists a superstrong cardinal then every set of reals 
in L(R) is Lebesgue measurable, has the Baire property, and has the perfect 
set property. In particular, there is no projective well- ordering of R. □ 

The main result used in the proof of Theorem 34.6 is the following result 
on saturated ideals: 

Theorem 34.8. If k is a superstrong cardinal then there exists an to-dis- 
tributive K-c.c. notion of forcing P such that in V p , K = N2 and there exists 
a normal ^saturated ideal on lo\. 

Let us show how Theorem 34.8 implies Theorem 34.6: 

Proof of Theorem 34.6. Let P be the notion of forcing from Theorem 34.8, 
and let M be the generic extension of V by P. In M, let / be a normal H 2 - 
saturated ideal on uj\ ; c md let Q be the notion of forcing P(u>i) /I. Q yields an 
M-generic M-ultrafiltcr Gonwj; let N = Ult^Af) be the generic ultrapower. 
If j : M — > N is the generic elementary embedding then (by the results proved 
in Chapter 22), uj\ is the critical point, j'(wi) = 10^ = k, and (P(wi)) w = 
(P(wi)) M I G l . Hence R N = R M W , and since R M = R, j yields an elementary 
embedding 

(34.5) j : L{R) ^ {L{R)) yP * Q . 

Let B = B(P * Q). Since P satisfies the K-chain condition and / is k- 
saturated in V p , B satisfies the K-chain condition. Since P collapses all car- 
dinals below k to uji, and Q collapses loi (because = j(Ki) = K^), 
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B makes k = Hi. Every complete subalgebra of B generated by fewer than n 
elements has size less than k (by weak compactness of k), and hence we have 

(34.6) (i) B is k-c.c, 

(ii) B = U a<K B a where \B a \ < n, and B a < rog Bp for all a < 
(3 < K, 

(iii) every 7 < n is countable in V Ba for some a < k. 

It follows from (34.6) that B is isomorphic to the Levy collapse Col(w, <k) 
(see Exercise 34.5), and Theorem 34.6 now follows from (34.5). □ 

Proof of Theorem 34.8. The notion of forcing P is a countable support it- 
eration of length k, where k is a superstrong cardinal. The goal is to build 
a model V p in which for some stationary set A C uj\, the nonstationary ideal 
estricted to A, i.e., Ins tA is H 2 -saturated. We shall first describe the iterates. 

Let us fix a set A C lo\ such that both A and lo\ — A are stationary. Let 
{Ai : i G W} be a maximal almost disjoint collection of stationary subsets 
of A (in this context, almost disjoint means that A4 n Ak is nonstationary). 
If \W\ > Hi, consider the following notion of forcing Qvy: First let Q be 
the forcing that collapses \W\ to Hi with countable conditions. In V®, let 
5 = X^igvy^' ano - ^ e * ne forcing (from Theorem 23.8) that shoots 

a closed unbounded set through (uii — A)(JS. Let Qw — Q*P$- Equivalcntly, 
let Qw be the set of all pairs (q,p) such that 

(34.7) (i) q : 7 + 1 — > W for some 7 < wi, and 

(ii) p C wi is a closed countable set such that oepfli implies 

A condition (q' ,p') is stronger than (q,p) ii q' D q and p' is an end-extension 
of p. 

The forcing Qw preserves stationary subsets of oj\ (Exercise 34.6) but is 
not necessarily semiproper. If W is not maximal then Qw makes it maximal, 
and preserves all stationary subsets of u>\ — A and of all Ai (Exercise 34.7). 
Note also that if A is a nonstationary set then the forcing Qw as defined 
in (34.7) has a dense subset that is countably closed. 

The effect of Qw is that in the generic extension, X^iew = ^ (mod 7ns) 
and \W\ — Hi. (In the intermediate extension by Q there could exist a new 
stationary subset of A almost disjoint from each Ai, but it is destroyed by P§, 
and in V® w , J2iew ^i U (0J1 — A) contains a closed unbounded set.) 

Now we define a countable support iteration P a ; and then we let P = P K . 
Using some book-keeping device (standard in forcing iterations), at stage a 
we consider (in V Pa ) a maximal almost disjoint collection {Ai : i G W} of 
stationary subsets of A such that \W\ > Hi. If Qw is semiproper, we let 
Qa — Qw', otherwise we let Q a be the collapse with countable conditions 
of 2 Na to Hi. 

Thus P a is a countable support iteration of semiproper forcing notions. 
The role of the set A is to guarantee that P a is w-distributive. To show that, 
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consider the generic extension V[G] obtained by shooting a closed unbounded 
set through k — A. In V^[G], each Q a has a countably close dense subset, and 
so P a is a countable support iteration of countably closed forcing notions. 
Hence P a is ^-distributive in V[G], and therefore in V. 

Thus by Lemma 34.5, each P a is semiproper. Since n is inaccessible and 
P K is the direct limit of small forcing notions, P K satisfies the K-chain condi- 
tion. Since at cofinally many stages Q a collapses 2^ 2 (of V Pa ) to Hi, k be- 
comes H2 in the model V p . The model V p has no new countable sets of 
ordinals, and every stationary subset of uj\ remains stationary. Moreover, if 

5 G V p is a subset of u)\ and is stationary in some V p< * , then it remains sta- 
tionary: This is because V p is a semiproper forcing extension of V Pa — the 
iteration from a to k is a countable support iteration of semiproper forcings 
in V Pa , and is ^-distributive (in V Pa ) . 

We shall now prove that in V p , the ideal Ins is ^-saturated. Let G 
be a generic filter on P K and assume that in V[G] there exists a maximal 
almost disjoint family of stationary subsets of A, such that \W\ > Hi (hence 
\W\ — H^[ G 1 = k). Let W be such a family, and assume further that W is 
chosen by our book-keeping to be the family considered at stage k of the 
iteration. 

Let j : V — ► M be an elementary embedding with critical point k such 
that Vjw C M. For all a < {P a ) M - P a ; {P ](k) ) m = j{P K ) is the 

direct limit of the P a while Pj( K ) is the direct or inverse limit, depending 
on cf in V. Let H be such that G * H is a generic filter on Pjt K ). Let 
H = U k <q<j(k) H\a; G * H is an M-generic filter on j(P K ), and j : V — > M 
extends (in V[G * H]) to an elementary embedding j : V[G] — > M[G * H]. 

One more remark before we proceed. If X C lo\ is a stationary set in 
M[G][iI] then it is stationary in V[G][H]. This is because X e M[G][flTa] 
for some a < j(«), hence X is stationary in V[G][fl'ra], and y[G][i?] is 
a semiproper forcing extension of V[G][if \a\. 

Lemma 34.9. The forcing notion Qw * s semiproper in V[G]. 

This will complete the proof: If Qw is semiproper then Q K = Qw- It 
follows that A — 53 W, after forcing with Q re , hence in M[G] [_£/]. This is 
a contradiction, since j(W) is an almost disjoint family of stationary subsets 
of A, and W C j(W) and VL ^ j(W^), since |W| = k in V[G]. 

Proof. Assume that Qw m n °t semiproper. Let N — (H K +) V ^; there is 

6 p e Qw such that the set 

(34.8) S = {M e [N] u :peM and no q < p is (M, Q w )-semigeneric} 

is stationary. Since Qw is not semiproper, the forcing Q K is the collapse 
(with countable conditions) of 2 K to Hi. Let G K be a generic filter on Q K ; 
since Q K is w-closed, 5 remains stationary in V[G][G K ]. Since S G M[G], S is 
in M[G][G K ] a stationary subset of [N] w and AT has cardinality Hi. Let 7r 
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be (in M[G][G K ]) a one-to-one correspondence between N and wx, and let 
S = oji fl tt u S. S is, in M[G][G K ], a stationary subset of 

Now work in V"[G][iJ] and consider the forcing notion Qj(w) = j(Qw) 
and the condition p e Q w from (34.8). By Exercise 34.8, j(p) = p forces 
that j(S) is nonstationary. In the generic extension, j(S) is a nonstationary 
subset of \j(N)]", and hence j u S is a nonstationary subset of \j u N] u and 
therefore S is a nonstationary subset of [AT]". It follows that (in V[G][H]) 

(34.9) p \\-Q j{w) S is a nonstationary subset of w%. 

The set S is stationary in M[G][G K ] and therefore in M[G][H] (which 
is a semiproper forcing extension of M[G][G re ]). The family j(W) is, in 
M[G][i7], a maximal almost disjoint family of stationary subsets of A and 
therefore intersects either uj\ — A or some E <G in a stationary set; for 
instance let i? <G j(W) be such that 5 n E is stationary. Thus S C\ E is sta- 
tionary in V[G][iJ], and (by Exercise 34.7), remains stationary after forcing 
(over V[G][H]) with Q j{W ). This contradicts (34.9). □ 

Stationary Tower Forcing 

We shall describe a forcing notion, due to Hugh Woodin, that is used, among 
other applications, to generalize Theorem 34.6 and prove Theorem 33.33. 

Definition 34.10 (Stationary Tower Forcing). Let k be an inaccessible 
cardinal. The forcing notion Q = Q <K consists of conditions (V a ,S) where 
a < k and S is a stationary subset of [V a ] w . A condition (Vp,T) is stronger 
than (V a , S) if a <f3 and T\V a C S. 

Equivalcntly, (Vp, T) < (V a , S) if a < f3 and T C S v e where S v ? is the 
lifting of S to [V/3]"; see Theorem 8.27. The forcing Q <K is not separative: 
Two conditions (V a ,S) and (Vp, T) are equivalent if and only if for some (all) 
7 > a, j3, S v '< ~ T v ~< mod the nonstationary ideal on [V^ . 

If (V a ,S) is a condition, V a is determined by S (V a = \JS), so we can 
abuse the notation by calling S a condition in Q <K ; we say that V a is the 
support of S. 

If G is a generic filter then for each a < k, Gfl [Va]" is a normal ultrafilter 
extending the closed unbounded filter. In V[G], we define a generic ultrapower 
UltG(V) as follows: Consider formulas / € V defined on some V a , a < k, and 
let, for / on V a and g on Vp, 

(34.10) / = G g if for some S G G with support > a, (3, f(xC\V a ) = g(xC\Vp) 
for all ieS; 

/ Gg 9 is defined similarly. Below we prove that if n is a Woodin cardinal 
then \]\tc{V) is well-founded. 
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The following definition was inspired by the earlier sections of this chapter, 
in particular Exercise 34.9: Let M C N be countable models; we say that 
N end-extends M if for all u e M, u n N = u n M. 

Definition 34.11. Let A be a dense set of conditions in Q <K . A is semiproper 
if for all sufficiently large A there is a closed unbounded set in [HxY of 
countable elementary submodels M such that for some countable N ~< H\, 

(34.11) (i) M C iV and TV end-extends M n V K , 

(ii) 35 e A n N with support V Q such that N D V a G S . 

The definition has equivalent variants: 

Lemma 34.12. Each of the following two properties is equivalent to semi- 
properness of A: 

(i) There is a closed unbounded set of countable M -< V K+ i such that 
some countable N -< V K +\ satisfies (34.11). 

(ii) For all sufficiently large A, for every countable M -< H\ such that 
A e M there is a countable N -< H\ that satisfies (34.11). 

Proof. For the nontrivial implication (i) (ii) see Exercise 34.10. □ 

The following is the key lemma. If 5 is a Woodin cardinal and A is a dense 
subset of Q K s then for a closed unbounded set of k < S, A n Q< K is dense 
in Q<k, and for a stationary set of k, k is A-strong for A for all A < 5. 

Lemma 34.13. Let k < S be such that A n <3< K is dense in Q< K and that 
k is X-strong for A for all A < S. Then A n Q< K is semiproper in Q< K . 

Proof. Toward a contradiction, assume that the set 

S = {M -< V K+1 : there is no TV ~< V K+1 such that (34.11) holds} 

is stationary. Let A > n + 1 (A < S) be such that (V\,€) -< (Vs,G). Let 
j : V — > M be an elementary embedding with critical point k such that 
> A, V x S M and j(A) n Va = j4(1 14- We have 5 e M, S e j(Q <K ), 
and M 1= j(A) is dense in j(Q< K ), and so there exists a T < 5 such that 
T e j (A) n V x = A n Vx- Note that T < S means that for every z £ T, 

z n v K+ i e S 1 . 

Let V a be the support of T. We shall find a countable x ~< V K+ i, a count- 
able y ~< j(V a ), and a countable 2; -< V a such that yflV^ = z € T, zHVk+i = x, 
and T e y. Then y end-extends ^xnV^) = xnV" K , T e j(A)ny, and yHV Q e T. 
This implies (by (34.11)) that j(or) ^ j(S), but z e T < S implies that x e S, 
a contradiction. 

To find x, y, and z, let F : V<" V a be the function F{e U {/}) = 
j(f)(T,e) (if defined and e V a ; e is a finite subset of V a and / e V a is 
a function), and let z e T be closed under F. Let y = {(jf)(T, e) : / e z and 
e e z <w } and i = zfl V K+ i. We have y ~< j(V a ), y n V a = z and T e y, as 
desired. □ 
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Lemma 34.13 is used to prove the following theorem on the stationary 
tower forcing: 

Theorem 34.14 (Woodin, [1988]). Let 8 be a Woodin cardinal and let 
Q<5 be the stationary tower forcing. Let G be a generic filter on Q<8, and 
let j : V — > Ultc be the canonical elementary embedding into the generic 
ultrapower. Then 

(i) UltG is well-founded. 

(ii) i(wi) = S. 

(iii) Ln V[G], the model Ult G is closed under <5-sequences. 

We sketch the proof of (i) and refer the reader to Woodin [1988] for the 
details of the complete proof. (Woodin's paper states the theorem for a super- 
compact cardinal but the proof can be easily adapted. See also Woodin [1999], 
Theorem 2.36.) 

Proof, (i) If A is a dense set and N is a countable model, we say that N cap- 
tures A if (34. 1 L ) (ii) holds. First we claim that if A C Q< K is semiproper 
then for every condition p e Q <K there is a stronger condition q such that 
every N £ q captures A. This is proved by showing that the set 

q = {N -< V K+ i : N n V a e p and N captures A} 

(where V a is the support of p) is stationary. To show this, let F : — ► V K+ i 
and let M -< H x for some A be such that A e M, F e M, and M n V a e p. 
Let N D M be such that N end-extends M n V K and captures A. Then 
N C\V K+ i G q and is closed under F. 

One proves similarly that if A n , n < u>, are semiproper then for every p 
there exists a q < p such that every N e q captures every A n . 

Now let (/„ : n < u>) be a sequence of names of functions in the generic 
ultrapower, names for a descending sequence of ordinals. For each n there is 
a dense set A n such that for each S G A n there is an ordinal function f£ on S 
such that S lh /„ = Let k < <5 be such that each A n n Q< K is semiproper, 
and let p e G be such that every N £ p captures each A n . 

Now we define, for each n < u, a function /„ on p as follows: If N e p, let 
/„(iV) = fn(N) where SeA„ (with support V Q ) is such that JVnK £ S. 
The functions /„ are defined for almost all (mod Ins) N G p, and f n +i(N) < 
f n (N) for all n, producing a descending sequence of ordinals. 

(iii) is proved similarly; one can show that if A a , a < 7, with 7 < S 
are semiproper then for every p there exists a q < p such that every N e q 
captures A a for all a € iV. 

(ii) follows by showing that (5 remains a regular cardinal in F[G] and that 
every a < 6 is collapsed to lu. While the proof of regularity of <5 is similar to 
the proof of (iii) , the proof that a becomes countable is a consequence of the 
following fact that is easy to verify: If S € Q<5 has support V a then 



S\hj«V a ej(S). 



□ 
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Weakly Homogeneous Trees 

Let 5 be a Woodin cardinal. By Theorem 34.14 there exists a generic ele- 
mentary embedding j : V — > M such that R M = R v ^ and = S; G is 
a generic filter on Q = Q<a. Consider the following forcing notion P in V[G]: 
A forcing condition p is a ^-generic filter on the Levy collapse Col(w, <A) 
for some A < 8; p is stronger than q if p D q. The forcing P does not add 
reals and if H C P is V[G] -generic then H is a ^-generic filter on Col(w, <8). 
Under additional assumptions on S, such as that 5 is also a limit of Woodin 
cardinals, every countably generated subalgebra of Q<5 has cardinality less 
than S, and R v ^ = R V ^ H \ Hence there exists an elementary embedding 
j : L(R) — > L(R) Col ^-' <s ^ and consequently, the sets of reals in L(R) have 
the regularity properties stated in Corollary 34.7. 
The above argument yields a stronger result: 

Corollary 34.15. If S is a Woodin cardinal and a limit of Woodin cardinals, 
if P is a forcing notion such that \P\ < S, and if G is a generic filter on P, 
then the model L(R) V ^ is elementarily equivalent to L(R). 

Proof. As 6 remains a Woodin cardinal in V[G], we can find a U-gencric 
filter H on Col(w, <S) such that V[G] C V[H] and V[H] is a Col(w, <S)- 
generic extension of V[G], and elementary embeddings j : L(R) — » L(R) V ^ 
&ndk:L(R) v W^L{R) v W. □ 

This property of Woodin cardinals (that the theory of L(R) is unchanged 
by small forcing) has been exploited by Woodin to prove the following theo- 
rem. In [1988] these results are stated under the assumption that a supercom- 
pact cardinal exists, but Woodin subsequently proved the theorem under the 
assumption stated below. The assumption is close to optimal as uu Woodin 
cardinals do not suffice; compare also with Theorem 35.20. The proof of (ii) 
uses the result in (i), and is a restatement of Theorem 33.33, establishing 
Determinacy in L(R). 

Theorem 34.16 (Woodin, [1988]). Assume that there exist infinitely many 
Woodin cardinals with a measurable cardinal above them. let A be the supre- 
mum of the first cj Woodin cardinals. 

(i) For every set A C R in L(R) there exist trees T and S such that 
A = p[T], R-A = p[S] 
and for every forcing P such that |P| < A, if G C P is generic then 
V[G] N p[T] U p[S] = R and p[T] n p[S] = 0. 



(ii) Every set A C R in L(R) is n-weakly homogeneously Suslin, for all 
k < A. □ 



34. Supercompact Cardinals and the Real Line 
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Exercises 

34.1. Let k be a supercompact cardinal. Then 

(i) k is a Woodin cardinal, and 

(ii) there is a normal measure on k such that almost all S < k are Woodin. 

A cardinal k is superstrong if there exists an elementary embedding j : V — > M 
with critical point k such that Vj( K ) C M. 

34.2. If k is supercompact then there exists a normal measure on k such that 
almost all a < n are superstrong cardinals. 

34.3. If k is superstrong then n is a Woodin cardinal, and there exists a normal 
measure on k such that almost all S < k are Woodin cardinals. 

34.4. P is semiproper if and only if for every p G P, player II has a winning strategy 
in the following game: I plays names d„ for countable ordinals, II plays f3 n , and 
II wins if 3q < p q lh VnBfc (d n = /3k)- 

34.5. Let B be an atomless complete Boolean algebra that satisfies (34.6). Then 
B = Col(o>, <k). 

[Similar to Theorem 26.12.] 

34.6. Qw preserves stationary subsets of uj\. 

[If T C A is stationary then Tnii is stationary for some i, and remains 
stationary in V Q . Hence TOAiDS is stationary in V® , and then use Exercise 23.6.] 

34.7. Let W be a family of stationary subsets of A C Wi, and let Q w be defined 
as in (34.7). If S is a stationary subset of some Ai G W or a stationary subset of 
u>i — A, then S remains stationary. Also, A = J] W in \/ <5w ' . 

[As in Exercises 23.6 and 34.6.] 

34.8. Let iV be a transitive model, N D wi, let P € iV and p € P. Then p forces 
that the set 

{M G [iV] 1 " : M < N and 3g < p g is (M, P)-semigeneric} 

contains a closed unbounded set. 

[Let C = {M : if d G M and d G < wi then d G G M}.] 

Let be a family of stationary subsets of u>i and let Qw be defined as in (34.7) 
(i.e., A = wi). 

34.9. is semiproper if and only if for all sufficiently large A there is a closed 
unbounded set of M -< _H"a such that exists an TV -< with M C N and ui n M = 
wi n TV, and for some S G W n TV, wi n TV G S. 

34.10. Show that (i) implies (ii) in Lemma 34.12. 

[By (i) let F G H\ be such that F : (V K +i ) < " — » V K +i and that for every 
M -< Vk+i closed under F there is some TV -< V K +i such that (34.11) holds. Now 
if M -< H\ and A G M, there exists such an F in M, and so M = M n V re+ i 
is closed under F. Let M C TV -< V K+ i be so that (34.11) holds for TV. Then 
let TV = {/(e) : / G M and e G (TV n V K ) <U> }. Verify that M C TV X H A and 
(34.11) holds for TV.] 
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Historical Notes 

Woodin cardinals were introduced by Woodin (both Definitions 20.31 and 34.1). 
Strong and superstrong cardinals were considered by Mitchell [1979a], Dodd and 
Jensen (Dodd [1982]) and Baldwin [1986], in their study of inner models. 

Semiproper forcing was introduced by Shelah and was investigated extensively 
by Foreman, Magidor, and Shelah in [1988]. For Theorem 34.6, see Shelah and 
Woodin [1990]. The proof of Theorem 34.8 was inspired by the work of Foreman, 
Magidor, and Shelah on Martin's Maximum. 

Stationary tower forcing and its applications (Theorem 34.14, Corollary 34.15, 
and Theorem 34.16) are due to Woodin. 



35. Inner Models for Large Cardinals 



This chapter is an introduction to the highly technical theory of inner models 
for large cardinals. We present the fundamental concepts and ideas of the 
theory and state, mostly without a proof (or giving an outline of a proof) 
some significant results. 

There are two major themes in the theory of inner models. One is that 
with a given large cardinal property one can associate a minimal inner model 
of ZFC for that property. An example is the model L[U] for a measurable 
cardinal. The other is the construction of core models for large cardinals. 
These generalize the Dodd-Jensen core model K that we describe in some 
detail. K is an inner model of ZFC that satisfies GCH and either the Covering 
Theorem holds for K (see below) or L[U] exists. 

Definition 35.1. Let M be an inner model of ZFC. We say that the Cov- 
ering Theorem holds for M if for every uncountable set X of ordinals there 
exists some Y € M such that \Y\ = \X\. 

If the Covering Theorem holds for some inner model M that satisfies GCH 
then (exactly as in Corollaries 18.31-18.33) the Singular Cardinal Hypothesis 
holds, every singular cardinal is singular in M, and (k + ) m = n + for every 
singular cardinal k. 

A theory of core models has been developed for large cardinals up to 
a Woodin cardinal. While the Covering Theorem does not hold beyond K, 
a generalized core model possesses the following feature: If there exists no 
inner model for a large cardinal with a given property then the core model M 
for such a property is "close to" the universe V; typically, {n + ) M — n + for 
every singular strong limit cardinal. This feature makes core models a tool 
for gauging the consistency strength of set-theoretical conjectures. 

As an example, Dodd-Jcnsen's Covering Theorem for K gives a lower 
bound for the consistency of the failure of SCH: If SCH fails then the Cover- 
ing Theorem for K fails and therefore there exists an inner model for a mea- 
surable cardinal. 
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The Core Model 

The origin of the core model theory was the construction, by Dodd and 
Jensen, of the core model K. The Dodd- Jensen core model ("the core model 
up to a measurable cardinal" ) is an inner model K that contains much of 
the large cardinal structure without the existence of measurable cardinals. 
Its main features are: 

(1) K has a definable well-ordering, satisfies GCH and combinatorial prin- 
ciples such as □. 

(2) There exists a nontrivial elementary embedding j : K — > K if and 
only if L[U] exists. 

(3) If L[U] does not exist then the Covering Theorem holds for K. 

If L[U] exists then K has a simple definition: 

Definition 35.2. Assume that L[U] exists. The core model is the inner 
model 

k= n uit^(i[c/]). 

qG Ord 

It is easy to verify that K is an inner model. Only the lower parts of the 
iterated ultrapowers matter; see Exercise 35.1. 

Central to the theory of inner models is the "internal" definition of K. 
The main idea underlying the theory, including the generalizations of if, is 
that the core model is approximated by transitive models (sets), so called 
mice. Mice are the building blocks of K, as much as the models L a are for L. 

The preferred hierarchy for the fine structure of L is the Jensen hierar- 
chy J a . For K, we use its relativization J A for the language {<E,A} where 
A is a unary predicate: We modify Definition 27.2 (of rudimentary functions) 
by adding the function F(x) — x n A to obtain functions rudimentary in A, 
and let, for any set A, 

(35.1) rud^(M) = the closure of M U {M} under functions rudimentary 
in A. 

Definition 35.3. Jq = 0, J^ +1 = rud A (Ja ), Ja = U ( 3< Q Jp if a is a limit 
ordinal. 

It follows that L[A] = LLeOd ■ ^ ee Exercise 35.2 for some properties 
of the relativized Jensen hierarchy. Each is a transitive set and we abuse 
the notation by using to denote also the model ( j£, e,An 

Definition 35.4. A mouse is a transitive model M — J% such that 

(i) U is a normal K-complete iterable M-ultrafilter on some n < a, 

(ii) all iterated ultrapowers of J% by U are well-founded, 

(iii) M — H^^Up) (the Si Skolem hull) for some 7 < n and some finite 
p C a. 
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More specifically, M is a mouse at k. 

Some remarks about the definition: Iterability is the condition (19.17) that 
makes possible iterating the ultrapower. In Chapter 19 we assumed that M is 
a model of ZF~ which is not the case for mice (the requirement (iii) precludes 
it; see Exercise 35.3). Los's Theorem is not true in general in ultrapowers of 
mice, only for S 0 formulas (actually for Si formulas as we discuss below). 
One uses the fine structure to overcome this difficulty. Finally, for (ii) it is 
sufficient that the wist iterate is well-founded. 

Definition 35.5. K = L{M : M is a mouse}. 

Below we outline a proof of the following theorem: 

Theorem 35.6 (Dodd- Jensen). 

(i) K is an inner model of ZFC and has a S2 well- ordering. 

(ii) K satisfies GCH. 

(iii) R K has a S3 well- ordering. 

(iv) K K = K , and K v ^ = K for every generic extension. 

(v) IfL[U] exists then K = f\ ae0rd Wtff L[TJ\. 

(vi) In K, L[U] does not exist. 

(vii) If 0" does not exist then K = L. If 0" exists then 0* G K. More 
generally, for every x e K , if exists then x& e K. □ 

We now outline the basic theory of mice and techniques used in the core 
model theory. First we state a special case of (vii) : 

Lemma 35.7. A mouse exists if and only if 0" exists. 

Proof. If a mouse exists at k, then the iterates are indiscernibles for L. 

Conversely, let 0" exist and let i a be the Silver indiscernibles. For each a, 
let j a : L — > L be the unique elementary embedding with critical point i a 
such that j a {i a ) — i a +i] Let U a be the corresponding L-ultrafilter. Using 
indiscernibility, one shows that ju a = j a . Each U a is iterable and all iterates 
Ult[fJ(L) are well-founded. 

Now consider n = i 0 and U — U 0 , and let M = J% +1 - One proves that 
U C J^ + i C L, and Ult^J^+i) = J^ +1 . Finally, one verifies that J U K+1 = 
i?i*(0), and hence M is a mouse. □ 

Instrumental in the core model theory is the comparison of mice, a S2 well- 
ordering of the class of all mice obtained by comparing the transfinite iterates 
of mice. 

For every regular uncountable cardinal A, let C\ denote the closed un- 
bounded filter on A. Let M = be a mouse at k, and let A be a regular 



662 Part III. Selected Topics 



cardinal greater than k + . Then (as in Chapter 19), the Ath iterate of M has 
the form 

(35.2) UH£(M) = j£\ 

Clearly, J^ A is constructive from M, but M is also constructible from J^ x : 
M is isomorphic to the Si Skolem hull of 7 U io,\(p) in J^ A . 

For a given mouse M , 7 and p are fixed to be least possible such that 
M = Hf 1 (7 Up), in the following sense: 7 is the least such 7, and then p is 
the least p in the lexicographic ordering of finite descending sequences of 
ordinals. 

Definition 35.8. Let M = J% = ff 1 M ( 7 Up) and M' = J% = H^'^'Up') 
be mice, and let A be (any) sufficiently large regular cardinal. Let i 0 _\ : M — > 
Jp x and i' 0 A : M' — > J^, A be the iterated ultrapowers, with g = «o,a(p) an d 
9' = *o,a(p'')- We define M < M' as follows: 

(i) either /?</?', 

(ii) or /3 = p' and 7 < 7', 

(iii) or (3 = f3' and 7 = 7', and q < q' (in the descending lexicographic 
ordering) . 

Lemma 35.9. < is a well- ordering of mice, and if M < M' then M e L[M']. 
Proof. If (3 < [3' then J C 0 X e J^ A , and M e L[J C 0 X ]. □ 

An analysis of the complexity of < reveals that it is a £2 relation (and that 
< on R K is S3). We recall that the constructible hierarchy is Si; the added 
complexity in K is caused by the condition that every iterated ultrapower of 
a mouse is well-founded. 

Being a mouse is absolute for transitive models of ZF, and so is the well- 
ordering of mice. Thus if M is an inner model then K M — L{N : N is 
a mouse and N e M}, and K K = K. Since the well-ordering of mice is 
definable in K , K is a model of ZFC. 

If V[G] is a generic extension of V (by a set forcing) then for all sufficiently 
large regular cardinals A, the closed unbounded filter C\ on A in V[G] is 
generated by the closed unbounded filter in V. Hence J^ x is the same in V[G] 
as in V, and so every mouse in V[G] is in V. Hence K v ^ = K. 

If L[U] exists then every mouse is in L[C\] for some A; but L[C\] = 
Ult^L^]. Hence K C C\ ae ord Ult (a) L[C/]. If 1 is a set of ordinals in 
f| a Ult(") then for some A > suprr, x <E L[U^]. Hence there exists a mouse 
M -! El J^+ A) such that x € M. Therefore K = f] ae0rd Ult^ L[U}. The 
latter model has no submodel with a measurable cardinal and so neither 
does K. 

One important feature of K is the following, which we state without 
a proof: 

Lemma 35.10. If mice exist then K — \J{M : M is a mouse}. □ 
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Proofs in the core model theory such as the proof of Lemma 35.10 involve 
iterations of mice. One of the difficulties is that since mice do not satisfy ZF~, 
the resulting embcddings are not fully elementary. It is easy to verify that 
io,i : M — > UhV M is S 0 -elementary, and an additional argument shows that 
io,i is Si-clcmcntary; similarly for i a ^. While the finite iterates of a mouse 
are mice, arbitrary iterates are not. See Exercises 35.5-35.7. 

The proof of GCH in K resembles somewhat Silver's proof of GCH 
in £[[/]. Instrumental in the proof (and proofs of combinatorial principles 
in K) are condensation arguments, similar to Lemmas 18.38 and 27.5. These 
proofs use heavily the fine structure of K (including projecta, standard codes 
and parameters), reducing arguments about S„ to Si. 

The fine structure of K makes it possible to generalize combinatorial 
properties such as (} and □ from L to K . 

There is an alternative way of developing the theory of K and proving 
the main theorems. This method, due to Magidor, uses the closed unbounded 
filter directly. Instead of using mice, K can be defined using Definition 35.12 
below (this definition is equivalent to the Dodd-Jensen definition). 

Definition 35.11. The closed unbounded filter C K on k survives at 0 if for 
every n and / : [k]" — > {0,1} with / e Lp + i[C K ] there is a set C G C K 
homogeneous for /. 

Definition 35.12. A set x belongs to K if and only if for some k > rank(x) 
and some 0, x € Lp[C K ] and C K survives at 0. 

If C K survives at 0 then it survives at all 0' < 0. If it survives at all 0 then 
L[C K ] is the inner model for one measurable cardinal. C K survives vacuously 
at every 0 < k, and survives at k if and only if 0* exists (Exercise 35.8). 

If L[U] exists then for every sufficiently large regular k, L[C k ] = L[U^], 
and so UI^Pk] C\V k : C k survives at 0} = {jmu^} C\V K : k > lo regu- 
lar} = K . 



The Covering Theorem for K 

The two main results on the core model are that unless L[U] exists, K is 
rigid and the Covering Theorem holds for K: 

Theorem 35.13 (Dodd-Jensen). The following are equivalent: 

(i) L[U] exists. 

(ii) There exists a nontrivial elementary embedding j : K — > K . □ 



Theorem 35.14 (Dodd-Jensen's Covering Theorem for K). If L[U] 
does not exist, then for every uncountable set X of ordinals there exists a set 
Y D X in K such that \Y\ = \X\. □ 
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If L[U] exists then the ultrapower by U yields an elementary embedding 
j : K — > K . The proof of the converse shows somewhat more: If j : K — > M 
is elementary, then necessarily M = K (and L[U] exists). The proofs of both 
theorems use the fine structure of K, but a great deal of the fine structure 
can be eliminated when using Magidor's approach. 

Since K is a model of ZFC, Corollaries 18.31, 18.32 and 18.33 all remain 
true when L is replaced by K: 

Corollary 35.15. If L[U] does not exist then every singular cardinal is sin- 
gular in K, (k + ) k = k + for every singular n, and the Singular Cardinal 
Hypothesis holds. □ 



The Covering Theorem for L[U] 

By Prikry 's Theorem 21.10 there is a generic extension of L[U] in which the 
measurable cardinal k of L[U] remains a cardinal while cf k = u). It follows 
that the Covering Theorem for L[U] fails. However, it turns out that the 
existence of a Prikry sequence is the only obstacle to the Covering Theorem: 

Theorem 35.16 (Dodd-Jensen's Covering Theorem for £[{/]). As- 
sume that there is an inner model with a measurable cardinal, let K be the 
least such cardinal and let U be a measure on n in L[U]. Then 

(i) either 0^ exists, or 

(ii) the Covering Theorem holds for L[U], or 

(iii) there exists an Lu-sequence Sck Prikry generic over L[U], such that 
the Covering Theorem holds for L[U][S]. □ 

Note that by Theorem 21.14, L[U][S] = L[S]. 



The Core Model for Sequences of Measures 

The theory of K has been generalized by W. Mitchell who constructed a core 
model K m for sequences of measures (the "core model up to o(k) = k ++v ). 
In analogy with K, 

(i) K m has a definable well-ordering, satisfies GCH and □. 

(ii) There exists a nontrivial j : K m — > K rn if and only if there is an inner 
model for a measurable cardinal n with o(k) = k ++ . 

(iii) If there is no model for o(n) = k ++ then a "weak" covering theorem 
holds for K m . 



Mitchell's core model is the union of mice where a mouse is an appropri- 
ate generalization of the Dodd-Jensen mouse. The main result on K m is as 
follows: 
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Theorem 35.17 (Mitchell). 

(i) K m is a model of ZFC + GCH. 

(ii) K m has a S 2 well-ordering and □ holds; R fl K m has a Eg well- 
ordering. 

If there exists no inner model for o(n) = k ++ , then: 

(iii) If U is a normal iterable K m -ultrafilter with \J\tu{K m ) well-founded 
then U £ K m . 

(iv) If j : K m — > M is a nontrivial elementary embedding then j is an iter- 
ated ultrapower using measures in K m . (Hence there is no nontrivial 
j : K m -> K m .) 

(v) If k is a singular strong limit cardinal then (n + ) K = k + . □ 

Clause (v) is often called "the Weak Covering Theorem." 
Theorem 35.17 is a useful tool for obtaining lower bounds for the consis- 
tency strength. As an example, we present the following application: 

Corollary 35.18 (Mitchell). Assume that k is a measurable cardinal and 
2 K > k + . Then there is an inner model with a measurable A of order A++. 

Proof. If there is no such model then (iii) and (iv) hold. Let D be a normal 
measure on k and j D : V -» M = \J\t D (V); let j = j D \K m : K m — > N. 
By (iv), j is an iterated ultrapower, j — i 0 ^ : K m — > Ult^) — N, by 
measures in K m . Let N„, v < be the iterates; iV 0 = K m and N# — N. 
If v < ■& is a limit ordinal then there exist ^ v < v and U v G such that 
Nu+i = Ultj ?i/ (-^Vi/)- Since o(k) < k ++ < 2 K < there is a stationary 
set S C k ++ of ordinals of cofinality u such that £„ = ^ and U u = U are 
constant for v G S. Let i/ € S be a limit point of S 1 , let (t/„ : n < oj) be 
cofinal in STl and let k„ be the critical point of i Vn , v , for each n. The 
sequence (k„ : n < u) generates the measure i^ v (U) and belongs to M, 
hence i^, v (U) G M. By (iii), i Cjl ,(t7) e (K m ) M = but this is impossible 
since i^ v {U) £ N v+1 . □ 

This, combined with a theorem of Gitik [1989] shows that the existence 
of a measurable cardinal k such that 2 K > k + is equiconsistent with the 
existence of a measurable cardinal k of Mitchell order k ++ . 

Another result of Gitik (cf. [1989] and [1991]) shows that the consis- 
tency strength of the failure of SCH is exactly a measurable cardinal k with 
o(k) = k++. 

Up to a Strong Cardinal 

The current core model theory employs sequences of extenders rather than 
sequences of measures. This not only enables one to generalize the theory to 
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large cardinals beyond measurable but also has some technical advantages 
even in the case of K m . 

Strong cardinals (see Chapter 20) were introduced by Dodd and Jensen 
who also provided their characterization in terms of extenders. They also con- 
structed an inner model of the form L[£] where £ is a (transfinite) sequence 
of extenders such that 

(i) L[£] is a model of ZFC, 

(ii) in L[£], £ witnesses that there exists a strong cardinal, 

(iii) L[£] satisfies GCH, □, and has a £3 well-ordering of the reals. 

They also introduced a real, the sharp for a strong cardinal, that exists if and 
only if there exists a nontrivial elementary embedding j : L[£] — > L[£}. 

The theory of core models up to a strong cardinal uses mice of the form jf 
where £ is a sequence of jf -extenders. The crucial fact that makes the gen- 
eralization of the Dodd-Jensen theory possible is that one uses sequences of 
non- overlapping extenders. (Two extenders overlap if one is a (k, A)-extendcr, 
the other a («', A')-extender and n < n' < A.) This fact allows the compari- 
son of mice by iteration, and while the generalization is far from routine, one 
obtains a result similar to those for K and K m . 

Theorem 35.19. There exists an inner model K stmns such that: 

(i) K stmn & is a model of ZFC + GCH. 

(ii) K stron s has a £ 2 well-ordering and □ holds; i?nif strong has a Y,\ well- 
ordering. 

If there exists no inner model for a strong cardinal then: 

(iii) If j : K strons — > M is a nontrivial elementary embedding then j is an 
iterated ultrapower by extenders in K stmns . (Hence there is no non- 
trivial j : K stron z -> K stron s.) 

(iv) If k is a singular strong limit cardinal then ( K +) KStrong — K +. □ 



Inner Models for Woodin Cardinals 

Inner models for very large cardinals employ a new method of comparison 
of mice. Due to the presence of overlapping extenders, a "linear" iteration 
of mice does not work and a new technique has been developed — the theory 
of iteration trees. Iteration trees were introduced by Martin and Steel, who 
used the technique to construct inner models for Woodin cardinals 

Theorem 35.20 (Martin-Steel). If there are n Woodin cardinals then 
there is an inner model that has n Woodin cardinals, and its reals have 
a S^ +2 well- ordering. □ 
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The S^ +2 result is best possible: If there are n Woodin cardinals with 
a measurable cardinal above them then II* +1 determinacy holds (Theo- 
rem 33.26) and so R does not have a S^ +2 well-ordering. 

The fine structure for iteration trees was developed further by Mitchell 
and Steel who constructed an inner model for a Woodin cardinal that sat- 
isfies GCH. Then Steel constructed a core model up to a Woodin cardinal, 
under an additional assumption of a measurable cardinal above. 

Let f2 be a measurable cardinal. Steel's core model K stccl is an inner model 
of Vq and if Vh has no inner model with a Woodin cardinal then K stocl is 
both rigid and satisfies the Weak Covering Theorem: 

Theorem 35.21. Let ft be a measurable cardinal. 

(i) (K stccl ) Vn ^ = K stccl , for every generic extension of V n (by forcing 
in Vh). 

IfVn has no inner model with a Woodin cardinal then: 

(ii) There is no nontrivial elementary embedding^ j : K stccl — > J( stccl . 

(iii) For every singular cardinal A < Cl, (X + ) K = A + . □ 

The following is an application of Steel's core model: 

Theorem 35.22 (Steel). // carries an ^-saturated ideal, and if there 
exists a measurable cardinal, then there exists an inner model with a Woodin 
cardinal. □ 

This is (almost) best possible, as Shelah proved that if k is a Woodin 
cardinal then there is a generic extension in which n = uj 2 and NS Wl is un- 
saturated. 



Exercises 

35.1. Assume that L[U] exists; then K = U Qe ord( Ult c/ a) ( L P}) H V K ( a) ). 

35.2. (i) There is a Ei(J„ ) map of u> a onto 

(ii) (4 :£<«> isEi(j£). 

(iii) Ja has a Ei(J„ ) well- ordering. 

(iv) The relation j£ 1= <p is Ei(J„). 

35.3. If M is a mouse then p x M < k, where p\j, the Ei-projectum of M, is the 
smallest p < a such that there exists a Ei(M) function with /"u>p = jj, . 

35.4. Assume that 0* exists, let a G i[0 s ] be a real Cohen generic over L and let 
M = L[o]. Then M C K and so if n M = M, while K M = L. 

Let M = — iii (7 U p) be a mouse. Let i 0t( : M -> M 5 = Ult^(M). 

35.5. Los's Theorem holds in Ult(/(Af) for Eo formulas. 



668 Part III. Selected Topics 



35.6. io,i is a cofinal embedding of M into Mi and therefore Ei -elementary. : 
M5 — > M,, is Ei-elementary. 

35.7. Mi = ffi(7Ut 0 ,i(p)U{/s}), M„ = #1(7 U to,„(p) U W°\ . . . , k^"" 1 '}), 
M £ = ^1(7 U to, € (p) U {«<") : zv < £}). 

35.8. For every regular k > lu, C K survives at k if and only if 0* exists. 



Historical Notes 

The core model K was introduced by Dodd and Jensen in [1981, 1982a, 1982b]; 
see also Dodd [1982]. Theorem 35.6 is proved in [1981], Theorem 35.13 and 35.14 
in [1982a], and the proof of <0 and □ in K is due to Welch. An overview of K, with 
some proofs, can be found in Mitchell [1979b] and Dodd [1983]. Magidor's approach 
is described in Magidor [1990] and in Kanamori's forthcoming book [00] . 

The core model K m for sequences of measures was introduced by Mitchell. 
Theorem 35.17 was stated in Mitchell [1984]. Its proof has never been published 
but a detailed sketch will appear in Mitchell [00b] (in the forthcoming Handbook 
of Set Theory). Mitchell's article [00b] and its companion [00a] give an excellent 
introduction to the inner model theory, as does the more expository Mitchell [1994]. 

The inner model L[£] for a strong cardinal appeared in Dodd [1982]. The defi- 
nition of K s rong is given explicitly in Koepke [1989] where Theorem 35.19 is stated 
(a proof has not been published) . 

Iteration trees are introduced in Martin and Steel [1994] where Theorem 35.20 is 
proved. Fine structure for iteration trees is developed in Mitchell and Steel [1994] 
obtaining an inner model with a Woodin cardinal and GCH. Steel's core model 
is constructed in Steel [1996], proving Theorem 35.21(i), (ii) and Theorem 35.22. 
Theorem 35.21 (iii) is proved in Mitchell et al. [1997]. 

An overview of these (and of more recent results) is given in Lowe and 
Steel [1999]. 
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In this chapter we continue to develop the techniques introduced in Chap- 
ter 21. We shall describe several applications of forcing that use various large 
cardinal assumptions. 



Violating GCH at a Measurable Cardinal 

By Silver's Theorem 21.4 it is consistent, relative to a supercompact cardinal, 
that GCH can fail at a measurable cardinal. This, combined with Prikry 
forcing, shows further that the Singular Cardinal Hypothesis is unprovable. 
The consistency strength of both statements has been proved to be exactly 
o(k) = k++: 

Theorem 36.1 (Gitik). The following are equiconsistent: 

(i) There exists a measurable cardinal k such that 2 K > k + . 

(ii) There exists a strong limit singular cardinal k such that 2 K > k + . 
(hi) There exists a measurable cardinal k of Mitchell order n ++ . 

As proved in Chapter 21 (Corollary 21.13), the consistency of (ii) follows 
from the consistency of (i) by Prikry forcing. The necessity of (iii) for the 
consistency of "not SCH" was proved by Gitik, by a combination of the pcf 
theory and Mitchell's inner model for sequences of measures. We omit the 
proof. 

As for the consistency of (i) using o(k) = n ++ , this improvement of Silver's 
Theorem 21.4 is a combination of an intermediate forcing result of Woodin 
which we outline below, and an additional forcing argument of Gitik that we 
also omit. □ 

Theorem 36.2 (Woodin). Assume GCH and assume that there exists an 
elementary embedding j : V — > M with critical point n such that M K C M 
and that there exists a function f : k — > n with = K++ ■ Then there is 

a generic extension in which k is a measurable cardinal and 2 K > «+. 

The assumption of Theorem 36.2 is easily seen to follow from k being 
(k + 2)-strong (Exercise 36.1). By Gitik, the statement holds in some generic 
extension of the canonical inner model for o(k) = k ++ . 
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Proof. We outline the proof, which follows loosely the proof of Silver's Theo- 
rem 21.4. However, since the assumption is considerably weaker than super- 
compactness, more delicate arguments are needed. 

We may assume that j = Je and M = Ult#, where £ is a (k, n ++ )- 
extender (Exercise 36.2). Let U be the ultrafiltcr U = {X C n : n e j(X)} 
and consider the commutative diagram 

V M 



(36.1) 




N 



where N = \Jltu(V) and i : V — > TV is the corresponding elementary embed- 
ding. Let 

(36.2) A = i(/)(/t) and fi = crit(fc). 
We have the following inequalities: 

(36.3) k+ = (k+) n = (k+) m < n < A < i(/s) < k++ < j(n) < k+++. 
Moreover, 

(36.4) M = {k(t){a) :a<zn + + finite, t e N and t : [A]l a l -» iV} 

(see Exercise 36.3). 

For cardinals a and /?, let Add(a, /3) denote the notion of forcing that 
adds (3 subsets of a, cf. (15.3). The model for 2 K > k+ is constructed in two 
stages: The first stage is (as in Silver's proof) an iteration of length k + 1, 
with Easton support. The final model is then obtained by a forcing extension 
of this model. 

Let P = P K+ \ be the Easton support iteration of Q a , where for each 
a < k, Q a — {1} unless a is inaccessible and a closure point of the function /, 
in which case Q a = Add(a, f{a)) (in V Pa where P a is the crth iterate). For 
a = k, Q K = (Add(«, n ++ )) v K . Let G be a generic filter on P; we have 
V[G] = V[G K ][H K ] where G K is V-generic on P K and H K is V[G K ]-generic on 

g K -Add( K ,«++) v [ G »]. 

We recall some of the facts established in the proof of Theorem 21.4: 
P K is k-c.c. forcing notion of cardinality k, h remains inaccessible in V[G], and 
V[G] satisfies 2 K = n ++ . Since n is in M a closure point ofj(f), Q K = (Q K ) M , 
and so P = (j(P)) K+ i. 

As for i : V — > N, we use the fact that N K C N and that P K is k-c.c. 
to conclude (as in Lemma 21.9) that in V[G K ], (N[G K ]) K C N[G K ]. Also, 
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Using k(P K ) = P K and the fact that k(p) = p for every p G P K , we 
extend k : N — > M to an embedding k : N[G K ] — > M[G re ]. Now consider the 
forcing Q K in iV[G K ], and let 

(36.5) h K = fc_i(if K ) = { P e Add( K , A) y [ G ~] : fc(p) e H K }. 

As Q^' 0 "' has, in N[G K ], the K + -chain condition, and crit(fc) > n + , /i K is 
Q^' 6 "' -generic over N[G K ] (see Exercise 36.4). Moreover, G K *h K is U-generic 
on (t(P)) K+ i and in V[G K ][h K ], (N[G K ][h K ]) K C 7V[G K ][ft K ] (Exercise 36.5). 
Note also that (because A < k ++ ), V[G re ][ft K ] satisfies 2 K = k + . It follows 
that, in V[G K ][/i K ], k can be extended to an embedding k : N[G K ][h K ] — » 
M[G K ][i? K ]. 

Let 7? e TV be the name for the iteration after stage k + 1 : 

(36.6) P K * Q% * R = i(P K ) 

and let R G iV[G K ][/i K ] be the interpretation of R by G K * In iV[G«][/i K ], 
i? is an i{n)-c.c. forcing of cardinality i(n), and because the least a for which 
the ath iterate is nontrivial is above A, R is A-closed. 

Using the fact that R is A-closed and that the number of antichains of R 
in iV[G K ][/i K ] is small in V[G re ][ft re ] we conclude that there exists in U[G K ][/i K ] 
an i?-generic filter H over iV[G K ][/i K ] (Exercise 36.6). 

Now define k(H) as follows (in V[G re ][ft re ]): 

(36.7) k(H) = {qe k(R) : 3p e H k(p) < q}. 

We claim that k(H) is an M[G K ][/i K ]-generic filter on k(R). We omit the proof 
(but see Exercise 36.7). 

As p e H implies k(p) G k(H) for every p G R, k can be extended, 
in V[G K ][h K ], to an embedding k : N[G K ][h K ][H] - M[G K ][h K ][k(H)]. It 
follows that i and j can be extended (in U[G]), so that we have the following 
commutative diagram: 

V[G K ] J - M[G K \[h K \[k{H)\ 



(36.8) 




N[G K ][h K ][H] 

Now we describe the second stage of the construction, namely a generic 
extension of V[G] = V[G K * H K ], and in this extension, an elementary embed- 
ding that extends j. We force over V[G] with the partial order Q = i(Q K ). 
Since i{Q K ) is <i(K)-closed in iy[G K ][/i K ][i?], it follows from Exercise 36.5 
that Q is K-closed in V[G K ][/i K ]. However, as the model V[G] — V[G K ][H K ] 
is a generic extension of V[G K ][/i K ] by a k + -c.c. forcing Add(n, A), Q is re- 
distributive in V[G] (Exercise 36.8). 
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We also claim that in V[G], Q is k ++ -c.c. To prove the claim, let Q be, 
in y[G K ], the full support product of k copies of Q K . Note that Q is k ++ - 
c.c. in V[G K ], and since Q ~ Q K x Q, Q is n ++ -c.c. in l/[G K ][if K ] = V[G). 
Since conditions in Q — i(Q K ) have the form i(g)(K.) where g : k — > Q K , an 
antichain in Q yields an antichain in Q, proving the claim. 

Hence forcing with Q preserves k + and k ++ , and so 2 K = k ++ holds in 
the extension. Let if be a Q-generic filter over V[G]. The final step is to 
find in U[G][if] a generic j(K) over M[G][/c(ii)] such that the embedding j 
from (36.8) extends to an embedding j : V[G][K] -> M[G][k{H)][j(K)]. This 
step, which we omit, first applies k to K and produces a generic X such that 
j extends to j : V[G] — > M[G][fc(i?)][X], and then applies j to if and pro- 
duces a generic Y such that j extends to j : V[G][K] -> M[G][fc(i?)][X][F]. 
Details can be found in Gitik's paper [1989]. 

As this final step is performed inside V[G][if], it follows that in F[G][if], 
k is measurable. □ 



The Singular Cardinal Problem 

By Corollary 21.13, the negation of the Singular Cardinal Hypothesis is con- 
sistent relative to large cardinals, and its consistency strength is determined 
by Theorem 36.1. These results belong to a wide area of theorems and con- 
jectures known collectively as the Singular Cardinal Problem. Unlike the be- 
haviour of the continuum function on regular cardinals, which by Easton's 
Theorem can be quite arbitrary, the values of the continuum function at 
singular cardinals are subject to three kinds of constraint: 

(1) By Silver's Theorems 8.12 and 8.13, the value of 2 K for a singular car- 
dinal k of uncountable cofinality depends on the continuum function 
below k. 

(2) The Galvin-Hajnal Theorem 24. 1 and Shelah's results in the pcf theory 
give upper bounds for the value of 2 K when k is a strong limit singular 
cardinal such that k < H K . 

(3) Jensen's Covering Theorem 18.30 and the subsequent theory of core 
models shows that the consistency of the failure of SCH requires large 
cardinal assumptions. 

There is a large body of forcing constructions that, using large cardinals, 
yield models with various behaviour of the continuum function subject to the 
above mentioned constraints. There is, however, no comprehensive solution 
of the Singular Cardinal Problem analogous to Easton's Theorem. 

Below we list some of the advances in this area: 

Theorem 36.3 (Magidor [1977a], [1977b]). 

(i) If there exists a supercompact cardinal then there is a generic extension 
in which 2 N " < H w for all n < u and 2 N " = N w+2 . 
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(ii) If there exist n < A with n supercompact and A huge then there exists 
a generic extension in which 2 N ™ = H n+1 for all n < u and 2 N " = 
N w+2 . □ 

Theorem 36.4 (Woodin, Gitik [1989]). If there exists a measurable car- 
dinal k of Mitchell order k ++ , then there exists a generic extension in which 
GCH holds below H w and 2 N - = H w+2 . □ 

Theorem 36.5 (Magidor [1977a], Shelah [1983], Gitik [oo]). Assume 
that there exists a supercompact cardinal. 

(i) There is a generic extension in which GCH holds below H w , and = 
N w+a+1 , where a is any prescribed countable ordinal. 

(ii) There is a generic extension in which H Wl is strong limit and 2 N "i = 

for any prescribed ordinal a < u>2- 

(iii) There is a generic extension in which GCH holds below the least fixed 
point of the aleph function k = H K while 2 K is any arbitrarily large 
prescribed successor cardinal. □ 

Theorem 36.6 (Woodin, Cummings [1992]). 

(i) If there exists a supercompact cardinal, then there is a generic exten- 
sion in which 2 K = k ++ for each cardinal k. 

(ii) If there exists a strong cardinal, then there is a generic extension in 
which 2 K = k + for each successor cardinal and 2 K = n ++ for each 
limit cardinal. □ 

There are additional results on the failure of SCH by Gitik, Shelah and 
others. The main open problem in this area is the following: 

Problem 36.7. Is it consistent that H w is strong limit and 2 H " > 

Compare this with Shclah's Theorem 24.33. 



Violating SCH at « w 

We shall now outline the Woodin-Gitik modification of Magidor's technique 
for getting a model in which H w is strong limit and 2 Nl " = H w +2- First we 
describe the preparation forcing (which replaces Magidor's use of a super- 
compact cardinal): 

Lemma 36.8. Assume that there exists a measurable cardinal n with o(k) = 

K++. 

(i) There is a model V that satisfies GCH and 
(36.9) 3j :V—fM, crit(j) = n, M K C M and (n++) M = k++ . 
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(ii) There exists a model V with a measurable cardinal K such that 2 K = 
k ++ and a normal measure U on k with N — \Jltjj(V), and there exists 
a set G £ V which is an N -generic filter on Co\ N ((n +++ ) N , <jV( K )) 
(a Levy collapse in N). 

Proof, (i) We outline how to get a model that satisfies (36.9). First one 
uses Gitik's forcing from [1989] to get a model of GCH that has a (n, k ++ )- 
extender E and a function / : n — > n such that j (/)(«;) = k ++ (the as- 
sumption of Theorem 36.2). Note that in M (where j : V — > M), k ++ is 
an inaccessible cardinal. To obtain (36.9), one uses the iteration of length k, 
with Easton support, of Levy collapses Col(a + , </(a)), followed by the Levy 
collapse Co1(k + , <k ++ ). In this generic extension, the embedding j : V — > M 
can be extended to an embedding that satisfies (36.9). (For details, see Gi- 
tik [1989].) 

(ii) Starting with j : V — > M that satisfies (36.9), we do Woodin's con- 
struction described in the proof of Theorem 36.2, except that by (36.9), we 
may assume that f(a) = a ++ for all a. In the resulting model, k is mea- 
surable, 2 K = k ++ , and if U is the measure {X : n e j(X)} given by the 
extended embedding j, then U has the required property. (Again, details are 
in Gitik's [1989].) □ 

For the rest of this section we assume that k is a measurable cardinal with 
2 K = k ++ , U is a normal measure on k, N = XJlt(j(V) and j — jjj : V — > N, 
and G G V is an A^-generic filter on Col N ((k +++ ) n , <j(n)), the Levy collapse 
in N. Magidor's forcing conditions are as follows: 

(36.10) A forcing condition has the form p = (kq, fo, Ki, fi, ■ ■ ■ , «n-i, fn-i, 
A,F) where 

(i) k 0 < ki < . . . < K n -i are inaccessible cardinals < n, 

(ii) .f e Co1(k+ ++ , <m), for i < n-l and /„_i e Co1(k+++, <k), 

(iii) AeU, 

(iv) F is a function on A and F(a) £ Col(a +++ , <k) for all a £ A, 

(v) [F]u, the element of Col((n +++ ) N , <j(n)) represented by F, 
belongs to G. 

(36.11) A condition p' = (k' 0 , f 0 ,..., n' m _ 1 , f' m -\, A', F') is stronger than p 
if 

(i) m> n, 

(ii) k- = Ki for alH < n and k- £ A for alH, n < i < m, 

(iii) f[ D fi for all i < n and f- D F(k'A for alii, n < i < m, 

(iv) A' c A, 

(v) F'(a) D F(a) for all a e A'. 

This forcing produces a Prikry sequence (k„ : n < u) cofinal in k. A con- 
sequence of (36.10)(v) is that the forcing satisfies the K + -chain condition 
(Exercise 36.9) and so (if k is preserved) 2 K = n ++ in the generic extension. 
The crucial property of this forcing is that the cardinals Kofi eirc preserved, 
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and 2 K " < n n+ i. Since all but finitely many cardinals between k„ and 
are collapsed, there remain exactly to cardinals between kq and k. Thus we 
can follow this generic extension by a Levy collapse Col(H 0 , <k 0 ) and in the 
resulting model we have k = H w and 2 N " = H w+2 with H w strong limit. 

The key to preservation of the cardinals n n is an analog of Prikry's 
Lemma 21.12: 

Lemma 36.9. Let a be a sentence of the forcing language and letp — (kq, /o, 
. . . , K n -i, f n -i, A, F) be a condition. Then there exists a stronger condition 
p' = (k 0 , /o, . . . , K n -i, f'n-i, A', F') (with the same n) that satisfies a. □ 

We omit the proof of Lemma 36.9 as well as its application and refer the 
reader to Magidor [1977a] and Gitik [1989] for the details. 



Radin Forcing 

As a consequence of Jensen's Covering Theorem, and more generally of the 
inner model theory, large cardinals are necessary for any nontrivial change 
of cofinality (with the exception of Namba forcing, Theorem 28.10). Prikry 
forcing is the prime example of forcing that changes cofinality. In this section 
we describe its generalizations. 

The first example, due to Magidor, generalizes Prikry forcing to change 
the cofinality of a large cardinal k to a given regular cardinal A < n while 
preserving k as a cardinal: 

Let A be a regular cardinal and let k > A be a measurable cardinal such 
that o(k) = A. Using an inner model for o(n) = A, we may assume that there 
exists a sequence 

(36.12) U 0 < U x < ... < U a < ... (a<A) 

of normal measures on k, ordered by the Mitchell order. For every a < [3 < A, 
let f^:K^V K be the function that represents U a in Ult^, i.e., [fa]u p = U a . 

(36.13) A forcing condition is a pair (g, G) such that 

(i) g is an increasing function from a finite subset of A into k, 

(ii) G is a function on A such that G(a) C k for all a < A, 

(iii) if a > max(dom g) then G(a) G U a , 

(iv) if a < max(dom(/) and (3 is the least [3 <E dom(g) above a, 
then G(a) G f a (<?(/?)) . 



The finite function g plays the role of the finite sequence in the Prikry 
forcing. The function G plays the role of the measure one set: Clause (iii) is 
an obvious generalization while (iv) states that G(a) has measure one with 
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respect to the measure fa(g((3)) on g(f3), which reflects the properties of the 
measure U a in the ultrapower by Up. 

(36.14) A condition (h,H) is stronger than (g,G) if 

(i) hDg, 

(ii) for every a, H(a) C G(a), 

(iii) for every a G dom(h) — dom(g), h(a) G G(a). 

Magidor's forcing (36.13) is a generalization of Prikry forcing. A generic 
filter yields a cofinal A- sequence in k (Exercise 36.10). Similarly to the Prikry 
forcing, (36.13) has a K + -chain condition (Exercise 36.11). The crucial prop- 
erty of Magidor's forcing is that it preserves cardinals. The proof is a gen- 
eralization of the proof for the Prikry forcing and the following is the key 
lemma: 

Lemma 36.10. Let a be a sentence of the forcing language and let (g,G) be 
a condition. Then there exists a stronger condition (g,H) (with the same g) 
that decides a . □ 

Magidor's forcing changes the cofinality of n to cf n = A, under the as- 
sumption that o(k) = A. If A is uncountable then by Mitchell [1984] this 
assumption is necessary. 

Radin forcing generalizes Prikry forcing further and uses objects called 
measure sequences. Let j : V — * M be an elementary embedding with critical 
point k. Let us define a sequence (u(a) : a < $) as follows: 



The sequence (u(a)) a is defined for all a for which ufa e M. Thus the 
length ■d depends on the strength of the embedding j. For example, if j = ju 
is the ultrapower embedding by a normal measure U on k then A = 2, 



is ameasureon V K concentrating on 1-sequences (a), a < k, and (u(0),u(l)) ^ 
M = Ultfy. As long as u(a) is defined, u(a) is a measure on V K concentrating 
on a-sequences. 

We define measure sequences as sequences obtained by (36.15) from ele- 
mentary embeddings, but since we want the measures in measure sequences 
to concentrate on measure sequences, the definition is as follows. 

Definition 36.11 (Measure Sequences). Let 

MSo = the class of all u\a where u is as in (36.15) for some 
elementary j : V — > M, 
MS„+i = {n6 MS„ : (Va > 0) MS„ n K(o) € u{a)}, 

MS = Pl^Lo M£>« = the class of all measure sequences. 



(36.15) 



u(0) 
u(a) 



{X GV K :u\aej(X)} 



(a > 0). 



u(l) = {X eV K :{a: (a) G X} G U} 
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Since all the measures are cr-complete it follows that for every measure 
sequence u and every 0 < a < lcngth(u), u\a E MS and MS n K*(o) <= 
u(a). Clearly, some large cardinal assumption is necessary for the existence 
of nontrivial measure sequences. Under the assumption of a strong cardinal, 
there exist long measure sequences (Exercise 36.12). 

Let U be a measure sequence of length at least 2, and let k = U(0). We 
associate with U the Radin forcing for U, Ru- 

(36.16) A forcing condition p <G Ru is a finite sequence 

((u 0 ,A 0 ), (u n ,A n )} 

such that u n = U, and that, letting m = Ui(0) for i = 0, . . . , n, 

(i) for each i = 0, . . . , n, Ui € MS, Ai c MS and Ai e Ui(a) for 
every 0 < a < length (u^, 

(ii) for each i = 0, . . . , n - 1, (ui,Ai) e V Ki+1 . 

(Thus kq < K\ < . . . < k„-i < K n — k. These ordinals will produce a cofinal 
sequence in k, a generalization of a Prikry sequence.) 

(36.17) A forcing condition p = ((uo,Ao),...,(u n ,A n )) is stronger than 
q = ((v 0 ,B 0 ), (v m , B m )) if 

(i) n > m, 

(ii) {u 0 ,...,u n } D {v 0 ,...,v m }, 

(iii) for each j = 0, . . . , m, if Uj = Vj then Ai C Bj, 

(iv) for each i such that ^ {w 0 , • ■ • , v n } if i)j is the first Vj such 
that Ui(0) < vj(0), then Uj e i3 3 and A, C Sj. 

If [/ is a measure sequence of length 2, then Ru is more or less the Prikry 
forcing (Exercise 36.13); if U has length 3, Ru produces a cofinal sequence 
of order type u 2 (Exercise 36.14). 

A generic filter G on Ru produces a set 

(36.18) Dq = {u : 3p e G p= ((ui,Ai) : i < n) and u = m for some i < n}. 
As in Prikry forcing, one proves that F[£>g] = V[G\. Let 

(36.19) C G = {u(0) : u e Del- 
It is not difficult to show: 

Lemma 36.12. Cq is a closed unbounded subset of k. 

Proof. Exercise 36.15. □ 

When length(J7) < k, Radin forcing is similar to Magidor's forcing (36.13), 
see Exercise 36.16. 

The analog of Prikry's Lemma 21.12 holds for Radin's forcing as well: 
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Lemma 36.13. Let a be a sentence of the forcing language and let p = 
((ui,Ai) : i < n) be a condition. Then there exists a stronger condition 
q = ((ui, Bi) : i < n) [with the same {u t : i < n}) that decides a. □ 

As a consequence, all cardinals are preserved in the generic extension. 

Radin's forcing is more flexible than Magidor's forcing, and under suitable 
large cardinal assumptions, k retains its regularity, or even its large cardinal 
properties: 

Lemma 36.14. If cf (length([/)) > k then n remains regular in the forcing 
extension by Ru- □ 

Lemma 36.15. Let j : V — > M and let U G MS be defined from j as 
in (36.15). 

(i) If j witnesses that n is (k + 2) -strong then k remains measurable 
in V Ru . 

(ii) If j witnesses that k is \- super compact then k remains \- super compact. 

□ 

Among applications of Radin forcing is the following theorem: 

Theorem 36.16 (Mitchell). If 3ko(k) = n ++ is consistent then so is 
ZF + DC + "the closed unbounded forcing on H x is an ultrafilter." □ 



Stationary Tower Forcing 

We now describe the general version of the stationary tower forcing (Defini- 
tion 34.10) which can be used, among others, to change cofinalitics in a way 
that is not possible without very large cardinals. 

Let A be an uncountable set. A set S C P(A) is stationary in P(A) if for 
every F : [A| <a) — > A, S contains a closure point of F, i.e., a set X C A such 
that F(e) G X for all e G [X] <UJ . As in Theorem 8.27, projections and liftings 
of stationary sets are stationary. Also, the analog of Theorem 8.24 holds. For 
the relation to stationary sets in P K (X) see Exercise 36.17. 

Definition 36.17 (Stationary Tower Forcing). Let 6 be a Woodin car- 
dinal. The forcing notion P = P < s consists of conditions (A, S) where A G Vs 
is uncountable and S is stationary in P(A). (B, T) is stronger than (A, S) if 
B D A and T\A C S. 

If G is a generic filter on P K s then we form the generic ultrapower \J\tc{V) 
as in (34.10). The general form of Theorem 34.14 is as follows: 

Theorem 36.18 (Woodin [1988]). Let 5 be a Woodin cardinal. If G is 
generic on P<$ then the generic ultrapower \J\tc{V) is well-founded and the 
model UltG(V) is closed under < 5-sequences. □ 



36. Forcing and Large Cardinals 679 



Forcing with P <( 5 gives more flexibility than forcing with Q < s (from Def- 
inition 34.10). In a typical application, one can collapse a successor of a sin- 
gular cardinal and give it any prescribed cofinality, see Example 36.19 below. 
In fact, the consistency strength of this is exactly that of a Woodin cardinal. 

Example 36.19 (Woodin). Assume that H w be strong limit, and let S be 
the following stationary set in P(Vx u+1 ): 

S = {Xe [V^ +1 f - ■■ x n K+i € K+i and cf(X n H u +i) = ^si- 
Let G be a generic filter on P <s such that (Vn„ +1 ,S) £ G, let M = Vlta{V) 
and let j : V — > M be the generic ultrapower embedding. Then crit(j) = 
and cf M H w+ i = H 3 (Exercise 36.20). As P v ^\uj n ) = P M (us n ) = P(u n ) for 
all n, the forcing P K g below (^,5) changes the cofinality of to H 3 

while preserving □ 



Exercises 

36.1. Assume that k is (k + 2)-strong, and j : V — > M with critical point k be such 
that V K +2 C M. Then the function f(a) = a ++ (a < k) satisfies j(f)(n) = 

36.2. Let j : V — > M and / : k — > k be as in Theorem 36.2, and let E be the 
(k, K ++ )-extender derived from j. Then jE{f)(n) = n ++ and (Ults) K C Ults. 

36.3. Prove (36.4). 

[Use the fact that j = j B .] 

36.4. The filter h K is [G,tl -generic over N[G K ]. 
[Use the crit(fc)-chain condition.] 

36.5. The filter G K * h K is (i(P)) K +i-generic over V, and in V[G K * h K ], 

(N[G K *h K ]) K <zN[G„*h K ]. 
[Use that (i(P)) K+ i is k + -cc] 

36.6. In V[G K * there exists an N[G K * /i re ]-generic filter on R. 

[Use the fact that the number of antichains to meet is small, to build R.] 

36.7. k(H) is generic over M[G K ][h K ]. 

[Use (36.4), or rather the corresponding description of M[G K ][ft K ]. If D is an 
open dense set in k(R), let D = k(t)(a), where for each x £ [A]'™', t(x) is an 
open dense subset of R. Then use the fact that f] x t(x) is open dense to show that 
k(H) meets D.] 

36.8. If Q is K-closed then it remains K-distributive in every k + -cc. forcing exten- 
sion. 

[Let P be k + -c.c. Show that \\-q P is k + -c.c, that the generics for P and Q are 
mutually generic, and that V p and V p *® = V Q * P have the same K-sequences of 
ordinals.] 
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36.9. The forcing (36.10) satisfies the K + -chain condition. 
[Use (iii) and (v).] 

36.10. If G is generic for the Magidor forcing (36.13) then in V[G], k has a cofinal 
subset of order- type A. 

36.11. The forcing (36.13) has the K + -chain condition. 

36.12. Let k be a (k + 2)-strong cardinal. Then there exists a measure sequence u 
of length ■d > 

36.13. Let U G MS have length 2, U = (n, u(l)>. A condition p G Ru has the form 
((qo, 0), . . . , (a„_i, 0), (u(l), A)). Compare with the Prikry forcing. 

36.14. Analyze Ru when length(J7) = 3. 

36.15. Prove that G'g is a closed unbounded subset of k. 

36.16. Assume that length([7) = A is a regular uncountable cardinal, A < k. Show 
that the order-type of Cg is A. 

36.17. Stationary sets in -P K (A) are exactly the sets of the form G ^k(A) : 
X (1 k £ k) where S is stationary in P(A). 

36.18. Let M = Ult G (V) where G is generic on P <s , and let j : V -> M be the 
generic ultrapower embedding. For each (A, S 1 ) G P<a, (A, S) lh j"j4 G jXS). 

36.19. Each a < 5 is represented in UltG(V) by the function f a (x) = x(l a. 

36.20. In Example 36.19, crit(j) = and cf M = K 3 . 



Historical Notes 

Following the (unpublished) Theorem 36.2 of Woodin, Gitik proved in [1989] that 
o(k) — n ++ suffices for the consistency of a measurable cardinal k with 2 K = k ++ , 
as well as for a model of "K^ is strong limit and 2 N " = In [1991], Gitik 

showed that the assumption o(k) — n ++ is necessary for the negation of SCH. 

Methods for violating GCH at K u were originated by Magidor in [1977a, 1977b]. 
Woodin (unpublished) improved the method by using a (« + 2)-strong cardinal, and 
Gitik [1989] obtained the result from o(k) = 

In [1983], Shelah improved Magidor's method in the direction of getting an ar- 
bitrary countable gap between H„ and 2 Nl " . In [1992], Gitik and Magidor introduced 
a novel method for blowing up the power of 2" for singular cardinals, leading to re- 
sults that give the precise consistency strength (e.g., the large cardinal assumptions 
for Theorem 36.5 are considerably weaker than supercompactness). 

In [1991], Foreman and Woodin constructed a model in which GCH fails ev- 
erywhere; this was then improved by Woodin to Theorem 36.6(i), and Cummings 
followed with 36.6(h). 

Magidor's forcing for changing cofinality appeared in [1978]. For Radin's forcing, 
see Radin [1982]. Our presentation is based on improvements by Mitchell [1982], 
Woodin (unpublished) and Cummings [1992]. Theorem 36.16 is due to Mitchell 
[1982]. 

Stationary tower forcing is due to Woodin. 
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This chapter is devoted to a generalization of the Proper Forcing Axiom. 
The stronger axiom is obtained by replacing "proper notion of forcing" in 
Definition 31.20 by "stationary set preserving notion of forcing." A notion of 
forcing P is stationary set preserving if every stationary set Scwi remains 
stationary in V p '. 

Definition 37.1 (Martin's Maximum (MM)). If (P, <) is a stationary 
set preserving notion of forcing and if I? is a collection of Hi dense subsets 
of P, then there exists a 2?-generic filter on P. 

As every proper notion of forcing is stationary set preserving, MM is 
a strengthening of PFA which in turn is a strengthening of MA. The ax- 
iom MM has been dubbed "Martin's Maximum" as it is ostensibly the 
strongest possible generalization of Martin's Axiom: If P is not stationary 
set preserving then the corresponding axiom for P is false (Exercise 37.1). 

Below we establish the consistency of Martin's Maximum, and present 
some applications. 



RCS iteration of semiproper forcing 

The proof of the consistency of MM is modeled after the consistency proof 
of either MA or PFA: By iterated forcing one obtains a generic extension in 
which every stationary set preserving P satisfies the statement of MM. 

The straightforward approach, iterating stationary set preserving forc- 
ings, does not work: If g : u>i — > u>i dominates the canonical functions f n , 
i] < Ld 2 , (mod Ins) then there is a stationary preserving forcing notion P g that 
produces a function / < g mod Ins ( an d still above the f v ) (Exercise 37.2). 
An w-iteration of such forcing collapses uj\. 

It turns out that semiproper forcing can be iterated, yielding the consis- 
tency of the following principle: 

Definition 37.2 (Semiproper Forcing Axiom (SPFA)). If (P, <) is 

a semiproper notion of forcing and if I? is a collection of Hi dense subsets 
of P then there exists a T>- generic filter on P. 
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Clearly, MM implies SPFA and SPFA implies PFA. In the next section 
we show that SPFA is in fact equivalent to MM and so for the consistency 
of MM it is enough to construct a model of SPFA. 

While under special circumstances semiproperness may by preserved un- 
der countable support iteration (see Lemma 34.5), in general this is not the 
case. The reason is that a semipropcr forcing notion may change the cofinal- 
ity of ordinals from uncountable to countable. (An example of such forcing 
is the Prikry forcing, see Exercise 37.7.) 

The iteration applicable to semiproper forcings is the revised countable 
support (RCS) iteration. Informally, a support of a condition is not just 
a countable set, but even a name for a countable set. 

Definition 37.3. Let a > 1. A forcing notion P a is an RCS (revised count- 
able support) iteration of {Qp : /3 < a} if it is an iteration (cf. Defini- 
tion 16.29) consisting of all a-sequences p that satisfy 

(37.1) for every q < p there exist a 7 < a and an r < 7 q\j such that 
r lh 7 cf a = uj or V/3 > 7 p\[i,0) \\- P ^ p(f3) = 1. 

In (37.1), q ranges over elements of the inverse limit of the Qp, cf. (16.12), 
and P 7 p is the restriction of the inverse limit to the interval [7, (3) — {£ : 7 < 

i < /?}.' 

The main result on RCS iterations is that they preserve semiproperness: 

Theorem 37.4 (Shelah). If P a is an RCS iteration of {Qp : j3 < a} such 
that every Qp is a semiproper forcing notion in V Pa ^ then P a is semiproper. 

Theorem 37.4 can be proved along the lines of the proof of Theorem 31.15. 
We shall outline the proof of a special case of Theorem 37.4 (Proposition 37.8 
below) which suffices for the consistency proof of SPFA. (To be precise, Shelah 
proved Theorem 37.4 for a more complicated definition of RCS iteration; 
the current Definition 37.3 is based on simplifications by Schlindwein and 
Donder). 

A two-step iteration of semiproper forcings is semiproper, cf. Exer- 
cise 37.8. The proof of Theorem 37.4 proceeds by induction, showing 

(37.2) for all 7 < (3 < a, lh 7 Bp : B 1 is semiproper; 

here Bp = B(Pp), and Bp : B 1 is the complete Boolean algebra in V p ~< such 
that By * (Bp : By) = Bp (see Exercise 16.4). One property of RCS that is 
used in the proof is that Bp :By is (in V p ~') an RCS iteration (Exercise 37.9). 

The following three lemmas, special cases of Theorem 37.4, can be proved 
in a similar way as Theorem 31.15: 



Lemma 37.5. let P u be the inverse limit iteration of semiproper forcings 
{Q n : n < uo}. Then P u is semiproper. □ 
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Lemma 37.6. Let P Ul be a countable support iteration such that for all 7 < 
(3 < a, lh 7 Bp : P 7 is semiproper. Then P U1 is semiproper. □ 

Lemma 37.7. Let X be a regular uncountable cardinal. Assume that 

(i) Pa is a direct limit, 

(ii) for every a < X of cofinality u), P a is the inverse limit, 

(iii) for all 7 < (3 < A, lh 7 Bp : B 1 is semiproper, 

(iv) Pa satisfies the X-chain condition. 

Then P\ is semiproper. □ 

We shall now prove a version of Theorem 37.4 that will be used in the 
consistency proof of MM: 

Proposition 37.8. If P a is an RCS iteration of semiproper forcings {Qp : 
(3 < a} such that for every (3 < a, lh/3+1 \Pp\ < Hi, then P a is semiproper. 

Proof. We proceed by induction, proving (37.2). As successor stages present 
no problem, let a be a limit ordinal. By the induction hypothesis, for every 
7 < (3 < a, lh 7 Bp : B 7 is semiproper; we shall prove that P a is semiproper, 
and (37.2) for a then follows by Exercise 37.8. 

Case I. Let p £ P and 7 < a be such that phy lh cf a = uj. We will show 
that P\p is semiproper. In this case, p\^ forces that B a : P 7 is the inverse 
limit, and in fact, an inverse limit iteration of length lo of semiproper forcings, 
hence semiproper by Lemma 37.5. It follows that P\p is semiproper. 

Case II. Let p e P be such that V7 < a p\-f lh cf a > u, and let 7 < a be 
such that pf7 lh cf a = uj\. Again, we will show that P\p is semiproper. In 
this case, p|"7 forces that B a : P 7 is a direct limit iteration of length u\ of 
semiproper forcings, and hence semiproper by Lemma 37.6. Therefore P\p is 
semiproper. 

Case III. Let p e P be such that V7 < a p\-y lh cf a > Hi; we will show that 
in this case too, P\p is semiproper. This will complete the proof that P is 
semiproper. 

Without loss of generality, assume that p = 1 , and since P a is in this case 
a direct limit of the Pp , it is a direct limit of the Pp i , i < cf a (where a = 
limj <c f a (3i), so we can assume that a is a regular cardinal. For every 7 < a, 
since lh 7+ i |P 7 | < Hi < cf a, we have |P 7 | < a. Also since lh 7+ i cf a > Hi, 
there is a stationary set of (3 < a (those for which V7 lh 7 cf (3 > Hi) at which 
Pp is a direct limit. By Theorem 16.30, P a satisfies the a-chain condition. 
Therefore P is semiproper by Lemma 37.7. □ 
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Consistency of MM 

Theorem 37.9 (Foreman, Magidor and Shelah). If there exists a su- 
percompact cardinal then there is a generic model that satisfies MM. 

Following the proof of Theorem 31.21, we construct a model that satis- 
fies SPFA. Instead of proper forcings, we iterated semipropcr forcings, and 
use the RCS iteration. At each stage a of the iteration, in addition to us- 
ing the notion of forcing presented by the Laver function, we also collapse 
(with countable conditions) the cardinal \P a \ to Hi. By Proposition 37.8, 
such iteration is semipropcr. An argument similar to the one in the proof of 
Theorem 31.21 shows that the iteration up to a supercompact cardinal yields 
a model in which SPFA holds. 

The consistency of MM then follows from this result: 

Theorem 37.10 (Shelah). SPFA implies that every stationary set preserv- 
ing notion of forcing is semiproper. Therefore SPFA implies MM. 

Proof. Let X be a set of countable elementary submodels of H\ = (H\, e, <). 
We denote X 1 - the set 

(37.3) X 1 - = {M e [HxY : M -< H\ and N ^ X for every countable N that 

satisfies M < N -< H x and N n ui = M n Wi}. 

As in Chapter 31, we call an elementary chain (of length $ < ui) a sequence 
(M a : a < $) of countable elementary submodels of (H\,E,<) such that 
M a C M (i and M a e M 0 if a < [3, and M a = [} fj<a Mp if a is a limit 
ordinal. (Note that a C M a for every a.) 

Lemma 37.11. Assume SPFA, and let lo\ < k < X with A regular and 
sufficiently large. Let Y C [i? K ] w be stationary, and let X = {M € [Hx]" ■ 
M n H K e Y} be the lifting of Y to Hx- There exists an elementary chain 
(M a : a < u)i) of submodels of (H\,£,<) such that M a G X U X 1 - for 
every a. 

Proof. Let P be the notion of forcing that shoots an elementary chain through 
IUI 1 : Conditions are elementary chains (M a : a < 7) in X U X where 
7 is a countable ordinal; a stronger condition is an extension. We shall prove 
that P is semiproper; then, using SPFA applied to the dense sets = 
{(M a : a < 7) : 7 > £} (cf. Exercise 37.10), we obtain an elementary chain 
of length ^inlUl 1 . 

To show that P is semiproper, let \i > A be sufficiently large, let M -< 
{H^, e, <) be countable, with P e M, and let p e P l~l M. It suffices (cf. 
Exercise 37.6) to find a q < p that is (M, P)-semigeneric. 

Claim 37.12. There exists a countable N , M -< N -< such that TVn^i = 
M n loi andNHHxeXUX- 1 -. 
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Proof. If M n H x e X 1 - let N = M. Otherwise, there exists a countable 
N' ~< H x such that M CiH x C TV', TV'nwx = M Hwi and TV' £ X. Let TV be the 
Skolem hull of M U (TV' n H K ) in (H^ , g , <) . We claim that NDH K = N'C\H K \ 
hence iVdw^Mnwi and TV n if K g F, hence N C\H x eX. 

The equality TV n H K — N' n i? K holds because NDH K C N': notice that 
for every Skolem function h for H^, hf\ H K e M CI H x C N' . □ 

Continuing the proof of Lemma 37.11, let TV be as in Claim 37.12. We 
can find a decreasing sequence of conditions p n E N with po = p such that 
p n = (M a : a < 7„), such that every name for a countable ordinal in N is 
decided by some p n (as an ordinal in TV) and U^Lo U Q < 7 „ M a — Nr\H x . Let 
7 = U^o 7™ and M 7 = iv n H x . Since NC\H x e lUl", g = (M a : a < 7) 
is a condition, and is (TV, P)-semigeneric. Since M C N and Mf)u)i = Nflui, 
q is (M, P)-semigeneric. □ 

Now we finish the proof of Theorem 37.10. Assuming SPFA, let Q be 
a stationary set preserving notion of forcing that is not semiproper. Let k 
be sufficiently large (so that all Q-names for countable ordinals arc in H K ). 
Since Q is not semiproper, there exists some p g Q such that the set Y = 
{M -< H K : there exists no (M, Q)-semigeneric q < p} is stationary. Let A > n 
be regular and let X be the lifting of Y to i^; since n is sufficiently large, 
X = {M -< H x : there is no (M, <5)-semigeneric 5 < p}. We may assume that 
p = 1 is the trivial condition. 

By Lemma 37.11 there exists an elementary chain (M a : a < u>i) in 
X U X- 1 . We claim that the set S = {a < u\ : M a g JV} is nonstationary. 
Assume that 5 is stationary and let G be a generic filter on Q. Since Q is 
stationary set preserving, S is stationary in V[G]. Let 6^, £ < u>i, enumerate 
all the names in U Q <^i M a f° r countable ordinals. In V[G], let 

C = {a < u>i : M a flwi=a and (V^ < a)[S^ g M a and < a]}. 

The set C is closed unbounded, and if a g C then there exists some g g G 
such that for every g M Q , g lh (3/3 g M a ) 5% = f3; therefore q is (M a ,Q)- 
scmigcncric. Therefore 5 is nonstationary in V[G], and hence in V. 

Thus there exists an elementary chain (M a : a < lox) in X^. Let p, > A be 
sufficiently large; we shall finish the proof by showing that for every countable 
M -< {Hp, g, <, Q, (M a : a < wi)), for every p g M there exists an (M, Q)- 
scmigcncric q < p. 

Let M be such; if 5 = Mflwi, then M (~) H x D M s and 5 = M s n and 
since Ms g A- 1 we have M n i?A ^ -V and we are done. □ 

Applications of MM 

The first application deals with cardinal arithmetic. Since MM implies PFA, 
it follows (by Theorem 31.23) that 2 N ° = 2 Nl = H 2 . It turns out that from MM 
one can prove much more, including the Singular Cardinal Hypothesis: 
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Theorem 37.13 (Foreman, Magidor and Shelah). MM implies that for 
every regular n > K 2 , k^ 1 = k. 

Corollary 37.14. MM implies 2 N ° = N 2 . □ 
Corollary 37.15. MM implies SCH. 

Proof. For every cardinal A of cofinality lo, if 2^° < A then A N ° < (A+) Nl = 
A+, and SCH follows by Silver's Theorem 8.13. □ 

Proof of Theorem 37.13. Let A a , a < k, be disjoint stationary subsets of 
= {£ < k : cf £ = uj}. We shall prove the following claim that implies the 
theorem: For every increasing / : u>i — > k there exists an ordinal 7/ < k of 
cofinality w\ such that 

(37.4) Va < k a G ran(/) if and only if A a n 7/ is stationary. 

(It follows that / 7^ 5 implies 7/ 7^ 7 g .) 

Thus let / : wi — » k be an increasing function, and let S Q , a < wi, 
be disjoint stationary subsets of wi such that (J Q 5 a = u>i and that for 
every stationary 5* there exists an a such that SC\ S a is stationary. We shall 
use MM to find a continuous increasing function F : w\ — > n such that for 
every 5 < u>x, if S G S a then F((5) e ^4/(«)- 

Then if we let 7/ = sup 5<wi F((5), 7/ n U Q < Wl ^/(«) contains a closed 
unbounded set {F(<5) : 5 < uix}, and (37.4) holds. 

Let P be the following notion of forcing: A condition is a continuous 
increasing function p — (p(S) : 5 < 7) where 7 < Wi such that for every 
<5 < 7, if 8 € 5a then p(<5) G A stronger condition is an extension. We 

will show that P is stationary set preserving and that for every a < u>i the 
set D a = {p e P : a e dom(p)} is dense. Then MM applied to the sets D a 
produces the desired function F. 

We prove the second claim first, by induction on a. Let a be a limit 
ordinal, and assume that all Dp, j3 < a, are dense; let p e P. Let 7 be such 
that a € 5 7 . Let A be sufficiently large, and let M -< H\ be a countable 
model with P,p,a G M such that 77 = sup(M fl k) £ i 7 (M exists because 
Ay is stationary). Let (a n ) n be an increasing sequence with limit a, and 
let (r] n } n be an increasing sequence with limit r/. We construct a sequence 
of conditions p — p 0 C p\ C ... C p„ C . . ., each p n G M, as follows: 
Given p n G M, D an G M is dense and so there exists a G M such 

that p n+ i D p n , a n G dom(p„ + i) and p n+ i(a n + 1) > r\ n . The function 
9 = U^Lo^™ ^ {t 0 ! 1 /)} is a condition, proving that Z) Q is dense. 

Now we complete the proof by showing that P is stationary set preserving. 
Let S be a stationary subset of ui, let p G P and let C be a name for a closed 
unbounded set. We shall find a q < p and some 5 £ S such that g lh S G (7. 

Let a be such that S n 5 Q is stationary. Let A be sufficiently large and let 
M -< H\ be a countable model with P,p,C G M such that 77 = sup(Mfl(t) G 
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A a and 8 = Mflwi € S(lS a (see Exercise 37.11). Let (a n ) n be an increasing 
sequence with limit 6 and let (rj n ) n be an increasing sequence with limit rj. As 
before, we find a sequence of conditions p = po C . . . C p n C . . . in M such 
that a n G dom(p n+1 ), p n+ \{a n + 1) > f] n , and such that for some [3 n > a n 
in M, Pn+i II" (3 n € C 1 . The function g = U^Lo^™ ^ {(^> r ?)} ' s a condition and 
since <5 = lim„ fi n , we have g lh 8 £ C. □ 

Another important application of MM is the saturation of the nonstation- 
ary ideal on Hi: 

Theorem 37.16 (Foreman, Magidor and Shelah). MM implies that the 
nonstationary ideal on Hi is ^-saturated. 

Proof. Assume MM and let {Ai : i E W} be a maximal almost disjoint 
collection of stationary subsets of uu\. We shall find a set Z C W of size < Hi 
such that J2i<£Z ^ contains a closed unbounded set. That will prove that 
Jns is ^-saturated. 

Let P be the set of all pairs (q,p) such that 

(37.5) (i) q : 7 + 1 — > W for some 7 < u>i, and 

(ii) p C wi is a closed countable set such that a E p implies a <E 

A condition (q',p') is stronger than (q,p) if q' D q and p' is an end-extension 
of p. (See also (34.7).) 

P can be viewed as a two-step iteration Q*Pg where Q collapses \ W\ to Hi 
with countable conditions and Pg shoots a closed unbounded set through 
S = ^2 ieW Ai. P is stationary set preserving: If A C uo\ is stationary then 
for some i € VK, j4(1 A, is stationary and remains stationary in V® . Hence 
AnAi f]S is stationary and remains stationary in V p . Hence A is stationary 
in V p . See Exercises 34.6 and 23.6. 

For each a < u>\, let D a = {(q,p) <G P : a < max(p)}. Each D a is dense 
and so by MM there is a filter G on P that meets all the D a . Let 

F = U{<7 : (g,p) G G for some p}, C = : (q,p) € G for some g}. 

The set C is closed unbounded, and is equal to the set {a : (3£ < a) a e 

Reflection Principles 

An important consequence of MM are reflection principles. These combina- 
torial principles imply some major consequences of MM. 
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Definition 37.17 (Reflection Principle (RP)). For every regular A > H 2 
the following holds: 

RP(A) If S is a stationary set in [A] w then for every X C A of cardinality Hi 
there exists a Y C A of cardinality Hi such that X £ Y and that 
S n [Y] w is stationary in [Y] w . 

RP follows from Martin's Maximum, see Theorems 37.21 and 37.23 below. 
One consequence of RP is that every stationary set preserving notion of 
forcing is semiproper (Exercise 37.13). This in turn implies that Ins on w i 
is precipitous (Foreman, Magidor and Shclah [1988], Theorem 26) and is 
therefore a large cardinal property. 

Theorem 37.18 (Todorcevic). RP(u 2 ) implies that 2 N ° < H 2 . 

Proof. One can show that RP(A) implies a stronger version of RP(A), namely 
that S fl [Y]" is stationary for stationary many Y <E [A] Nl (Exercise 37.14). 
If ll>i < a < 1V2, let C a be a closed unbounded subset of [a] w of order- 
type ivi, and let D = U Wl <a<w 2 ^a- Since \C a \ = Hi for each a, we have 
\D\ = H 2 . By RP(w 2 ), D contains a closed unbounded set: Otherwise, if 
S = [w 2 ] w — D is stationary, there exists an a > uo\ such that S n [a]" is 
stationary, a contradiction. 

By a theorem of Baumgartner and Taylor ([1982], Theorem 3.2(a)), every 
closed unbounded subset of [w 2 ]" has size at least 2*V Therefore 2^° < H 2 . 

□ 

RP(w 2 ) is not very strong; its consistency follows from a weakly compact 
cardinal (a modification of Theorem 23.23). 

Definition 37.19. A set S C [A]" is projective stationary if for every sta- 
tionary set Tcwi, the set {X e S : X n u\ € T} is stationary. 

(Equivalcntly, for every closed unbounded C C [A]", the projection 
(S n C) [wi contains a closed unbounded set.) 

Definition 37.20 (Strong Reflection Principle SRP). For every regular 
A > H 2 , the following holds: 

SRP(A) If S is projective stationary in [if a]" then there exists an elementary 
chain (M a : a < uji) of countable models such that M a £ S for all a. 

Theorem 37.21. MM implies SRP. 

Proof. Let S C [if K ] w be projective stationary. Let P be the forcing notion 
that shoots an elementary chain through S: Conditions are elementary chains 
(M a : a < 7) where 7 < u>\ and M a £ S for all a < 7. We will show 
that P is stationary set preserving; then if G is a filter on P that meets 
{p £ P : a £ dom(p)} for each a <u>i, [J G is an elementary chain in S. 
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Let T C uj\ be stationary, let C be a P-name for a closed unbounded set, 
and let p G P. We shall find a,q < p and a (5 G T such that q\\- S E C. Let A be 
sufficiently large and let M -< (H\, G, <, P, C, S, T,p) be a countable model 
such that M C\ H K e S and 5 = M n u>i G T. Let p = p 0 > ■ . ■ > p n > ■ ■ ■ 
be conditions in M such that for every open dense set D G M, p n G P for 
some n. If p„ = (M a : a < -f n ) then <5 = lim„ 7„ and MC\H K = \J n<LU M 7n . If 
we let g = Un< w P™ u {(^ M(lH K )}, then q is a condition and q lh (5 G C 1 . □ 

Theorem 37.22. SRP implies that the nonstationary ideal on lo\ is H 2 - 

Proof. Assume SRP and let be a maximal antichain of stationary subsets 
of oji. We will show that \W\ < Hi. Consider the set 

S = {M G [H^Y : M ^H U2 ,We M and 3A G W n M (M n wi G A)}. 

We claim that S is projective stationary. Let T C ui be stationary and let 
A E W be such that T 0 A is stationary. Let C be a closed unbounded set 
in [H U3 ] U . Then there exists a model M G C such that M n Wi G A n P; 
hence 5 is projective stationary. By SRP there exists an elementary chain 
(M a : a < u>i) such that M a G 5 for all a. Let M = \J a<UJl M a ; we shall 
finish the proof by showing that W C M. 

Let A e W and assume that A M. Let N be the Skolem hull of 
M U {A} and for each a, let N a be the Skolem hull of M a U {A}. Let C be 
the closed unbounded set of all a < oj\ such that M a flwi = n«i = a, 
and let a G CnA Since M a G S 1 , there exists some B e W n M Q such 
that a G P. As A n P is nonstationary and A^ a , there exists a closed 

unbounded set P G N a such that iflBnfl = 0. This is a contradiction, 
since a — N a n Wi G P, and also a £ A and a G P. □ 

Theorem 37.23. Por even/ regular A > W2, SRP(A) implies RP(A). 

Proof. Assuming SRP (A) we prove a stronger version of RP(A): 

(37.6) If S is a stationary set in [Pa]" then there exists an elementary chain 
(M a : a < oj\) such that {a : M a G S 1 } is stationary. 

Let S C [Pa] w be stationary. By Exercise 37.19 (since Ins is H 2 -saturated 
by SRP(oj 2 )), there exists a stationary A<Z lu\ such that for every stationary 
B <Z A, the set {M e S : Mflwi £ B} is stationary. Therefore the set 
{M : Jlf e S or M fl wi ^ 4} is projective stationary, and by SRP(A) 
contains an elementary chain (M a : a < uu\). It follows that M a G S for 
every a £ A. □ 

We mention two other consequences of SRP: the Singular Cardinal Hy- 
pothesis (Todorcevic, Exercise 37.20) and 2 N ° = H 2 (Woodin [1999], Theo- 
rem 9.82, proves that SRP(w 2 ) implies 8\ — H 2 ). 
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Forcing Axioms 

Martin's Maximum (as well as MA and PFA) are principles that postulate 
the existence of sufficiently generic filter on every forcing notion of a given 
kind. In general, let V be & class of forcing notions. 

Definition 37.24 (MA(P)). If P is a forcing notion in V and if {D a : 

a < uji} are dense (or predense) subsets of P, then there exists a filter G 
on P that meets all the D a . 

Thus MA(c.c.c) is MAk i; MA(proper) is PFA and MA(semiproper) = 
MA(stationary set preserving) is SPFA = MM. A useful strengthening of 
a given forcing axiom is the following: 

Definition 37.25 (MA + (P)). If P is a forcing notion in V , if {D a : a < Wi} 

are dense (or predense) subsets of P and if S is a name of a subset of lo\ such 
that lh S is stationary then there exists a filter G on P that meets all the D a , 
and S G = {a : Bp £ G p lh a £ S} is stationary. 

MM + is stronger than MM; its consistency follows by a modification 
of the proof of Theorem 37.9. While MAj is equivalent to MA^ (Exer- 
cise 37.22), MA + (V) is generally stronger than MA(V). A useful special case 
is MA + (w-closed). Among others, it implies the Reflection Principle RP and is 
therefore a large cardinal axiom. Moreover, it implies (37.6) (Exercise 37.23) 
and hence SCH. The following theorem shows that MA + (w-closed) follows 
from MM: 

Theorem 37.26 (Shelah). MM implies MA+ (w-closed) . 

Proof. Assume MM and let P be w-closed, T> a family of Hi dense subsets 
of P and S a P-namc for a stationary set. Let {A t : i £ W} be a maximal 
antichain of those stationary sets for which I hp Ai n S is nonstationary. 
By MM, \W\ < Hi. Let A = J^iew A * be tne diagonal union and let T = 
uii — A. We have Ihp S — T is nonstationary (hence T is stationary) and for 
every stationary X C T there exists some p e P such that p lh S n X is 
stationary. 

Let Q be the countable support product of u\ copies of P; let Q a = P 
and S a — S. For every stationary X C T and every q £ Q there exist some 
q' < q and a < ui\ such that q' lh S a fl X is stationary. It follows that for 
every stationary X C T, \\-q XC\^ a<UJi S a is stationary. In V®, let R be the 
forcing notion that shoots a closed unbounded set C through A U X) Q < Wl $a 
(with countable conditions) . It follows that Q * R preserves stationary sets. 

By MM there exists a filter G x H on Q * R such that each G a — G \Q a is 
2?-generic, that for all a and /3, G meets {q £ Q : q decides a £ Sp}, and that 
for each a, G x H meets {(q,r) : max(r) > a}. Then C = C GxH is a closed 
unbounded set and A U J2 a <uM ^ C- Therefore there exists some a such 
that S Ga is stationary, and MA + (w-closed) follows. □ 
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While PFA is a large cardinal axiom and implies that 2 N ° = H 2 there 
are weaker versions that do not need large cardinals, and are consistent with 
c > H 2 : For instance, there is a class V of proper forcings that includes, 
among others, the forcings for adding Cohen reals, Sacks reals, Mathias reals 
and Laver reals and MA('P) is consistent (relative to ZFC) with 2 N ° > H 2 
(Groszek and Jech [1991]). 

Finally, forcing axioms can be further modified by restricting the size of 
predense sets that the filter should meet. If only D a of size < Hi are involved, 
these are known as bounded forcing axioms: 

Definition 37.27 (Bounded MA(P)). If P is a forcing notion in V and if 
{D a : a < bj{\ are predense subsets of P such that \D a \ < Hi for all a, then 
there exists a filter G on P that meets all the D a . 

The consistency strength of Bounded PFA is below a Mahlo cardinal 
(Goldstern and Shelah [1995]). An interesting equivalence for Bounded MM 
was proved by Bagaria: 

Theorem 37.28 (Bagaria [2000]). Bounded MM holds if and only if for 
every stationary set preserving forcing notion P, 

(H„ a ,e) -< El (# W2 ,e) yi \ □ 



Exercises 

37.1. Let P be a notion of forcing such that for some stationary 5 C wi, \\~p S is 
nonstationary. Then there exist Hi dense sets such that no filter G on P meets 
them all. 

[Let C be a closed unbounded set in V such that Ihp S (1 C = 0. For each 
a < ui, let D a — {p : (3/3 > a) p lh (i € C} and E a = {p : either p lh a € C or 
37 < a such that p lh £ ^ C for all £ between 7 and a}. If G meets all the D a 
and E a , let C = {a : 3p G G p lh a G C}. Show that C is closed unbounded and so 
S PI C ^ 0; a contradiction.] 

37.2. Let fn : u>i — » wi, n < u)2, be the canonical ordinal functions, and let 
g : uji — > uji be such that g > f v mod Jns for all 7/. A forcing condition in P g is 
(h,c,{cr, : r) G A}) where h : a + 1 — > wi for some a < wi, c and are closed 
subsets of a + 1, i C U2 is countable, and h < g on c, h > f v on c v . The c's in 
a stronger condition are end-extensions. Show that P g is stationary preserving. 

[Shelah [1982], p. 255.] 

Let \A\ > H2. A set C C [A] u is locally closed unbounded if for closed unbounded 
many X G ]^4] Nl , C PI [A]" contains a closed unbounded set in [A]". 

37.3. The filter of locally closed unbounded sets is a normal filter and extends the 
closed unbounded filter on [A] u . 
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37.4. A notion of forcing P is stationary set preserving if and only if for every 
sufficiently large A there is a locally closed unbounded set in [H\] u of countable 
elementary submodels such that Vp € M 3q < p q is (M, P)-semigeneric. (Compare 
with Definition 34.3). 

[Feng and Jech [1989], Theorem 2.1.] 

37.5. P is stationary set preserving if and only if for every p G P and every set X 
of names for countable ordinals such that \X\ = Ni, player II has a winning strategy 
in the following game: I plays a n G X, II plays [3 n , and II wins if 3q < p q Ih Vn 3k 
(d n = Pk)- (Compare with Theorem 31.9 and Exercise 34.4.) 

[Feng and Jech [1989], Theorem 2.1.] 

37.6. P is semiproper if and only if for every p G P, every sufficiently large A and 
every countable M -< (H\, G, <) containing P and p, there exists a q < p that is 
(M, P)-semigeneric. 

[As in Lemma 31.16.] 

37.7. Show that the Prikry forcing is semiproper. 
[Use Exercise 34.4.] 

37.8. If P is semiproper and Ihp Q is semiproper then P * Q is semiproper. 
[As in Lemma 31.18, or use the semiproper game from Exercise 34.4.] 

37.9. Let P a be an RCS iteration, let 7 < a, and let Pi 7 ' be an RCS iteration, 
in V p ->, of {Q,s : 7 < (3 < a}. Then V p " = V p t* p ™ . 

37.10. For every stationary S C [J?a] w and every 7 < u>\ there exists an elementary 
chain (M a : a < 7) such that M a G S for all a < 7. 

[It suffices to show that such a chain exists in some V P where P collapses H\ 
with countable conditions. In V p , consider an elementary chain with limit H\ and 
apply Exercise 8.5.] 

37.11. Let SCui and T C be stationary and let A be sufficiently large. Then 
there exists a countable M -< H\ such that M n ui G S and sup(M n k) G T. 

[There exists N -< H\ of size Hi such that u>i C iV and r; = sup(A r n k) G T 
(because T is stationary). Then (because S is stationary) there exists a countable 
M -< JV with sup(M n k) = 77 and Mflwie 5 1 .] 

37.12. MM implies that for every regular k > u)2, every stationary A C contains 
a closed set of order-type uj\. (Compare with Exercise 8.5.) 

[Let P be the set of all continuous increasing (p(a) : a < 7), 7 < a>i, in A.] 

37.13. RP implies that every stationary set preserving P is semiproper. 
[Foreman, Magidor and Shelah [1988], Proposition 14.] 

37.14. RP(A) implies that for every stationary S C [A]", the set {Y C A : \Y\ = Ni 
and S n [Y]" is stationary} is stationary in [A] Nl . 

[Feng and Jech [1989], Theorem 3.1, (3) implies (2).] 

37.15. RP(k) implies that every stationary A C E£ reflects at some 7 of cofinal- 
ity uii. (Compare with Exercise 31.9.) 

37.16. Let Ki < k < A. 

(i) If S C [A]" is projective stationary then S\k is projective stationary. 
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(ii) If S C [k] w is projective stationary then the lifting of S to A is projective 
stationary. 

37.17. Let k < A, Y C [H K ] W , let X be the lifting of Y to H\. Show that lUl 1 
is projective stationary. 

[Feng and Jech [1998], Claim 1.2. (Or, modify the proof of Claim 37.12.)] 

37.18. SRP implies that for every regular k > L02, every stationary A C con- 
tains a closed set of order-type wi . 

[Apply SRP(k) to the set {M : A G M and sup(M n k) G M}.\ 

37.19. If Ins is ^-saturated then for every stationary S C [A]" there exists a sta- 
tionary A C 0J1 such that for every stationary B C A, the set {X £ S : X Huii £ B} 
is stationary. 

[For every stationary A C wi, let SU = {X £ 5 : AC n wi G ^4}, and let 
W = {A% : £ < 1? < wi, be a maximal antichain of stationary sets A such 
that <SU is not stationary. For each £ let be closed unbounded in [A]" such that 
S Ai HC 5 = 0. Let A = A £ (wi - A 5 ) and C = A ? Cj = {X : (Va G Xflt?) X G C* a }. 
Since C n S is stationary, A is stationary. A is as desired.] 

37.20. SRP(k) implies that k Ni = k. 

[Let ^4 a (q < k), / : uii — > k and (a < an) be as in the proof of Theo- 
rem 37.13, and prove (37.4). The set {M : (Va G M n Wi) ifMflUi G S a then 
sup(M n k) G ^4/( a )} is projective stationary.] 

37.21. SRP holds if and only if for all k < A regular uncountable, if S C [k]" is 
stationary then there exists an elementary chain (M a : a < uo\) such that M a HkE 
S for every a for which there exists a countable M such that M a C M -< H\, 
M n LUi — M a n wi, and M (1 s £ S. (In other words, if T is the lifting of S 
to Ha then T U T x contains an elementary chain. This reflection principle is due 
to Todorcevic, see Bekkali [1991], p. 57.) 

[Feng and Jech [1998], Theorem 1.2.] 

37.22. MAnj implies MA+. 

[Let P be c.c.c, \T>\ = Hi (dense sets), and S a P-name for a stationary set. Let 
Q be the (finite support) product of lo copies of P; let Q n — P and S„ = S. Let 
T = {a : Jp G P p lh a G 5} and show that Ihq T = U n <„ S n . Apply MA Nl to Q 
which is c.c.c. Let G be a filter on Q such that each G„ = G\Q n is ©-generic, and 
that for every a and every n, G meets {q : q decides a G SVi}- Then T = [J n<u S>f 
and therefore there exist some n such that S^ n is stationary.] 

37.23. MA + (w-closed) implies that for every stationary S C [Ha]" there exists an 
elementary chain (M„ : a < uo\) such that {a : M a G S} is stationary. 

[Apply MA + (w-closed) to the cj-closed forcing that produces a generic chain 
{M„ : a < lji) such that U a <^ 1 — {H\) v (the conditions being countable 
chains) and the canonical name for the stationary set Sg = {a : M& G S}.} 



Historical Notes 

Martin's Maximum was formulated by Foreman, Magidor and Shelah [1988]. The 
consistency proof (Theorem 37.9) as well as the major applications (Theorem 37.13, 
Theorem 37.16 and Definition 37.17) are in that paper. The method of RCS iteration 
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and Theorem 37.4 are due to Shelah and appear in [1982]. The (simplified) definition 
presented here follows Fuchs [1992] and Schlindwein [1993]. 
Theorem 37.10 was proved by Shelah in [1987]. 

Todorcevic proved (in unpublished notes) that RP implies 2 N ° < K2; he also 
formulated a strong reflection principle (see Exercise 37.21) and used it to prove 
Theorems 37.21, 37.22 and 37.23, as well as SCH. The present version of SRP (Def- 
inition 37.20) is due to Feng and Jech [1998]; so is the equivalence in Exercise 37.21. 

MA + (u>-closed) and MM + are discussed in Foreman, Magidor and Shelah [1988] . 
Theorem 37.26 was proved by Shelah in [1987]. 

Exercises 37.1, 37.12 and 37.23: Foreman, Magidor and Shelah [1988]. 

Exercise 37.3: Feng and Jech [1989]. 

Exercises 37.10 and 37.19: Feng and Jech [1998]. 

Exercises 37.18 and 37.20: Todorcevic. 

Exercises 37.22: Baumgartner. 



38. More on Stationary Sets 



Stationary sets play a central role in several areas of set theory. In this final 
chapter we address some of the issues dealing with stationary sets. 



The Nonstationary Ideal on fr^ 

The question of considerable interest is whether the ideal 7 NS on can be 
^-saturated. By Theorem 37.16, the saturation of Ins follows from MM, and 
thus is consistent relative to a supcrcompact cardinal. This can be improved: 

Theorem 38.1 (Shelah). If there exists a Woodin cardinal then there is 
a generic model in which the nonstationary ideal on Hi is ^-saturated. 

Proof (sketch). The model is constructed by an RCS iteration (up to a 
Woodin cardinal), as in the proof of Theorem 37.9, iterating the forcings 
described in (37.5), for those maximal antichains for which the forcing (37.5) 
is semiproper. An argument similar to the one used in the proof of Theo- 
rem 34.8 shows that in the resulting model, Ins is saturated. □ 

Combining this result with Steel's Theorem 35.21, it follows that the 
consistency strength of the saturation of Ins is approximately that of the 
existence of a Woodin cardinal. 

In contrast to that, the consistency strength of the precipitousness of Ins 
is only that of the existence of a measurable cardinal (Theorems 22.33 
and 23.10). 

A cr-complete ideal I on u>\ is uj\-dense if the Boolean algebra P(ioi)/I 
has a dense subset of size Hi. Clearly, every (nontrivial) wi-dense ideal is K2- 
saturated. The following result (that we state without proof) shows that the 
consistency strength of "Ins is ^i-dense" is exactly the existence of infinitely 
many Woodin cardinals. 

Theorem 38.2 (Woodin). The following are equiconsistent: 



(i) -^NS is uJi-dense. 

(ii) AD holds in L(R). 



□ 
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The saturation of the nonstationary ideal implies (almost) that the Con- 
tinuum Hypothesis fails: 

Theorem 38.3 (Woodin). If Ins is ^saturated and if there exists a mea- 
surable cardinal, then 8\ = K 2 {and hence 2 N ° > K 2 ). □ 

Note that the construction in the proof of Theorem 34.8 yields a model 
in which for some stationary set A, the ideal Ins \A is ^-saturated and the 
Continuum Hypothesis holds. 

Saturation and Precipitousness 

By Theorem 23.17, the nonstationary ideal on n is not K+-saturated, for 
any k > K 2 . The proof of Theorem 23.17 yields a somewhat stronger result: 
If k and A are regular cardinals such that A+ < n, then Ins \E\ is not 
K + -saturated. Theorem 38.4 below shows that the saturation of Ins \ Reg is 
consistent (and not particularly strong) . It remains open whether for a regular 
uncountable cardinal k, Ins \E% can be K ++ -saturated. 

Let k be a regular cardinal and let a < n + . The cardinal k is a-Mahlo 
if the order of k (as defined in Chapter 8) is at least n + a. (Thus 0-Mahlo 
means weakly inaccessible, 1-Mahlo means weakly Mahlo, etc.) 

Theorem 38.4. 

(i) Let k be an a-Mahlo cardinal, with 0 < a < k + . If I^s\Heg is k + - 
saturated then k is a measurable cardinal of Mitchell order at least a 
in the model K m . 

iii) Let k be a measurable cardinal of Mitchell order a, with 0 < a < n + . 
There is a generic model in which n is a-Mahlo and Ins \ Reg is k + - 
saturated. 

Proof. Cf. Jech and Woodin [1985]. For (i), see Exercise 38.1. □ 

By Theorem 23.10, the existence of a measurable cardinal is sufficient for 
the construction of a generic model in which the ideal Ins on u>± is precipitous. 
The construction generalizes to obtain the precipitousness of Ins \E* , for 
every regular cardinal n. For the precipitousness of the entire ideal 7ns on 
k > H 2 , more than measurability is needed. For instance: 

Theorem 38.5. The following are equiconsistent: 

(i) Ins on H 2 is precipitous. 

(ii) There exists a measurable cardinal of Mitchell order 2. 

Proof. Cf. Gitik [1984]. For the lower bound, see Exercise 38.2. □ 

The consistency strength of the precipitousness of Ins on k > H 3 is more 
than o(k) = k, + . In [1997], Gitik calculated the exact strength for successors 
or regulars, and nearly optimal lower and upper bounds for inaccessible n (in 
both cases, it is the Mitchell order between k + and k ++ ). For successors of 
singulars the consistency strength is in the region of Woodin cardinals. 
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Reflection 

Let k > H 2 be a regular cardinal. A stationary set S C k reflects at a < n if 
S(l a is stationary in a (see Definition 23.5). We shall now discuss briefly to 
what extent can stationary sets reflect. 

First we consider the property "every stationary set S C k reflects (at 
some a < k)." This implies that k is either (weakly) inaccessible or the 
successor of a singular cardinal, because if k = X + with A regular, the set E x + 
does not reflect (see Exercise 23.4). Let k be an inaccessible cardinal. If k is 
weakly compact then every stationary S C n reflects (Corollary 17.20). If 
V = L then the converse is true as well: If every stationary set reflects then 
k is weakly compact (Jensen [1972], Theorem 6.1). 

Following Mcklcr and Shclah [1989], let us call k a reflecting cardinal if 
there exists a normal ideal I on n such that for every X G / + , {a G k : 
X reflects at a} G I + . Every weakly compact cardinal is reflecting, and since 
being a reflecting cardinal is a II} property (see Exercise 38.3), every weakly 
compact cardinal is a limit of reflecting cardinals. 

Theorem 38.6. The following are equiconsistent: 

(i) There exists a cardinal k such that every stationary S C k reflects. 

(ii) There exists a reflecting cardinal. 

Proof. Mekler and Shclah [1989]. □ 

A cardinal n is greatly Mahlo if k is a-Mahlo for every a < n + . If V = L 
then every reflecting cardinal is greatly Mahlo and a limit of greatly Mahlo 
cardinals (Mekler and Shelah [1989]). Thus the consistency strength of "every 
stationary set reflects" is strictly between "greatly Mahlo" and "weakly com- 
pact." 

Now let k be a successor of a singular cardinal A. The property "every 
stationary set ScA + reflects" is a very large cardinal property. On the one 
hand there is this consistency result: 

Theorem 38.7. If there exist infinitely many supercompact cardinals, then 
there is a generic model in which every stationary set S C reflects. 

Proof. Magidor [1982]. □ 

On the other hand, D\ implies that there exists a stationary subset of A+ 
that does not reflect (Exercise 38.5). As O x holds in the core model K strons 
then if (;\+)^ 6tronE = / \+ ; q x holds in V as well (with the same square se- 
quence) and one concludes (by Theorem 35.19) that if A is a strong limit 
singular cardinal and every S C A reflects then there exists an inner model 
for a strong cardinal. This has been extended by Schimmcrling and others to 
show that the consistency strength of this reflection property is more than 
the existence of a Woodin cardinal. 
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Now consider the question of what is the largest possible extent of re- 
flection. Let us recall (Definition 8.18) that S < T means that S reflects at 
almost all a <G T. If S < T then o(S) < o(T) and one may ask whether it is 
possible that S <T holds whenever o(S) < o(T). This is possible for k = H 2 : 
By Magidor's Theorem 23.23 it is consistent that every stationary S C E% 2 
reflects at almost all a of cofinality u>\ . 

For k > H 2 it is impossible that S <T whenever o(S) < o(T) . If \i < A are 
regular cardinals such that A + < k then there exist stationary sets S C E* 
and A C E% such that S does not reflect at any aei (Exercise 38.7). Thus 
let us restrict ourselves to reflection at regular cardinals. 

Definition 38.8. A weakly inaccessible cardinal k satisfies full reflection if 
for every stationary set S C k and every stationary set T C k of regular 
cardinals, o(S) < o(T) implies S <T. 

Obviously, the property is meaningful only if k is at least a (weakly) 
Mahlo cardinal. The consistency strength of full reflection for cardinals in 
the Mahlo hierarchy has been established by Jech and Shclah. For instance: 

Theorem 38.9. The following are equiconsistent, for every n > 1: 

(i) There exists an n-Mahlo cardinal that satisfies full reflection. 

(ii) There exists a H^-indescribable cardinal. 

Proof. Jech and Shclah [1993]. See also Exercises 38.8 and 38.9. □ 

If k is a large cardinal such as measurable, strong, or supcrcompact then 
there is a generic extension in which k remains measurable (strong, super- 
compact) and in addition satisfies full reflection (Gitik and Witzany [1996]). 

Stationary Sets in P K (X) 

By Theorem 8.28, the closed unbounded filter on [A] w is generated by the 
sets C F = {x e [A] w : x is closed under F} where F : [A] <w -> A. Thus 
in many applications one considers the space [Hx]^ and stationary sets are 
those S C [H\]" such that for every model (H\, G, . . .) there exists anMeS 
with M < (H x , £,...). 

When k > Hi, the sets Cp do not generate the closed unbounded filter 
on P K (X) as the set {x € P re (A) : |x| > Hi} is closed unbounded and does 
not include any Cp (which contains a countable set). A generalization of 
Theorem 8.28 yields the following description of the closed unbounded filter: 
it is the filter generated by the sets Cp and the set {x & P K (X) : x n n € k} 
(Exercise 38.10; see also Exercises 8.18, 8.19 and 36.17). For more on this 
subject, see Exercises 38.11 and 38.12. 

By Lemma 31.3, a>-closed forcing preserves stationary sets in [A] w . This 
does not generalize to P K (X) for n > Hi, as <K-closed forcing may destroy 
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stationary sets in P K (X). The following concept is relevant to this problem 
and has other applications: 

A model M ~< H\ is internally approachable if there exists an elemen- 
tary chain (M a : a < 7) with M = U Q<7 M a such that for every [3 < 7, 
(M a : a < (3) <G M . In P K (H\), let I A denote the set of all internally ap- 
proachable M. The set I A is stationary, and if k = Ni then I A contains 
a closed unbounded set (since every countable M is internally approachable). 
A stationary set S is preserved by <K-closed forcing if and only if S n IA is 
stationary (Exercises 38.13 and 38.14). 

By Theorem 8.10, every stationary subset of k can be partitioned into 
k disjoint stationary sets. The situation is more complicated for P K (X). Since 
|-P K (A)| = A <K we may ask whether stationary sets in P K (X) can be parti- 
tioned into A <K disjoint stationary sets. This is generally not provable, for 
two reasons. One is cardinal arithmetic and the other are large cardinals. 

The cardinal arithmetic reason is that there may exist stationary, or even 
closed unbounded, sets of size A while A <K > A. For instance, there exists 
a stationary set S C [0*2] w of size H2 (Exercise 38.15), or a closed unbounded 
set C C M W2 of cardinality H4 1 (Exercise 38.16). 

A generalization of Solovay's proof of Theorem 8.10 gives that every sta- 
tionary set in P K (X) can be partitioned into k disjoint stationary sets (Ex- 
ercise 38.18). This is best possible as Gitik [1985] constructs a model, using 
a supercompact cardinal, in which there is a stationary set S C P K {n + ) that 
cannot be partitioned into n + disjoint stationary sets. 

In view of this discussion, the following is best possible: 

Theorem 38.10. Let k be regular uncountable and X > n. 

(i) P K (X) can be partitioned into X disjoint stationary sets. 

(ii) If k is a successor cardinal then every stationary subset of P K {X) can 
be partitioned into X disjoint stationary sets. 

(iii) If 0" does not exist then every stationary subset of P K (X) can be par- 
titioned into X disjoint stationary sets. 

(iv) If GCH holds then P K (X) can be partitioned into A <K stationary sets, 
and if moreover 0" does not exist then every stationary subset of P K (X) 
can be partitioned into X <K disjoint stationary sets. 

Proof. Let us consider the following set 

(38.1) E= {x e P K (X) : \xD k\ = \x\}. 

It is easy to see that E is stationary and that if k is a successor cardinal 
then E contains a closed unbounded subset (Exercise 38.19). The question 
whether, for an inaccessible k, the complement of E is stationary, involves 
large cardinals; cf. the following lemma and Exercise 38.20. 

Lemma 38.11. If {x <G P K (X) : \x n k\ < \x\} is stationary then 0" exists. 
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Proof. By the assumption there exists a model M G P K (L\) such that k G 
M < L\, km — M n k G k, and % < \M\. Let L a be the transitive collapse 
of M. Thus there is an elementary embedding j : L a — > L^ with critical 
point km, and since % < |a|, 0" exists. □ 

Consequently, the following two lemmas will complete the proof of Theo- 
rem 38.10: 

Lemma 38.12. Every stationary subset of the set E can be partitioned into 
X disjoint stationary sets. 

Lemma 38.13. If GCH holds and if cf A < k then every stationary set 
in -P K (A) can be partitioned into A + disjoint stationary sets. 

Proof of Lemma 38.12. Assume that A > k (if A — n we have Theorem 8.10). 
Let S be a stationary set in P K (X) such that \x fl k\ — |x| for every x e S. 
For each x G S, let f x : x — > x n /c be one-to-one. For each a < A, let 
Sa(x) = f x (a), for all x € 5 with a G x. There exists a stationary set 5 Q 
such that g a is constant on 5 Q , with value -f a < k. 

Now if \i is any regular cardinal with k < fi < A, there exists a 7 < /c 
such that 7 Q = 7 for /x many ce's. The corresponding sets ^ are pairwise 
disjoint stationary subsets of S. Thus for every regular cardinal \i < A, every 
stationary subset of E has /i pairwise disjoint stationary subsets. It follows 
easily that every S C E can be partitioned into A disjoint stationary sets. □ 

Proof of Lemma 38.13. Assume GCH and let A > n be such that cf A < n. 
First we note that |P K (A)| = A + , and that every unbounded (and there- 
fore every stationary) subset of |P K (A)| has size A+: If Y is unbounded then 
P/c(A) = {J xe y P( x ) an d the assertion follows. 

Let (f a : a < A+) enumerate the set of all functions f a : [\] <UJ — » P K (X) 
such that each function appears cofinally often. By Lemma 8.26, for every 
closed unbounded set C and every 7 < A + there exists an a > 7 such that 
C D C(fa) = {x : /(e) C x whenever e C x}. 

Now let S be a stationary set in P K (X). By induction on a < A + we 
construct one-to-one sequences (x^ : £ < a) such that {x^ : £ < a} C 
5 n C(f a ), and that {x^ : £ < a} and {x| :£</?} are disjoint whenever 
a 7^ (3. If we let, for each £ < A+, S*^ = {x^ : £ < a < A + }, the sets S^, 
£ < A + , are pairwise disjoint, and we complete the proof by showing that 
each is stationary. 

If C is closed unbounded, then C D C(f a ) for some a > £, and since 
x^ G S( fl C(/ a ), we have n C nonempty. □ 

By Theorem 23.17 the nonstationary ideal on k is not K + -saturated, for 
any k > H2. A similar result is true for the nonstationary ideal on P K (X): 



Theorem 38.14. If k is a regular uncountable cardinal and A > k then the 
nonstationary ideal on P K (X) is not A+ -saturated. □ 
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The result follows easily from Theorem 23.17 when A is regular: Let k < A 
be regular uncountable. The proof of Theorem 23.17 shows that there are 
almost disjoint stationary sets C A, £ < A + , such that cf a < k for all 
a G A$ and all £ < A+. For each £ let S$ = {x G P K (X) : supx G A^}. 
Then S{, £ < A + , are stationary sets with S% fl SV, nonstationary if £ ^ rj 
(Exercise 38.21). 

When A is singular, the result is a combination of several cases, depending 
on k and cf A. The nonsaturation of Ins on [A]" for singular A is an application 
of the concept of mutually stationary sets that we shall briefly describe in 
the next section (see Corollary 38.17). 



Mutually Stationary Sets 

The following definition, due to Foreman and Magidor, exploits the fact that 
if k is a regular cardinal and A > n then a set S C n is stationary if and 
only if for every model 21 = (H\, €,...) there exists some M ~< 21 such that 
sup(M (Ik) eS; i.e., if and only if the set {M G P{H X ) : sup(M n k) G S} 
is stationary in P(H\). 

Definition 38.15. Let A be a set of regular cardinals and let A = sup A. 

The sets S K , n G A, where S K C k for each k £ A, are mutually stationary if 
the set {M : sup(M n n) G S K for every k G M} is stationary in P(H\). 

Not much is known about mutual stationarity beyond the following the- 
orem: 

Theorem 38.16 (Foreman-Magidor). Let A be a set of regular cardi- 
nals with A = sup A. If for each n, S K is a stationary subset of k such that 
cf a = u) for every a G S K , then the S K are mutually stationary. For every 
21 = (H\, G, . . .) there exists a countable M ~< 21 such that sup(M fl x) G S K 
for every k G M. 

Proof. Foreman and Magidor [2001]. □ 

One consequence of this result is that the nonstationary ideal on [A] w is 
not A + -saturated when A is singular: 

Corollary 38.17. If A is a limit cardinal then there exist stationary station- 
ary sets Sj, £ < A cf A , in [A] w such that fl S v is nonstationary whenever 

Proof. Let \x — cf A and let A = {n a : a < /i} be a set of regular cardinals 
with limit A. For each a < /U, let {Sp : /3 < n a } be a partition of E£ a into 
n a disjoint stationary sets. For each function / G K «' ^ ~ {M G 

[A]" : sup(Mn« Q ) G Sf, a ) for all a G M}. The sets 5"/ are stationary in [A]" 
and if / ^ g then for any a with f{a) ^ g(a), the closed unbounded set 
{M : a G M} is disjoint from 5/ n S g . □ 
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Weak Squares 

The theory of inner models shows that in the absence of very large cardinals, 
Jensen's principle D K holds whenever n is a singular cardinal. In this last 
section we take a look at some weaker versions of Square. 

Definition 38.18. Let n be an uncountable cardinal, and let v be a cardinal, 
1 < v < k; is as follows: 

(38.2) (□«,!/) There exists a sequence (C a ■ ot G Lim(« + )) such that 

(i) C a is nonempty and \C a \ < is, and each C G C a is a closed 
unbounded subset of a; 

(ii) if C G C a and 0 G Lim(C) then C n /? G Cp; 

(iii) if cf a < n then \C\ < k for every C G C Q . 

The principle □«,<!/ is defined similarly, replacing |C Q | < i/ by |C Q | < za 

The weakest principle of these, is also denoted by □* and is called 

IFeaA; Square. By Jensen [1972], □* is equivalent to the existence of a special 
Aronszajn /t + -tree, and therefore, if re is regular, □* follows from 2 K = k + . 
The main interest in the principles U K>V and 0 Kj<L , is in the case when n is 
a singular cardinal. The failure of □* for k singular (which, as mentioned 
below, entails a Woodin cardinal) is consistent: In [1979] Shelah proved the 
consistency, relative to a supercompact cardinal, of the negation of . 

The failure of Weak Square for singular k has the consistency strength 
of (roughly) at least one Woodin cardinal: If there is a measurable cardinal 
and there is no inner model for the Woodin cardinal, then □ K , c fK holds for 
every strong limit singular cardinal. This follows from results of Mitchell, 
Schimmerling and Steel; cf. Schimmcrling [1995]. 

Exercise 38.5 shows that if □„ holds then n + has a nonrcflecting sta- 
tionary set. The proof is easily modified to show that \J Ki<u suffices, see 
Exercise 38.23. (In contrast, Dn^.w is consistent with "every stationary sub- 
set of reflects;" cf. Cummings, Foreman and Magidor [2001].) 

The proof of Theorem 31.28 can be modified to show that PFA implies 
the negation of O k ^ LUi for every k > wi; see Exercise 38.24. This, and the 
afore mentioned results on D KiC { K and Woodin cardinals yields Schimmer- 
ling's Theorem 31.30. 

As a final application of weak squares we mention the following; for sim- 
plicity, let k = By the pcf theory there exists a scale (f a : a < 
in IlneA ^" (mod finite) for some A C u. If Dk^n™ holds for some to, then 
there exists a scale (g a : a < with this property: 

(38.3) For every a < such that cf a > uo there exists a closed un- 
bounded set C C a and some k such that for all 0 < 7 in C and all 
n > k in A, gp{ri) < 5 7 (n). 

(See Exercise 38.25.) Such scales were used in Cummings, Foreman and Magi- 
dor [2001] to prove (negative) results on stationary reflection. 
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Exercises 

38.1. If k is Q-Mahlo and 7ns \ Reg is k + -saturated, then k has Mitchell order a 
in K m . 

[Use Theorem 35.16 and generic ultrapowers. Find an almost disjoint collec- 
tion W of stationary subsets of Reg such that the length of < restricted to W is at 
least a, and that the dual of 7ns \S restricted to K m is a normal measure Us G K m . 
Then show that S < T implies K 1= Us < U T - For details, see Jech [1984]. (The 
symbol < is used both for the hierarchy of stationary sets and for the Mitchell 
ordering.)] 

38.2. If 7ns on is precipitous then is a measurable cardinal of Mitchell order 2 
in K m . 

[Use Theorem 35.16 and generic ultrapowers, or see Gitik [1984].] 

38.3. Let 7o be the normal ideal generated by the sets that do not reflect, let 
Ia+i be the smallest normal ideal extending I a that contains every X such that 
{/3 : X does not reflect at (3} £ I a , and let I a = [j^ <a I a if a is limit. Then k is 
a reflecting cardinal if and only if k ^ U a <«+ I a - 

38.4. If k is a reflecting cardinal then k is a reflecting cardinal in L. 

38.5. If Da holds then for every stationary set S C A + there exists a stationary 
T C S that does not reflect. 

[Let {C a : a < \ + ) be a square sequence, and let f(a) be the order-type of C a . 
There is a stationary set T C S on which / is constant. Show that T does not 
reflect (as in Lemma 23.6).] 

38.6. If n is supercompact and v < k < A (regular cardinals) then every stationary 
S C reflects. 

[Compare with Exercise 27.3.] 

38.7. Let fi < A < k be regular with A + < n. There exist stationary set S C 
and A C Ex such that S does not reflect at any a £ A. 

[As in Exercise 23.12.] 

The ni filter on k is the filter generated by the sets {a < k : V a \= ip} where 
ip is a 11^ formula true in V K ; the LI^ ideal 7* is the dual ideal, k is Il^-indescribable 
if and only if the LT^ filter is a filter, i.e., k ^ l\. 

38.8. Let k be a Mahlo cardinal, let 7?o be the set of all inaccessible non Mahlo 
cardinals and assume that every stationary set S C k of singular cardinals reflects 
at almost all a € Eq. If A £ L is a subset of ft such that A 6 /} in L, then A n Eq 
is nonstationary. 

[Jeh and Shelah [1993], Lemma 2.1.] 

As a consequence, if k is Mahlo and satisfies full reflection, then k is IIi- 
indescribable in L. The following generalization implies that if k is n-Mahlo and 
satisfies full reflection, then k is il^-indescribable in L: 

38.9. Let k be an n-Mahlo cardinal that satisfies full reflection and let 75„_i be 
the set of all a < k that are (n — l)-Mahlo but not n-Mahlo. If A £ L is a subset 
of k such that A € l\ in L, then A (1 E n -i is nonstationary. 

38.10. For every closed unbounded set C in 7^ (A) there exists a function F : 
[A] <w -> A such that C D {x : x n k € k and F u [x] <bJ C a;}. 
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Let [A]" = {x € P„+(A) : \x\ = v}. A set C C [A]" is strongly closed unbounded 
if C = C F n [A]" for some F : [\] <u -> A. 

38.11. If the set {x G [A]" contains a strongly closed unbounded set then 
every closed unbounded set C C [A]" contains a strongly closed unbounded set. 

38.12. The following are equivalent: 

(i) The closed unbounded filter on [1^2] Nl is generated by strongly closed un- 
bounded sets. 

(ii) Chang's Conjecture. 

38.13. If S C IA is stationary and if P is <K-closed, then S is stationary in V p . 

38.14. Let P be the forcing that collapses \H\\ to k (with conditions of size < k). 
In V P , the set (IA) V contains a closed unbounded set. 

38.15. There exists a stationary set 5* C [1^2]" of size N2. 

[For each a < u>2, let / : a — » uii be one-to-one. If a < a;2 and £ < wi, let 
A Q , 5 = {/3 < a : /«(/?) < £}. Let S = {X a ^ : a < oj 2 , £ < wi}.] 

38.16. There exists a closed unbounded set C C [<^4]" 2 of size K4 1 . 
[Baumgartner [1991], Corollary 3.5.] 

38.17. If X a , a < A, are stationary sets in -P K (A) such that X a PiXp is nonstationary 
for all a =fc f3, then there exist pairwise disjoint stationary sets Y a with Y a C X a 
for all a < A. 

[Ya = X a (1 {x : a £ x and V/3 G x if /3 / a then x £ Xp}.] 

38.18. For every stationary set S C fre(A) the ideal 7ns \S is not K-saturated. 
[Gitik [1985], p. 893.] 

38.19. Let E = {x G P K (A) : |x n k| = \x\}. 

(i) _E is stationary. 

(ii) If k is a successor cardinal then E contains a closed unbounded subset. 

38.20. If k is supercompact and A > k then the set {x G P K (A) : \x n re| < is 
stationary. 

38.21. Let k < A be regular uncountable and let A C A be such that cf a < k 
for all a £ A. A is stationary if and only if {x G -Pre (A) : sup a; G ^4} is stationary 
inP K (X). 

38.22. If k is supercompact then for all A > k, 0\ t<K fails. 

38.23. If □«,< u > holds then for every stationary S C k + there exists a stationary 
T C S that does not reflect. 

[Let (C a : a < k + ) be a O k><u sequence and let f(a) = {o.t.(C) : C G C a }. 
Then proceed as in Exercise 38.5.] 

38.24. PFA implies that \3 K<Ul fails for every uncountable cardinal k. 

[Let {C a : a < k + ) be a sequence, and let T be the tree of all (a, A) 

with ^4 G C a , ordered by (a, A) -< (f3,B) if and only if a G Lim(_B) and A = 
Bdtt. Let P = {p C k + : p is closed and countable}, ordered by end-extension. 
In V p ,TrUGhas no oji-branch. Let Q be the c.c.c. forcing that specializes T\(J G. 
Applying PFA to P * Q leads to a contradiction as in Theorem 31.28. For details, 
see Schimmerling [1995].] 
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38.25. Prove (38.3) using 

[Let (C a : a < be a □><„,, « m sequence, and assume that m < n for all 

n G A. For a limit 7, let g 1 be such that g 1 > g a for all a < 7, <? 7 (n) > / 7 (n) 
for all n e A, and such that for all n € A, g 7 (n) > sup^up^gc gp(n) : C G C 7 , 
|C|<N»}.] 



Historical Notes 

The first consistency proof for the saturation of 7ns was obtained by Steel and 
van Wesep [1982], forcing over a model of ZF + AD« + "6 is regular" (ADh is 
the determinacy of games where moves are real numbers). Following the proof of 
Theorem 37.16 (by Foreman, Magidor and Shelah), Shelah obtained the consistency 
from the existence of a Woodin cardinal (Theorem 38.1). 

Theorem 38.2 will appear in the forthcoming book on AD, cf. Woodin et al. [00]. 
Theorem 38.3 is proved in Woodin [1999]. 

Theorem 38.4: Jech and Woodin [1985]. 

Theorem 38.5: Gitik [1984]. 

Theorem 38.6: Mekler and Shelah [1989]. 

Theorem 38.9: Jech and Shelah [1993]. 

Theorem 38.10 is a combination of several results, including Jech [1972/73], 
Matsubara [1987], [1988] and [1990], Di Prisco and Baumgartner. 
Lemma 38.11: Baumgartner. 
Lemma 38.12: Di Prisco. 
Lemma 38.13: Matsubara. 

Theorem 38.14 is a combination of several results, including Gitik and She- 
lah [1997], Baumgartner and Taylor [1982], Donder and Matet [1993], Burke and 
Matsubara [1999] and Foreman and Magidor [2001]. 

Mutually stationary sets are investigated in Foreman and Magidor [2001]. 
For weak squares, see Schimmerling [1995] and Cummings, Foreman and Magi- 
dor [2001]. 

Exercises 38.3 and 38.4: Mekler and Shelah [1989]. 

Exercises 38.5: Jensen. 

Exercises 38.6 and 38.22: Solovay. 

Exercises 38.7: Shelah. 

Exercises 38.8 and 38.9: Jech and Shelah [1993]. 
Exercises 38.10: Kueker. 

Exercises 38.11, 38.12, 38.13 and 38.14: Foreman, Magidor and Shelah [1988]. 
Exercises 38.15, 38.16, 38.19 and 38.20: Baumgartner. 
Exercises 38.24: Magidor. 

Exercises 38.25: Cummings, Foreman and Magidor [2001]. 
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Notation 



ZF Zermelo-Fraenkel axiomatic theory 3 
ZFC the theory ZF with the Axiom of Choice 3 
x € y, x = y atomic formulas: a; is a member of y, x is equal to y 5 
A, V, -i, — », <-» logical connectives: conjunction, disjunction, negation, im- 
plication, equivalence 5 
\/x, 3x quantifiers: for all x, there exists x 5 
{x : ip(x,pi, . . . ,p n )} the class of all x satisfying tp(x,pi, . . . ,p n ) 5 
C = D a class C is equal to a class D 5 
V universal class (universe, {x : x = x}) 6 
C C D a class C is included in a class D 6 
Cnfl the intersection of classes C and D 6 
C U D the union of classes C and D 6 
C — D the difference of classes C and D 6 
(J C the union of sets from a class C 6 
{a, b} the pair 7 
{a} the singleton 7 
(a, 6) the ordered pair 7 
(oi, . . . , o n +i) the ordered n + 1-tuple 7 
0 the empty set 8 
P| C the intersection of sets from a class C 8 
(J X the union 9 
{ai, . . . , a„} the set with elements oi, . . . , a n 9 
X AY symmetric difference of X and Y 9 
P(X) the power set of X 9 
X x Y the product of X and Y 10 
X\ x ... x X n +i the product of n + 1 sets 10 
X™ the power of a set X 10 
dom(i?) the domain of a relation R 10 
ran(_R) the range of a relation R 10 
field(i?) the field of a relation R 10 
y = f(x) y is the value of / at x 11 
/ : X — > y / is a function from X to y 11 
y x the set of functions from X to Y 11 
/fX the restriction of a function / to a set X 11 
fog composition of / and g 11 
f ll X, f(X) the image of a set X by a function / 11 
f-i(X) the inverse image of a set X by a function / 11 
f^ 1 the inverse of a function / 11 
F"C, F(C) the image of a class C by a class function F 12 
[a;] the equivalence class of x 12 
X/= the quotient of X by an equivalence relation = 12 
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N the smallest inductive set 13 

0, 1, 2, 3, . . . the natural numbers 13 

(P, <) a partially ordered set 17 

supX the supremum of X 17 

inf X the infimum of X 17 

Ord the class of ordinals 19 

a + 1 the successor of an ordinal a 20 

u>, N the set of finite ordinals (natural numbers) 20 

(<2f : £ < a) an a-sequence; a (transfinite) sequence of length a 21 

the extension of a sequence s by an element x 21 

(a a : a G Ord) a sequence 21 

limf^Q, 7£ the limit of a sequence (75 : £ < a) 22 

a + f3 the sum of ordinals a and /3 23 

a • P the product of ordinals a and /3 23 

a! 3 the power of an ordinal a by an ordinal (3 23 

£0 the least ordinal a such that a = u) a 24 

p(a;) the rank of an element x in a well-founded relation E 25 

\X\ = y| sets X, Y have the same cardinality 27 

|X| < \Y\ the cardinality of a set X is less or equal to the cardinality 

of a set Y (there exists a one-to-one mapping of X into Y) 27 

k + A the sum of cardinals k and A 28 

k ■ A the product of cardinals n and A 28 

k x the power of a cardinal k by a cardinal A 28 

\x the characteristic function of a subset X of a given set 28 

\W\ the cardinal of a well-ordered set W 29 

a + the cardinal successor of an ordinal a 29 

h(X) Hartogs function 29 

N a the Qth infinite cardinal 30 

uj a the ath infinite order-type of a well-ordered set 30 

r the canonical well-ordering of Ord 2 30 

cf q the cofinality of an ordinal a 31 

R the set of real numbers 37 

c the cardinality of the continuum (continuum) 37 

Q the set of rational numbers 37 

C the Cantor set 37 

CH the Continuum Hypothesis 37 

G s , F a G s sets, F CT sets 42 

M the Baire space (w w ) 42 

O(s) a basic clopen set in the Baire space 42 

Seq the set of finite sequences of natural numbers 43 

[T] the set of infinite paths through a tree T 43 

AC the Axiom of Choice 47 

DC the Principle of Dependent Choices 50 

[A] x the set of subsets of A of cardinality A 51 

[A| <K , P K (A) the set of subsets of A of cardinality less than k 52 

J2iei Ki tne sum of cardinal numbers I 52 

Ylici Xi the product of sets Xi, i £ I 53 

Yliei Ki tne product of cardinal numbers Ki, i £ I 53 

GCH the Generalized Continuum Hypothesis 55 

3 a the beth function 55 

the gimel function (K cfK ) 56 

SCH the Singular Cardinal Hypothesis 58 

TC(5) the transitive closure of a set S 64 
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V a the ath set of the cumulative hierarchy of sets 64 

rank(x) the rank of a set x (in the cumulative hierarchy of sets) 64 

C the set of elements of a class C with minimal rank 65 
[a;] the type of an equivalence class of an equivalence relation 

on a proper class 65 
C/= the quotient of a (proper) class C by an equivalence rela- 
tion = 65 
extE(x) the extension of x by a binary relation E ({z : z E x}) 67 
BG Bernays-Godel axiomatic theory 70 
BGC the theory BG with the Axiom of Choice 70 
P {Q G [A] <u : P C Q} for P G [A] <u 73 
u + u, u-v, — u the Boolean operations: the sum, the product, and the 

complement 78 
[ip] the class of equivalent sentences of a first order language 

(member of the Lindenbaum algebra) 79 

B + the set of all nonzero elements of a Boolean algebra B 79 
B\a the Boolean algebra {u G B : u < a} with the partial order 

inherited from B 79 

u A v (u — v) + (v — u) 80 

B/I, B/~ the quotient of a Boolean algebra B mod I 80 

~}2{u : u G X} the supremum (sum) of a set X in a Boolean algebra 82 

: u G X} the infimum (product) of a set X in a Boolean algebra 82 

sat(.B) the least k that B is K-saturated 84 

/*([/) the ultrafilter {X C T : f-i(X) G U} 86 

a = lim;/ a n a is the U -limit of a n , n G to 86 

«0« (u-v) + (v-u) 87 

^ a <K X a the diagonal intersection of X a , a < k 92 

Ins the nonstationary ideal 93 

~52a<K the diagonal union of X a , a < k 93 

El {a<K:cfa = A} 94 

Tr(S) the trace of a stationary set S 99 

Lim(C) the set of all limit points of a set C 100 

o(A) the order of a stationary set A 100 

A oe-4 X a the diagonal intersection in P K (A) 101 

X\A the projection of X G P K (B) to a set A C B 102 

Y B the lifting of Y G P K {A) to B D A 102 

« — * Wm K arrows A 109 

k — » (a)m k arrows a 112 

k — » (a, j}) n k arrows (a, /?) 112 

o(a) the order-type of {y : y < a;} in a tree T 114 

height(T) the height of a tree T, sup{o(a;) + 1 : x G T} 114 

k — » (a)m" k arrows a 121 

S° , S° the hierarchy of Borel sets (S° sets, 11° sets) 140 

A{A S : s G Seq} Suslin operation (U o6w <* fl^Lo A «r») 14 3 
Sji, 11^, the hierarchy of projective sets (Sjj sets, 11^ sets, sets) 144 

[i* (X) the outer measure of a set X 146 

v(I) the volume of an interval / 146 

fj,(A) the Lebesgue measure of a set A 147 

t [oi, . . . , o n ] the value of a term t in a model 21 155 

21 1= <p[ai, . . . , On] a formula <^ holds in a model 21 155 

*8 -< 21 a model 33 is an elementary submodel of a model 21 156 

/ =f g the functions / and g are equal modulo a filter F 158 

(p M ' E , ip M , (M, E)\= tp the relativization of a formula ^ 161 
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Form the set of all formulas of the language {g} 162 

r <^ n the set coding a formula ip (Hp 1 G Form) 162 

#<r the Godel number of a sentence a 162 

T(x) the truth definition 162 

H K the set of all x with | TC(X)| < n 171 

def(M) the set of subsets of M definable over (M, G) 175 

L a , L the hierarchy of constructible sets 175 

Gi, . . . , Gio Godel operations 178 

cl(M) the closure of a set M under Godel operations Gi, . . . , Gio 181 

C M the class {x : ip M (x)} where C = {a; : ip(x)} 182 

F M the operation F defined in a class M 182 

c M the constant c defined in a class M 182 

E„, II„, A„ the hierarchy of properties, classes, relations, and functions 183 

N„, the satisfaction relation restricted to £„ formulas 186 

M ^ E „ N M is a E„-elementary submodel of JV 187 

<a+i the end-extensions of canonical well-orderings of the subsets 

WX of L a+1 189 
< a+ i the canonical well-ordering of L a+ i 189 
< l the canonical well-ordering of L 190 
<^> the Diamond Principle 191 
defyt(M) the set of subsets of M definable over (M, G, ^4 n M) 192 
L q [j4], L[A] the hierarchy of sets constructible from a set A 192 
L(R) the smallest inner model that contains all reals 193 
L a (A), L(A) the hierarchy of sets constructible from elements of the tran- 
sitive closure of a set A 193 
OD the class of ordinal-definable sets 194 
HOD the class of hereditarily ordinal-definable sets 194 
OZ)[j4] the class of ordinal-definable sets from A 195 
HOD[A] the class of hereditarily ordinal-definable sets from A 195 
OD(A) the class of ordinal-definable sets over A 195 
HOD [A) the class of hereditarily ordinal-definable sets over A 196 
ZF~ Zermelo-Fraenkel set theory without the Power Set Axiom 198 
L[A] the class of sets constructible from a class A 199 
M[X] the least model of ZF such that M C M[X] and X e M[X] 199 
a a name of a set from V[G] 203 
x ~ y the set of conditions compatible with x in a forcing notion 

is the same as that for y 205 
Q = P/~ Q is the separative quotient of P 205 
e : P — > B(P) the Boolean completion of a partially ordered set P 206 
1 1 a; = y||, ||x G y| Boolean functions in a Boolean universe, the Boolean val- 
ues of x = y and x € y 206 
||<p|| the Boolean value of a formula in a Boolean-valued model 207 
V B the Boolean-valued model 209 
p(x) the rank function in V s 209 
u => w — m + u 209 
1 1 as G y|| , ||a; C y||, ||a; = y|| the Boolean values of atomic formulas in V B 209 
a; the canonical name for a set in the ground model 211 
x the canonical name for a set in the ground model 212 
G the canonical name for generic ultrafilter 214 
M B the Boolean-valued model inside a transitive model M 214 
M p the class of P-names, M p = M B(P) 215 
lh, Ihp the forcing relation 215 
p\\- ip p forces tp 215 
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M the canonical name for the ground model 215 

x G the interpretation of a name by a generic ultrafilter 216 

M[G] the generic extension of a transitive model M 216 

x G the interpretation of a P-name by a generic filter 218 

P x Q the product forcing 229 

G = Gi x G2 a generic set G is the product of projections Gi and Gi in 

a product forcing 229 

Hie/ ^» the product of forcing notions Pi, i € I 230 

s(p) the support of a condition in an infinite product forcing, 

s(p) = {i€l: p(i) + 1} 230 
d, i G I the projections of a generic filter G on the coordinates of 

the product forcing W ieI Pi 230 
P- x x P >x the decomposition of Easton product into two parts, one 
satisfying the A + -chain condition and the other being A- 

closed 233 

Co1(k, <A) the Levy collapsing algebra (A is an inaccessible cardinal) 238 

(Pt, <) the forcing associated with a tree T 242 

p <n q p < q and every nth splitting node of q is an nth splitting 

node of p 244 
p\s the tree {t G p : t C s or t D s} 245 
Bi \a the algebra {x ■ a : x G Bi} for an a G B2 D Bi, a 7^ 0 248 
ZFA set theory with atoms 250 
P a (S), P°°(S) the cumulative hierarchy in ZFA 250 
P°°(0) the kernel in ZFA 250 
sym(a;) the symmetry group of a set in ZFA, the group of permuta- 
tions {% £ Q : 7r(x) = x} 251 
&x(E) the subgroup of permutations fixed on a set £ of a given 

group 252 
sym(i) the symmetry group of a name x G V s , the group of auto- 
morphisms of B, {tv G Q '■ n(x) = x} 253 
HS the class of hereditarily symmetric names 253 
x 1— » x an embedding of a permutation model U with the set of 
atoms A into a symmetric model N of ZF so that (P a (A)) u 
and (P a (A)) N are G-isomorphic 256 
<y a principle equivalent to the Diamond Principle 0 263 
P * Q two-step iteration of forcing notions 267 
Ihp IMIb(p) = 1 267 
G * H two-step iteration of generic filters 267 
B * C the iteration of two complete Boolean algebras 269 
D : B the quotient of a complete Boolean algebra D by a filter 
generated by the generic ultrafilter on a complete subalge- 
bra B 269 
P a the iteration of a sequence (Q/3 : j3 < a) of names of forcing 

notions 270 

MA, MA K Martin's Axiom 272 

SH Suslin's Hypothesis 274 

s(p) the support of p, s(p) — {/3 : not Ih^ p(/3) = 1} 280 

f —* g f equals g modulo an ultrafilter U, {x G S : f(x) = g(x)} G 

U 285 
[/] the class of / in =* 285 
/ 9i If] [9] a function / is a member of a function g modulo an ul- 
trafilter U, {x G S : f(x) G g(x)} G U 285 
Ult, XJ\tu(V), (Ult, €*) the ultraproduct of the universe 285 
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j, ju an elementary embedding of V in Ult 285 

ext(/) the extension of the equivalence class [/], {[g] : g G* /} 286 

M(X) the Mahlo operation for a class X, M(X) = {a : X f] a is 

stationary in a} 290 
,u) 9< lan guage with k variables, and infinitary connectives 

V C<Q . A Ko . fora < K 293 
£ K , K a language with k variables, infinitary connectives \l^ <a , 

/\^ <a , and infinitary quantifiers 3^ <a v^, W^ <a v^ for a < k 293 

c^, £ < a Skolem constants 293 

3^ <a V£ (p(v£, . . .)e<a — » <p(c£, ■ ■ ■)£<<* a Skolem sentence for a formula <p in 

an C K ^ K language 294 

IIJ^ , the hierarchy of higher order formulas 295 

hip{x\, . . . , x n ) a definable Skolem function for a formula <p(u, «i, . . . , v n ) 300 

0" zero-sharp, 0" = {<p : \= <p[Ki, . . . , K n ]} 312 

/^(m, . . . , v n ) the canonical Skolem function for ip(u, vi, . . . , v n ) 313 

H m (X) the Skolem hull of X 314 

E(2l, /) the set of all formulas ip(vi , . . . ,v„) true in 21 for increasing 

sequences of elements of a set of indiscernibles I 314 

Ult = Ultc(M) the ultraproduct of M by an M-ultrafilter D 324 

x" x-sharp, x* = {ip : [x], £, x) 1= <^[Ni, . . . , K n ]}, for x C w 328 

H 4 (a U p) the Skolem hull of a U p in (L s , G) 331 

the E„ Skolem hull of a set Z in (L P ,G) 333 

{(Ult (a \ E (a) ),i a ,f3 : a, (3 G Ord}, Ult^V) the iterated ultrapowers 342 

(7 (a) the K (a) -complete ultrafilter on k (q °, = i 0 , a (U) 342 

/t' a ' the measurable cardinal in Ult'"', = io >a (K) 344 

U n the product ultrafilters, Ui = U, U n +i = {X C K n+1 : {a : 

{(ai,...,a n > : (a,a u . . . ,a n ) e X} e U n } G (7} 345 
Ue the ultrafilter induced by U n via the order isomorphism be- 
tween n = \E\ and £ 346 
ine.spQ the inclusion map, in.E.s (X) = {t e k s : t\E G X} for 

X C k e 346 
(-B a , C) the Boolean algebra of sets Z C n a having a finite support, 

i.e., Z = m E , a (X) for some X C k. e with finite E C a 347 

Of zero-dagger 353 

(My : 7 < A) the iterated ultrapower of an inner model M 356 
o(U) the order of a normal measure (7 (the rank of U in the 

Mitchell order) 358 

o(k) the order of a cardinal n (height of the Mitchell order) 358 

U <u W U is a closed set of normal measures, U,W G U, and U G 

jw(U) 358 

o u (U) the order of ?7 G U in < w 358 

o u (k) the order of a cardinal k in < w 358 

l(U) the length of a set of normal measures U 359 

L(A a : a < 6») the model L[A] where A = {(a, X) : X G 360 

L[W] the model L(U a ,/3 ■ a, (3) where U = {U a ,0 : a, {3} 360 

x {ye P K (A) :xCy} 365 

Ult - , Ulty(V) the version of ultrapower considering only functions on A + 
that assume at most A values; U is an ultrafilter on A + for 

a cardinal A 367 
[/] - the element of the transitive collapse of Ult - (V) represented 

by the function / 367 

k x , \ x Kx = xf] k and X x = the order-type of x, for x G P«(A) 374 
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ot x the order type ofifla 377 
VP Vopenka's Principle 380 
E = {E a : a G [A] < "} the (k, A)-extender derived from an elementary em- 
bedding j with critical point k 382 
Ults the direct limit of the directed system {V\tE a ,i a ,b '■ a C b G 

[A] <1 "} associated with an extender E 382 

j E : V — > Ult B the elementary embedding associated with an extender _E 382 
P / 3™' ) the forcing iteration of (Q a +£ :£</?) inside l/ p ° so that 

P a+( 3 is isomorphic to P Q * P ( p a) 396 

A s A s {a < k : a G f]{ A s ■ max(s) < a}} 402 

A\s 4 - (max(s) + 1) for A C k and s G [k] <w 403 

sat(J) sat(P(At)/7) where / is an ideal on k 409 

/*(/) the ideal {X C k : f-i(X) G 1} where I is an ideal and / is 

an ideal on n 410 
/*(/u) the measure v defined by v{X) = fi(f-i(X)) where / : k — » 

k and fj, is a (real-valued) measure on k 410 
g < h dom(g) C dom(ft) and g(a) < h(a) for a G dom(<?) where 
g and /i are functions into k defined on a set of positive 

measure 411 
UltG(M) the generic ultrapower where G is a generic ultrafilter on 

P(k)/I 421 
jg the canonical embedding from M into UltG(M) 421 
Wi < Wi the /-partition W\ is a refinement of the /-partition Wi 424 
Wp the /-partition {dom(/) : / G F} associated with a func- 
tional F 424 
Qi the infinite game on sets of positive /-measure played by 

the players Empty and Nonempty 426 

0(Z?) the Diamond Principle restricted to a stationary set E 442 

<> K the Diamond Principle 0(k) 442 

□ K Jensen's Square Principle 443 

Ps the forcing shooting a closed unbounded set (conditions are 

bounded closed subsets of a stationary set S; p is stronger 

than q if q = p n a for some a) 445 

/+ {SCk:S^) 450 

/|"S {X C k : X PI S G /}, the ideal concentrating on a set S 450 

Reg {q < k : a is a regular cardinal} 452 

||y>|| the (rank) norm of a function <^ : u>i — » wi 458 

f =i g, f <i g, f <i g the relations between functions modulo an ideal on 

an infinite set 460 
/ —f g, f <f g, f <f g the relations between functions modulo the dual 

ideal to a filter F 460 
ll/H Galvin-Hajnal norm of an ordinal function / 460 
fn, f] < k + the canonical ordinal functions 461 
cof D, coifl A/ D the cofinality of the ultraproduct II m the order- 
ing <d 466 
pcf A the set of all cofinalities of ultraproducts Yl A/U 466 
M£, a < cok an elementary chain of submodels of some (H$, G, -<) where 
-< is a well-ordering of H$ with M£ DdUut for a countable 
set a C LOk 468 
Xa the characteristic function of M° for a countable set aCwt 

and a < uj k , X«(n) = sup(M^ n uj„) 468 

M a M a = U„<„ fc M H for a countable set aCut 468 

X a the characteristic function of M a for a countable set aCwt 468 
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B\ C A, A G pcf A the generators of pcf A 470 

J\ the ideal generated by the sets B u , v < A 470 

Jk[B k ] the ideal generated by J K U {B K } 471 

B\ , A G A the transitive generators of pcf A 474 

Ej,, nj,, A^ the lightface hierarchy of projective sets 479 

E^(a), n^(a), A J, (a) the relativization of the hierarchy of projective sets 479 

E° , IT° the lightface Borel hierarchy (hierarchy of arithmetical sets) 480 

Mm, m £ N (or z m , m G iV) the canonical homeomorphism between A/" 

and A/""; it m (n) = u(r(m,n)) 482 
Seq r the set of r-tuples of sequences of natural numbers of the 

same length 483 
T(x) the tree {(si, . . . , s r ) G Seq T : (x\n, si, . . . , s r ) G T where 

n = length Si} 483 

T/s the tree {t : s~t G T} 484 

||T|| the height of a well-founded tree T 484 

Pt(£) the rank of an element t of a well-founded tree T 484 

[T] {/er :Vn/fn,£T} 484 

Seq(K) the set of all finite sequences in K 485 

p[T] {xeM : T(x) is ill-founded} 485 

E x the relation {(m,n) : x(T(m, n)) = 0} coded by x G A/" 485 

WF (i£Af:i codes a well-founded relation} 485 

WO {x G N : x codes a well-ordering on AT} 485 

the prewellordering induced by a norm ip; a =~, v b <p(a) < 

¥>(&) ' 496 

Si sup{a : a is the length of a S2 prewellordering} 502 

h, I2, . . . , Ik, ■ ■ ■ a recursive enumeration of open intervals with rational 

endpoints 504 
11(c), Vi(c) the elements of M defined, for c G Af and i G N, by 

u(c)(n) = c(n + 1), «i(c)(n) = c(r(i, n) + 1) 504 
•£<*, ^7a the set of S° -codes and the set of 11° -codes, respectively, 

0 < a < wi 504 

BC the set of all Borel codes \J a< S " = U«< W1 504 

A c the Borel set coded by a c G BC 504 

I m , I c the ideals {B G B : fi(B) = 0} and {B £ B : B is meager}, 

respectively 511 
Bm, B c the quotient algebras B/I m and B/I c , respectively 511 
B* the Borel set A c if B = for some c G M 511 
R{M), C(M) the sets of all random and all Cohen reals over M, respec- 
tively 514 
Col(No,A) the collapsing algebra 516 
A^s A - (max(s) + 1) for A C w and s G [u)] <u 524 
[s, A] {X G M" : s C X and I\sCij 524 
add(LM), cov(LM), unif(LM), cof(LM) the cardinal invariants of Lebesgue 

measure 532 
add(BP), cov(BP), unif(BP), cof(BP) the cardinal invariants of the Baire 

property 532 
0, b the dominating number and the bounding number, respec- 
tively 533 
t the least cardinality of a tower 540 
u the least cardinality of a family of subsets of lo that gener- 
ates an ultrafilter 540 
rud(M) the rudimentary closure of M U {M} 548 
J a , a G Ord the Jensen hierarchy of constructible sets 548 
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the E n -projectum of a, i.e., the least p < a such that there 

iS a 2-in (J a ) function such that f"J p = J a 

the tree {t € p : t C s or t D s} for a tree p and s£p 

the fusion U s g{o 1}™ ^( s ) f° r a fusionable collection of 

perfect trees T = {T{s) : s £ Seq({0, 1})} 

the tree {t £ T : t has extensions in T} where T C o;^" 

is a tree 

the least a such that t ^ T a +i where T a is defined by in- 
duction: T 0 = T, T a+1 = T' a , and T a = f|^<a T /3 if Q is 
limit 

the stem of a Laver tree p 

the set {a £ u) : fa £ p} where p is a Laver tree and ( 6 p 

a canonical enumeration of nodes in a Laver tree p 
q < p and sf £ g for all i = 0, . . . , n where p, g are Laver 
trees 

the ultrafilter {X C N : {m <E N : X - m <E V} <E U} 
where X — m = {n : m + n € X} and U, V are ultrafilters 
on N 

the Stone-Cech compactification of N 

the clopen set {V £ /3iV : A £ V} in /3N for A C N 

the Open Coloring Axiom 

the ideal of sets X C S x T such that {a; € S : {y £ T : 
(a;, y) £ X} ^ J} £ / where 7 and J are ideals on S and T, 
respectively 

the complete Boolean algebra of the forcing for adding n Co- 
hen reals 

the completion of a Boolean algebra B 

A is a regular subalgebra of a Boolean algebra B 

the projections of & to a subalgebra A 

the subalgebra generated by a set X 

the subalgebra generated by the set A U {&i, . . . , b n } where 
A is a subalgebra 

Cs = B(Ps) and Ps is the forcing consisting of finite 
0-1 functions with domain C S 

the free Boolean algebra with a set G of free generators 
11^0 Sfe>n a " ( a Boolean operation) 
Z)^=o n fe >„ ( a Boolean operation) 

the common value of lim sup„ a n and lim inf „ a„ provided 
that they are equal 

{x G : x £ M} where M -< H\ and G is V-generic 
the Proper Forcing Axiom 

the tree {t £ T : o(t) £ C} where T is an wi-tree and 
C C cji is a closed unbounded set 

if 2? = {D a : q < lui } are dense subsets of a proper forcing P 
and if lh iS C u>i is stationary, then there exists a ©-generic 
filter G such that S G is stationary 

if P is proper such that \P\ < Hi and if T> = {D a : a < co-i} 

are dense then there exists a ©-generic filter 

the game of players I and II in which the players choose 

the consecutive members of a sequence of natural numbers 

(oo, 60, ffli, 61, . . •); I wins if the sequence is in the set A C 

and otherwise II wins 

the Axiom of Determinacy 
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a *b a play played by player I by a strategy a in the game Ga 627 

a * t a play played by player II by a strategy r in the game Ga 627 

PD the Projective Determinacy 628 

AD L(R) the Axiom of Determinacy in L(R) 628 

cone(a;o) the cone {x £ Af : xo £ L[x]} 633 
<5* sup{£ : £ is the length of a A* prewellordering of A/"} (the 

projective ordinal) 636 

O sup{£ : £ is the length of a prewellordering of A/"} 636 
Q(a 0 ,b 0 ,...,a n ,b n ) g ame m which player I plays (a n +i, a n+ 2 . . .), player II 

plays (b n+ i, b n+2 . . .), and in which II wins when (ao, bo, Oi, 

foi,...)£A 637 
GJ^ 0 the game in which II makes a first move bo, then I plays oi, 

etc., and II wins if (ao, bo, oi, 6i, . . .) G A/" — A 637 
=^ the linear ordering of Seq that extends the partial order- 
ing D 638 
T s {i G Seq : (w, t) G T for some u C s} where T C Seq 2 is 

a tree and s G Sea 638 
K s the set {to, • • • ,t n -i} H T s where \s\ = 2n, {i n : n £ oj] is 

an enumeration of Seq and T C £eg 2 is a tree 638 

k B the size of the finite set K s 638 
T s the set {t G Seg : (s,t) G T for some s G Seg} and a tree T 

on w r x K 642 
/i 3 , s G Sen the measures on T s 's ensuring that the tree T on w x K is 

homogeneous 642 

fi 3t t the natural projection map from Tt to T s for s C t in Seg 642 

Q, Q<k the stationary tower forcing 653 
/ = G g, f Gg <? the predicates in the generic ultrapower by the stationary 

tower forcing 653 

K the core model up to a measurable cardinal 660 

rud^(M) the closure of M U {M} under functions rudimentary in A 660 

Ja, ct G Ord the relativized Jensen hierarchy of sets 660 

C\ the closed unbounded filter on A 661 

M < M' the well-ordering of mice 662 

K m the core model up to o{k) = k ++ 664 

^strong CQre moc [ e j U p ^ 0 a strong cardinal 666 

p\j the Ei-projectum of M 667 
MS = US^Lo MS„ the class of all measure sequences 676 
Ru the Radin forcing for a measure sequence U 677 
MM Martin's Maximum 681 
SPFA Semiproper Forcing Axiom 681 
RCS revised countable support iteration 682 
A ± A x = {M G [H x ] w : M -< H x and N £ X for every count- 
able N that satisfies M < N < H x and N n wi = M n wi} 684 
RP, RP(A) the Reflection Principle 688 
SRP, SRP(A) the Strong Reflection Principle 688 
IA the set of all internally approachable models 699 

□ K ,„, □*,<[/ weaker square principles 702 

□ «,«, □* the Weak Square 702 

the E£ filter 703 

ADfl the determinacy of games where moves are real numbers 705 
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Absolute formula (property) 

- downward absolute formula, 185 

- formula absolute for a transitive 
model, 163 

- upward absolute formula, 185 
S^-Absolute universe for generic 

extensions, 624 
Addition of cardinals, k + A, 28 
Addition of ordinals, a + /3, 23 
n- Additive measure, 129 
Adequate model, 184 
Adequate set, 188 
Aleph, 29 

Algebra, see algebra of sets, Boolean 

algebra, subalgebra 
Algebra of sets, 41 

- K-complete algebra of sets, 82 

- cr-algebra, 41 

- cr-algebra of Borel sets, 41 

- a-algebra of Lcbesgue measurable 
sets, 42 

- cr-algebra of sets having the Baire 
property, 149 

Algebraic real number, 44 
Almost all, 99, 159, 409 
Almost disjoint family 

- almost disjoint family of functions, 
97 

- almost disjoint family of sets, 118 

- strongly almost disjoint family of 
sets, 451 

Almost disjoint forcing, 277 
Almost disjoint functions, 118, 419 
Almost disjoint sets, 118, 578, 651 
Almost everywhere, 159 
Almost universal class, 182 
Alphabet, 574 
Amalgamation 

- amalgamation of Laver trees, 565 

- amalgamation of perfect trees, 245 



Amenable model, 549 
Analytic set, 142 
Antichain 

- antichain below a condition, 202 

- antichain in a Boolean algebra, 84 

- antichain in a tree, 114 

- antichain of conditions, 201 

- maximal antichain, 84 
Arithmetic progression, 574 
Arithmetical set, S° , 11°, 480 
Aronszajn tree, 116 

Arrow notation 

- K -(£*)£, H2 

- /t-> (a,/3) n , 112 

- k - (A)m, 109 
Atom 

- atom in the theory ZFA, 250 

- atom of an ideal, 410 

- atom of a Boolean algebra, 79 

- atom of a measure, 126 
Atomic formulas, x G y, x — y, 5 
Atomless ideal, 410 

Atomless measure, 126 
Automorphism 

- automorphism of a Boolean algebra, 
79 

- automorphism of a Boolean-valued 
universe V s , 221 

- automorphism of a partially ordered 
set, 18 

- automorphism of a tree, 262 

- G-automorphism of the universe, 66 

- G-automorphism of the universe of 
ZFA, 251 

Axiom 

- a weak form of the Axiom of Choice, 
628 

- AD i(H) , 628 

- Analytic Determinacy, 637 

- axiom (20.30), 381 



750 Index 



- axiom consistent relative to a theory, 
163 

- axiom consistent with a theory, 163 

- axiom independent of a theory, 163 

- Axiom of Choice, AC, 3, 47, 70 

- Axiom of Constructibility, V = L, 
175 

- Axiom of Determinacy, AD, 627 

- Axiom of Determinateness, AD, 644 

- Axiom of Extcnsionality, 3, 6, 70, 250 

- Axiom of Infinity, 3, 13, 70 

- Axiom of Pairing, 3, 6, 70 

- Axiom of Power Set, 3, 9, 70 

- axiom of predicate calculus, 6 

- Axiom of Regularity, 3, 63, 70 

- Axiom of Replacement, 70 

- Axiom of Union, 3, 9, 70 

- Continuum Hypothesis, CH, 37 

- Countable Axiom of Choice, 50 

- A* Determinacy, 639 

- Diamond Principle, <0, 191 

- Generalized Continuum Hypothesis, 
GCH, 55 

- Martin's Axiom, MA, 272 

- Martin's Axiom, MA K , 272 

- Open Coloring Axiom, OCA, 576 

- see principle 

- Projective Determinacy, PD, 628 

- Proper Forcing Axiom, PFA, 607, 
PFA+, 613, PFA", 614 

- Reflection Principle, RP, 688 

- restricted Diamond Principle, <0(-E), 
0«, 442 

- Singular Cardinal Hypothesis, SCH, 
58 

- Strong Reflection Principle, SRP, 
688 

- Suslin's Hypothesis, SH, 274 
Axiom schema 

- Axiom Schema of Comprehension, 4, 
70 

- Axiom Schema of Replacement, 3, 13 

- Axiom Schema of Separation, 3, 4, 7 

- Collection Principle, 65 

- Vopenka's Principle, VP, 380 
Axioms of Bernays-Godel, BG, BGC, 

70 

Axioms of Zermelo-Fraenkel, ZF, ZFC, 
3 

Axiom A, 614 

Baire Category Theorem, (T4.8) 41 
Baire property, 148 



Baire space, A/", 42 
Bernays-Godel axioms, BG, BGC, 70 
Beth function, 3 a , 55 
Binary relation, see relation 
Boolean algebra, 78 

- (k, A)-distributive Boolean algebra, 
246 

- atomic Boolean algebra, 79 

- atomless Boolean algebra, 79 

- Boolean algebra completely generated 
by a set, 83 

- Boolean algebra generated by a set, 
79 

- class Boolean algebra, 235 

- Cohen algebra, 588 

- collapsing algebra Col(K 0 ,A), 516 

- complete Boolean algebra, 82 

- countably complete Boolean algebra, 
82 

- free Boolean algebra, Frc 590 

- K-complete Boolean algebra, 82 

- K-distributive Boolean algebra, 85 

- K-generated Boolean algebra, 247 

- K-saturated Boolean algebra, 84 

- Levy collapsing algebra Co1(k, <A), 
(T15.22) 238 

- Lindenbaum algebra, 79 

- measure algebra, 415, 585 

- minimal algebra, 595 

- quotient algebra, 80 

- rigid algebra, 595 

- (j-complete Boolean algebra, 82 

- semi-Cohen algebra, 591 

- simple algebra, 595 

- strategically o;-closed Boolean 
algebra, 596 

- see subalgebra 

- Suslin algebra, 593 

- trivial Boolean algebra, {0, 1}, 81 

- weakly (k, A)-distributive Boolean 
algebra, 246 

Boolean operation 

- +, •, - 78 

- 209 

- e, 87 

- infinite Boolean operations, J\, 
82, limsup n a„, liminf n a„, 598 

Boolean universe, 206 

Boolean value of a formula, \\ip\\, 207 

Boolean-valued model, 206 

- Boolean valued model V B , 209 

- Boolean-valued model with a class 
Boolean algebra, 235 
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- extensional Boolean-valued model, 
209 

- full Boolean-valued model, 208 
Borel code, 504 

- n°-code, 504 

- E°-code, 504 
Borel set, 41, 140 
Borel's Conjecture, 564 
Bounded MA(V), 691 
Bounded set in a tree, 240 
Bounded subset of an ordinal, 32 
Boundedness Lemma, (C25.14) 487 
Bounding number, b, 533 
Branch in a tree, 114 

a-Branch in a tree, 114 
Branching family, 579 

Canonical embedding, see embedding 
Canonical inner model, see inner model 
Canonical name, see name 
Canonical stationary set, see stationary 
set 

Canonical well-ordering, see well- 
ordering 
Cantor space 

- Cantor set, C, 37 

- generalized Cantor space, X w , 623 
Cantor's Normal Form Theorem, 

(T2.26) 24 
Capture (model N captures dense 

set A), 655 
Cardinal invariant, 529 

- additivity, add, 532 

- bounding number, b, 533 

- cofinality, cof, 532 

- covering, cov, 532 

- dominating number, 0, 533 

- uniformity, unif, 532 
Cardinal number, 29 

- a-Mahlo cardinal, 696 

- see cardinal invariant 

- cardinal satisfying full reflection, 698 

- Erdos cardinal, r/a, 302 

- extendible cardinal, 379 

- finite cardinal, 27 

- greatly Mahlo cardinal, 697 

- huge cardinal, 380 

- inaccessible cardinal, 58 

- ineffable cardinal, 308 

- Jonsson cardinal, 305 

- A-strong cardinal, 382 

- A-strong cardinal for a set A, 647 

- A-supercompact cardinal, 375 



- limit cardinal, 30 

- Mahlo cardinal, 95 

- measurable cardinal, 127 

- n-huge cardinal, 386 

- nj^-indescribable cardinal, 295 

- Ramsey cardinal, 121 

- real-valued measurable cardinal, 130 

- reflecting cardinal, 697 

- regular cardinal, 32 

- Rowbottom cardinal, 305 

- singular cardinal, 32 

- strong cardinal, 381 

- strong limit cardinal, 58 

- strongly compact cardinal, 136 

- sufficiently large cardinal, 602 

- supercompact cardinal, 136, 374 

- superstrong cardinal, 657 

- weakly compact cardinal, 113 

- weakly inaccessible cardinal, 33 

- weakly Mahlo cardinal, 96 

- Woodin cardinal, 384, 647 
Cardinal successor of an ordinal, a + , 29 
Cardinality, \X\, 27 

Chain 

- chain in a partially ordered set, 49 

- _E-chain, 611 

- elementary chain of models, 611 
Chain condition 

- countable chain condition, c.c.c, 84, 
220 

- K-chain condition, k-c.c, 84, 227 
Chang's Conjecture, 328 
Characteristic function 

- characteristic function of a model, 
xS(n), 468 

Choice function, 47 
Class, 5, 70 

- almost universal class, 182 

- class closed under an operation, 177 

- class definable from parameters, 5 

- class of forcing conditions, 235 

- class of hereditarily ordinal-definable 
sets from a set, HOD[A], 195 

- class of hereditarily ordinal-definable 
sets over a set, HOD(A), 196 

- class of hereditarily ordinal-definable 
sets, HOD, 194 

- class of hereditarily symmetric 
names, HS, 253 

- class of ordinal-definable sets from 
a set, OD[A], 195 

- class of ordinal-definable sets over 
a set, OD(A), 195 
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- class of ordinal-definable sets, OD, 
194 

- class of sets constructible from a set, 
L[A], 192 

- class of Silver indiscernibles, 311 

- (5-closed class, 325 

- definable class, 5 

- A n class, 184 

- extensional class, 68 

- generic class over a model, 235 

- Il n class, 183 

- proper class, 6 

- £„ class, 183 

- the smallest inner model containing 
a set, L(A), 193 

- universal class, V, 6 
Class Boolean algebra, 235 
Closed forcing 

- essentially <K-closed forcing, 455 

- K-closed forcing, 228 

- <K-closed forcing, 228 
Closed set 

- closed set of normal measures, 358 

- closed subset of P K {A), 100 

- =-closed set, 633 

- set closed under an operation, 102 

- set of indiscernibles closed in Ord m , 
318 

Closed unbounded filter 

- closed unbounded filter on P K (A), 
100 

- closed unbounded filter on k, 91 

- closed unbounded filter C K survives 
at (3, 663 

Closed unbounded set 

- closed unbounded set in k, 91 

- closed unbounded subset of P K (A), 
100 

- locally closed unbounded set, 691 

- strongly closed unbounded set, 704 
Closure 

- closure point of a function, 102, 678 

- closure under functions rudimentary 
in A, rud A (M), 660 

- rudimentary closure, rud(M), 548 

- transitive closure, TC(S'), 64 
Club-guessing property, 442 
Club-guessing sequence, 442 
Club-isomorphic trees, 612 
Co-dense subalgebras, 591 
Code 

- Borel code, 504 



- code of an uncountable set in almost 
disjoint forcing, 277 

- code of a binary relation on N, 485 

- code of a formula by a set, r yP, 162 

- code of a set by a set of ordinals, 196 

- II°-code, 504 

- S°-code, 504 

- standard code, 549 
Cofinal sequence, 31 
Cofinal set 

- cofinal subset of an ordinal, 31 

- cofinal subset of a partially ordered 
set, 461 

Cofinality 

- see cardinal invariant 

- cofinality of an ordinal, cf a, 31 

- cofinality of a partially ordered set, 
461 

- possible cofinalities of ultraproducts, 
pcf, 466 

- true cofinality of a partially ordered 
set, 461 

Cohen algebra, 588 
Cohen forcing, 202 
Cohen real, 202, 225, 513 
Coherent system of measures, 382 
Coiteration, 358 
Collapse forcing, 237 
Collapsing a cardinal, 203 
Collapsing cardinals, 237 
Collection, see family 
Collection Principle, 65 
Compactness of pcf, 472 
Compactness Theorem, 293 
Comparison of mice, 661 
Compatible conditions, 201 
Complete Boolean algebra, 82 
Complete embedding, 83 
Complete homomorphism, 83 
Complete linearly ordered set, 38 
Complete metric space, 40 
Complete subalgebra, 83 
Completely generated algebra 

(subalgebra), 83 
Completely Ramsey set, 525 
Completion of a Boolean algebra, 82 
n-Component of a Laver tree, 565 
Composition of functions, 11 
Condensation Lemma, (L13.17) 188, 

(L18.38) 332, (L27.5) 550 
Condensation point, 45 
Condition, see forcing condition, forcing 

conditions 
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Cone, 633 
Conjecture 

- Borel's Conjecture, 564 

- Chang's Conjecture, 328 
Connectives, A, V, -i, — >, <->, 5 
Consistent set of sentences, 157 
Constant function, c a , 161 
Constructible set, 175 
Constructible universe, L, 175 
Continued fraction, 42 
Continuous sequence, 22 
Continuum (real line), R, 37 
Continuum (the cardinality of R), c, 37 
Continuum function, 2 K , 55 
Continuum Hypothesis, CH, 37 

Core model 

- core model up to a measurable 
cardinal, K, 660 

- core model up to a strong cardinal, 
K stIons , 666 

- core model up to a Woodin cardinal, 
K steel , 667 

- core model up to o(k) = n ++ , K m , 
664 

Correct position in a strategy, 631, 632 
Correspondence, 12 
Countable Axiom of Choice, 50 
Countable chain condition, c.c.c, 39, 

84, 220 
Countable set, 30 

Countably complete Boolean algebra, 
82 

Countably complete filter, 77 
Countably complete ideal, 77 
Critical point 

- critical point of an elementary 
embedding, 323 

- critical point of an extender, 382 
Cumulative hierarchy, 171 

- constructible hierarchy of sets, L a , 
175 

- hierarchy L a (A), 193 

- hierarchy of sets constructible from 
a set, L a [A] , 192 

- hierarchy of sets with atoms, P a (S), 
250 

- hierarchy of sets, V a , 64 

- Jensen hierarchy, J a , 548 

- relativized Jensen hierarchy, j£, 660 
Cut 

- cut in a Boolean algebra, 83 

- Dedekind cut in a linearly ordered 
set, 39 



- regular cut in a Boolean algebra, 83 

- regular cut in a separative partially 
ordered set, 205 

D-finite set, 34 
D-infinite set, 34 
A-Lemma, 118 
A-system, 117 
Decide a formula, 204 
Dedekind cut, 39 
Definable class, 5 
Definable element, 157 
Definable set 

- definable class, 5 

- definable set in a model, 157 

- definable set over a model, 157 
Wi-Dense ideal, 695 

Dense linearly ordered set, 38 

Dense open set, 41 

Dense set, 201, 205 

Dense subalgebra, 82 

Dense subset, 38 

Density 

- density of a Boolean algebra, 589 

- subset of N of density 0, 74 

- uniform density of a Boolean algebra, 
589 

Determinacy, 627 

- AD H , 705 

- AD i(H) , 628 

- Analytic Determinacy, 637 

- Borel Determinacy, 637 

- Determinacy, 639 

- Determinacy of open games, 636 

- the Axiom of Determinacy, AD, 627 

- the Projective Determinacy, PD, 628 
Diagonal function, d, 287, 374 
Diagonal intersection 

- A a<R X a , 92 

- A, elK]<u A„ 402 

- diagonal intersection in P K (A), 
A aeA X a , 101 

Diagonal limit of ordinal functions, 461 
Diagonal union, ~}2 a X a , 93 
Diamond Principle 

- 0, 191 
-0(E), 442 

- <> K , 442 

- Ok(E), 550 

Difference of sets, X — Y, 8 
Direct limit, 158 

A-Directed closed forcing notion, 395 
Directed set, 157 



754 Index 



Directed subset of P K {A), 101 
Directed system of models, 157 
Disjoint elements, 78 
Disjoint family of sets, 12 
Disjoint sets, 8 
/-Disjoint sets, 580 

(k, A)-Distributive Boolean algebra, 246 
K-Distributive Boolean algebra, 85 
K-Distributive forcing, 228 
<K-Distributive forcing, 228 
Distributivity, 85, 228, 246 
Domain of a relation, 10 
Dominating family, 532 
Dominating number, 0, 533 
Domination 

- a function dominates a function, 243 

- eventual domination, 580 

- function eventually dominates 
a function, 278 

Dual filter, 73 
Dual ideal, 73 

E.M. set (Ehrenfeucht-Mostowski), 314 
Easton product, 233 
Easton support, 395 
Element 

- definable element, 157 

- _B-minimal element, 25 

- element hereditarily in a set, 66 

- greatest element, 17 

- independent element over a subalge- 
bra, 590 

- least element, 17 

- maximal element, 17, 49 

- minimal element, 17 

- stable element, 84, 88 
Elementarily equivalent models, 156 
Elementary chain of models, 611 
Elementary embedding, 157 
E n -Elementary submodel, M -<s n N, 

187 

Elementary submodel, 03 ^ 21, 156 
Ellentuck topology, 524 
Embedding, 79, 156 

- canonical embedding, j, 161, jc 421 

- complete embedding, 83 

- elementary embedding, 157 

- elementary embedding of the 
universe, 285 

- nontrivial elementary embedding (of 
the universe), 287 

Empty set, 0, 8 
End-extension 



- end-extension of a model, 654 

- end-extension of a set, 406 

- end-extension of < a (on L a ), 188 
Enumeration, 21 

Enumeration of alephs, 30 
Equivalence class, [x], 12 
Equivalence relation, 12 
Erdos cardinal r) a , 302 
Erdos-Rado Partition Theorem, (T9.6) 
111 

Essentially <K-closed forcing, 455 

Eventual domination, 580 

Exact upper bound of a set of ordinal 

functions, 461 
Exponentiation of cardinals, k x , 28 
Exponentiation of ordinals, a' 3 , 23 
Extender 

- (k, A)-extender derived from an 
elementary embedding, 382 

- (k, A)-extender derived from the 
direct limit embedding, 384 

- two extenders overlap, 666 
Extendible cardinal, 379 
Extension 

- see end-extension 

- extension of a function, 11 

- extension of a set in a binary relation, 
67 

- generic extension, 216 
Extensional Boolean-valued model, 209 
Extensional class, 68 

Extensional relation, 68 

Ffj set, 42 

Factor Lemma, (L19.5) 342, (L21.8) 

396, (C26.ll) 518 
Family, 12 

- almost disjoint family, 118 

- branching family, 579 

- disjoint family, 12 

- dominating family, 532 

- functional, 424 

- fusionable collection of perfect trees, 
558 

- independent family, 75 

- see set 

- strongly almost disjoint family of 
sets, 451 

- unbounded family, 532 
Field of a relation, 10 
Filter, 73, 80, 202 

- see closed unbounded filter 

- countably complete filter, 77 
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- dual filter, 73 

- filter generated by a set, 74 

- filter on a group, 251 

- Frechet filter, 73 

- see generic filter 

- K-complete filter, 77, 82 

- maximal filter, 74 

- normal filter, 96 

- Ill filter on k, 703 

- principal filter, 73, 80 

- cr-complete filter, 77 

- trivial filter, {S}, 73, {1}, 80 
-see ultrafilter 

Fine measure, see measure 

Finite cardinal, 27 

Finite intersection property, 74, 80 

Finite ordinal, 20 

Finite sequence, 21 

Finite set, 14, 20 

- D-finite set, 34 

- T-finite set, 14 
First category, 148 
Fixed point, 26 

Forces, p forces a, p lh a, 204 
Forcing, 201 

- almost disjoint forcing, 277 

- Cohen forcing, 202 

- collapse forcing, 237 

- A-directed closed forcing, 395 

- forcing adding eventually different 
reals, 593 

- forcing adding a closed unbounded 
set with finite conditions, 613 

- forcing collapsing a cardinal, 203 

- forcing collapsing cardinals, 237 

- forcing preserving cardinals, 219 

- forcing satisfying Axiom A, 604 

- forcing shooting a closed unbounded 
set, 445 

- forcing with a class of conditions, 235 

- forcing with countable normal trees, 
239 

- forcing with perfect trees (Sacks 
forcing), 244 

- Hechler forcing, 278 

- see iterated forcing 

- K-closed forcing, 228 

- <K-closed forcing, 228 

- K-distributive forcing, 228 

- <fi>distributive forcing, 228 

- Laver forcing, 565 

- Levy collapse, 238 

- Magidor's forcing, 674 



- Mathias forcing, 524 

- Prikry forcing, 401 

- product forcing, 229 

- proper forcing, 601 

- Radin forcing, Ru, 677 

- random forcing, 243 

- semiproper forcing, 649 

- stationary set preserving forcing, 681 

- stationary tower forcing, 653, 678 

- strategically w-closed forcing, 596 
Forcing axiom 

- Bounded MA(V), 691 

- MA(7>), 690 

- MA+fP), 690 

- Martin's Maximum, MM, 681 

- Semiproper Forcing Axiom, 681 
Forcing condition 

- empty condition, 0, 230 

- master condition, 400 

- (M, P)-generic condition, 602 

- (M, P)-semigeneric condition, 649 

- stronger forcing condition, 201 
Forcing conditions, 201 

- compatible forcing conditions, 201 

- incompatible forcing conditions, 201 

- semiproper set of conditions, 654 
Forcing language, 215 

Forcing notion, see forcing 
Forcing relation, Ihp, lh, 215 
Forcing Theorem, (T14.6) 204 
Formula, 5, 155 

- atomic formulas, x £ y, x — y, 5 

- formula of nth order, 295 

- formula valid in a Boolean-valued 
model, \\<p\\ = 1, 207 

- Il„ formula, 183 

- formula, 295 

- E n formula, 183 

- S™ formula, 295 
Frechet filter, 73 

Free Boolean algebra, Frc 590 
Free variable, 5 

Full Boolean- valued model, 208 
Full reflection, 698 
Function, 11 

- beth function, 3 a , 55 

- canonical ordinal function on n, f v , 
460 

- see characteristic function 

- choice function, 47 

- constant function, c a , 161 

- continuum function, 2 K , 55 

- diagonal function, d, 287, 374 
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- A n function, 184 

- exact upper bound of a set of ordinal 
functions, 461 

- function eventually dominates 
a function, 278 

- function from a set to a set, 11 

- function on a set, 11 

- function on k° with finite support, 
347 

- function onto a set, 11 

- gimel function, 3 (ft), 56 

- Hartogs function, h(X), 29 

- inclusion map, 346 

- increasing function, 17 

- inverse of a function, 11 

- Laver function, 378 

- monotone function, 306 

- n-ary function on a set, 11 

- normal (ordinal) function, 92 

- one-to-one function, 11 

- order-preserving function, 17 

- Il n function, 183 

- rank function, p(x), 68 

- regressive (ordinal) function, 93 

- rudimentary function, 548 

- rudimentary function in A, 660 

- Skolem function, 156 

- E„ function, 183 

- E„ Skolem function, 333 

- unbounded function on a set of 
positive measure, 410 

Functional, 424 
Fusion, 244 

- fusion of a fusion sequence, 565 

- fusion of a fusionable collection, 558 
Fusion sequence 

- fusion sequence of Laver trees, 565 

- fusion sequence of perfect trees, 244 
Fusionable collection of perfect trees, 

558 

Gs set, 42 
Game 

- analytic game, 637 

- Banach-Mazur game, 630 

- Borel game, 637 

- closed game, 637 

- covering game, 629 

- determined game Ga, 627 

- Ga, 627 

- game Q on a Boolean algebra, 596 

- Qi, 426 

- open game, 636 



- perfect set game, 632 

- projective game, 628 

- proper game for P below p, 603 

- Solovay game, 634 
Gap 

- Hausdorff gap, 575 

- (k, A)-gap, 575 

Generalized Continuum Hypothesis, 

GCH, 55 
CT-Generates (a set cr-generates 

a Boolean algebra), 585 
Generators of pcf, 470 

- transitive generators of pcf, 473 
Generic class, 235 

(M, P)-Generic condition, 602 
Generic extension, 216 
Generic filter 

- ©-generic filter, 202 

- generic filter minimal over the ground 
model, 244 

- generic ultrafilter, 206 

Generic Model Theorem, (T14.5) 203 
Generic real 

- Cohen real, 202, 225, 513 

- Laver real, 565 

- Mathias real, 527 

- random real, 243, 513 

- Sacks real, 244 
Generic set, 202 
Generic ultrafilter, 206 

Generic ultrapower, UltG(M), 421, 653 
Gimel function, 3(k), 56 
Godel number of a sentence, #cr, 162 
Godel numbering, 162 
Godel operations, G\, . . . , Gio, 177 
Godel's Completeness Theorem, 157 
Godel's First Incompleteness Theorem, 
157 

Godel's Normal Form Theorem, (T13.4) 
177 

Greatest element, 17 
Greatly Mahlo cardinal, 697 
Ground model, 201 

Hausdorff formula, 57 
Hausdorff gap, 575 
Hechler forcing, 278 
Height 

- height of a tree, 114 

- height of a well-founded relation, 25 
Hereditarily countable set, 171 
Hereditarily finite set, 171 
Hereditarily in a set, 66 
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Hereditarily ordinal-definable set, 194 
Hereditary set (in ZFA), 250 
Hierarchy 

- see cumulative hierarchy 

- hierarchy of Borel sets, S°, 11°, A° , 
140 

- hierarchy of large cardinals, 302, 358, 
389, 620 

- hierarchy of projective sets, S^, 11^, 
A*, 144 

- hierarchy of stationary sets, 99 

- Kleene's hierarchy of analytic 
predicates, 153 

- lightface Borel hierarchy, E°, n°, 480 

- lightface projective hierarchy, E*, 
Ui, Ai, 479 

- relativization of the projective 
hierarchy, E* (a), (a), A* (a), 479 

- E„ hierarchy, 184 
Homogeneous measure algebra, 585 
Homogeneous set, 107, 524 

- 0- homogeneous set, 609 

- 1-homogeneous set, 609 
Homogeneous tree, 262, 642 
K-Homogeneous tree, 642 
Homomorphism, 79 

- complete homomorphism, 83 
Huge cardinal, 380 

n-Huge cardinal, 386 

Ideal, 73, 80 

- atomless ideal, 410 

- countably complete ideal, 77 

- dual ideal, 73 

- ideal of nonstationary sets, 93 

- K-complete ideal, 77, 82 

- A-saturated ideal, 409 

- normal ideal, 96 

- oji-dense ideal, 695 

- n„ ideal on k, 703 

- precipitous ideal, 424 

- prime ideal, 74, 81 

- principal ideal, 73, 80 

- cr-ideal, 77, 82 

- a-saturated ideal, 128 

- trivial ideal, {0}, 73, {0}, 80 
Idempotent element of a semigroup, 

573 

Idempotent ultrafilter, 573 
Ill-founded sequential tree, 483 
Image 

- image of a set by a function, 11 

- inverse image of a set by a function, 
11 



Inaccessible cardinal, 58 
Inclusion map, 346 
Inclusion of classes, C C D, 6 
Incomparable nodes of a tree, 43 
Incompatible conditions, 201 
Increasing function, 17 
Indecomposable ordinal, 26 
Independence results, 219 
Independent element over a subalgebra, 
590 

Independent family, 75 
Independent sentence of the axioms, 
219 

Independent set in a Boolean algebra, 
590 

Indiscernibles, 299 

- indiscernibles for 21, 314 

- indiscernibles for L, 312 

- Silver indiscernibles, 311 
Induction 

- G-Induction Theorem, (T6.4) 66 

- Induction Theorem, (El. 9) 14 

- Transfinite Induction, (T2.14) 21 

- Well-Founded Induction, (T6.10) 68 
Inductive set, 12 

Ineffable cardinal, 308 
Infimum, infX, 17 
Infinite game, see game 
Infinite product, 53 
Infinite product, rii Ki > 53 
Infinite sequence, 21 
Infinite set, 14, 20 

- D-infinite set, 34 

- T-infinite set, 14 
Infinite sum, ^ k», 52 
Initial segment 

- initial segment of a closed set of 
normal measures, 359 

- initial segment of a well-ordered set, 
18 

Inner model 

- canonical inner model of a measurable 
cardinal of order 2, 360 

- see core model 

- inner model of ZF, 182 

- the class of constructible sets, L, 175 

- the class of sets constructible from 
a set, L[A], 192 

- the smallest inner model containing 
a set, L(A), 193 

Instance of Ao separation, 177 
Instance of a variable word, 574 
Internally approachable model, 699 
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Interpretation, 155 

- interpretation by a generic ultrafilter, 
216 

- G-interpretation of P-names, 218 
Intersection of sets, X n Y, 8 
Interval of regular cardinals, 466 
Inverse image of a set by a function, 11 
Inverse limit, 280 

Inverse of a function, 11 
Isomorphic models, 156 
Isomorphism, 79 

- isomorphism between models, 156 

- isomorphism of partially ordered 
sets, 18 

- isomorphism of trees, 262 

- measure-preserving isomorphism of 
Boolean algebras, 587 

Iterable M-ultrafilter, 354 
Iterated forcing, 280 

- iteration with /-support, 280 

- iteration with countable support, 280 

- iteration with finite support, 270 

- revised countable support iteration, 
RCS, 682 

- two-step iteration, P * Q, 267, B * C, 
269 

Iterated ultrapower of an inner model, 
356 

Iterated ultrapower, Ult^V), 342 

Jensen hierarchy, J a , 548 
Jensen's Covering Theorem, (T18.30) 
329 

Jonsson cardinal, 305 

Kernel of an homomorphism, 80 
Kernel of the universe in ZFA, P°°(0), 
250 

Kondo's Uniformization Theorem, 

(T25.36) 498 
Kurepa tree, 119 

Language 

- first order language, C, 155 

- forcing language, 215 

- infinitary language, C K ,u, 293 

- language of BG, BGC, 70 

- language of ZF, ZFC, 4 

- language of ZFA, 250 

- nth order language, 295 
Laver forcing, 565 

Laver function, 378 
Laver real, 565 
Laver tree, 565 



Least element, 17 
Lebesgue measurable set, 147 
Lebesgue measure, 44, 147 
Left-topological semigroup, 573 
Lemma on Transitive Generators, 

(L24.31) 473 
Length 

- length of an extender, 382 

- length of a branch, 114 

- length of a set of normal measures, 
359 

Level of a tree, 114 

- ath level of a tree, 114 
Levy collapse, 238 
Lifting, 102 

Limit 

- diagonal limit of ordinal functions, 
461 

- direct limit, 158 

- inverse limit, 280 

- limit of a sequence, 22 

- of a convergent sequence in a Boolean 
algebra, 598 

- [/-limit of a sequence, 86 
Limit cardinal, 30 

Limit ordinal, 20 

Limit point of a set of ordinals, 91 
Lindenbaum algebra, 79 
Linear ordering, 17 
Linearly ordered set, 17 

- dense linearly ordered set, 38 

- unbounded linearly ordered set, 38 
Localization Lemma, (L24.32) 475 
Locally closed unbounded set, 691 
Logical symbols, 155, 293, 295 
Lower bound, 17 

Luzin set, 539 

Magidor's forcing, 674 

Mahlo cardinal, 95 

a-Mahlo cardinal, 696 

Mahlo operation, Tr(S), 99, M(X), 290 

Mapping, see function 

Martin's Axiom 

- MA, 272 

- MA K , 272 

Martin's Maximum, MM, 681 
Master condition, 400 
Mathias forcing, 524 
Mathias real, 527 
Maximal antichain, 84 
Maximal element, 17, 49 
Maximal filter, 74 
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Meager set, 87, 148 
Measurable cardinal, 127 
Measure 

- atomless measure, 126 

- fine measure, 136, 365 

- K-additive measure, 129 

- Lebesgue measure, 147 

- measure of a set, 125 

- measure on a Boolean algebra, 585 

- nontrivial cr-additive probabilistic, 
125 

- normal fine measure, 136 

- normal measure on P K (A), 374 

- normal real-valued measure, 410 

- probabilistic measure on a Boolean 
algebra, 586 

- product measure, 415 

- signed measure on a Boolean algebra, 
586 

- strictly positive measure on a Boolean 
algebra, 586 

- strongly normal measure, 385 

- translation invariant measure, 125 

- two- valued measure, 126 
Measure algebra, 415, 585 

- homogeneous measure algebra, 585 
Measure Problem, 125 

Measure sequence, 676 
Measure space, (S,J-,[i), 415 
Measure-preserving isomorphism of 

Boolean algebras, 587 
Membership relation, 4 
Menge, 15 

Milner-Rado paradox, 60 
Minimal Boolean algebra, 595 
Minimal degree of constructibility, 244 
Minimal element, 17 
_E-minimal element, 25 

- G-minimal element, 14 
Minimal generic filter, 244 
Minimal ultrafilter, 87 
Mitchell order, 358 
Model, 162 

- adequate model, 184 

- amenable model, 549 

- see Boolean-valued model 

- end-extension of a model, 654 

- ground model, 201 

- see inner model 

- internally approachable model, 699 

- model for a given language, 155 

- model of type (k, A), 304 

- N captures A, 655 



- permutation model, 251 

- remarkable (E, a)-model, 317 

- (S, a)-model, 315 

- transitive model, 163 

- unbounded (E, a)-model, 316 
Monotone function, 306 
Mostowski's Absoluteness Theorem, 

(T25.4) 484 
Mostowski's Collapsing Theorem, 

(T6.15) 69 
Mouse, 660 
Move 

- move by a strategy, 627 

- move in the game Ga, 627 
Multiplication of cardinals, k • A, 28 
Multiplication of ordinals, a ■ (3, 23 
Mutually stationary sets, 701 

Name, 215 

- canonical name for a generic 
ultrafilter, G, 214 

- canonical name for a set from the 
ground model, x, 211-212 

- canonical name for the ground model, 
M, 215 

- hereditary symmetric name, 253 

- P-name 

- P-name, 215 

- symmetric name, 253 
Natural number, 20 
Near, 576 

Node, see splitting node 
Nondecreasing sequence, 22 
Nonstationary ideal, 93 
Nontrivial elementary embedding of 

the universe, 287 
Norm, 496 

- norm of a function (rank), ||<ys|j, 458 

- ni-norm, 496 

- n^-norm, 640 

- E^-norm, 496 

- E^-norm, 640 
Normal filter, 96 

- normal filter on P K (A), 104 
Normal fine measure, 136 

Normal Form Theorem for U\, (T25.3) 
483 

Normal function, 92 
Normal ideal, 96 
Normal measure, 134 

- real-valued normal measure, 410 
Normal measure on P K (A), 374 
Normal sequence, 22 
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Normal tree, 114 
Notion of forcing, see forcing 
Nowhere dense set, 41, 148 
Null set, 146 

Number, see cardinal number, natural 
number, ordinal number, real number 

One-to-one function, 11 

Open Coloring Axiom, OCA, 576 

Open dense set, 85, 202 

- open dense set below a condition, 202 
Open set 

- dense open set, 41 

- open subset of [X] 2 , 576 
Operation 

- absolute operation on Borel sets, 507 

- arithmetic operation on cardinals, 
k -\- A, k ■ A, k , 28 

- arithmetic operations on ordinal 
numbers, a + (3, a ■ (3, a 13 , 23 

- see Boolean operation 

- see diagonal intersection, diagonal 
union 

- Godel operations, Gi, . . . , Gio, 177 

- Mahlo operation, Tr(S), 99, M(X), 
290 

- n-ary operation on a set, 11 

- operation + on f3N, 573 

- operation on a set, 102 

- operations on classes, n, U, — , [j, 6 

- Suslin operation A, 143 
Order 

- Mitchell order of normal measures, 
Ui < U 2 , 358 

- order of a cardinal number (height of 
the Mitchell order), o(k), 358 

- order of a normal measure, o(U), 358 

- order of a stationary set, 0(^4), o(ft), 
100 

Order- preserving function, 17 
Order-type, 19 

Order-type of an ordinal in the generic 

ultrapower, 421 
Ordered n-tuple, 7 
Ordered pair, 7 
Ordering 

- linear ordering, 17 

- partial ordering, 17 

- prewellordering, 496 

- Rudin-Keisler ordering, 86 

- strict ordering, 17 

- well-ordering, 18 

Ordinal function, see function 



Ordinal number, 19 

- finite ordinal, 20 

- indecomposable ordinal, 26 

- projective ordinal, <5*, 636 
Ordinal-definable set, 194 

- hereditarily ordinal-definable set, 194 

- ordinal-definable set from a set, 195 

- ordinal-definable set over a set, 195 
Outer measure, 146 

Overlapping extenders, 666 

Pair, 7 
Paradox 

- Milner-Rado Paradox, 60 

- Russell's Paradox, 4 
Parameter 

- parameter in a formula (property), 5 

- standard parameter, 549 
Partial ordering, 17 
Partial play, 597 
Partially ordered set, 17 

- separative partially ordered set, 204 
Partition, 12, 84 

/-Partition, 424 
Partition property, 109 
Partition relation 

- K-(a)£, 112 

- (a,/3) n , 112 

- k - (A)m, 109 
Path, 43 

pcf (possible cofinalities) , 466 

- compactness of pcf, 472 
Perfect set, 40 

Perfect tree, 43, 244, 561 

- superperfect tree, 618 
Permutation, 251 
Permutation model, 251 
Pigeonhole principle, 107 
Play 

- in the game Ga, 627 

- partial play, 597 

- play by a strategy, 627 
Player 

- Empty and Nonempty, 426 

- I and II, 596, 627 

- in the infinite game Q on a Boolean 
algebra, 596 

p-Point, 76 
Polish space, 44 

Possible cofinalities, pcf (A), 466 
Power of a set, X" , 10 
Power set, P(X), 9 
Precipitous ideal, 424 
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Predense set, 202 

Predense set below a condition, 202 

Prewellordering, 496 

Prikry forcing, 401 

Prime ideal, 74, 81 

Prime Ideal Theorem, (T7.10) 81 

Principal filter, 73, 80 

Principal ideal, 73, 80 

Principle 

- Collection Principle, 65 

- see Diamond Principle 

- pigeonhole principle, 107 

- Principle of Dependent Choices, DC, 
50 

- reduction principle, 507 

- Reflection Principle, (T12.14) 168 

- Reflection Principle, RP, 688 

- Sj-Separation Principle, (Lll.ll) 
146 

- Ao-Scparation, 177 

- separation principle, 507 

- see Square 

- Strong Reflection Principle, SRP, 
688 

- Vopenka's Principle, VP, 380 
Probabilistic measure on a Boolean 

algebra, 586 
Problem 

- Measure Problem, 125 

- Problem 36.7, 673 

- Singular Cardinal Problem, 672 

- Suslin's Problem, 39 
Product 

- infinite product, 53 

- infinite product, Yli k m 53 

- product of cardinals, k • A, 28 

- product of linear orders, 24 

- product of measure spaces, 415 

- reduced product, 159 
Product forcing, 229 

- Easton product, 233 

- K-product, 230 

- product of a collection of forcing 
notions, 230 

- product of two forcing notions, 229 
Product Lemma, (L15.9) 229 
Product measure, 415 

Product of two sets, 10 
Projection, 102, 142 

- projection of a generic filter on 

a coordinate of a product forcing, 230 

- projection to a subalgebra, 589 
Projection of a set, 34 



Projective Determinacy, PD, 628 

Projective ordinal, 6„, 636 

Projective set, 145 

Projective stationary set, 688 

£„-Projectum, 549 

n-Projectum, 547 

Proper class, 6 

Proper forcing, 601 

Proper Forcing Axiom, PFA, 607, 

PFA+, 613, PFA", 614 
Proper game for P below p, 603 
Proper subset, 9 
Property, 4 

- absolute property, 185 

- Axiom A, 614 

- Baire property, 148 

- club-guessing property, 442 

- A n property, 184 

- Knaster property (K), 231 

- partition property, 109 

- perfect set property, 150 

- II n property, 183 

- E n property, 183 

- the finite intersection property, 74, 
80 

- the prewellordering property, 496, 
640 

- the scale property, 498, 640 

- the tree property, 120 

- the uniformization property, 498 

Quantifiers, Va;, 3a;, 5 
Quotient 

- of a Boolean algebra, B/I, 80 

- separative quotient, 206 

- X/=, 12 

Radin forcing, Ru, 677 
Ramsey cardinal, 121 
Ramsey null set, 525 
Ramsey set, 524 

- completely Ramsey set, 525 

- Ramsey null set, 525 
Ramsey ultrafilter, 76 
Random forcing, 243 
Random real, 243, 513 
Range of a relation, 10 
Rank 

- Galvin-Hajnal norm of an ordinal 
function, ll/H, 460 

- rank function, p(x), 68 

- rank of an element in a relation, p{x), 
25 
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- rank of a set, rank(:r), 64 

Rapid sequence of ordinal functions, 
464 

Real line, R, 37 
Real number 

- algebraic real number, 44 

- see generic real 

- real of minimal degree of con- 
structibility, 244 

- transcendental real number, 44 
Real-valued measurable cardinal, 130 
Real-valued measure, 125 
Real-valued normal measure, 410 
Recursion 

- G-Recursion, (T6.5) 66 

- Transfinite Recursion, (T2.15) 22 

- Well-Founded Recursion, (E2.15) 26, 
(T6.ll) 68 

Reduced product, 159 
Reduction principle, 507 
Refinement 

- refinement of an /-partition, 424 

- refinement of a partition, 85 
Reflecting cardinal, 697 
Reflection Principle, (T12.14) 168 
Reflection Principle, RP, 688 
Reflexive relation, 12 
Regressive ordinal function, 93 
Regular cardinal, 32 

Regular cut, 83 
Regular open set, 152 
Regular subalgebra, 588 
Relation 

- binary relation, 10 

- A n relation, 184 

- equality predicate, =, 4 

- equivalence relation, 12 

- extensional relation, 68 

- forcing relation, Ihp, lh, 215 

- membership relation, G, 4 

- n-ary relation, 10 

- see partition relation 

- n„ relation, 183 

- reflexive relation, 12 

- relation between Boolean algebras 
and logic, 79 

- relation between Determinacy and 
large cardinals, 633 

- relation between ideals and 
homomorphisms, 80 

- relation between pcf and cardinal 
arithmetic, 466 

- relation on X, 10 



- S„ relation, 183 

- symmetric relation, 12 

- transitive relation, 12 

- well-founded relation, 25 
Relative constructibility, 192 
Relativization of a formula, tp M ' E , ip M , 

161 

Remarkable (E, a)-model, 317 
Representation Lemma, (L19.13) 347 
Restriction of a function, 11 
Rigid Boolean algebra, 595 
Rigid tree, 262 
Rowbottom cardinal, 305 
Rudimentary closure, rud(M), 548 
Rudimentary function, 548 
Rudimentary function in A, 660 
Rudin-Keisler ordering, 86 
Russell's Paradox, 4 

Sacks real, 244 
Satisfaction, 155 

Satisfaction for an nth order formula, 
295 

u-Saturated ideal, 128 
ft-Saturated Boolean algebra, 84 
A-Saturated ideal, 409 
Saturation, 84 
Scale, 498 

- K-scale, 133 

- nj-scale, 498 

- n^-scale, 640 

- E^-scale, 640 

- scale in Yl aeA 1a, 461 
Second category, 148 
Semi-Cohen Boolean algebra, 591 
(M, P)-Semigeneric condition, 649 
Scmiproper forcing, 649 
Scmiproper Forcing Axiom, 681 
Scmiproper set of conditions, 654 
Sentence, 5 

Sentence independent of the axioms, 
219 

Separable metric space, 40 
Separated sets, 145 
Separation principle, see principle 
Separative partially ordered set, 204 
Separative quotient, 206 
Sequence, 21 

- a- sequence, 21 

- club-guessing sequence, 442 

- cofinal sequence, 31 

- continuous sequence, 22 

- O-sequence, 191 
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- finite sequence, 21 

- fusion sequence of Laver trees, 565 

- fusion sequence of perfect trees, 244 

- infinite sequence, 21 

- measure sequence, 676 

- nondecreasing sequence, 22 

- normal sequence, 22 

- Prikry generic sequence, 402 

- rapid sequence of ordinal functions, 
464 

- sequence in a set, 21 

- sequence of length a, 21 

- sequence of length n, 21 

- square-sequence, 443 

- transfinite sequence, 21 
Sequential tree, 43 

- ill-founded sequential tree, 483 

- r-dimensional sequential tree, 483 

- well-founded sequential tree, 483 
Set, 70 

- adequate set, 188 

- analytic set, 142 

- arithmetical set, £°, 11°, 480 

- Borel set, 41, 140 

- bounded set in a tree, 240 

- bounded set of ordinal functions, 464 

- closed subset of P K (A), 100 

- see closed unbounded set 

- cofinal set, 31 

- cofinal set of ordinal functions, 464 

- constructible set, 175 

- countable set, 30 

- D-finite set, 34 

- D-infinite set, 34 

- see definable set 

- dense set, 201, 205 

- directed set, 157 

- directed subset of P K (A), 101 

- =-closed set, 633 

- E.M. set of formulas, 314 

- empty set, 0, 8 

- F a , Gs set, 42 

- see family 

- finite set, 14, 20 

- generates a model (Skolem hull), 300 

- has n-elements, 14 

- has strong measure zero, 538 

- has the Baire property, 148 

- hereditarily countable set, 171 

- hereditarily finite set, 171 

- hereditary set (in ZFA), 250 

- homogeneous set, 107, 524 

- homogeneously Suslin set, 642 



- independent subset of a Boolean 
algebra, 590 

- inductive set, 12 

- infinite set, 14, 20 

- K-homogeneously Suslin set, 642 

- k- Suslin set, 485 

- k- weakly homogeneously Suslin set, 
643 

- Lebesgue measurable set, 147 

- Luzin set, 539 

- meager set, 87, 148 

- nowhere dense set, 41, 148 

- null set, 146 

- open dense set, 85, 202 

- open dense set below a condition, 202 

- open subset of [X] 2 , 576 

- see ordinal-definable set 

- partially ordered set, 17 

- perfect set, 40 

- predense set, 202 

- predense set below a condition, 202 

- projective set, 145 
-see Ramsey set 

- recursive closed set, IT? set, 480 

- recursive open set, recursively 
enumerable set, S? set, 480 

- reflects a formula, 168 

- regular open set, 152 

- relative constructible set, 192 

- remarkable set of formulas, 318 

- £°, 11°, A° set, 140 

- , n^, Al set, 144 

- semiproper set of conditions, 654 

- set accepts a set, 525 

- set at most countable, 30 

- set captures a Mathias forcing 
condition, 527 

- set closed under an operation, 102 

- set constructible from a set, 192 

- set definable from a sequence of 
ordinals, 519 

- set generic over M, 202 

- set of all Borel codes, BC, 504 

- set of all infinite paths, 43 

- set of first category, 148 

- set of indiscernibles, 299 

- set of indiscernibles closed in Ord % , 
318 

- set of indiscernibles for 21, 314 

- set of measure one, 409 

- set of measure zero, 409 

- set of positive measure, 409 
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- set of possible cofinalities, pcf(A), 
466 

- set of second category, 148 

- set of the first category, 41 

- set rejects a set, 525 

- set a-generates a Boolean algebra, 
585 

- Solovay set of reals, 515 

- see stationary set 

- superperfect set in A/", 618 

- symmetric set, 251 

- T-finite set, 14 

- T-infinite set, 14 

- transitive set, 13, 19 

- unbounded E.M. set of formulas, 317 

- unbounded linearly ordered set, 38 

- unbounded set in P K (A), 100 

- uncountable set, 30 

- universal S° set, 141 

- universal set, 145 

- universally Baire set, 623 

- weakly homogeneously Suslin set, 
643 

- well-founded E.M. set, 318 
Sets 

- mutually stationary sets, 701 
Sets of ZFA, 250 

Sharp 

- sharp for a strong cardinal, 666 

- :r-sharp, a:", 328 

- zero-sharp, 0", 312 
Shoenfield's Absoluteness Theorem, 

(T25.20) 490 
Signed measure on a Boolean algebra, 
586 

Sikorski's Extension Theorem, (E7.30) 
88 

Silver indiscernibles, 311 

Simple Boolean algebra, 595 

Singleton, {a}, 7 

Singular cardinal, 32 

Singular Cardinal Hypothesis, SCH, 58 

Singular Cardinal Problem, 672 

Skolem constants, c?, 293 

Skolem function, 156 

- canonical Skolem function, 313 

- definable Skolem function, 300 

- E„ Skolem function, 333 
Skolem hull, 156 
Skolem sentence, 294 
Skolem term, 300 

E n Skolem hull, 333 
Solovay set of reals, 515 



Special N2-Aronszajn tree, 571 
Special Aronszajn tree, 117 
Splitting node, 244 

- nth splitting node, 244 

- ^-splitting node, 618 
Square 

- Square Principle, 443 

- 702 

- Weak Square, □*, 702 
Square-sequence, 443 

Stable element, 84, 88 
Standard code, 549 
Standard parameter, 549 
Stationary set 

- canonical stationary set, 477 

- projective stationary set, 688 

- stationary set reflects at a, 444 

- stationary subset of P K (A), 100 

- stationary subset of a cardinal 
number, 91 

- stationary subset of P(A), 678 
Stationary set preserving forcing, 681 
Stationary tower forcing, 653, 678 
Stem, 557 

- stem of a Laver tree, 565 
Stone's Representation Theorem, 

(T7.ll) 81 
Strategically tj-closed Boolean algebra, 
596 

Strategically cj-closed notion of forcing, 

596 
Strategy 

- strategy in the game Q, 596 

- strategy in the game Qi, 426 

- strategy in the game Ga, 627 

- winning strategy, 426, 596, 627 
Strength 

- consistency strength, 358, 367, 382, 
389, 394, 404, 426, 429, 450, 456, 547, 
610, 623, 624, 636, 647, 659, 665, 669, 
672, 679, 680, 691, 695-698, 702 

- relative strength, 249, 387 

- strength of an embedding, 676 
Strict ordering, 17 

Strictly positive measure on a Boolean 

algebra, 586 
Strong cardinal, 381 
A-Strong cardinal, 382 
A-Strong cardinal for a set A, 647 
Strong limit cardinal, 58 
Strong measure zero, 538 
Strong Reflection Principle, SRP, 688 
Stronger forcing condition, 201 
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Strongly closed unbounded set, 704 
Strongly compact cardinal, 136 
Strongly normal measure, 385 
Subalgebra, 79 

- co-dense subalgebra, 591 

- complete subalgebra, 83 

- dense subalgebra, 82 

- regular subalgebra, 84, 588 

- subalgebra completely generated by 
a set, 83 

- subalgebra generated by a set, 79 
Subclass of a class, C C D, 6 
Submodel, 156 

- elementary submodel, 58 -< 21, 156 

- E„-elementary submodel, M -<£„ N, 
187 

- symmetric submodel of a generic 
extension, 253 

Subset, 9 

- dense subset, 38 

- proper subset, 9 

- symmetric subset, 404 
Successor cardinal, K a+ i, 30 
Successor of an ordinal, 20 
Successor ordinal, (3+1, 20 
Sufficiently large cardinal number, 602 
Sum 

- infinite sum of cardinals, £\ m, 52 

- sum of cardinals, n + A, 28 

- sum of linear orders, 23 
Supercompact cardinal, 136, 374 
A-Supercompact cardinal, 375 
Supcrperfect set in TV, 618 
Supcrperfect tree, 618 
Superstrong cardinal, 657 
Support 

- countable support, 230, 280 

- Easton support, 395 

- finite support, 230, 270 

- /-support, 280 

- K-support, 230 

- </-c-support, 230 

- support for a set in a permutation 
model, 252 

- support of a condition, 230 

- support of a condition in the 
stationary tower forcing, 653 

- support of a subset of k° , 347 
Suprcmum, supX, 17 

Suslin algebra, 593 
Suslin line, 114 
Suslin operation A, 143 
k- Suslin set, 485 



Suslin tree, 114 
k + - Suslin tree, 551 
Suslin's Hypothesis, SH, 274 
Suslin's Problem, 39 
Symmetric difference, 9 
Symmetric name, 253 

- hereditarily symmetric name, 253 
Symmetric relation, 12 
Symmetric set, 251 

Symmetric submodel of a generic 

extension, 253 
Symmetric subset, 404 
Symmetry, 253 

Symmetry Lemma, (L14.37) 221 

T- finite set, 14 
T- infinite set, 14 

Tarski's Ultrafilter Theorem, (T7.5) 75 
Term, 155 

- Skolem term, 300 

- E n Skolem term, 333 
Theorem 

- Aronszajn's Theorem, (T9.16) 116 

- Bagaria's Theorem, (T37.28) 691 

- Bartoszyriski-Raisonnier-Stern's 
Theorem, (T26.46) 533 

- Baumgartner-Malitz-Reinhardt's 
Theorem, (T16.17) 274 

- Booth's Theorem, (T16.27) 278 

- Boundedness Lemma, (C25.14) 487 

- Cantor's Normal Form Theorem, 
(T2.26) 24 

- Cantor's Theorem, (T3.1) 27, (T4.1) 
37, (T4.3) 38 

- Cohen's Theorem, (T14.36) 221 

- Condensation Lemma, (L27.5) 550 

- Dodd- Jensen's Covering Theorem 
for K, (T35.14) 663 

- Dodd- Jensen's Covering Theorem 
for L[U], (T35.16) 664 

- Dodd- Jensen's Theorem, (T35.6) 
661, (T35.13) 663 

- Dushnik-Miller's Theorem, (T9.7) 
112 

- Easton's Theorem, (T15.18) 232 

- Erdos-Rado Partition Theorem, 
(T9.6) 111 

- Fodor's Theorem, (T8.7) 93 

- Foreman's Theorem, (T30.25) 597 

- Foreman-Magidor's Theorem, 
(T38.16) 701 

- Foreman-Magidor-Shelah's Theorem, 
(T37.9) 684, (T37.13) 686, (T37.16) 
687 
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- Fremlin's Lemma, (L30.5) 586 

- Fremlin's Theorem, (T26.45(ii)) 533 

- Gaifman's Theorem, (T19.7) 343 

- Galvin-Hajnal Theorem, (T24.1) 457 

- Galvin-Prikry-Silver's Theorem, 
(T26.22) 524 

- Gitik's Theorem, 669 

- Gitik-Shelah Theorem, (T23.17) 450 

- Glazer's Lemma, (L29.2) 573 

- Codel's Condensation Lemma, 
(L13.17) 188, (L18.38) 332 

- Godel's Normal Form Theorem, 
(T13.4) 177 

- Godel's Theorem, (T13.18) 188, 
(T13.20) 190, (T25.26) 494 

- Godel's Completeness Theorem, 157 

- Godel's First Incompleteness 
Theorem, 157 

- Godel's Second Incompleteness 
Theorem, 157 

- Godel's Second Incompleteness 
Theorem, 157 

- Godel's Theorem, (T13.16) 187 

- Gregory's Theorem, (T23.2) 442 

- Hajnal's Theorem, (T27.ll) 554 

- Hanf-Scott's Theorem, (T17.18) 297 

- Hausdorff's Theorem, (T29.7) 575 

- Hindman's Theorem, (T29.1) 573 

- Jech's Theorem, (T8.20) 100, (T8.22) 
101, (T8.24) 101 

- Jech-Shelah's Theorem, (T27.12) 555 

- Jech-Sochor's Theorem, (T15.53) 256 

- Jensen's Covering Theorem, (T18.30) 
329 

- Jensen's Theorem, (T13.21) 191, 
(T15.26) 241, (T27.1) 546, (T27.7) 
551, (T28.1) 557 

- Kondo's Uniformization Theorem, 
(T25.36) 498 

- Konig's Theorem, (T5.10) 54 

- Konig's Lemma, (E9.5) 122 

- Kripke's Theorem, (C26.8) 516 

- Kueker's Theorem, (T8.28) 102 

- Kunen's Theorem, (T17.7) 290, 
(T18.20) 323, (T19.14) 348, (T20.4) 
367 

- Kunen-Martin Theorem, (T25.43) 
503 

- Levy's Theorem, (T15.22) 238 

- Laver's Theorem, (T20.21) 378, 
(T28.14) 564 

- Laver-Shelah's Theorem, (T28.25) 
570 



- Lemma on Transitive Generators, 
(L24.31) 473 

- Localization Lemma, (L24.32) 475 

- Los's Theorem, (T12.3) 159 

- Magidor's Theorem, (T23.10) 446, 
(T23.23) 453, (T32.16) 621, (T36.3) 
672 

- Magidor-Shclah-Gitik's Theorem, 
(T36.5) 673 

- Maharam's Theorem, (T30.1) 585 

- Mansfield's Theorem, (T25.39) 500 

- Mansfield-Solovay's Theorem, 
(T25.23) 492 

- Martin's Theorem, (T25.42) 502, 
(T32.15) 621, (T33.18) 637 

- Martin-Solovay's Theorem, (T16.20) 
276, (T26.39) 529 

- Martin-Solovay-Mansfield's Theorem, 
(T32.14) 620 

- Martin-Steel's Theorem, (T33.28) 
642, (T33.34) 643, 666 

- Martin-Steel- Woodin's Theorem, 
(T33.26) 642 

- Mathias' Theorem, (T21.14) 402, 
(T26.23) 524, (T26.35) 527 

- Menas' Theorem, (T8.27) 102 

- Mitchell's Theorem, (T19.30) 356, 
(T19.37) 361, (T19.38) 361, (T19.39) 
362, (T28.24) 569, (C35.18) 665, 
(T35.17) 665, (T36.16) 678 

- Moschovakis' Theorem, (T33.23) 640 

- Mostowski's Absoluteness Theorem, 
(T25.4) 484 

- Mostowski's Collapsing Theorem, 
(T6.15) 69 

- Namba's Theorem, (T28.10) 561 

- Normal Form Theorem for ni, 
(T25.3) 483 

- Pawlikowski's Theorem, (T26.47) 534 

- Pospisil's Theorem, (T7.6) 75 

- Prikry's Theorem, (T21.10) 401, 
(T22.2) 410 

- Properties of Forcing, (T14.7) 204 

- Ramsey's Theorem, (T9.1) 107 

- Rowbottom's Theorem, (T17.27) 300 

- Sacks' Theorem, (T15.34) 244 

- Schimmerling's Theorem, (T31.30) 
611 

- Scott's Theorem, (T17.1) 285 

- Shanin's Theorem (A-Lemma), 
(T9.18) 118 

- Shelah's Theorem, (T23.3) 442, 
(T24.8) 461, (T24.16) 465, (T24.18) 
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466, (T24.25) 470, (T24.33) 476, 
(T28.12) 563, (T31.15) 604, (T32.13) 
620, (T37.4) 682, (T37.10) 684, 
(T37.26) 690, (T38.1) 695 
Shoenfield's Absoluteness Theorem, 
(T25.20) 490 

Sierpiriski's Theorem, 490 
Sikorski's Extension Theorem, 
(E7.30) 88 

Silver's Theorem, (T8.12) 96, (T8.13) 
96, (T18.1) 311, (T18.1 relativized) 
328, (T19.3) 339, (T21.4) 395, 
(T27.9) 553, (T28.23) 569, (T32.1) 
615, (T32.20) 623 
Solovay's Theorem, (T8.10) 95, 
(T20.8) 372, (T22.1) 410, (T22.26) 
428, (T26.14) 519, (T26.20) 522, 
(T27.8) 551, (T33.12) 633 
Solovay-Tennenbaum's Theorem, 
(T16.13) 272 

Steel's Theorem, (T35.22) 667 
Stone's Representation Theorem, 
(T7.ll) 81 

Suslin's Theorem, (Til. 10) 145 
Symmetry Lemma, (L14.37) 221 
Tarski's Theorem, (T12.7) 162 
Tarski's Ultrafilter Theorem, (T7.5) 
75 

the Baire Category Theorem, (T4.8) 
41 

the Cantor-Bendixson Theorem, 
(T4.6) 40 

the Cantor-Bernstein Theorem, 
(T3.2) 28 

the Compactness Theorem, 293 

the Ehrenfeucht-Mostowski Theorem, 

313 

the Factor Lemma, (L19.5) 342, 

(L21.8) 396, (C26.ll) 518 

the Forcing Theorem, (T14.6) 204, 

236 

the Fubini Theorem, (L11.12) 148 
the Generic Model Theorem, (T14.5) 
203 

the Hales- Jewett Theorem, (T29.4) 
574 

the Homogeneity of the Levy 

Collapse, (T26.12) 518 

the Induction Theorem, (El. 9) 14 

the G-Induction Theorem, (T6.4) 66 

the Kunen-Paris Theorem, (T21.3) 

392 



- the Levy-Solovay Theorem, (T21.1) 
389 

- the Lowenheim-Skolem Theorem, 
(T12.1) 157 

- the Prime Ideal Theorem, (T7.10) 81 

- the Product Lemma, (L15.9) 229 

- the ^-Recursion Theorem, (T6.5) 66 

- the Reflection Principle, (T12.14) 
168 

- the Representation Lemma, (L19.13) 
347 

- the S^-Separation Principle, (Lll.ll) 
146 

- the Transfinite Induction, (T2.14) 21 

- the Transfinite Recursion, (T2.15) 22 

- the Vopenka-Hrbacek Theorem, 
(T20.3) 366 

- the Weak Compactness Theorem, 
293 

- the Well-Founded Induction, (T6.10) 
68 

- the Well-Founded Recursion, (E2.15) 
26, (T6.ll) 68 

- Todorcevic's Lemma, (L31.24) 609 

- Todorcevic's Theorem, (T29.8) 577, 
(T31.23) 609, (T31.28) 610, (T37.18) 
688 

- Truss-Miller Theorem, (T26.45(i)) 
533 

- Ulam's Theorem, (T10.1) 126 

- van der Waerden's Theorem, (T29.3) 
574 

- Vitali's Theorem, (E10.1) 137 

- Vladimirov's Lemma, (E30.ll) 598 

- Vopenka's Theorem, (T15.46) 249 

- Woodin's Theorem, (T33.16) 636, 
(T33.27) 642, (T33.33) 643, (T34.6) 
650, (T34.14) 655, (T34.16) 656, 
(T36.2) 669, (T36.18) 678, (T38.2) 
695, (T38.3) 696 

- Woodin-Cummings' Theorem, 
(T36.6) 673 

- Woodin-Gitik's Theorem, (T36.4) 
673 

- Zermelo's Well-Ordering Theorem, 
(T5.1) 48 

- Zorn's Lemma, (T5.4) 49 
Theory 

- axiomatic set theory with atoms, 
ZFA, 250 

- axiomatic set theory with classes, 
BG, BGC, 70 

- axiomatic set theory, ZF, ZFC, 3 
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- combinatorial set theory, 107-123, 
267, 573-583 

- descriptive set theory, 42, 44, 50, 126, 
139, 148, 479-509, 529, 595, 615-626, 
637, 645 

- fine structure theory, 330, 337, 443, 
545-550, 556 

- measure theory, 42, 73, 125-138, 
146-148, 409-420, 522-523, 585-588 

- model theory, 155-161, 172, 283, 285, 
292, 313, 381 

- pcf theory, 457, 460, 461, 463, 
466-477, 669, 672, 702 

- Peano Arithmetic, 157 

- theory of cardinal and ordinal 
numbers, 15 

- theory of core models, 659-661, 
663-666, 672 

- theory of inner models, 659, 660, 668, 
675, 702 

- theory of iteration trees, 666 

- theory of large cardinals, 58, 113-117, 
120-138, 157, 285-439, 441, 442, 444, 
620-623, 633-636, 649 

- theory of mice, 661 

- theory of ordinal and cardinal 
numbers, 17-35 

- theory of partition relations, 107-123 

- theory of stationary sets, 91-105, 
441-456 

- theory of transitive models, 63-71, 
163-200 

- theory of well-ordered sets, 17-26 
Topology 

- Baire topology, 42 

- Ellentuck topology, 524 

- Ei-topology, 615 

- topology based on the Mathias 
forcing, 524 

- topology of the real line, 40 
Tower, 540 

Trace of a stationary set, Tr(S'), 99 
Transcendental real number, 44 
Transfinite Induction, (T2.14) 21 
Transfinite Recursion, (T2.15) 22 
Transfinite sequence, 21 
Transitive closure, TC(S), 64 
Transitive collapse, 68 
Transitive generators of pcf, 473 
Transitive model, 163 
Transitive relation, 12 
Transitive set, 13, 19 
Translation invariant measure, 125 



Tree, 114 

- Aronszajn tree, 116 

- club-isomorphic trees, 612 

- homogeneous tree, 262, 642 

- ill-founded sequential tree, 483 

- K-homogeneous tree, 642 

- K + -Suslin tree, 551 

- k- weakly homogeneous tree, 643 

- Kurepa tree, 119 

- Laver tree, 565 

- normal a-tree, 114 

- perfect tree, 43, 244, 561 

- r-dimensional sequential tree, 483 

- rigid tree, 262 

- sequential tree, 43 

- special H2-Aronszajn tree, 571 

- special Aronszajn tree, 117 

- superperfect tree, 618 

- Suslin tree, 114 

- tree of 0-1 sequences, 244 

- tree on w x K, 485 

- tree on W2, 561 

- weakly homogeneous tree, 643 

- well-founded sequential tree, 483 
Tree property, 120 

Trivial Boolean algebra, {0, 1}, 81 
Trivial filter, {S}, 73, {1}, 80 
Trivial ideal, {0}, 73, {0}, 80 
True cofinality, 461 
Truth definition, 162 
Two-step iteration 

- two-step iteration of complete 
Boolean algebras, B * C, 269 

- two-step iteration of forcing notions, 
P*Q, 267 

Two-valued measure, 126 

Ulam matrix, 131 

- (Ni,N 0 )-matrix, 131 

- (A+, A)-matrix, 132 
Ultrafilter, 74, 81 

- fine measure, 136 

- generic ultrafilter, 206 

- idempotent ultrafilter, 573 

- (k, A)-regular ultrafilter, 373 

- see M-ultrafilter 

- minimal ultrafilter, 87 

- normal fine measure, 136 

- normal measure, 134 

- p-point, 76 

- Ramsey ultrafilter, 76 

- uniform ultrafilter, 75 
M-Ultrafilter, 323 
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- iterable M-ultrafilter, 354 

- K-complete M-ultrafilter, 323 

- normal iterable M-ultrafilter, 354 

- normal M-ultrafilter, 323 
Ultrapower 

- Ulti/Sl, 161 

- generic ultrapower, Ulto(M), 421, 
653 

- iterated ultrapower, Ult^V), 342 
Ultraproduct, Ultu{%x ■ x € S}, 159 
Unbounded family, 532 
Unbounded function on a set of positive 

measure, 410 
Unbounded linearly ordered set, 38 
Unbounded subset of P K (A), 100 
Unbounded subset of an ordinal, 32 
Uncountable set, 30 
Uniform density of a Boolean algebra, 

589 

Uniform ultrafilter, 75 
Uniformization, 498 
Uniformization Theorem (Kondo), 

(T25.36) 498 
Union 

- \JX, 9 

- diagonal union, ~^2 a X a , 93 
Universal class, V, 6 
Universal set 

- universal S° set, 141 

- universal set, 145 
Universally Baire set, 623 
Universe 

- Boolean universe, 206 

- constructible universe, L, 175 

- Sj-absolute universe for generic 
extensions, 624 

- universal class, V, 6 
Upper bound, 17, 49 

- exact upper bound of a set of ordinal 
functions, 461 

- least upper bound of ordinal 
functions, 460 

- upper bound of ordinal functions, 
460 



Valid formula, \\ip\\ = 1, 207 
Value of a function at a set, 11 
Value of a term, 155 
Variable, 5, 574 

- free variable, 5 

- variable of order k, 295 
Variable word, 574 
Vopenka's Principle, VP, 380 

Weak Covering Theorem, (T35.17(v)) 
665 

Weak Square, □*, 702 
Weakly compact cardinal, 113 
Weakly homogeneous tree, 643 
k- Weakly homogeneous tree, 643 
Weakly inaccessible cardinal, 33 
Weakly (k, A)-distributive Boolean 

algebra, 246 
Weakly Mahlo cardinal, 96 
Weight of measure algebra, 585 
Well- Founded Induction, (T6.10) 68 
Well- Founded Recursion, (E2.15) 26, 

(T6.ll) 68 
Well-founded relation, 25 
Well-founded sequential tree, 483 
Well-ordering, 18 

- canonical well-ordering of a x a, 30 

- canonical well-ordering of Ord x Ord, 
30 

- canonical well-ordering of L, 190 
Winning strategy in an infinite game, 

see strategy, game 
Woodin cardinal, 384, 647 
Word, 574 

- variable word, 574 

Zermelo's Well-Ordering Theorem, 
(T5.1) 48 

Zermelo-Fraenkel axioms, ZF, ZFC, 3 
Zero-dagger, 0* , 353 
Zero-sharp, 0*, 312 
ZFA, 250 
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